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Introduction A new theta correspondence Regularization A regularized Siegel-Weil formula (conjecture) Applications

Itinerary: Theta correspondence, Rallis inner product formula,
Siegel-Weil formula, Rankin-Selberg integrals of the doubling
method, L-functions.

F -a number field, A - its ring of adeles.
π- an irreducible, automorphic, cuspidal representation of
Sp2n(A).

θψ(π)-theta lift to O2m(A); O2m-corresponding to a quadratic
space (V ,Q), dimF V = 2m, Witt(Q) = r ≤ m, χV -quadratic
character. θψ(π) is spanned by

θφψ(ϕπ)(h) =

∫
[Sp2n]

θφψ(g,h)ϕπ(g)dg, h ∈ O2m(A), φ ∈ S(V (A)n).

θφψ(g,h) is a theta series on S̃p4mn(A), restricted to the (image
of the) dual pair Sp2n(A)×O2m(A),

θφψ(g,h) =
∑

x∈V (F )n

ωψ(g,h)φ(x).
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To determine the non-vanishing of θψ(π), consider (formally)
the inner product (θφ1

ψ (ϕπ), θφ2
ψ (ϕ′π)), φ, φ′ ∈ S(V (A)n):

∫
[Sp2n×Sp2n]

ϕπ(g1)ϕ′π(g2)

 ∫
[O2m]

θφ1
ψ (g1,h)θφ̄2

ψ−1(g2,h)dh

dg1dg2.

(1)

Product formula:

θφ1
ψ (g1,h)θφ̄2

ψ−1(g2,h) = θφ1⊗φ̄2
ψ ((g1,g2),h). (2)

The r.h.s. is a theta series on S̃p8mn(A), restricted to
Sp4n(A)×O2m(A), and then to (Sp2n(A)× Sp2n(A))×O2m(A).
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Next, interpret the integral

I(Φ,g) =

∫
[O2m]

θΦ
ψ (g,h)dh, g ∈ Sp4n(A), Φ ∈ S(V (A)2n).

It is absolutely convergent when r = 0, or 2m − r > 2n + 1.
In this range, we have

The Siegel-Weil formula (Weil, Kudla-Rallis)

I(Φ,g) = κE(fΦ,s,g)|
s=m−n− 1

2

.

E(fΦ,s)- the Eisenstein series on Sp4n(A) attached to
IndSp4n(A)

Q2n(A) χV | det ·|s and the Siegel-Weil section

fΦ,s(g) = ωψ(g,1)Φ(0)|a(g)|s−m+n+ 1
2 .
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Regularization: In the range 2m − r ≤ 2n + 1, r ≥ 1, Kudla
and Rallis found z ∈ Zsp2n(Fv ), z ′ ∈ Zo2m(Fv ), at one
archimedean place v , such that

ωψ(z)Φ = ωψ(z ′)Φ, Φ ∈ S(V (A)2n),

θ
ωψ(z)Φ
ψ (g,h) is rapidly decreasing in h ∈ O2m(F )\O2m(A).

Then they take an Eisenstein series E(h, ζ) on O2m(A),
attached to the maximal parabolic subgroup with Levi part
GLr ×O2(m−r) and | det ·|ζ . It has a constant residue at
ζ = m − r+1

2 .

Consider

E(g,Φ, ζ) =
1

P(ζ)

∫
[O2m]

θ
ωψ(z)Φ
ψ (g,h)E(h, ζ)dh, (3)

P(ζ) is the polynomial obtained by the action of z ′ on E(h, ζ).
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Theorem: E(g,Φ, ζ) is an Eisenstein series on Sp4n(A),
attached to the maximal parabolic subgroup with Levi part
GLr × Sp2(2n−r) and | det ·|ζ ⊗ θSp2(2n−r)

ψ (1O(Van)).

If m ≤ n (then 2m− r ≤ 2n + 1), P(m− r+1
2 ) 6= 0; E(g,Φ, ζ) has

a simple pole at ζ = m − r+1
2 .

If m > n (and 2m− r ≤ 2n + 1), then P(m− r+1
2 ) = 0; E(g,Φ, ζ)

has a double pole at ζ = m − r+1
2 .

E(g,Φ, ζ) =


B−1(g,Φ)

ζ−(m− r+1
2 )

+ B0(g,Φ) + · · · m ≤ n
B−2(g,Φ)

(ζ−(m− r+1
2 ))2 +

B−1(g,Φ)

ζ−(m− r+1
2 )

+ · · · m > n
(4)
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The regularized Siegel-Weil formula:
1. When m ≤ n,

2B−1(g,Φ) = Valm−n+ 1
2
E(fΦ,s,g) = Resn−m− 1

2
E(fΦ′,s,g). (5)

fΦ′,s - Siegel-Weil section, Φ′ ∈ S(V ′(A)2n);
dimF V ′ = 4n + 2− 2m, V ′ in the same Witt class of V
(complementary quadratic space to V ).
2. When 2n + 2 ≤ 2m ≤ 2n + r + 1,

B−2(g,Φ) = B−1(g,Φ′) = Ress=m−n− 1
2
E(fΦ,s,g). (6)

Using (5), (6), (θφ1
ψ (ϕπ), θφ2

ψ (ϕ′π)) can be expressed as

Ress=|m−n− 1
2 |

∫
[Sp2n×Sp2n]

ϕπ(g1)ϕ′π(g2)E(fΦ̃,s, (g1,g2))d(g1,g2)

(7)
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The integral (7) is the global integral of the doubling method
of PS-Rallis. It represents the L-function L(π × χV , s + 1

2) (up
to normalization).

Theorem (Kudla-Rallis): Let χ be a quadratic character of
F ∗\A∗. Assume that LS(π × χ, s) has a pole at s = k ≥ 1. Then
k ≤ [n

2 ] + 1. Let m = n + k . Then there is a quadratic space V ′

of dimension 4n + 2− 2m = 2n + 2− 2k , χV ′ = χ, such that the
theta lift of π to O(V ′)(A) = O2n+2−2k (A) is non-trivial.

We want to follow a similar itinerary, guided by the
poles of the L-functions for Sp2n(A)×GLd (A), L(π × τ, s).
We now know the generalized doubling integrals for
Sp2n ×GLd by Cai, Friedberg, Ginzburg and Kaplan.

What would be an analogous new theta correspondence?

What would be a new Siegel-Weil formula?
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The following correspondence is constructed using new "theta
kernels". This was done by Ginzburg (IMRN 2003).

Each irreducible, self-dual, automorphic, cuspidal
representation τ of GLd (A) determines a family of such theta
kernels, and hence a related Θτ -correspondence.

To simplify the exposition, we restrict to τ on GL2(A), with trivial
central character, such that L(τ, 1

2) 6= 0.

Consider an Eisenstein series on Sp4k (A), E(f∆(τ,k),s), related

to IndSp4k (A)
Q2k (A) ∆(τ, k)| det ·|s, where ∆(τ, k) is the Speh

representation of GL2k (A) attached to (the parabolic induction
from)

τ | det ·|
k−1

2 × τ | det ·|
k−3

2 × · · · × τ | det ·|
1−k

2 .

D. Jiang, B. Liu and L. Zhang determined the positive poles of
the corresponding normalized Eisenstein series. These are
obtained at s = k

2 ,
k
2 − 1, k

2 − 2, ....
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Consider the residual representation at largest pole s = k
2 .

Θ∆(τ,k) = {Ress= k
2
E(f∆(τ,k),s)}.

The elements θ∆(τ,k) ∈ Θ∆(τ,k) are our new "theta series".
Let n ≤ 2k . Restrict θ∆(τ,k) to Sp2n(A)× Sp4k−2n(A) (direct
sum embedding).

Θ∆(τ,k)-correspondence: Let π be an irreducible, automorphic,
cuspidal representation of Sp2n(A). Define, for h ∈ Sp4k−2n(A),

T 4k−2n
τ (ϕπ, θ∆(τ,k))(h) =

∫
[Sp2n]

ϕπ(g)θ∆(τ,k)(g,h)dg.

We get representations Θ∆(τ,k)(π) of Sp4k−2n(A), k ≥ n
2 .
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Theorem:
Assume that the first occurrence for π is at n

2 ≤ k ≤ n.
Then π is CAP with respect to

IndSp2n(A)
Q2(n−k)(A)∆(τ,n − k)| det ·|

n−k
2 ⊗ σ,

σ- irreducible, cuspidal representation of Sp4k−2n(A).
If the first occurrence is at k > n, then π lifts to a CAP
representation with respect to

IndSp4k−2n(A)
Q2(k−n)(A) ∆(τ, k − n)| det ·|

k−n
2 ⊗ π.

Remark: We conjecture that the first occurrence k ≤ 3n
2 .

Inner product: We want to test the non-vanishing of Θ∆(τ,k)(π)
on Sp4k−2n(A). Consider the inner product

(T 4k−2n
τ (ϕπ, θ∆(τ,k)),T 4k−2n

τ (ϕ′π, θ
′
∆(τ,k))).



Introduction A new theta correspondence Regularization A regularized Siegel-Weil formula (conjecture) Applications

Theorem:
Assume that the first occurrence for π is at n

2 ≤ k ≤ n.
Then π is CAP with respect to

IndSp2n(A)
Q2(n−k)(A)∆(τ,n − k)| det ·|

n−k
2 ⊗ σ,

σ- irreducible, cuspidal representation of Sp4k−2n(A).
If the first occurrence is at k > n, then π lifts to a CAP
representation with respect to

IndSp4k−2n(A)
Q2(k−n)(A) ∆(τ, k − n)| det ·|

k−n
2 ⊗ π.

Remark: We conjecture that the first occurrence k ≤ 3n
2 .

Inner product: We want to test the non-vanishing of Θ∆(τ,k)(π)
on Sp4k−2n(A). Consider the inner product

(T 4k−2n
τ (ϕπ, θ∆(τ,k)),T 4k−2n

τ (ϕ′π, θ
′
∆(τ,k))).



Introduction A new theta correspondence Regularization A regularized Siegel-Weil formula (conjecture) Applications

Theorem:
Assume that the first occurrence for π is at n

2 ≤ k ≤ n.
Then π is CAP with respect to

IndSp2n(A)
Q2(n−k)(A)∆(τ,n − k)| det ·|

n−k
2 ⊗ σ,

σ- irreducible, cuspidal representation of Sp4k−2n(A).
If the first occurrence is at k > n, then π lifts to a CAP
representation with respect to

IndSp4k−2n(A)
Q2(k−n)(A) ∆(τ, k − n)| det ·|

k−n
2 ⊗ π.

Remark: We conjecture that the first occurrence k ≤ 3n
2 .

Inner product: We want to test the non-vanishing of Θ∆(τ,k)(π)
on Sp4k−2n(A). Consider the inner product

(T 4k−2n
τ (ϕπ, θ∆(τ,k)),T 4k−2n

τ (ϕ′π, θ
′
∆(τ,k))).



Introduction A new theta correspondence Regularization A regularized Siegel-Weil formula (conjecture) Applications

Formally, this is

∫
[Sp2n×Sp2n]

ϕπ(g1)ϕ′π(g2)

 ∫
[Sp4n−2k ]

θ∆(τ,k)(g1,h)θ′∆(τ,k)(g2,h)dh

dg1dg2.

(8)

We need to make sense out of the dh-integral.

First, find an analog of the product formula of theta series,
as in (2).

Then look for an analog of the regularized Siegel-Weil
formula, which will relate the inner product to the generalized
doubling integrals, representing LS(π × τ, s + 1

2), focusing at
s = n − k + 1

2 .
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Assume that n
2 ≤ k ≤ 2n. (Eventually, we will be interested in

n
2 ≤ k ≤ n). We can prove the following approximate analog of
the product formula of theta series.

Theorem (formal): Given θ∆(τ,2n+k) ∈ Θ∆(τ,2n+k),
θ∆(τ,k) ∈ Θ∆(τ,k), there exist θi

∆(τ,k) ∈ Θ∆(τ,k), i = 1, ...,N,
such that∫

[U2n]

∫
[Sp4k ]

θ∆(τ,2n+k)(x ,u · t(g1,g2))θ∆(τ,k)(x)ψ−1
U2n

(u)dxdu = (9)

=
N∑

i=1

∫
[Sp4k−2n]

θ∆(τ,k)(g2,h)θi
∆(τ,k)(g1,h)dh.

U2n(A) : u =


I2n y1 y2 y3 ∗

In y ′3
I2n y ′2

In y ′1
I2n

 ∈ Sp8n(A);
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ψU2n (u) = ψ

tr

(y1, y2, y3)

In 0
0 0
0 In

 ;

For (g1,g2) ∈ Sp2n(A)× Sp2n(A),

t(g1,g2) =


g1

a1 b1
g2

c1 d1
g∗1

 ∈ Sp8n(A), g1 =

(
a1 b1
c1 d1

)
.

The relation (9) is still at the formal level. Our starting point is
the dx integral inside (9). Consider, for h ∈ Sp8n(A),

I(θ∆(τ,2n+k), θ∆(τ,k),h) =

∫
[Sp4k ]

θ∆(τ,2n+k)(g,h)θ∆(τ,k)(g)dg.

(10)
We regularize this integral.
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Ichino obtained the regularization of the Kudla-Rallis integrals
using convolution against spherical functions on one member of
the dual pair at one finite place. In the same spirit, we take a
finite place v , where τv is unramified, θ∆(τ,2n+k) is
Sp4k (Ov )× Sp8n(Ov )-right invariant, and θ∆(τ,k) is Sp4k (Ov )-
right invariant.

Theorem: There is an algebra homomorphism
η : H(Sp8n(Fv )//Sp8n(Ov ))→ H(Sp4k (Fv )//Sp4k (Ov ), s.t.

(1⊗ ξv ) ∗ θ∆(τ,2n+k) = (ηξv ⊗ 1) ∗ θ∆(τ,2n+k).

There is ξ0
v ∈ H(Sp8n(Fv )//Sp8n(Ov )), such that the function

g 7→ (1⊗ ξ0
v ) ∗ θ∆(τ,2n+k)(g,h) is rapidly decreasing in

Sp4k (F )\Sp4k (A), uniformly in h inside bounded sets of a
Siegel domain of Sp8n(F )\Sp8n(A).



Introduction A new theta correspondence Regularization A regularized Siegel-Weil formula (conjecture) Applications

Ichino obtained the regularization of the Kudla-Rallis integrals
using convolution against spherical functions on one member of
the dual pair at one finite place. In the same spirit, we take a
finite place v , where τv is unramified, θ∆(τ,2n+k) is
Sp4k (Ov )× Sp8n(Ov )-right invariant, and θ∆(τ,k) is Sp4k (Ov )-
right invariant.

Theorem: There is an algebra homomorphism
η : H(Sp8n(Fv )//Sp8n(Ov ))→ H(Sp4k (Fv )//Sp4k (Ov ), s.t.

(1⊗ ξv ) ∗ θ∆(τ,2n+k) = (ηξv ⊗ 1) ∗ θ∆(τ,2n+k).

There is ξ0
v ∈ H(Sp8n(Fv )//Sp8n(Ov )), such that the function

g 7→ (1⊗ ξ0
v ) ∗ θ∆(τ,2n+k)(g,h) is rapidly decreasing in

Sp4k (F )\Sp4k (A), uniformly in h inside bounded sets of a
Siegel domain of Sp8n(F )\Sp8n(A).



Introduction A new theta correspondence Regularization A regularized Siegel-Weil formula (conjecture) Applications

We regularize the integral (10) by

Ireg(θ∆(τ,2n+k), θ∆(τ,k),h) =

c−1
∫

[Sp4k ]
(1⊗ ξ0

v ) ∗ θ∆(τ,2n+k)(g,h)θ∆(τ,k)(g)dg. (11)

The constant c is obtained from the action of ηξ0
v

on θ∆(τ,k). It is
nonzero when k ≤ n (and then 4k − 2n ≤ 2n). It is zero when
n < k ≤ 2n.

More generally, write in (11),

θ∆(τ,k) = Resζ= k
2
E(ϕ∆(τ,k),ζ).
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Define, for h ∈ Sp8n(A),
E(θ∆(τ,2n+k), ϕ∆(τ,k),ζ ,h) =

=
1

P(q−ζv )

∫
[Sp4k ]

(1⊗ ξ0
v ) ∗ θ∆(τ,2n+k)(g,h)E(ϕ∆(τ,k),ζ ,g)dg,

(12)
where P(q−ζv ) is the polynomial in q±ζv obtained by the action of
ηξ0

v
on E(ϕ∆(τ,k),ζ).

Theorem: E(θ∆(τ,2n+k), ϕ∆(τ,k),ζ ,h) is an Eisenstein series on
Sp8n(A), attached to

IndSp8n(A)
Q2k (A) ∆(τ, k)| det ·|ζ ⊗Θ∆(τ,2n−k).
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The polynomial P(q−ζv ) in (12) satisfies

P(q
− k

2
v ) 6= 0, for k ≤ n; P(q

− k
2

v ) = 0, for n < k ≤ 2n.

Thus,
E(θ∆(τ,2n+k), ϕ∆(τ,k),ζ ,h) =

B−1(θ∆(τ,2n+k),θ∆(τ,k),h)

ζ− k
2

+ · · · , k ≤ n
B−2(θ∆(τ,2n+k),θ∆(τ,k),h)

(ζ− k
2 )2 + · · · , n < k ≤ 2n.

(13)

Conjecture (regularized Siegel-Weil formula):
B−1(θ∆(τ,2n+k), θ∆(τ,k),h) = Values=k−nE∗(f∆(τ,2n),s,h) =

= Ress=n−kE∗(f ′∆(τ,2n),s,h), for k ≤ n.

For n < k ≤ 2n,

B−2(θ∆(τ,2n+k), θ∆(τ,k),h) = Ress=k−nE∗(f∆(τ,2n),s,h).
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We can write an explicit section f∆(τ,2n),s in terms of
(1⊗ ξ0

v ) ∗ θ∆(τ,2n+k) and θ∆(τ,k) (analog of the Weil-Siegel
section fΦ,s).
f ′∆(τ,2n),s is the image of f∆(τ,2n),s under the intertwining
operator. (Work in progress).
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Assume that LS(π × τ, s) has its largest pole at s = n − k + 1
2 ,

n > k . We know that, necessarily, n − k ≤ n
2 , i.e. n

2 ≤ k (G.S.).

Using the generalized doubling integrals representing
LS(π × τ, s), there are data, such that

Ress=n−k

∫
[Sp2n]

ϕπ(g)

∫
[U2n]

E(f∆(τ,2n),s,u·(I2n,g))ψ−1
U2n

(u)dudg 6= 0.

(ψU2n - as in (9)).
Using the regularized Siegel-Weil formula, for some choice of
data,∫

[Sp2n]
ϕπ(g)

∫
[U2n]

B−1(θ∆(τ,2n+k), θ∆(τ,k),u(I2n,g))ψ−1
U2n

(u)dudg 6= 0.

Then, from (12), (9),∫
[Sp2n]

ϕπ(g)

∫
[Sp4k−2n]

θ∆(τ,k)(g,h)θ′∆(τ,k)(I2n,h)dhdg 6= 0.
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Hence

T 4k−2n
τ (ϕπ, θ∆(τ,k))(h) =

∫
[Sp2n]

ϕπ(g)θ∆(τ,k)(g,h)dg 6= 0. (14)

Thus, Θ∆(τ,k)(π), the Θ∆(τ,k)-lift of π to Sp4k−2n(A), is
nontrivial. Since s = n− k + 1

2 is the largest pole of LS(π× τ, s),
one can show that Θ∆(τ,k)(π) is cuspidal. This will prove

Theorem: Assume that LS(π × τ, s) has its largest pole at
s = `+ 1

2 , 1 ≤ ` ≤ n
2 . Then Θ∆(τ,n−`)(π) is cuspidal. Let σ be an

irreducible summand (on Sp2n−4`(A)). Then π is CAP with
respect to

IndSp2n(A)
Q2`(A) ∆(τ, `)| det ·|

`
2 ⊗ σ.

Hence the functorial lift of π to GL2n+1(A) has the form

∆(τ,2`) � · · ·
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Note the case ` = n
2 , n- even, i.e. n − k = n

2 , and so k = n
2 .

Then (14) is identically zero. Indeed,

T 0
τ (ϕπ, θ∆(τ, n

2 ))(h) =

∫
[Sp2n]

ϕπ(g)θ∆(τ, n
2 )(g)dg ≡ 0.

This will imply

Corollary: Let τ be an irreducible, cuspidal representation of
GL2(A), with trivial central character, such that L(τ, 1

2) 6= 0.
Then there is no CAP representation of Sp2n(A) (n even) with
respect to

IndSp2n(A)
Qn(A) ∆(τ,

n
2

)| det ·|
n
4 .

Remark: When L(τ, 1
2) = 0, such CAP representations exist

(Piatetski-Shapiro, Ikeda).
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Happy Birthday, Gordan!
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