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Plan and key concepts

Part 1: noncommutative geometry

» Basic idea: by translating geometrical concepts in algebraic terms, we obtain more general notions,
used to describe also noncommutative as well as discrete situations

Differential geometry < 5 Noncommutative geometry

» Related to physics: gauge theories from spectral triples
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» Basic idea: by translating geometrical concepts in algebraic terms, we obtain more general notions,

used to describe also noncommutative as well as discrete situations

Differential geometry < 5 Noncommutative geometry

» Related to physics: gauge theories from spectral triples

Part 2: the BV construction
» Motivation: extra symmetries in the context of path integral quantization of gauge theory
» How to introduce the ghost fields: the BV extension a—it
» The BV-BRST cohomology

Part 3: The BV construction in the framework of noncommutative geometry

» The notions of BV spectral triple & the total spectral triple
» BV & BRST cohomology as Hochschild complexes
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Noncommutative geometry and QFT

Why noncommutative geometry?

The concept of quantization brought two new ideas into the mathematical formalization of physics laws:
discreteness & noncommutativity

Gravity: Fundamental interactions

» curvature of the spacetime

. » mediated by particle
~ continuous nature

~~ discrete nature
» framework: Riemannian diff.

. » framework: self-adjoint op.
geometry ~» commutative

~~ non-commutative
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Noncommutative geometry and QFT

Why noncommutative geometry?

The concept of quantization brought two new ideas into the mathematical formalization of physics laws:
discreteness & noncommutativity

Gravity: Fundamental interactions

» curvature of the spacetime
~- continuous nature

» mediated by particle
~~ discrete nature
» framework: Riemannian diff.

) » framework: self-adjoint op.
geometry ~» commutative

~~ non-commutative

Goal: provide a unifying background ~~ Idea: To introduce more general notions, able to capture ﬂ
also noncommutative as well as discrete situations A. Connes

As any field of mathematics, also noncommutative geometry can be presented from different perspectives.
One of them looks at it as a sort of extension of classical differential geometry:

Differential geometry 5  Noncommutative geometry
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Noncommutative geometry and QFT

From spectral triples to gauge theories

Def: A spectral triple (A, H, D) consists of:
» an involutive unital algebra A, faithfully represented as operators on a Hilbert space H, A C B(H)
» a self-adjoint operator D : H — H, with a compact resolvent (A — D)_l, for A € C, such that the

commutators [D, a] are bounded operators for each a € A
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From spectral triples to gauge theories

Def: A spectral triple (A, H, D) consists of:
» an involutive unital algebra A, faithfully represented as operators on a Hilbert space H, A C B(H)
» a self-adjoint operator D : H — H, with a compact resolvent (A — D)_l, for A € C, such that the

commutators [D, a] are bounded operators for each a € A

NONCOMMUTATIVE GEOMETRY

Motivic theory ‘/‘/ / l \ \ QFT &
gauge theory

Operator algebras  KK-theory Foliation theory ~ NC algebraic

\V theory geometry Each spectral triple

encodes a gauge theory
Def. A gauge theory (Xo, So, G) consists of: ot

» Conf. space X; = {4,0 = Zj a[D, bj] : ¢* = <p} ~~ inner fluctuations G acts on X, through an action

» Action func. So[D + ¢] = Tr(f(D + »)), f € R[x] ~» spectral action  F:G x Xop — Xo and

» G =U(A) ~ gauge group = unitary elements in A So(F(g,¢)) = So(p) Ve € Xo,VgeEG
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Noncommutative geometry and QFT

The Standard model as an almost-commut. spectral triple and more

[ Does all of this describe any physically relevant model?

A bit of history:

» Connes [1990]: suggested to modify the usual mathematical description of the spacetime as a Riemannian
manifold by making it slightly noncommutative.

» Chamseddine - Connes [1997]: introduction of the spectral action principle

» Chamseddine, Connes, Marcolli [2007]: description of the full Standard Model of particles, with neutrino
mixing and minimally coupled to gravity, from purely noncommutative geometrical objects:

/M X F\

M = compact Riem. spin manifold F= finite noncomm. space
with with finite real spectral triple

- (C>(M), L*(M, S), D, Ju, ym) (C® H® Ms(C),C*, Dswm, Jsm, vsm)
/ '

96 particles

Gauge group:
U(1) x SU(2) x SU(3)

Roberta A. Iseppi

The BV construction for finite spectral triples



Noncommutative geometry and QFT

Our model: induced by finite spectral triples to describe the particle content

» Chamseddine, Connes, van Suijlekom [2015]: they aim to go beyond the Standand Model by relaxing
some conditions in the definition of a spectral triple ~» Pati-Salam model
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» Chamseddine, Connes, van Suijlekom [2015]: they aim to go beyond the Standand Model by relaxing
some conditions in the definition of a spectral triple ~» Pati-Salam model

Note: in this noncommutative geometrical setting, even though the finite case might look as a mathemati-
cally simpler but physically less interesting setting to consider, the previous results showed that it is
the finite spectral triple term which encodes the particle content.
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Our model: induced by finite spectral triples to describe the particle content

» Chamseddine, Connes, van Suijlekom [2015]: they aim to go beyond the Standand Model by relaxing
some conditions in the definition of a spectral triple ~» Pati-Salam model

Note: in this noncommutative geometrical setting, even though the finite case might look as a mathemati-
cally simpler but physically less interesting setting to consider, the previous results showed that it is
the finite spectral triple term which encodes the particle content.

Our setting
To agree with the notion of gauge theory coming from the framework of noncommutative geometry and in

particular with the case of theories induced by finite spectral triple in the following a gauge theory (Xo, So)
will not involve bundles and connections but it will be given by

2
Xo = field configuration space = Ay So : Xo = R, action functional, € Ox,

and G = U(n) a group acting on Xp through an action F : G x Xo — Xp such that it holds:
So(F(g,¢)) = So(¢), Vo€ Xo,VgeQ.
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Our model: induced by finite spectral triples to describe the particle content

» Chamseddine, Connes, van Suijlekom [2015]: they aim to go beyond the Standand Model by relaxing
some conditions in the definition of a spectral triple ~» Pati-Salam model

Note: in this noncommutative geometrical setting, even though the finite case might look as a mathemati-
cally simpler but physically less interesting setting to consider, the previous results showed that it is
the finite spectral triple term which encodes the particle content.

Our setting

To agree with the notion of gauge theory coming from the framework of noncommutative geometry and in
particular with the case of theories induced by finite spectral triple in the following a gauge theory (Xo, So)
will not involve bundles and connections but it will be given by

2
Xo = field configuration space = Ay So : Xo = R, action functional, € Ox,

and G = U(n) a group acting on Xp through an action F : G x Xo — Xp such that it holds:

So(F(g,¥)) = So(v), Yo € Xo,Vg € G. ;
o(Fle. ) (%) 4 o e Induced by finite sp. triples:

(M,(C),C", D)
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he BV construction and the BV/BRST cohomology

The BV construction: where it was discovered

Context: quantization of a gauge theory (Xo, So) via a path integral approach .

(&) =7 [, gem™[dul,  where f = [y " ldnl.

¢ . ) path integral
expectation value partition function

of a reg. funct. g on Xy
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The BV construction: where it was discovered

Context: quantization of a gauge theory (Xo, So) via a path integral approach .

(g) = % [, geF™ldul,  where Z = [y & %ldu]

- N RS 0202 CRPaert
exPectjtion value partition functlon path integral >"<1(> QI ><> <><
of a reg. funct. g on Xp ><>J\¥—<:—l[:l[

Feynman diagrams

Problem 1: the measure is not well-defined ~~ perturbative approach with Feynman diagram

isg, LS
on er O[du] h:O Eon{Crit. pts So} er o) |det 56/(X0)| 2 € ¥ (s ZI’ \Aut(l’
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The BV construction: where it was discovered

Context: quantization of a gauge theory (Xo, So) via a path integral approach .

(g) = % [, geF™ldul,  where Z = [y & %ldu]

- N RS 0202 CRPaert
expectjtion value partition functlon path integral >~<1(> <L[ ><> < ,<
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Feynman diagrams

Problem 1: the measure is not well-defined ~~ perturbative approach with Feynman diagram

isg, LS
on er O[du] h:O Eon{Crit. pts So} er o) |det Sél(XO)l 2 € ¥ (s ZI’ \Aut(l’

To apply the perturbative approach the critical points of the action functional
—— S have to be isolated and regular
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The BV construction: where it was discovered

Context: quantization of a gauge theory (Xo, So) via a path integral approach .

(g) = % [, geF™ldul,  where Z = [y & %ldu]

' path integral PSS
expectation value partition functlon >~<1(> <L[ <> < ,<
of a reg. funct. g on Xp ><>‘<\_<:J[:J[

Feynman diagrams

Problem 1: the measure is not well-defined ~~ perturbative approach with Feynman diagram

isg, LS
on er O[du] h:O Eon{Crit. pts So} er o) |det Sél(XO)l 2 € ¥ (s ZI’ \Aut(l’

To apply the perturbative approach the critical points of the action functional
—— S have to be isolated and regular

Problem 2: when we consider a gauge invariant action functional, the critical points
appear in orbits ~» the quantization of gauge theories via a path integral 0

approach is not straightforward
orbits of G
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he BV construction and the BV/BRST cohomology

The BV construction: where it was discovered (2)

How to eliminate these redundant
7)  symmetries without changing the
underlying physical theory?
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The BV construction: where it was discovered (2)

How to eliminate these redundant take the quotient w.r.t. the action of the group
) symmetries without changing the ~~ get orbifolds or even more complicated objects

£
S underlying physical theory?
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The BV construction: where it was discovered (2)

How to eliminate these redundant take the quotient w.r.t. the action of the group
) symmetries without changing the ~~ get orbifolds or even more complicated objects
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) derl h | theory? :
underlying physical theory add extra auxiliary variables ~» ghost fields v
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The BV construction: where it was discovered (2)

How to eliminate these redundant take the quotient w.r.t. the action of the group
) symmetries without changing the ~~ get orbifolds or even more complicated objects

derlyi hysical theory? :
underlying physical theory add extra auxiliary variables ~» ghost fields v

Def. A ghost field ¢ is characterized by: —» ghost degree: deg(y) € Z
parity: €(¢) € {0,1}

where €(¢) = 0 is bosonic/real and €(¢) = 1 is fermionic/Grassm. s.t. deg(y) = e(p) mod Z/Z2
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The BV construction: where it was discovered (2)

How to eliminate these redundant take the quotient w.r.t. the action of the group
7; symmetries without changing the ~~ get orbifolds or even more complicated objects
¥ underlying physical theory? :
ying phy y \ add extra auxiliary variables ~» ghost fields v

Def. A ghost field ¢ is characterized by: —» ghost degree: deg(y) € Z
parity: €(¢) € {0,1}
where €(¢) = 0 is bosonic/real and €(¢) = 1 is fermionic/Grassm. s.t. deg(y) = e(p) mod Z/Z2

A bit of history:

» Faddeev - Popov [1967]: in order to construct the perturbative path integral for the Yang-Mills theory,
they proposed to eliminate the divergences of the integrand by introducing extra (non-physical) fields

where S has isolated critical points with

Xo. Sp)  howilayoddfilés (% S :
(X0, So) (X,5) non-degenerate Hessians.
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he BV construction and the BV/BRST cohomology

The introduction of ghost fields

~~ after the implementation of a gauge-fixing process, the stationary phase formula can be applied and
the integral computed.
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Note: in the Faddeev-Popov construction one inserts just fermionic ghost fields of ghost degree 1
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The introduction of ghost fields

~~ after the implementation of a gauge-fixing process, the stationary phase formula can be applied and

the integral computed.

Note: in the Faddeev-Popov construction one inserts just fermionic ghost fields of ghost degree 1

» Becchi, Rouet, Stora and, independently, Tyutin [1975]: they observed the need of introducing ghost
fields of higher ghost degree for theories with non-independent gauge symmetry generators. Moreover,
they discovered that the space of ghost fields generate a cohomology complex ~» cohomological approach

to the study of gauge symmetries.
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~~ after the implementation of a gauge-fixing process, the stationary phase formula can be applied and
the integral computed.

Note: in the Faddeev-Popov construction one inserts just fermionic ghost fields of ghost degree 1
» Becchi, Rouet, Stora and, independently, Tyutin [1975]: they observed the need of introducing ghost
fields of higher ghost degree for theories with non-independent gauge symmetry generators. Moreover,

they discovered that the space of ghost fields generate a cohomology complex ~» cohomological approach
to the study of gauge symmetries.

Note: with only ghost fields of degree 1:

| BRST cohomology = Chevalley-Eilenberg cohomology ‘
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The introduction of ghost fields

~~ after the implementation of a gauge-fixing process, the stationary phase formula can be applied and
the integral computed.

Note: in the Faddeev-Popov construction one inserts just fermionic ghost fields of ghost degree 1
» Becchi, Rouet, Stora and, independently, Tyutin [1975]: they observed the need of introducing ghost
fields of higher ghost degree for theories with non-independent gauge symmetry generators. Moreover,

they discovered that the space of ghost fields generate a cohomology complex ~» cohomological approach
to the study of gauge symmetries.

Note: with only ghost fields of degree 1:

| BRST cohomology = Chevalley-Eilenberg cohomology ‘

» Zinn-Justin [1975]: enriched the structure on the ghost sector by the introduction of antibracket { , }

Roberta A. Iseppi

The BV construction for finite spectral triples



he BV construction and the BV/BRST cohomology

The introduction of ghost fields

~~ after the implementation of a gauge-fixing process, the stationary phase formula can be applied and
the integral computed.

Note: in the Faddeev-Popov construction one inserts just fermionic ghost fields of ghost degree 1
» Becchi, Rouet, Stora and, independently, Tyutin [1975]: they observed the need of introducing ghost
fields of higher ghost degree for theories with non-independent gauge symmetry generators. Moreover,

they discovered that the space of ghost fields generate a cohomology complex ~» cohomological approach
to the study of gauge symmetries.

Note: with only ghost fields of degree 1:

| BRST cohomology = Chevalley-Eilenberg cohomology ‘

» Zinn-Justin [1975]: enriched the structure on the ghost sector by the introduction of antibracket { , }

» Batalin - Vilkovisky [1981/1983]: extended the configuration sp. Xp by introducing also ghost fields of
degree > 1 as well as the corresponding antifields/antighost fields
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he BV construction and the BV/BRST cohomology

. and antighost fields

Def. Given a ghost field ¢, the corresponding antighost field ¢* is characterized by:
deg(¢") = — deg(p)—1 (") = e(p)+1  (mod Z/2Z)
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he BV construction and the BV/BRST cohomology

. and antighost fields

Def. Given a ghost field ¢, the corresponding antighost field ¢* is characterized by:

deg(p*) = — deg(p)—1 ((¢") = @)+l (mod Z,/27)
(Xo, So) M»()?’ g)
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The BV construction and the BV/BRST cohomology

. and antighost fields

Def. Given a ghost field ¢, the corresponding antighost field ¢* is characterized by:

deg(p*) = — deg(p)—1 ((¢") = @)+l (mod Z,/27)
(Xo, So) M»()?’ g)

Initial data: a gauge theory

» Xo: fields configuration space
» So : Xo — R, action functional
» G: gaugegr., F: G x Xo = Xo
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. and antighost fields

deg(¢™) = —deg(p)—1

Def. Given a ghost field ¢, the corresponding antighost field ¢* is characterized by:

e(e*) = e(p)+1 (mod Z/27)

(XO 50) BV extension
) >

Initial data: a gauge theory

» Xo: fields configuration space
» So : Xo — R, action functional
» G: gaugegr., F: G x Xo = Xo
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» S = Sp + terms involving ghost/antigh
s.t.

there are no more gauge-redundancies
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. and antighost fields

deg(¢™) = —deg(p)—1

Def. Given a ghost field ¢, the corresponding antighost field ¢* is characterized by:

e(e*) = e(p)+1 (mod Z/27)

BV extension

(X0, So)
Initial data: a gauge theory

» Xo: fields configuration space
» So : Xo — R, action functional
» G: gaugegr., F: G x Xo = Xo

functional analysis

\

[K. Fredenhagen, K. Rejzner]

BV formalism

differential geometry
[A. S. Cattaneo, P. Mnev, N. Reshetikhin, K. Wernli]

Roberta A. Iseppi

The BV construction for finite spectral triples

(X,S)
BV extended theory

> Z( = Xop U {ghost/antigh., bosons & fermions}

» S = Sp + terms involving ghost/antigh
s.t.

there are no more gauge-redundancies

/ algebra/category theory S
[K. Costello, O. Gwilliam, R. Haugseng] ~factorization
algebras, ...
algebraic geometry
[G. Felder, D. Kazhdan, T.M. Schlank]




he BV construction and the BV/BRST cohomology

. and antighost fields

deg(¢™) = —deg(p)—1

Def. Given a ghost field ¢, the corresponding antighost field ¢* is characterized by:

e(e*) = e(p)+1 (mod Z/27)

BV extension

(X0, So)
Initial data: a gauge theory

» Xo: fields configuration space
» So : Xo — R, action functional
» G: gaugegr., F: G x Xo = Xo

functional analysis

\

[K. Fredenhagen, K. Rejzner]

BV formalism

differential geometry
[A. S. Cattaneo, P. Mnev, N. Reshetikhin, K. Wernli]

Roberta A. Iseppi

The BV construction for finite spectral triples

(X,S)
BV extended theory

> Z( = Xop U {ghost/antigh., bosons & fermions}

» S = Sp + terms involving ghost/antigh
s.t.

there are no more gauge-redundancies

/ algebra/category theory S
[K. Costello, O. Gwilliam, R. Haugseng] ~factorization
algebras, ...
algebraic geometry
[G. Felder, D. Kazhdan, T.M. Schlank]
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The key step, in the algebraic geometric approach

(Xo, Sp) — Lo (%,5)
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The key step, in the algebraic geometric approach

()(07 50) BV extension (3’(7 g)
Initial data: a gauge theory
» Xo: vector sp = Aﬁ{f
PSQGOXOZR[Xl,...,an] jﬂ/
> g =u(n)
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The key step, in the algebraic geometric approach

()(07 SO) BV extension (3&7 AS')
Initial data: a gauge theory BV extended theory
» Xo: vector sp =2 Aﬁ{f > X = @iez[)?]", Z-graded super-vect. sp., X=Fa F*1], [)~<]0 = Xo
> So EOXO ZR[Xl,...,an] ‘ﬂ/‘ ¢
>g= u(n) graded locally free Ox,-mod.

with hom. comp. of finite rank

»Se [(’)}]0, sit. S|x, =S & {S5,5} =0 sol to the classical
master equation
1-degree Poisson strut. on Og
(. }:05x0p »0rm™ {pr o) =4
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The key step, in the algebraic geometric approach

()(07 SO) BV extension (3’(7 AS')
Initial data: a gauge theory BV extended theory
> Xo: vector sp = Aﬁ{f > X = @iez[)?]", Z-graded super-vect. sp., X = F & F*[1], [)~<]0 = Xo
> So € Ox, = R[x, ..., x,2] ‘ﬂ/‘ & ¢
_ graded locally free Ox,-mod.
> g =u(n) . 0
with hom. comp. of finite rank
»Sec [(’)}]0, s.t. §|X0 =5 & {g, §} =0 sol. to the classical
master equation
1-degree Poisson strut. on Og
{.}:0Lx0F 5 0F™ {of g} =6y
Note:

[1] While F accounts for the ghost field sector, F*[1] describes the anti-ghost content ~- for each ghost
field introduced we also include the corresponding anti-ghost field.
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The key step, in the algebraic geometric approach

(Xo, So) M,()@ S)
Initial data: a gauge theory BV extended theory
> Xo: vector sp = Aﬁ{f > X = @iez[)?]", Z-graded super-vect. sp., X = F & F1 [X]° = Xo
» Sy € OXO = R[Xl, - ,an] ‘ﬂ/‘ m ¢ el
_ graded locally free Ox,-mod.
> g =u(n) . 0
with hom. comp. of finite rank
»Sec [(’)}]0, s.t. g\xo =5 & {g, §} =0 sol. to the classical
[ 4 master equation
1-degree Poisson strut. on Og
{, }1 0 x0F > O™ (o 0} =5
Note:

[1] While F accounts for the ghost field sector, F*[1] describes the anti-ghost content ~- for each ghost
field introduced we also include the corresponding anti-ghost field.

[2] In degree 0 we have only the initial (physical) fields. If we restrict to Xo, we get back the initial (physical-
ly relevant) theory.
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The key step, in the algebraic geometric approach

()(07 SO) BV extension ()(7 5)
Initial data: a gauge theory BV extended theory
> Xo: vector sp = A > X = @iez[)?]", Z-graded super-vect. sp., X = F & F*[1], [X]° = Xo
» Sy € OXO = R[Xl, L. ,an] ‘ﬂ/‘ m ¢ el
_ graded locally free Ox,-mod.
> g =u(n) , %0
with hom. comp. of finite rank
»Sc [(’)}]0, s.t. §|X0 =S & {g,g} =0  sol. to the classical
[ 4 Bl master equation
1-degree Poisson strut. on Og
{,}: 05 x0F 5 0F™ (o], ¢} =5
Note:

[1] While F accounts for the ghost field sector, F*[1] describes the anti-ghost content ~- for each ghost
field introduced we also include the corresponding anti-ghost field.

[2] In degree 0 we have only the initial (physical) fields. If we restrict to Xo, we get back the initial (physical-
ly relevant) theory.

[3] Each BV-extended theory naturally induces a cohomology complex: the BV-complex.

Roberta A. Iseppi
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he BV construction and the BV/BRST cohomology

The BV-complex

Any BV-extended theory ()~<,§), with {57 5} = 0, naturally induces a BV cohom. complex with
» Cochain spaces: C'(X,dz) = [05]' = SmeDXO(W*[l] ® X;[1] e W)

» Coboundary op.: dz := {S,—}:co(X, dz) — co (X, dz), dg =0
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he BV construction and the BV/BRST cohomology

The BV-complex

Any BV-extended theory ()~<,§), with {57 5} = 0, naturally induces a BV cohom. complex with

» Cochain spaces: C/(X, dz) = [O;]" = Symy,  (W*[1] @ X5 [1] @ W) s
- o (X0, So) —> (X, 3)
» Coboundary op.: d3 = {5, _} . C'(X7 dg) N C'*l(X, dg), d§ =0 initial th.  BV-extended th.

cay (X, dg)

BV complex
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he BV construction and the BV/BRST cohomology

The BV-complex

Any BV-extended theory ()~<,§), with {57 5} = 0, naturally induces a BV cohom. complex with

» Cochain spaces: C/(X,ds) = [O5] = Symi, (W*[1] @ X;[1] & W)
X Xo ~ ~
(X0, So) — (X, S)

» Coboundary op.: dz := {E, -} C'()~(7 ds) — c-+1()~<7 dz), dg =0 initial th.  BV-extended th.
. , _ CBv (X, ds)
“” The BV construction can be viewed as a cohomological approach to the study BV complex

of gauge symmetries. Indeed, these cohomology groups capture relevant physical
information about the initial gauge theory (X, So):

Hgv()N(, dz) = {classical observables}
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he BV construction and the BV/BRST cohomology

The BV-complex

Any BV-extended theory ()~<,§), with {57 §} = 0, naturally induces a BV cohom. complex with

» Cochain spaces: C/(X,ds) = [O5] = Symi, (W*[1] @ X;[1] & W)
X Xo ~ ~
(X0, So) — (X, S)

» Coboundary op.: dz := {E, -} C'()~(7 ds) — c-+1()~<7 dz), dg =0 initial th.  BV-extended th.
. , _ CBv (X, ds)
“” The BV construction can be viewed as a cohomological approach to the study BV complex

of gauge symmetries. Indeed, these cohomology groups capture relevant physical
information about the initial gauge theory (X, So):

Hgv()N(, dz) = {classical observables}

=)
f) » How can we determine how many and which kind of ghost/antighost fields we have to introduce?

» How can we determine a suitable extended action functional 57
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he BV construction and the BV/BRST cohomology

The BV-complex

Any BV-extended theory ()~<,§), with {57 §} = 0, naturally induces a BV cohom. complex with

» Cochain spaces: C/(X,ds) = [O5] = Symi, (W*[1] @ X;[1] & W)
X Xo ~ ~
(X0, So) — (X, S)

» Coboundary op.: dz := {E, -} C'()~(7 ds) — c-+1()~<7 dz), dg =0 initial th.  BV-extended th.
. , _ CBv (X, ds)
“” The BV construction can be viewed as a cohomological approach to the study BV complex

of gauge symmetries. Indeed, these cohomology groups capture relevant physical
information about the initial gauge theory (X, So):

Hgv()N(, dz) = {classical observables}

=)
f) » How can we determine how many and which kind of ghost/antighost fields we have to introduce?

~+ compute the Koszul-Tate resolution of the Jacobian ideal J(So)
» How can we determine a suitable extended action functional 57
~~ approximation procedure
[Barnich, Brandt, Henneaux], [Felder, Kazhdan, Schlank]
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he BV construction and the BV/BRST cohomology

The BV-complex

Any BV-extended theory ()~<,§), with {57 §} = 0, naturally induces a BV cohom. complex with

» Cochain spaces: C/(X,ds) = [O5] = Symi, (W*[1] @ X;[1] & W)
X Xo ~ ~
(X0, So) — (X, S)

» Coboundary op.: dz := {E, -} C'()~(7 ds) — c-+1()~<7 dz), dg =0 initial th.  BV-extended th.
. , _ CBv (X, ds)
“” The BV construction can be viewed as a cohomological approach to the study BV complex

of gauge symmetries. Indeed, these cohomology groups capture relevant physical
information about the initial gauge theory (X, So):

Hgv()N(, dz) = {classical observables}
‘) » How can we determine how many and which kind of ghost/antighost fields we have to introduce?
~» compute the Koszul-Tate resolution of the Jacobian ideal J(Sp)
Related to the symme-
tries in the action Sp

» How can we determine a suitable extended action functional 57
~~ approximation procedure
[Barnich, Brandt, Henneaux], [Felder, Kazhdan, Schlank]
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he BV construction and the BV/BRST cohomology

The BV extention, that is, the Koszul-Tate resolution of the Jacobian ideal J(Sp)

()(07 SO) BV extension 3& =F ey J—_-*[l]
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he BV construction and the BV/BRST cohomology

The BV extention, that is, the Koszul-Tate resolution of the Jacobian ideal J(Sp)

()(07 SO) BV extension 3& =F ey J—_-*[l]

To determine the (anti)-ghost fields content:
compute the Koszul-Tate resolution of the Jacobian ideal J(So) = (0150, ..., 0,2S50) over the ring Ox,
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he BV construction and the BV/BRST cohomology

The BV extention, that is, the Koszul-Tate resolution of the Jacobian ideal J(Sp)

()(07 SO) BV extension 3& =F ey J—_-*[l]

To determine the (anti)-ghost fields content:
compute the Koszul-Tate resolution of the Jacobian ideal J(Sp) = (0150, . .., 0,2 S0) over the ring Ox,
alternating parity: real/ Grass.

By introducing new variables of
decreasing degree

construct a free resolution of Ox,/J(So) that is a diff. Ox,-algebra (A, d)
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The BV extention, that is, the Koszul-Tate resolution of the Jacobian ideal J(Sp)

()(07 SO) BV extension 3& =F ey J—_-*[l]

To determine the (anti)-ghost fields content:
compute the Koszul-Tate resolution of the Jacobian ideal J(So) = (0150, ..., 0,2S50) over the ring Ox,

alternating parity: real/ Grass.
By introducing new variables of

decreasing degree
construct a free resolution of Ox,/J(So) that is a diff. Ox,-algebra (A, d)

complex of fin. gen. Ox,-modules
with a coboundary op. d

({Ai}, di)ieze,
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he BV construction and the BV/BRST cohomology

The BV extention, that is, the Koszul-Tate resolution of the Jacobian ideal J(Sp)

()(07 SO) BV extension 3& =F ey J—_-*[l]

To determine the (anti)-ghost fields content:
compute the Koszul-Tate resolution of the Jacobian ideal J(Sp) = (0150, . .., 0,2 S0) over the ring Ox,
alternating parity: real/ Grass.

By introducing new variables of
decreasing degree

construct a free resolution of Ox,/J(So) that is a diff. Ox,-algebra (A, d)

the sequence is exact: complex of fin. gen. Ox,-modules
» H°(A) = Ox, /J(So) with a coboundary op. d
> H*(A) =0, k<0 ({Ai}, di)iez,
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he BV construction and the BV/BRST cohomology

The BV extention, that is, the Koszul-Tate resolution of the Jacobian ideal J(Sp)

()(07 SO) BV extension 3& =F ey J—_-*[l]

To determine the (anti)-ghost fields content:
compute the Koszul-Tate resolution of the Jacobian ideal J(Sp) = (0150, . .., 0,2 S0) over the ring Ox,
alternating parity: real/ Grass.

By introducing new variables of
decreasing degree

construct a free resolution of Ox,/J(So) that is a diff. Ox,-algebra (A, d)

the sequence is exact: complex of fin. gen. Ox,-modules
» H°(A) = Ox, /J(So) with a coboundary op. d
> HY(A) =0, k<0 ({Ai}, di)iezg,
d—n * * d—1 ~ =
AL, — AL = OX0<X1,...,Xn2> — Ag OXO — OXO/J(SO) —0
anti-gh. deg -n anti-gh. deg -1
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The BV extention, that is, the Koszul-Tate resolution of the Jacobian ideal J(Sp)

()(07 SO) BV extension 3& =F ey J—_-*[l]

To determine the (anti)-ghost fields content:
compute the Koszul-Tate resolution of the Jacobian ideal J(So) = (0150, ..., 0,2S50) over the ring Ox,

alternating parity: real/ Grass.
By introducing new variables of

decreasing degree

Deg —1: we have to introduce
construct a free resolution of Ox,/J(So) that is a diff. Ox,-algebra (A, d) the antifields corresp.
to the initial fields x;

the sequence is exact: complex of fin. gen. Ox,-modules
» H°(A) = Ox, /J(So) with a coboundary op. d
> HY(A) =0, k<0 ({Ai}, di)iezg,
d—n * * d—1 ~ =
AL, — AL = OX0<X1,...,Xn2> — Ag OXO — OXO/J(SO) —0
anti-gh. deg -n anti-gh. deg -1
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The BV extention, that is, the Koszul-Tate resolution of the Jacobian ideal J(Sp)

()(07 SO) BV extension 32 =F ey J—_-*[l]

To determine the (anti)-ghost fields content:
compute the Koszul-Tate resolution of the Jacobian ideal J(So) = (0150, ..., 0,2S50) over the ring Ox,

alternating parity: real/ Grass.
By introducing new variables of

decreasing degree

Deg —1: we have to introduce
construct a free resolution of Ox,/J(So) that is a diff. Ox,-algebra (A, d) the antifields corresp.
to the initial fields x;

the sequence is exact: complex of fin. gen. Ox,-modules
00 )
: :kij\)k;:i)j‘)/i(i))o vith a(gx;‘:ﬁ:;j:;j The nurwaer of lower degree
< new variables that have to be
i, s _ introduced at any step is
A = Al = Oxp 0 X)) —— Ao 2 Oxg — Ox,/J(S0) — 0 determined by the higher order
anti-gh. deg -n anti-gh. deg -1

symmetries in Sy
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Step 1 for the model: the extended configuration sp. & action (2)

The extended configuration space

We found a finite family of (anti)-ghost generators to extend Xy, which reflects the type of invariance of
the action:

X=WlaX5eXoeWw with W = (Cy)icj ® (Ej)icjck @ -+ @ (Ey.(n2—1))
deg 1 deg 2 deg n®> — 2

(70 87 8(%7)
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Step 1 for the model: the extended configuration sp. & action (2)

The extended configuration space

We found a finite family of (anti)-ghost generators to extend Xy, which reflects the type of invariance of

the action:
X=WlaX5eXoeWw with W = (Cy)icj ® (Ej)icjck @ -+ @ (Ey.(n2—1))
deg 1 deg 2 deg n®> — 2
¥ 3 -1 -1 -1
So= a2+ G+ 8+ ey H2) () (25
4
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Step 1 for the model: the extended configuration sp. & action (2)

The extended configuration space

We found a finite family of (anti)-ghost generators to extend Xy, which reflects the type of invariance of

the action:
X=WlaX5eXoeWw with W = (Cy)icj ® (Ej)icjck @ -+ @ (Ey.(n2—1))
deg 1 deg 2 deg n®> — 2
f . n?—1 -1 n—1
So = Z:l.g,-(xnz)(xl2 + x2 —l—x32 + o X)) ﬁ( 2 ) Ii( 3 ) Ii(nzfl)

A A
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Step 1 for the model: the extended configuration sp. & action (2)

The extended configuration space

We found a finite family of (anti)-ghost generators to extend Xy, which reflects the type of invariance of
the action:

X=WlaX5eXoeWw with W = (Cy)icj ® (Ej)icjck @ -+ @ (Ey.(n2—1))
deg 1 deg 2 deg n®> — 2

o7 o) (20)
The extended action
5 So+ Zn 21 S lin + Z( 51 5 cor, g \ivh SJZ' — Zi1<m<ip+1 ( P+1( 1)IrXIrE*'”; HJPH)EHM,’FH

€ FOXO(—p, p) ~ determined by the Koszul-Tate

resolution

cor7 q _ e(cr) E* F G
S Z’p+1 (Ig,J) k€1p+1( ) Ipg1 Tl sk 9,k

€F(-p—2,9,p+2—q)
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Step 1 for the model: the extended configuration sp. & action (2)

The extended configuration space

We found a finite family of (anti)-ghost generators to extend Xy, which reflects the type of invariance of
the action:

X=WlaX5eXoeWw with W = (Cy)icj ® (Ej)icjck @ -+ @ (Ey.(n2—1))
deg 1 deg 2 deg n®> — 2

(77 6 () (03)
The extended action
5 So+ Zn 21 S lin + Z( 51 S cor, g \ivh SJ;;' — Zi1<w<ip+1 ( P+1( 1)IrXIrE*'”; HJPH)EHM,’FH

€ FoXO(—p, p) ~ determined by the Koszul-Tate

» linear in the antifields/ resolution

antighost fields — 1)e(e) >
» quadratic in the ghost fields 52y ZI,JH (otkttper (T By Fio kG
» exact and finite solution of €EF(-p—2,q,p+2—q)

the classical master equation
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he BV construction and the BV/BRST cohomology

Step 2 & 3: the BV cohomology and the auxiliary fields

Step 2: an extended theory (},E), with {3 g} = 0 naturally induces a BV complex with —
(X0, S0) — (X, 5)

» Cochain spaces: C"()~<, dz) = [(’);]" = Syméjx (w*i1] @ X;[1] @ W) initial th.  BV-extended th.
0
» Coboundary op.: dz :={S,—}:C*(X,dzs) — C**1(X, dz), dg =0 cou (X, de)
BV complex
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The BV construction and the BV/BRST cohomology

Step 2 & 3: the BV cohomology and the auxiliary fields

Step 2: an extended theory (},E), with {3 g} = 0 naturally induces a BV complex with —
(X0, S0) — (X, 5)
initial th. BV-extended th.

» Cochain spaces: C'(X,dg) = [05] = SymbXO(W*[l] & X;[1] @ W)

» Coboundary op.: dz := {S,~}:C*(X,dz) » C**}(X,dz), dZ=0 sy (X, de)

BV complex

Step 3: the functional S is in a form which is not suitable for an analysis via perturbation theory: the anti-

fields/anti-ghost fields have to be removed both from X and S. ~~ gauge-fixing procedure
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The BV construction and the BV/BRST cohomology

Step 2 & 3: the BV cohomology and the auxiliary fields

Step 2: an extended theory (},E), with {3 g} = 0 naturally induces a BV complex with —
(X0, S0) — (X, 5)

initial th. BV-extended th.

» Cochain spaces: C'(X,dg) = [05] = SymbXO(W*[l] & X;[1] @ W)

» Coboundary op.: dz := {S,~}:C*(X,dz) » C**}(X,dz), dZ=0 sy (X, de)

BV complex

Step 3: the functional S is in a form which is not suitable for an analysis via perturbation theory: the anti-

fields/anti-ghost fields have to be removed both from X and S. ~~ gauge-fixing procedure

Gauge-fixing fermion W € [Ox,gw]™?

We have to introduce auxiliary fields (i.e. ghost fields with negative ghost degree) to define V.
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he BV construction and the BV/BRST cohomology

Step 2 & 3: the BV cohomology and the auxiliary fields

Step 2:

Step 3:

A

an extended theory ()~<,§), with {3 g} = 0 naturally induces a BV complex with —
(X0, S0) — (X, 5)

» Cochain spaces: C"()~<, dz) = [(’);]" = Syméjx (w*i1] @ X;[1] @ W) initial th.  BV-extended th.
0
» Coboundary op.: dz :={S,—}:C*(X,dzs) — C**1(X, dz), dg =0 cou (X, de)
BV complex

the functional S is in a form which is not suitable for an analysis via perturbation theory: the anti-

fields/anti-ghost fields have to be removed both from X and S. ~~ gauge-fixing procedure
Gauge-fixing fermion W € [Ox,gw]™?
We have to introduce auxiliary fields (i.e. ghost fields with negative ghost degree) to define V.

» For not changing the BV cohom.

~~ auxiliary fields define contractible pairs

» To have a proper solution to the classical master eq.
~> level of reducibility of the theory determines type/

number of auxiliary fields
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he BV construction and the BV/BRST cohomology

Step 2 & 3: the BV cohomology and the auxiliary fields

Step 2:

Step 3:

A

an extended theory ()~<,§), with {3 g} = 0 naturally induces a BV complex with —
(X0, S0) — (X, 5)

» Cochain spaces: C"()~<, dz) = [(’);]" = Syméjx (w*i1] @ X;[1] @ W) initial th.  BV-extended th.
0
» Coboundary op.: dz :={S,—}:C*(X,dzs) — C**1(X, dz), dg =0 cou (X, de)
BV complex

the functional S is in a form which is not suitable for an analysis via perturbation theory: the anti-

fields/anti-ghost fields have to be removed both from X and S. ~~ gauge-fixing procedure
Gauge-fixing fermion W € [Ox,gw]™?

We have to introduce auxiliary fields (i.e. ghost fields with negative ghost degree) to define V.

. o i

» For not changing the BV cohom. (Xo, So) (X.3) + auwdliary (Xe, S0)

~ auxiliary fields define contractible pairs initial th.  BV-extended th. total th.

» To have a proper solution to the classical master eq. l

~> level of reducibility of the theory determines type/ Cav(X,ds) = Chy(X:, ds;)
BV complex total complex

number of auxiliary fields
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Step 4 & 5: the gauge fixing and the BRST cohomology

Step 4: given a gauge-fixing fermion W € [Ox,gw] ™1, we perform the gauge-fixing procedure:

Xe|w = Xe| . Stlu=5+S5 ot =2V
thv tl% :53:,- thv 0+ Sav(ei ¢ 9pi The physically relevant
S~ quantities do not depend on
restrict to the Lagrangian submfd. defined by the gauge-fixing fermion.
o

the gauge-fixing conditions ] = Sor-
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he BV construction and the BV/BRST cohomology

Step 4 & 5: the gauge fixing and the BRST cohomology

Step 4: given a gauge-fixing fermion W € [Ox,gw] ™1, we perform the gauge-fixing procedure:

Xe|w = Xe| . Stlu=5+S5 ot =2V
thv tl% :68:,- thv 0+ Sav(ei ¢ 9pi The physically relevant
S~ g quantities do not depend on
restrict to the Lagrangian submfd. defined by the gauge-fixing fermion.
the gauge-fixing conditions ] = g;"_.
Step 5: (Xt|w, St|w) still induces the BRST cohomology:

Cochain sp: C/( Xy, ds, lw) = [Sym(Xo ® Wi)]! Coboundary op: ds, | := {St, ~}| - __ou

i =B
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The BV construction and the BV/BRST cohomology

Step 4 & 5: the gauge fixing and the BRST cohomology

Step 4: given a gauge-fixing fermion W € [Ox,gw] ™1, we perform the gauge-fixing procedure:

Xe|w = Xe| . Stlu=5+S5 ot =Y :
thv tl% :éas:’,- tlv 0 sv(¢i ¢] Opi The physically relevant
S~ g quantities do not depend on
restrict to the Lagrangian submfd. defined by the gauge-fixing fermion.
the gauge-fixing conditions ] = g;"_.
Step 5: (Xt|w, St|w) still induces the BRST cohomology:
Cochain sp: C/( Xy, ds, lw) = [Sym(Xo ® Wi)]! Coboundary op: ds, | := {St, ~}| - __ou
i Pi
The whole construction
h./anti-gh. ~ =, auxiliary flds auge-fixin
(Xo, So) LR (XS (X, S T L (Xulw, Silw)
initiil BV-extended th. total th gauge-fixed th.
gauge theory i l i
CEV(X’ dS) = CEV(XU dS:) CERsT(Xta dsr)w
BV complex total complex BRST complex

Roberta A. Iseppi
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The BV construction and the BV/BRST cohomology

Step 4 & 5: the gauge fixing and the BRST cohomology

Step 4: given a gauge-fixing fermion W € [Ox,gw] ™1, we perform the gauge-fixing procedure:

Xe|w = Xe| . Stlu=5+S5 ot =Y :
thv tl% :éas:’,- tlv 0 sv(¢i ¢] Opi The physically relevant
S~ g quantities do not depend on
restrict to the Lagrangian submfd. defined by the gauge-fixing fermion.
the gauge-fixing conditions ] = g;"_.
Step 5: (Xt|w, St|w) still induces the BRST cohomology:
Cochain sp: C/( Xy, ds, lw) = [Sym(Xo ® Wi)]! Coboundary op: ds, | := {St, ~}| - __ou
i~ 9
Physically relevant:
0 The whole construction
> H (X’ dg) + gh./anti-gh. Y & + auxiliary flds gauge-fixing
= {Cl. observable of (Xo, So)} (X0, S0) = (X, 5) > (X, St) > (Xelw, Stlw)
gauigr:eitiﬁleory BV-EXtI‘dEd th. tola\ th gauge-flxed th.
H'(X, ds o~ . .
> ( ’ S) . . . CBV(X’dS) = Ca(X, dS:) CBRST(XU dSr)W
= {obstruction to quantization} BV complex total complex BRST complex

Roberta A. Iseppi
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BV construction in NCG

The goals

The discovery of the BRST complex made it evident that the ghost fields are not just a tool to
solve the problem of computing path integrals but they encode the structure of the gauge
symmetries of the theory.

Roberta A. Iseppi
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BV construction in NCG

The goals

The discovery of the BRST complex made it evident that the ghost fields are not just a tool to
solve the problem of computing path integrals but they encode the structure of the gauge

symmetries of the theory.

partially with
W.D. van Suijlekom

Questions and goals:

» Considering the deep connection existing between NCG and gauge theories, can the BV construction
be described in terms of spectral triples?

» Can the BRST cohomology be related to other (better understood) cohomological theories?

Roberta A. Iseppi

The BV construction for finite spectral triples



BV construction in NCG

The goals

The discovery of the BRST complex made it evident that the ghost fields are not just a tool to
solve the problem of computing path integrals but they encode the structure of the gauge

symmetries of the theory.

partially with
W.D. van Suijlekom

Questions and goals:

» Considering the deep connection existing between NCG and gauge theories, can the BV construction
be described in terms of spectral triples?

» Can the BRST cohomology be related to other (better understood) cohomological theories?

noncommutative

(Ma(C),C", D, f) —— [ —_— g — g
o ) - ) N ) - ) geometry
initial spectral triple BV spectral triple total spectral triple gauge-fixing fermion
o (v T . T .
Coy (X, ds) = & Coy(Xe, ds,) = & Cors(Xe, ds)|lw = &
BV complex =~ 77 BV tot complex = 7?7 BRST complex =~ 77
(X0, S9) —— (X, 9) > (Xt,St) ————————  (Xely» Stly) BV construction
initial gauge theory extended theory total theory gauge-fixed theory

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (1)

Question 1: Can the BV extended theory ()N(,g) be described as a new BV-spectral triple? Can we encode
the BV-extension process in the language of NCG?

ey

V)

(Ao, Ho, Do) & f

|

(Xo, So)

(X, $)

BV construction

Roberta A. Iseppi
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Step 1: the BV construction in NCG (1)

the BV-extension process in the language of NCG?

(Ao, Ho, Do) & f

BV construction in NCG
Question 1: Can the BV extended theory ()N(,g) be described as a new BV-spectral triple? Can we encode

Note:

(Xo, So)

go—

BV construction

» finite spectral triple are naturally defined over C
> in S there appear Grassmannian variables
(X.S)

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (1)

Question 1: Can the BV extended theory ()N(,g) be described as a new BV-spectral triple? Can we encode
the BV-extension process in the language of NCG?

>

(Ao, Ho, Do) & f %ﬁ Note:
» finite spectral triple are naturally defined over C
l > in S there appear Grassmannian variables
(XO7 SO) BV construction (3’<’ g)

Problem 1: going from C to R ~~ real structure

Def. For a spectral triple (A, H, D), a real structure J is an antilinear isometry J : H — H such that:

2 _ —

: [J ;b*Jlill] = cJJD _[[DD“]l Jb*J =0, Vabec A KO-dim. L3 5 7
a, - Y% yal, - Y a, J2 — Id 1 -1 -1 1

Then (A, H, D, J) is called a (odd) real spectral triple JD=4+DJ | -1 1 -1 1

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (2)

Problem 2: the appearance of Grassmannian variables in S ~s two notions of action.

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (2)

Problem 2: the appearance of Grassmannian variables in S ~ two notions of action.
Spectral action:  S[D +¢] = Tr(f(D + ¢));

» for f a regular function (good decay, cut off...);
» for ¢ a self-adjoint element, with ¢ = Z,— a[D, b, aj, bj € A

Fermionic action:  S[¢)] = 3((J)y, Dy),

» for (, ) the inner product structure on #;

» for v € Hf CH [y we can impose a Grassmannian nature to the elements in #;

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (2)

Problem 2: the appearance of Grassmannian variables in S ~ two notions of action.
Spectral action:  S[D +¢] = Tr(f(D + ¢));

» for f a regular function (good decay, cut off...);
» for ¢ a self-adjoint element, with ¢ = Z,— a[D, b, aj, bj € A

Fermionic action:  S[¢)] = 3((J)y, Dy),

» for (, ) the inner product structure on #;

» for v € Hf CH [y we can impose a Grassmannian nature to the elements in #;

(Ao, Ho, Do) & f —BYcomtuctn _ (Agy, Hpy, Dav, Jav)

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (2)

Problem 2: the appearance of Grassmannian variables in S ~ two notions of action.
Spectral action:  S[D +¢] = Tr(f(D + ¢));

» for f a regular function (good decay, cut off...);
» for ¢ a self-adjoint element, with ¢ = Z,— a[D, b, aj, bj € A

Fermionic action:  S[¢)] = 3((J)y, Dy),

» for (, ) the inner product structure on #;

» for v € Hf CH [y we can impose a Grassmannian nature to the elements in #;

(Ao, Ho, Do) & f —BYcomtuctn _ (Agy, Hpy, Dav, Jav)

Questions:

@ ghost fields: where are they encoded in the initial spectral triple? Which role are they going to
play in the BV-spectral triple?

@ extended action: how can we determine S starting from (D, f)?

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (3)

For the model: , _
HO — (C2 + ghost/anti-ghost fields HBV — Q o) Q* [1]

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (3)

For the model: , _
HO — (C2 + ghost/anti-ghost fields HBV — Q o) Q* [1]

Symmetries of S,
» 3 indep. ones among pairs of coord. ~+ 3 ghost in deg 1 So=> ()5 + x5 +x3)

» 1 involving all three coordinates ~~ 1 ghost in deg 2

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (3)

For the model: , _
HO — (C2 + ghost/anti-ghost fields HBV — Q o) Q* [1]

Symmetries of S,
» 3 indep. ones among pairs of coord. ~+ 3 ghost in deg 1 So=> ()5 + x5 +x3)

» 1 involving all three coordinates ~~ 1 ghost in deg 2

Hence:
Hevr = Qf[1] ® Qr for Qf = [isu(2)]o @ [isu(2)]1 © [u(1)]2

A\ 4

The BV-Hilbert space:  Hpy = Q*[1] 9 Q for Q = [M2(C)]o & [M2(C)]: & [M2(C)]2

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (3)

For the model: , _
HO — (C2 + ghost/anti-ghost fields HBV — Q o) Q* [1]

Symmetries of S,
» 3 indep. ones among pairs of coord. ~+ 3 ghost in deg 1 So=> ()5 + x5 +x3)

» 1 involving all three coordinates ~~ 1 ghost in deg 2

Hence:
Hevr = Qf[1] ® Qr for Qf = [isu(2)]o @ [isu(2)]1 © [u(1)]2

A\ 4

The BV-Hilbert space:  Hpy = Q*[1] 9 Q for Q = [M2(C)]o & [M2(C)]: & [M2(C)]2

The real structure:  Jgv : Hpy — Hey with  Jsv(p) = of

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (4)

Properties of the action Sgy =5—5
@ it has total degree 0
@ it is O restricted to X,
@ it is linear in the antifields/antighost fields
@ it is quadratic in the ghost fields

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (4)

Properties of the action Sgy := 5_5
@ it has total degree 0

Given:

@ it is O restricted to X,
@ it is linear in the antifields/antighost fields Ad(x)/Ab(x) : M>(C) = M(C);
e it is quadratic in the ghost fields & = [ax:), d]—/+s
A 4
The BV operator Dgy . . . . AdX) AB(C)
Dgy = (R?* ";) for R:= 0 1ad(c)  Ab(X) |, s:=| Ad(X*) Ad(C*) 0
1ad(C) —1Ad(x) 0 Ab(C™) 0 0

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (4)

Properties of the action Sgy := 5_5
@ it has total degree 0

@ it is O restricted to X, Given:
@ it is linear in the antifields/antighost fields Ad(x)/Ab(x) : Mx(C) — My(C);
@ it is quadratic in the ghost fields & = [ax:), d]—/+s

v

The BV operator Dgy

0 0 0 0 Ad(X*)  Ab(C*)
st:(RO* ";) for R:= 0 1ad(c)  Ab(X) |, s:=| Ad(X*) Ad(C*) 0

1ad(C) —1Ad(x) 0 Ab(C™) 0 0

The algebra Agy: given (Hpy, Dsv, Jsv) as defined above, the maximal unital algebra completing
them to a spectral triple is

Apy = M(C) = Ay.

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (5)

Theorem [R.1.]

For a finite spectral triple (Ao, Ho, Do) = (M2(C), C?, Do) with induced gauge theory (X, S), the associated
BV-spectral triple is:

(Asv, Hav, Dy, Jgv) = (M2(C), Q ® Q*[1], Dgv, Jsv))

In other words: _ _
X =2 QY (Ag) + [Q(Ao)]*[1] + Hav Sev =S — S0 = % Sferm

(Ao, Ho, Do)—(Asv, Hav, Dav, Jev) — . ..

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (5)

Theorem [R.1.]

For a finite spectral triple (Ao, Ho, Do) = (M2(C), C?, Do) with induced gauge theory (X, S), the associated
BV-spectral triple is:

(Asv, Hav, Dy, Jgv) = (M2(C), Q ® Q*[1], Dgv, Jsv))

In other words: _ _
X =2 QY (Ag) + [Q(Ao)]*[1] + Hav Sev =S — S0 = % Sferm

(Ao, Ho, Do)—(Asv, Hav, Dav, Jev) — . ..

The structure of the BV-spectral triple gives a “geometric interpretation” of some physical aspects:
@ the parity of fields, antifields, ghost fields and antighost fields is determined by the fact that:
JD; = —D1J JDy = +D>J;
Hence, the operator Dgy partially commutes and partially anticommutes with the real structure
Jgy ~ mixed KO-dim

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (6)

Hence:

(Ao, Ho, Do) & f —BVeorstucton _ (Agy, Hpy, Dav, Jsv)

The structure of the BV spectral triple is:
@ Apgy ~ it simply completes the triple (Hgy, Dgv, Jgv) to a (mixed KO-dim.) real spectral triple;
@ Hpy ~ encodes the ghost/antighost sector & it keeps track of the ghost degree;
@ Dgy ~~ determines the action Sgy;

@ Jgy ~ the presence of a real structure is required to describe real fields.

Roberta A. Iseppi
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BV construction in NCG

Step 1: the BV construction in NCG (6)

Hence:

(Ao, Ho, Do) & f —BVeorstucton _ (Agy, Hpy, Dav, Jsv)

The structure of the BV spectral triple is:
@ Apgy ~ it simply completes the triple (Hgy, Dgv, Jgv) to a (mixed KO-dim.) real spectral triple;
@ Hpy ~ encodes the ghost/antighost sector & it keeps track of the ghost degree;
@ Dgy ~~ determines the action Sgy;

@ Jgy ~ the presence of a real structure is required to describe real fields.

initial BV
spectral triple (Ao, Ho, Do) & £ spectral triple (Asv, Hsv, DB\/JBV

——
v / l v / \
induced BV-extended &
gauge theory Xo = Q'(Ao) So = Tr(f(Do +¢)) theory X =Xo+X5[1] +Hsv,r  Ssv = 5Stem

Roberta A. Iseppi
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BV construction in NCG

Step 2: the BV cohomology in NCG

As it happens for the BV-extended theory ()~(7§) that naturally induces the BV cohomology, we expect also
the BV spectral triple to determine a cohomology complex

()?,E)H C,’S»v()?,dg) (Asv,Hsv, Dav,Jgv) ———»

¢)

v

Roberta A. Iseppi
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BV construction in NCG

Step 2: the BV cohomology in NCG

As it happens for the BV-extended theory ()~<7§) that naturally induces the BV cohomology, we expect also
the BV spectral triple to determine a cohomology complex

()?,E)H C,’S»v()?,dg) D (Asv,Hsv, Dav, Jav) ———» 6
Idea: to look at cohomology theories naturally Riemannian diff. geom NCG
appearing in the context of NCG manifold spectral triple
differential forms Hochschild homology
de Rham cohomology cyclic homology

Roberta A. Iseppi
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BV construction in NCG

Step 2: the BV cohomology in NCG

As it happens for the BV-extended theory ()~<7§) that naturally induces the BV cohomology, we expect also

the BV spectral triple to determine a cohomology complex

()?,E)H C,’S»v()?,dg) D (Asv,Hsv, Dav, Jav) ———» 6
Idea: to look at cohomology theories naturally Riemannian diff. geom NCG
appearing in the context of NCG manifold spectral triple
differential forms Hochschild homology
de Rham cohomology cyclic homology

Def. For a graded coalgebra (B, A) and a bi-comodule (M, w;,wg) over it, the Hochschild complex is given by:

Cl (M, B) := Homg (M, B29) & dy: CH(M,B) — CHTH (M, B)  with

du(p)Im = (¢ ® Id) 0 wr|m
+ 3 (Yt it (d @ - @ A® - @ d) 0 @lm + (1) (Jd @ ) 0 wi|m

Roberta A. Iseppi
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Step 2: the BV cohomology in NCG

BV construction in NCG

(X,S8)— Chy(X, ds)

As it happens for the BV-extended theory ()~<7§) that naturally induces the BV cohomology, we expect also
the BV spectral triple to determine a cohomology complex

- (Agv,Hsv, Dsv, Jpy) ———» ¢

Idea: to look at cohomology theories naturally

et
Riemannian diff. geom NCG
appearing in the context of NCG manifold spectral triple
differential forms Hochschild homology
de Rham cohomology

cyclic homology
Def. For a graded coalgebra (B, A) and a bi-comodule (M, w;,wg) over it, the Hochschild complex is given by:
C} (M, B) := Homg (M, B®9)

. 9 q+1 .
& dy: Cy(M,B) = Cf (M, B)  with Try to determine:
(B, A) & (M,wL,wR)
di()Im 1= (¢ ® Id) 0 wg|m
+3 (YA (@ @ A® - © ) 0 plm + (—1)9(Id ® 9) 0 wi|m

Roberta A. Iseppi
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BV construction in NCG

Step 2: the BV cohomology in NCG (2)

The bi-comodule M
M = (QY(Ap)) = Ox,, for
Q1 (Ao) = {o =3, 3[Do, bj] : ¢* =, 3, b; € Ao }

Roberta A. Iseppi
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BV construction in NCG

Step 2: the BV cohomology in NCG (2)

The bi-comodule M The coalgebra B
M = (QY(Ap)) = Ox,, for B :=QY(Ag) ® Hav,r = Q(Ao) ® (Qr © QF[1])
Q(Ao) = {gD =3 3o, bj] : ¢* =, a;,b; € Ao} for  Qr = [isu(2)]o @ [isu(2)]: ® [u(1)]2,

Roberta A. Iseppi
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BV construction in NCG

Step 2: the BV cohomology in NCG (2)

The bi-comodule M The coalgebra B
M = (QY(Ap)) = Ox,, for B := Q' (Ao) ® Hav r = Q' (Ao) ® (Qr ® QF[1])
= {50 =3 3o, bj] : ¢* =, a;,b; € Ao} for  Qr = [isu(2)]o @ [isu(2)]: ® [u(1)]2,

Left/Right module structure:
wi(g) = § 2, ag { (s (=), Dav (=) ¢ }

= —wr(g)

Roberta A. Iseppi

The BV construction for finite spectral triples



BV construction in NCG

Step 2: the BV cohomology in NCG (2)

The bi-comodule M The coalgebra B
M = (QY(Ap)) = Ox,, for B := Q' (Ao) ® Hav r = Q' (Ao) ® (Qr ® QF[1])
Q(Ap) = {4,0 = Zi aj[Do, bj] : ¢* = ¢, aj, bj € Ao} for  Qr = [isu(2)]o & [isu(2)]1 & [u(1)]2,
Left/Right module structure: Coproduct:
1 ror
WL(g) = %Zk ;}75‘3{ <JB\/(—)7 DBV(_)> 7x£} A(a) T4 Zr#O,k { <JBV(7)7 DBV(7)> ’ aka}
where {—, —} is the antibracket structure induced by
= —wr(g)

the pairing fields/anti-fields and x{ is a basis of Hgy .

Roberta A. Iseppi
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BV construction in NCG

Step 2: the BV cohomology in NCG (2)

The bi-comodule M The coalgebra B
M = (QY(Ap)) = Ox,, for B := Q' (Ao) ® Hav r = Q' (Ao) ® (Qr ® QF[1])
Q(Ap) = {4,0 = Zi aj[Do, bj] : ¢* = ¢, aj, bj € Ao} for  Qr = [isu(2)]o & [isu(2)]1 & [u(1)]2,
Left/Right module structure: Coproduct:
1 ror
WL(g) = %Zk ;}75‘3{ <JB\/(—)7 DBV(_)> 7x£} A(a) T4 Zr#O,k { <JBV(7)7 DBV(7)> ’ aka}
where {—, —} is the antibracket structure induced by
= —wr(g)

the pairing fields/anti-fields and x{ is a basis of Hgy .

BV-spectral triple (./45\/77'[,‘3\/7 DB\/,JBv)
——

v ST
B deg 0: wy, wr

Hochschild complex deg £ 0 A

(Ao, Ho, Do) = (Asv, Hav, Dav, Jgv)—(CH(M, B), dy) — ...

Roberta A. Iseppi

The BV construction for finite spectral triples



BV construction in NCG

Step 2: the BV cohomology in NCG (2)

The bi-comodule M The coalgebra B

M= (Ql(.AU» %’OXO, for B:= QI(A())@’HB\/J :QI(A())@(Qf@Q?[l])

= {4,0 = Zi aj[Do, bj] : ¢* = ¢, aj, bj € Ao} for  Qr = [isu(2)]o & [isu(2)]1 & [u(1)]2,
Left/Right module structure: Coproduct:
wi(g) =3 Zk ag { (Jav (=), Dev(-)) 7X/(<)} Ala) = %Z#O,k { (Jsv (=), Dv(-)) QLX;:}

= —wrlg) where {—, —} is the antibracket structure induced by

TRl the pairing fields/anti-fields and x{ is a basis of Hgy .
BV- | tripl
spectral triple (.AB\/7 7'[5\/7 DB\/, JBV) Theorem: [R|]

v a }

Given a BV spectral triple (Agy, Hgv, Dav, Jsv),

Hochschild complex M B deg0:wi, wr let (B, M) be defined as above. Then it holds
deg #0: A that:
(Ao,Ho, DO) N (AB\/7HBV7 DBVaJBV)ﬁ(Cﬁ(MyBL dH) o (CH(MﬂB)7 dH) == (CBV,f(X7 d§)7 dg,f)'

Roberta A. Iseppi
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BV construction in NCG

Step 3: auxiliary fields

+ auxiliary fields/anti-fields

(Asv,Hsv, Dav, Jsv) (A¢, He, D, Ji)
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BV construction in NCG

Step 3: auxiliary fields

+ auxiliary fields/anti-fields

(Asv,Hsv, Dav, Jsv) (A¢, He, D, Ji)

» A: = Agy = Ag = Mp(C)  ~~ no changes for the algebra
» Hi = Hpy D Haux, Hpy = [MQ((C)]EBG, Haux = [M2((C)]EB12 where Haux,f =Re® R;[]-]
for Ry := [u(1)]—2 & [w(1) ® su(2)]—1 @ [isu(2) D u(1)]o & [u(1)]1-

0 o 0 o o 0
» Dy 0 0 0 0o o -
Dgy 0 0 T 0 0o 0 o o 0
D: = < 0 D for Dayx = T* 0 where T:= 0 0 o W o 0
aux
0 o 0 o0 o 0
o i-ld 0 0 o0 0

!

determined by the pairing
between contractible pairs

Roberta A. Iseppi
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BV construction in NCG

Step 3: auxiliary fields

+ auxiliary fields/anti-fields

(Asv,Hsv, Dav, Jsv) (A¢, He, D, Ji)

» A: = Agy = Ag = Mp(C)  ~~ no changes for the algebra
» Hi = Hpy D Haux, Hpy = [MQ((C)]EBG, Haux = [M2((C)]EB12 where Haux,f =Re® R;[]-]
for Ry := [u(1)]—2 & [w(1) ® su(2)]—1 @ [isu(2) D u(1)]o & [u(1)]1-

0 0 0 0 0 0

> D: D 0 0 T 0 0 o 0o o0 -/
D; = Bv for Daux = where T:i=|° ° ° °¢ o °©
0 Daux T 0 0 0 0o 1d o 0
i 0 0 0o o0 o0 0
Properties: o il 0 0 0 0

» The total spectral triple has the same structure as the BV spectral triple: l
— * _ 1
Xe=Xo ot Xg 1] + Her Se= 5 + 3{Jip, Dep) determined by the pairing
» Completely determined by the level of reducibility of the theory, that is, by between contractible pairs

the maximal degree in Hpgy

» The induced Hochschild/BV complex is s.t. Coy (Xt ds,) = (M, Br) quasi isom. C,’BV()?,dg) = CH(M, B)

Roberta A. Iseppi
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BV construction in NCG

Step 4 & 5: gauge-fixing and BRST cohomology

+ ghost fields + auxiliary flds
(Ao, Ho, Do) (Asv,Hsv, Dgv, Jgv) (Ae, He, Dt, Ji)
(bosonic) (fermionic) (fermionic)
induced th. induced th. induced th.
+ ghost fields > = + auxiliary fields o
(X0750) (X7 S) . (vasf)

l (M, B) J (M, Br)

Cr (X, d5) = Cp(M, B) Cp(Xe, ds,) = C3y (M, Be)

Roberta A. Iseppi
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BV construction in NCG

Step 4 & 5: gauge-fixing and BRST cohomology

+ ghost fields + auxiliary fids
(Ao, Ho, Do) (Asv,Hsv, Dsv, Jsv) (Ae, He, De, Jt)
' . . The construction
(bosonic) (fermionic) (fermionic)
induced th. induced th. induced th. is all coherent
+ ghost fields > = + auxiliary fields - and consistent
(X0750) (X7 S) . (vasf)

l (M, B) J (M, Br)

Cr (X, d5) = Cp(M, B) Cp(Xe, ds,) = C3y (M, Be)

Roberta A. Iseppi
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BV construction in NCG

Step 4 & 5: gauge-fixing and BRST cohomology

(Ao, Ho, Dp) et (Asv, Hpv, Dpy, Jpy) — ——== (Ae, He, De, Jt)
(bosonic) (fermionic) (fermionic) The construction
induced th. induced th. induced th. is all coherent
ost fields = auxiliary fields and consistent
(XO,SO) + ghost field (X7 S) + liary field: - (Xt75t)
l (M, B) J (M, Br)
C;(X,%«)%C;(M,B) C;(thdst)gcltl(Mf»Bf)

) What it happens if

et we apply the gauge-
fixing procedure?
What can we say
about the BRST
cohomology complex?
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BV construction in NCG

Step 4 & 5: gauge-fixing and BRST cohomology

(Ao, Ho, Do)~ —» (Apy, Hpy, Dpv, Jpv) ————> (Ar, He, Dr, J)
(bosonic) (fermionic) (fermionic) The construction
induced th. induced th. induced th. is all coherent
ost fields Tz awiliary fields and consistent
(Xo, So) 4 ghost field: (X,3) + auxiliary field - (X, S:)
l (M. B) J (Me. Bo)
C3 (X, ds) = C3(M, B) € (Xe,ds,) 2 Cy (M, By)

<) What it happens if Theorem: [R.I]
& we apply the gauge-

Given a total spectral triple (A¢, H¢, Dy, Jt) and a gauge-fixing fermion
V € [0Og,qr,]7L, it holds that:

(C;(Xt,dst)|w),d5t|w) (C (M\u,Bw) dH), where

fixing procedure?

What can we say
about the BRST
cohomology complex? |[By i=Q%(Ag) ® [Qf ® {tp, ] O Rr @ {x, W ] and My = <Ql(Ao)>
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BV construction in NCG

Where we are:

Noncommutative geometry

(M,(C),C", D, f)—> (Agv, Hpv, Dv, Joy ) ——> (A¢, Ht, D, Jy) ———> WV e -7:6)1( (Hav,r ® Haux,f)
initial spectral triple BV spectral triple total spectral triple gaugefixing fermion
C;I(MvB) = CEV(deE) C,:I(MvBt) = CEV(XtvdSt) C;I(MvB‘U) gCéRST(XUdSt)l‘l’
BV/ Hochschild complex BV tot / Hochschild complex BRST/ Hochschild complex
(X0, %) —— (X,8) ——— > (X, &) (Xe, St)lw
initial gauge theory extended theory total theory gauge-fixed theory

BV construction & BRST cohomology
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BV construction in NCG

Where we are:

Noncommutative geometry

(Ma(C),C", D, f)—> (Agv, Hsv, Dav, Jev)———> (At, He, Dr, Jr) ————— Ve Foo (Hav,r © Haux,r)

1
0!

initial spectral triple BV spe[tra triple total spItral triple gauge fixing fermion
. o v . . . .
Ch(M, B) = Cgy(X, ds) CH(M, Br) = Cpy (X, ds;) ChH(M, Bu) = Cppsr(Xe, ds, ) v
BV/ Hochschild complex BV tot / Hochschild complex BRST/ Hochschild complex
(X0, %) —— (X,8) ——— > (X, &) (Xe, St)lw
initial gauge theory extended theory total theory gauge-fixed theory

BV construction & BRST cohomology

Results and reached goals:
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BV construction in NCG

Where we are:

Noncommutative geometry

(Ma(C),C", D, f)—> (Apv, Hsv, Dav, Jov)——> (At, Ht, Dy, Jy) ————> WV € -7:6)1(0 (Hav,r ® Haux,f)

initial spectral triple BV spe[tra triple total spItral triple gauge fixing fermion
. o v . . . .
Ch(M, B) = Cgy(X, ds) CH(M, Br) = Cpy (X, ds;) ChH(M, Bu) = Cppsr(Xe, ds, ) v
BV/ Hochschild complex BV tot / Hochschild complex BRST/ Hochschild complex
(X0, %) —— (X,8) ——— > (X, &) (Xe, St)lw
initial gauge theory extended theory total theory gauge-fixed theory

BV construction & BRST cohomology

Results and reached goals:

» Determined how the information about the BV extended theory can be extracted from the initial
spectral triple
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BV construction in NCG

Where we are:

Noncommutative geometry

(Ma(C),C", D, f)—> (Apv, Hsv, Dav, Jov)——> (At, Ht, Dy, Jy) ————> WV € -7:6)1(0 (Hav,r ® Haux,f)

initial spectral triple BV spe[tra triple total spItral triple gauge fixing fermion
. o v . . . .
Ch(M, B) = Cgy(X, ds) CH(M, Br) = Cpy (X, ds;) ChH(M, Bu) = Cppsr(Xe, ds, ) v
BV/ Hochschild complex BV tot / Hochschild complex BRST/ Hochschild complex
(X0, %) —— (X,8) ——— > (X, &) (Xe, St)lw
initial gauge theory extended theory total theory gauge-fixed theory

BV construction & BRST cohomology

Results and reached goals:

» Determined how the information about the BV extended theory can be extracted from the initial
spectral triple
» Established the (noncom.) geometrical role played by ghost/anti-ghost fields in the BV spectral triple
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BV construction in NCG

Where we are:

Noncommutative geometry

(Ma(C),C", D, f)—> (Apv, Hsv, Dav, Jov)——> (At, Ht, Dy, Jy) ————> WV € -7:6)1(0 (Hav,r ® Haux,f)

initial spectral triple BV spe[tra triple total spItral triple gauge fixing fermion
. o v . . . .
Ch(M, B) = Cgy(X, ds) CH(M, Br) = Cpy (X, ds;) ChH(M, Bu) = Cppsr(Xe, ds, ) v
BV/ Hochschild complex BV tot / Hochschild complex BRST/ Hochschild complex
(X0, %) —— (X,8) ——— > (X, &) (Xe, St)lw
initial gauge theory extended theory total theory gauge-fixed theory

BV construction & BRST cohomology

Results and reached goals:

» Determined how the information about the BV extended theory can be extracted from the initial
spectral triple

» Established the (noncom.) geometrical role played by ghost/anti-ghost fields in the BV spectral triple

» Discovered the relation existing between BV/BRST cohomology and Hochschild cohomology
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BV construction in NCG

Where we are:

Noncommutative geometry

(Ma(C),C", D, f)—> (Apv, Hsv, Dav, Jov)——> (At, Ht, Dy, Jy) ————> WV € -7:6)1(0 (Hav,r ® Haux,f)

initial spectral triple BV spe[tra triple total spItral triple gauge fixing fermion
. o v . . . .
ChH(M, B) = Cgy (X, di) CH(M, Br) = Cpy (X, ds;) ChH(M, Bu) = Cppsr(Xe, ds, ) v
BV/ Hochschild complex BV tot / Hochschild complex BRST/ Hochschild complex
(X0, %) —— (X,8) ——— > (X, &) (Xe, St)lw
initial gauge theory extended theory total theory gauge-fixed theory

BV construction & BRST cohomology
The construction is

Results and reached goals: consistent and coherent

» Determined how the information about the BV extended theory can be extracted from the initial
spectral triple

» Established the (noncom.) geometrical role played by ghost/anti-ghost fields in the BV spectral triple

» Discovered the relation existing between BV/BRST cohomology and Hochschild cohomology
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BV construction in NCG

Where we want to go

What's next?

» To go quantum, to impose the action to solve the quantum master equation. In this
case the BV complex would encode the quantum observables
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BV construction in NCG

Where we want to go

What's next?

» To go quantum, to impose the action to solve the quantum master equation. In this
case the BV complex would encode the quantum observables

~ It is expected to change the construction at the level of the operator Dgy and leave
the Hilbert space Hpy unchanged
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BV construction in NCG

Where we want to go

What's next?

» To go quantum, to impose the action to solve the quantum master equation. In this
case the BV complex would encode the quantum observables

~ It is expected to change the construction at the level of the operator Dgy and leave
the Hilbert space Hpy unchanged

» To extend the construction to the case of 4-dim. spacetime, that is, to consider
a spectral triple over C*°(M)
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BV construction in NCG

Where we want to go

What's next?

» To go quantum, to impose the action to solve the quantum master equation. In this
case the BV complex would encode the quantum observables

~ It is expected to change the construction at the level of the operator Dgy and leave
the Hilbert space Hpy unchanged

» To extend the construction to the case of 4-dim. spacetime, that is, to consider
a spectral triple over C*°(M)

M X F

/ \
= compact Riem. spin manifold F= finite noncomm. space
with with finite real spectral triple
- (€= (M), L*(M, S), D, Jw, ym) (CoH® Ms(C), C*, Dsm, Jsm, Ysm)

So= Tr(f(Dm/N)) + (Jsm()), Dsuib)
fermionic action
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