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[q : [to , ta] <Q) = M

So=L (g) ,act) at a function on m
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[q : [to , ta] <Q) = M

So=gits, acts)at
a function on m

-

s > X), s) a curve in M

to

E
X : 12 1Q X(t, S)

.
+z

S(a)= ((t))at : [tat)TQ q(t) = X(t ,0)q = t
(,%)x(t ,0)

-

(1, 0)
to

E soS(X( ,s)=(tx(ts))d(d(q(t) , t + X(t
,
0))dt =

N N

T* TQ TTQ

TTQ(aGq* Jgl)

V

TTQ

Ka

(q
,
q
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↳
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Jah(q(t) , tt**X(t, 0)) at= (d) ,

t +** x(t
,
0))at

N A

T* TQ +Q TT*Q TTQ

EULER LAGRANGE EQUATIONS fi,

I BE DERIVED.
,

ALL OF THEM CAN

(1) DEFINITION OF MOMENTA Pi , TQ < GEOMETRICALLY

FROM dL(TQ)cT*TQ
PHASE EQUATIONS gi = ..., pj =..., DTT *Q

(2) :Di = dot(dL(TQ)) MAY NOT BE An IMAGE OF A VECTOR FIELD
,
BUT STILL is A FIRST

ORDER (IMPLICIT) DIFFERENTIAL EQUATION
,
ELCTEQ MAY ALSO BE IMPLICIT

7 SOME POTENTIAL FOR GENERALIZATIONS (E. G .
USE OTHER LAGRANGIAN SUBMANIFOLDS

THEN dL(TQ) .

(3) IT MIGHT BE USEFULL TO KNOW MORE ABOUT DOUBLE VECTOR BUNDLES

CRASH COURSE

7
IN D

.

V:B
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CRASH COURSE ON DOUBLE VECTOR BUNDLES

ONE VECTOR BUNDLE
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JANUSZ GRABOWSKI MIKOtA] ROTKIEWICZ

MULTIPLICATION BY REAL NUMBERS

h
E ExIR > E h(it) = to

5 i ~
h
+
(v) =h(, t)

M M
=
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THEOREM SMOOTH MANIFOLD WITH A SMOOTH ACTION M OF MULTIPLICATIVE REALS SUCH

THAT ⑨ ha(e) = 0 ONLY FOR ecMolE) Is A VECTOR BUNDLE SUCH THAT heot It =0
IS THE MULTIPLICATION BY t

(E ,h) A VECTOR Bundle
ELEMENTS OF THE STRUCTURE

COORDINATES LINEAR IN FIBRES
· T = ho i

.
E. 1-HOMOGENEOUS

· M = ho(E) CE ZERO SECTION IDENTIFIED WITH THE BASE j
°

(hz(e)) = +ya(e)

· EULER VECTOR FIELD DaX(E) D(e)=(e) Wiga D(x,y) = yog
· VE= [EeTE : TE(o) = OY VE = EXE

DEFINITION : A DOUBLE VECTOR BUNDLE IS A MANFOLD DTOGETHER

WITH TWO COMPATIBLE VECTOR
.

BUNDLE STRUCTURES &Y,
Y

,
WHICH MEANS THAT

THEY COMMUTE FstER Mol = ho

A = h(D)

manyPla acA he(a) =Mho(0) = h(hI(v)) =A
A B A IS INVARIANT WITH RESPECTTO (Ah (B ,mB - -

ARE VECTOR
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guyPla C = [5-D : h5(0) =h*(v) =m) To↑THE COREA B
INVARIANT WITH RESPECT TO ME AND UB

MOREOVER M1 , = MPIc/
=18

(C
, h= liP) IS A VECTOR BUNDLE eit/his

CANONICAL EXAMPLES OF DOUBLE VECTOR BUNDLES

E (E
,
M) VECTOR BUNDLE

TE Eq

9 = ho E

M

1

(TE
, MT) THE 'USUAL' TANGENT BUNDLE

-u

(TE
, d+k) THE TANGENT STRUCTURE

myT
↑
(h)

=

= Th
+

(d+k) = Tho = TgTg(TE) = TM

EL ~ CORE : VERTICAL VECTORS AT ZERO-SECTION OF TEC = E
TM

Yo COORDINATES : ONE (x1 , y9) XoM=x : yoh = ty

7/33M
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COORDINATES : ONE (x1 , y9) Xol=x
:

gol = ty
ON TE (xi

, ya , is , y9)
-

(xi , ya , xj , jb) hi = (xi , y& +x5 tyb) (x:, ya ,
xj

, yb)dd+h) += (xity , xtijb)

my DT= xi+yaj COMPATIBILITY OFT Andth

MEANS THAT
EL E TM d

+T = yata + i s [DT
,
d
+x] =0/ S

M TANGENT LIFT OF THE EULER

VECTOR FIELD ON E
T= yaya

E (E
,
M) VECTOR BUNDLE

T*E
9 = ho

T* E M

i (T *E
,
&T
*

) THE 'USUAL' COTANGENT Bundle

El COORDINATES : ONE (x1 ,yY)

Y or T*E(xi
, y , Si , 3)

8/33'm (xi
, ya , j , 3b)oh = (xi , ya , t5j , t 3a)



one : (xi , ya)ohy =(xi , ty) xi ,y,3)
+ + 0 (x Y y , j , 3) · T

*h
+

= (xi, ya , j , + 30)

d
+

x h
=

= h* T*he

(x ,yaj , 33)0 ht +
*

h = (xi, ya , +j , +3) +
+

h =(xyty , t5j , 36)
WORKS FOR t =0

T* E

-
(T*E

,
hT
*

) : (xi
, y*, j , 3b)oh = (xi , ya , t5j , + 3a)

L

ET
(T +E

,
d
+
+h) : (x2 ,yaj , 33)od+ + h = = (xyty , t5j , 30)

Y T
*
=jM

[d++D ,
D
++ ] =0

d
+T

= ya+j
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T* E

/M /2) APPLY T AND T* to
EX
*

L S

/ ET M

M

TE
*

/
E E

* FM ·
/

M M
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/ / EX

IM S

M

=IApp + a TO *

It Y

&
TE

*

-8
CANONICAL ISOMORPHISM

M

/ & THE TWO DOUBLE VECTOR BUNDLES

E E
*

TM

Ex/E DIFFER BY REFLECTION ONLY !
&

Wi W TE = T
* E *

M
J

M S
OF D

.
V. B

(ANTI) SYMPLECTOMORPHISM
RE : T * E * > T

*
E

(xiJa , Pj , 3) (xi
, ya , 5j , 3)

(xi
, ya ,5j , 3) Rz = (xi , y -

Pj , ja) JEAN-PAUL DUFOUR
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LET US NOW COME BACK TO THE RESULTS OF OUR VARIATIONAL CALCULATIONS :

E = TM
,
E= T*M

,
TTM

,
TTM

,
T**M

TT*M ( , Pj , , Pj)
T* T*M · CANONICAL T*TM (a , " , 4 . 4;

/
T I RTM. DVB 120MORPHISM

Bu · CANTI) SYMPLECTOMORPHISM +* T*M(q , Pj , ap , 89)
I

CM
TT*M > T*TM (ante) m = (q , pr . Pe)
M IS A DVB 1ZOMORPHISM,

(DUAL TO K WHICH IS CANONICAL (apj, bloRim = (q: , 4; 1 -% ,%
· THIS ALSO IS CANONICAL

· SYMPLECTOMORPHISM

Bu = RimoM
· WE GOT IT FROM VARIATIONAL

CONSIDERATIONS

(Pi , ap ,
b% Pu

= (qPjip)
Y

WE DEFINITELY RECOGNIZE THIS !
HERE WE HAVE RECOVERED

THE CANONICAL Pm(=d
SYMPLECTIC STRUCTURE

=-(+PJapindq
OF T*M - Bu(v) =W(-,)
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THE CLASSICAL TULCZYYEW TRIPLE

&

BM
g

V In
↑*T*MS TT* M > T*TM
M 1

d H -

+m ~

TM
L dL

D = Bu (dH(++m))
X

M

L

8 = <n(ok(+m))
THE DYNAMICS OBTAINED FROM THE DYNAMICS OBTAINED

HAMILTONIAN Is ALWAYS EXPLICIT FROM LAGRANGIAN CAN BE IMPLICIT

IT IS EXPLICIT FOR REGULAR LAGRANGIANS

BM P
XM

all
#* T*MS

7
TT*M >*

TM
r

5
+*M Xa T

+* M 3
TIM im L

L Y L & L

T*Ms T* M >T* M + x

im
-
-TM

V

↓ TM

V

V

M- M > M
W
.
M
. TULCZYJEW
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EXAMPLES THAT ARE SIMPLE
,
NOT REGULAR

,
AND MAKE SENSE

y
+ ---

FREE RELATIVISTIC PARTICLE
(M

, y) THE AFFINE MINKOWSKI SPACE

= : V <Y y(v) = y(r,) v= Ever : y(r)> ob

T*T* M TT* M TXTM

Mxv+x v* +V
Bu

Mx v * xV + V*
XM

> M + V + V * = V
*

(x
, p , -p , r) < 1( , P ,

V
, p)1 x(x ,

v
, P , P)

L : MXV
+

> I
THE DYNAMICS IS NOT

NOT GIVEN BY ANY D= ((x , p= (v)
,
v
, p =0)] = L(x , v) = mc y(v,v)'s

"

HAMILTONIAN
FUNCTION BUT... · DEFINED ON V

+
c V

· POSITIVELY HOMOGENEOUS
M(x

, p, n) =n(llpl - mic)
=((X , P, Y(p) , 0) :

· THE ACTION FUNCTIONAL DOES NOT

y(p , p) = mich] DEPEND ON PARAMETERIZATION OF
THE TRAJECTORY

M

*
1

dL(m + v+) = G(x , v ,
0, (r))}

↑

X(v)= Y(v) NOT INVERTIBLE

L
↑

13/33 ↑
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& = ((x ,P, (p, ) , 0) : y(p,p) =micycMxr
* xVxU ** TTM

&
LAGRANGIAN SUBMANIFOLD < Bm(D) CT * T*M

LAGRANGIAN SUBMANIFOLDS BY GENERATING FAMILIES (OF FUNCTIONS]
h

F > R T* F ph(F)n(VA)o
+ CONDITIONS FOR M TO ENSURE THAT

9 REDUCTION ↑
COISOTROPIC SUBMANIFOLD SM IS A SUBMANIFOLD

N
SaCT*N

COMPOSING SYMPLECTIC RELATION

UNIVERSAL HAMILTONIAN GENERATING FAMILY ↓
THIS GENERATES RTM

I
↑: =. T*MXnTM >IR u(p, v) = <p, r)

- L(v)

1 LEGENDRE MAP

V
du(p , v) <(F)" It =0E

T*M

R
GRAPH OF RTM IS GENERATED By

TMXTM > T*MXTMa(pir) 1 < < pir
TXT *M - < T* TM

M 1

Bu
&
M

TT*M
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MASSLESS RELATIVISTIC PARTICLE

TT* M TT* M TXTM

Mxv+x v* +V
Bu

Mx v * xV + V*
XM

> M + V + V * = V
*

(x
, p ,

-p , r) < 1(x , p ,
v
, p)1 > (x , Y, PP)

8 = G(X , p, yy"(p) , 0) : 1px =0)

h : Mx (V *)* 1< IR 1 : M + V
*

x1+ R

h(x
, p, r) = = yy(pp) 1(x

,
v
,y) =2 t y(vv)

RELATED BY LEGENDRE
7

TRANSFORMATION

THESE STRUCTURES SERVE FOR ALL SYSTEMS

THAT ARE NOT TOO COMPLICATED

⑭ -S NO CONSTRAINTS

X
AN APPROPRIATE · NOT REDUCED W. R

.

T
. SYMMETRIES

EXISTS& VERSION

· Autonomous

PHASE DYNAMICS ?

SYSTEMS WITH SYMMETRIES & CONSTRAINTS

REDUCTION ?
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HAMILTONIAN MECHANICS LAGRANGIAN MECHANICS

· ASSOCIATED WITH A PHASE SPACE PLIVES ON "THE TANGENT BUNDLE

WHICH IS SYMPLECTIC (P, W) OR POISSON TM

(P
, A) MANIFOLD

· LAGRANGIAN FUNCTION 2: TM <IR

· W OR A ARE USED TO PRODUCE A - VARIATIONAL CALCULUS GIVES EULER-

VECTOR FIELD FROM A HAMILTONIAN LAGRANGE EQUATIONS AND DEFINITION

FUNCTION H : P < R OF MOMENTA

OR
SYMPLECTIC Xy + w = ol

· LAGRANGIAN FUNCITION + TULCIYJEW MAP

POISSON dH1 = XH
XM : TTM > T

* TM

IN DARBOUX COORDINATES i pi GIVES PHASE EQUATIONS ON T*M

USING POISSON BRACKET j = 4f,M] QUESTION : WHAT GEOMETRIC STRUCTURE IS

RESPONSIBLE" FOR LAGRANGAN

MECHANICS ? > ALGEBROID
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ALGEBROIDS

THERE EXISTS SEVERAL EQUIVALENT DEFINITIONS OF A LIE ALGEBROID ON A VECTOR

BUNDLE T : E <M

1 [... 3 : Sec(t)xSec(t) < Sec(t)
,

E

Si
!

VB MORPHISM

ANTISYMMETRIC [X
,Y] = - [Y, X],

JACOBI IDENTITY [x
,
[Y

, 2]] = [ [x
, 43, 2] + [y, [x, 2]],

[
,
fy] =f[x , y] + g(x)(f)Y , fe(o(m) .

EXAMPLES : (I tS , iden)

(04 ,
5. 13

, 0)
Go]

PDG
FOR A PRINCIPAL BUNDLET WE DEFINE AP =TP/G

M

WITH SECTIONS BEING INVARIANT VECTOR FIELDS ANDG COMING FROM TO
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ALGEBROIDS

THERE EXISTS SEVERAL EQUIVALENT DEFINITIONS OF A LIE ALGEBROID ON A VECTOR

BUNDLE T : E <M

1 [... 3 : Sec(t)xSec(t) < Sec(t)
,

E

Si
!

VB MORPHISM

ANTISYMMETRIC [X
,Y] = - [Y, X],

JACOBI IDENTITY [x
,
[Y

, 2]] = [ [x
, 43, 2] + [y, [x, 2]],

[
,
fy] =f[x , y] + g(x)(f)Y , fe(o(m) .

2 ALLEAR POSSON STRUCTURE A On E * (4:3)
y ↑

COMPATIBLE WITH A VB STRUCTURE CLOSED ON LINEAR FUNCTIONS

HOMOGENEOUS OF DEGREE-1 : IDEA =A

2x : E * < R
, ix(y) = <y ,

x)

(2x
,
2
y 3 = u

[x,7]

(2x ,
+f) = π* (g(x)f)
/

18/335 : E*M



1 BRACKET OF Sec(T) & ANCHOR

2. LINEAR POISSON STRUCTURE ON E *

3. AHOMOLOGICAL DERIVATION &E : ACE*) <ACEY OF DEGREE L

IN THE GRASSMANN ALGEBRA ACE*) OF Ex

de : AFCEX) < Air (ET) ,
d = 0

,

d
=
(x - B) = (d

=

a) + B + (-1)and e (b) , xA(E *).

RELATION WITH THE BRACKET

f Co(m) =A(E*) , def = A(E
*) (ofix) = g(x)8 ,

net'(E +) ded(x, y) = g(x)(9 , y) - g(7)(x , x) - < ,
[x

, 73) .
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1 BRACKET OF Sec(T) & ANCHOR

2. LINEAR POISSON STRUCTURE ON E *

3. AHOMOLOGICAL DERIVATION DE OF DEGREE L

4 A DVB MORPHISM C : T *E 7 TEA OVER THE IDENTITY ON E*

E

T * E > TE
*

RELATION WITH LINEAR POISSON

Exter Ex STRUCTURE

S
> TM TE

E

>TE *

ms/
- M
/ Re- "T

T*E *

COORDINATES que = a
30°E = Mo

m : (qi) TE* (a3a , g , 3) E = ga(a) ye
E : (ai, ya) ++E(q , ye , P ; (b) E = G(a) yaya + g(a) Pi
EX : (q" , Sal

20/33
· (a , ye , Pi =ya)

= (ai , y / ga(a)ySb(a) yaya + ga(a)P2)



1 BRACKET OF Sec(T) & ANCHOR

2. LINEAR POISSON STRUCTURE ON E *

3. AHOMOLOGICAL DERIVATION DE OF DEGREE L

4 A DVB MORPHISM C : T *E > TEX

5 IN SUPERGEOMETRIC LANGUAGE :

A HOMOLOGICAL VECTOR FIELD ON THE SUPERMANIFOLD

TE ASSOCIATED TO THE V
.

B
.

E >M

M =TE

CPM) = A(E*)

VECTOR FIELD E

21/33



USING DEFINITIONS 2 AND 4 WE CAN WRITE DOWN THE TULCIYJEW TRIPLE FOR AN ALGEBROID

D
~

E

<
T*E* > TE* T*E

off r

dL
L L L

EX =

>E*X
- Ex -

V V
↑ V

E
9

> TM [
9

E

D= (dx(E)) 8 = e(d(E))

EULER LAGRANGE EQUATION ?

DcTT*M T
&
M Sus JeTE : TE(0) = TE(r]

TDCTTT*M ADMISSIBILITY
(q

,yajj, jb)
U

CONDITION

TBn TCT*M D
yo =gagi

E

TE * X T*Er

-M dL
L 8 :1-> E

E - Ex + x
V

9
V

E(d((r(t)))= x(v(t)
TM [ E
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D

TE + =E T*Er

dL
L L 8 : 1-> E

EXX
=

E* x X
V

9
V

E(d((r(t)))= X(v(t)
TM < E

IN COORDINATES

· (q,y, aj , 3) = (93a , gays, coyoza +g

(*(t) = gg(q(+))y
=

(t)=
ADMISSIBILITY

CONDITION

&)=(q(t)
EXERCISE :

TAKE E = TM AND INTRODUCE

COORDINATES ASSOCIATED TO
DO WE NEED THIS ?

THE BASIS DIFFERENT FROM (
WRITE

· IN CORDINATE
ASSOCIATED WITH THE NEW BASIS
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EXAMPLE
· REDUCTION WRT A SUBGROUP HCG

G- LIE GROUP ·

REDUCTION W
.

R
.

T GROUP ACTION ONM

PRINCIPAL BUNDLE

L : TG <I INVARIANT
,
i
. E

. ((gr) = < (v)
D

> MECHANICS ON ATIYAH ALGEBROID

1) -
REDUCTION WITH RESPECT

Goog 1 : of < IR
TO THE GROUP ACTION

LEADS TO MECHANICS ON

THE LIE ALGEBROD Of < Gob

(3 , ad/3) (X, 3)

Tg** +*o of
*

xog*
Es

g x of t
dL

= =

of#

503
of
#

S Of
of

503
of
*

g o

HOW DO WE GET E ?
D = 4(3 , 2) : 3 = d(x) , 3 = ad

*

d(x)]
LG

TT* G > T* TG
: I 1 of

Gxg
*

xo xo > Gxg x g
*
x

g
*

- (r(t)) = ad (u(t)(g3 ,
X

, y)1 (g , x , y-ad3 , 3) S- S
PROJECTION

D

= O REDUCTION
EULER POINCARE EQUATION

(3,y) =
(x , 3)

THE RESULTING RELATION IS A MAP IN THE OTHER DIRECTION
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x

g
*
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X
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EXAMPLE MECHANICS ON A SKEW ALGEBRODD (NO JACOBI IDENTITY
SUCH A STRUCTURE CAN BE USED TO DESCRIBE A SYSTEM WITH NONHOLONOMIC

CONSTRAINTS<TM (CCE) AND MECHANICAL LAGRANGian

NOT A SUBALGEBROID

JUST A SUBBUNDLE g : EXME < IR
, L(v)=g(v, r) - EE(V)

S
BILINEAR

,
SYMMETRIC

POSITIVE DEFINITE

E = CQC
+
i :CE Pie <C

(a) , ya) 2 : E** TP : TE < TC

E T*D :T
*

Es T*C

i(q ,y, yabaiga
O BY YB

(3
,
0
,gyiyzatgai) (99+ 0 , 9 , 33 ,

0
E

TE * S TE
1

Tit T*P

· (gi,y,aj , 3) = Caia , gyP
V

↑ TC* S
Ec

T*C
NO JACOBI IDENTITY!
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· WE HAVE C * AS THE PHASE SPACE DOES IT PRODUCE GOOD RESULTS ?
· WE CAN USE 4< ONLY Y

FROM VARIATIONAL

E-L VIA SKEW ALGEBROID PRINCIPLE

qi= gyt L y= 0
~

=C q=yyt

1

=+g

FOR MECHANICAL LAGRANGIAN

MECHANICAL SYSTEMS WITH ((q", y7, ya)= yTy+y(y) -V(q)
CONSTRAINTS LIVE ON

SKEW ALGEBROIDS -my
· WHAT TO DO FOR OTHER SYSTEMS ?

j ~MAGNETIC FORCE

GYROSCOPIC FORCE

DIRAC STRUCTURE
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MECHANICAL SYSTEMS WITH ((q", y7, ya)= yTy+y(y) -V(q)
CONSTRAINTS LIVE ON

SKEW ALGEBROIDS -my
· WHAT TO DO FOR OTHER SYSTEMS ?

j ~MAGNETIC FORCE

GYROSCOPIC FORCE

DIRAC STRUCTURE

26133



EXAMPLE : A SKATE

49 M = IR
*x51

(x, y)
C = < Easy - xsiny= 04

((x,y, Y, x, y , j) = m(x+ yj)) + =j) - xx
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↓ STATICS OF PHYSICAL SYSTEMS INGEOMETRIC MECHANICS THERE APPEAR VERY

DIFFERENT STRUCTURES
V VARIATIONAL PRINCIPLE AS AN INSPIRATION SYMPLECTIC

· Poisson USED FOR :

V TULCIYJEW ISOMORPHISM AND TULCIYJEN TRIPLE · CONTACT S ·DERIVING EQUATIONS

· DIRAC · STUDYING PROPERTIES
V EXAMPLES : RELATIVISTIC PARTICLES

,
· COSYMPLECTIC OF EQUATIONS

CLASSICAL PHOTONS : · SOLVING EQUATIONS

· NUMERICALLY SOLVING EQS

GEOMETRIC MECHANICS
v
DOUBLE VECTOR BUNDLES AN OVERVIEW OF STRUCTURES AND METHODS

AND LINEARITY THAT CAN BE USED TO AVOID INFINITE

CRASH COURSE DIMENSIONAL GEOMERY

V

TULCIYJEW TRIPLE GENERALIZED EVEN MORE

· DIRAC STRUCTURE

· DIRAC ALGEBROID

·
EXAMPLES :

MECHANICAL SYSTEM REVISITED

CONSTRAINED SYSTEM WITH

TULCITEN TRIPLE GENERALIZED 1 MAGNETIC LAGRANGIAN N

V LIE AND GENERAL ALGEBROIDS

V
TULCITEN TRIPLE FOR In AN ALGEBROID SETTING

vEXAMPLES : MECHANICS ONA LIEALGEBRA
,
MECHANICAL

SYSTEM WITH CONSTRAINTS



N - A MANIFOLD

IN TNOT*N WE CONSIDER A SYMMETRIC PAIRING

(x+42(xa + (2) = (a,x) + (a ,x]

ON SECTIONS OF TNAUTYN >N THERE IS THE DORFMAN BRACKET

[ X +&z , Ya+a = [x
, xa] +xda

- ixdd

AN ALMOST DIRAC STRUCTURE IS A MAXIMALLY ISOTROPIC SUBBUNDLE

OF TNOTYN . IF IT IS CLOSED WRIT THE BRACKET IT IS CALLED

A DIRAC STRUCTURE

1eSec(12TN), :T*Nadi < asMeTN
, Dx

= graph (a) Is ALMOST DIRA

AND DIRAC WHEN 1 IS POISSON

· were(n)
,

W : TNesI < JSWeT*N
, Do

= graph (E) is ALMOST DIRAC

AND DIRAC WHEN dW = 0

28. DCTN A DISTRIBUTION LQ40 IS ALMOST DIRAC AND DIRAC WHEN D IS INTEGRABLE



IN GEOMETRIC MECHANICS WE CONSIDER LINEAR ALMOST DIRAC STRUCTURES

N= EX (N=T*M)

DIRAC ALGEBROLD IS A LINEAR ALMOST DIRAC STRUCTURE ON E X. IT IS
7

CALLED A DIRAC-LIE ALGEBROID WHEN IT IS A DIRAC STRUCTURES
IT IS A DOUBLE VECTOR SUBBUNDLE

OF A DOUBLE VECTOR BUNDLE T*E*GETE
*

DOUBLE VECTOR

↓ SUBBUNDLE IS A

TE
*

T*E
*

SUBMANIFOLD

/
TE* TE

*
3D

INVARIANT WR.T

+ +/
E THE BOTH (1 , )

Wi Xi L J
ACTIONS

M M PhDcE * T*MOME*
j EGTM > VelD

(Velp)
D

num V

Ph Veld Feld b
ITSELFiS A

J

M
L

↓ U

DOUBLE VECTOR Mo
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HOW DO WE USE DIRAC ALGEBROIDS IN MECHANICS ?

<
T*E*

-

> TE * X

E

T*E
off r

dL
L L L

EX =

>E*X
- Ex-

V V
↑ V

E
9

> TM [
9

E

D= (dx(E)) 8 = e(d(E))
RELATIONS INSTEAD OF MAPS

-I
L ED

TE*ITE* TE

L L

PhD -

> Phpx - Phy
V V

EATMXE

D= [JCTE*: JpePhp : V+ dM(p)eDY @ = [VeT *E : FucE : vidL(u) <ED]
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EXAMPLE RELATED TO NONHOLONOMIC CONSTRAINTS : CANONICAL SYMPLECTIC STRUCTURE

OF TAM TOGETHER WITH LINEAR CONSTRAINTS CITM INDUCE A DIRAC ALGEBROID

STRUCTURE DO ON TYM WHICH IS DIRAC-LIE IF C IS INTEGRABLE
.

(qp;; a ,
bl; pr) (qp;; a ,

bl
;
b

, -au)
T*T*MQ TT*M Dm = graph (Bm)T*M

1 1

(a
,a pr) (qi

,
a
,=au)

L &

T*M TMAnT
*M

TMAuTM T*m graph (id+m) graph (id+n)
(q" , Pj) (qi , 829 (q" , Pj) (qi

,
b = q3)

V V

-

Ma
&

M
L

(g) (qi)

Pc = Dmy+
20" CCTM X = VelD= graph (idc)

= Grov : veCy

T *MOnT *M > D
:
=

= 4404 : y+4 = Co)
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Pc = Dmy+
20"

(qp;; a ,
bl

;
b

, -au)
Dm = graph (Bm)

Dm(qpjja ,
b

;
65

, -au)
1

TM> = <e ,
. .

., ](ek+1 . .... em)
(qi

,
a
,=au)

T*m graph (id+m) graph (id+n)
(qi , gj)m(q" , y+, ya)

(q" , Pj)
V

(qi
,
b = q3) c = 4y5=0) N

&

M
L = [ej , e]" = Em()-Ge(g)]

(qi)
CCTM

Pm : (q , 31 1 32 ; j , y*, ya ; geye , Csiy*-ga
X = VelD

,

= graph (idc)
= Grov : veCy De:Sani ajy ,

0 ; gy, ga,
T *MOnT *M > 0

:
=

YARBITRARY
= 4404 : y+4 = Co)
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De:nig,-GMOMENTA YARBITRARY
i n

LET US CONSIDER TWO TYPES OF HAMILTONIANS

(M ,g) +M = COC+
MECHANICAL Molgai3a) =2 (313 + g323p)+ V(q)
MAGNETIC Ma(q"Sai3a) =2t(gt(a- At)(3b- AB) +gP(32-A2)(3p -As) + V(q)

EQUATIONS DERIVED FROM DO MECHANICAL

= =

=ga =gigAB VELO

BELONGS

- =
TO C

3 ARBITRARY
32=0

+ INTEGRABILITY CONDITION 3 = 0

SINCE 31= 0 ,30 EFFECTIVELY THE PHASE EQUATIONS

33/33 LIVE ON "C*. WE HAVE RECOVERED THE PREVIOUS CASE
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MAGNETIC Ma(q"Sai3a) =2t(gt(a- At)(3b- AB) +gP(32-A2)(3p -As) + V(q)
EQUATIONS DERIVED FROM DO MAGNETIC

= (A)
=ga INTEGRABILITY CONDITION
- · B-AB)Tvoci
3 ARBITRARY

-
-

cat
SINCE WE HAVE THE CONDITION 3 Ay Our

EFFECTIVE PHASE SPACE IS NOT C
*
BUT

AN AFFINE SUBBUNDLE OF TYM BEING C * + A
+

AN ALTERNATIVE APPROACH VIA ALMOST POISSON BRACKET HAS BEEN PROPOSED
THE BRACKET IS DEFINED ON C AND (PART OF) THE MAGNETIC POTENTIAL

ENTERS THE BRACKET
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THANK YOU!


