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The story on one slide

In a semisimple anomalous Intl ) - dim .

TQFT
#

the pairing

f operators of} × µ operators of } → ¢
dim K

Agen dimn-kf.tw
defelts defects

€7 ≤ an
"

S
" sink

is non - degenerate .

Moreover
, this completely characterizes anomalous TQFTS

among relative Cn -127/ Intl) - d TQFTS .

* with trivial local /point operators



I. 7- categorical warm -

up



1- categorical warm -

up : string diagrams

←
all objects have left & right duals .

Let e be a rigid monoidal 1- category, and ✗ c- e.

evx coevx evvx coevvx

A ' A
✗ ✗

✓

✓
✗ ✗

Notation somewhat unfortunate because I cannot form

☒ since a priori ×

"#×

⇒ Need to record how often string has been twisted around
.



1- categorical warm
-

up : Id - tangle hypothesis
Let C be a rigid monoidal 7 - category and ✗ c- e.

Then
,
✗ can be evaluated at an embedded 7- mfld

S ↳ R2 with the following additional framing data :

a. tangential framing T : Ts ≈

4 you draw defectsi-ang.oundietnir.hn"eg!.!-on any framed
• normal framing v : Ns ≈

normal bundle

• a homotopy Ts Ns such an

R
does

51
filling the triangle R " s

not exist

for 5=5^41122Trials ÷aming
Notation : J ✗ = Sx c- Ende /I)

5,5mn s [ Baez - Dolan ,Lurie, . . .]



1- categorical warm
-

up : extra fractional dualizability
Now assume : E is fusion useful notation

semisimple,Ñp5oe:=simp1
Observe :X simple ⇔ § #☒ ✗

✓ I IE-appearsw.mu/tipiicity1 .
so evxt

⇒ Projection §i=ev× : ✗ I splits uniquely : ✗ I

Think : value of evx

✗ ◦ns.?p:-- 002 \
,

= 1

Think : value of ✗

on 02

with
"

bounding
2- framing

" ••e¥

Leads to a canonical Iso
"

✗ Ex? But : usually not monoidal !
A monoidal such iso is a pivotal structure.



1- categorical warm
-

up : framed S - matrices

Let e. be a braided fusion category .
Def[Etingof ?] The framed 5- matrix of e is the Doe ✗ Moe matrix

evx evy

µ
.
:/ f e is ribbon /oriented :

§×,y : = ✗ Y
s×y=dimW dimly) 5×7 )t\☆ -BB depend on ribbon structure

erxt evyt

Theorem Etingof - Drin feed - Gelaki-Nikshyih- Ostrik, Freed - Tele man, Shimizu , Brooker
- Jordan - Safronov- Snyder, . .] .

5 invertible⇔ Zzle) is trivial ⇔ C is ☒ - invertible

up to braided Morita
Miige?center : subcategory
of transparent objects

2-210 :=f✗ee / =/ 1
,

µ
,}

M
equivalence

i.e. invertible in a

certain Morita 4- cat
•

y

Modular categories := ribbon /oriented + one of these equiv.
conditions .



1- categorical warm -

up : TQFT interpretation

A braided fusion cat . D leads to a framed , fully local /extended

4 d TQFT + 3d boundary theory
Crane- Yetter /Walker -Wang

↑

Reshetikhin -Turner

Moreover ,D= category of line & point defects / operators in the @
- theory.

Def : An Intl)d
.

TQFT is invertible if its values on

all manifolds is invertible
.

Def : An anomalous nd TQFT is and boundary theory
of an invertible In -11)d theory .

TQFT interpretation of S - matrix theorem

B is non - degenerate⇔ bulk 4 d theory is invertible, i.e .

B defines an anomalous 3d the07 .

IEEE
is non - degenerate

Tperspeclive due to Walker
,
Freed

,
Freed - Telemann . . )



II. n - categorical version



n - categorical version : higher fusion categories

multi fusion Intl) - cat . multi fusion 7- cat .
Slogan :

multi fusion n - cat .

=

f. d. semisimple algebra

Def [Douglas - R .
for r=2]

A multi fusion n - category is a E- linear monoidal n - cat. C
,
s.t

.

• it has direct sums and all n - idempotent split

( n- cat . version#siÑ
>

operators /defects which can be condensed )of idempotent interpretation from operators in C are already in e

[ n > 2 : Gaio
# ◦ - Johnson - Freya]

• Locally multi fusion :V-✗ c- e
,
Endlx) is a multifusion In - 1) - category

• rigid : all objects have duals
.

• finite : / Ioffe ( defined on next slide ! )
n -1

Prop : ✗ is simple⇔ ⊕ - indecomposable ⇔ End lidx ) -54

fusion :=multifusion + I simple



n - categorical version : higher fusion categories

Def : simples Xiy are Schur connected if 1- ✗¥1
n=1 : connected_is0n#nnÉted¥ iso

Higher - cat . Schur's lemma Schur components

This is an equivalence relation . Moe := simpleshur.nne.ti.ly f- "
"

¥!sas#
fusion cats generalize finite groups (Vec [g) ← cat

.

◦ f
.

f. d. G-graded

fusion n - cats
→ finite n - groups fnvecco

])
" ""spates

( := loop spaces w
. /Tinker HK , TI≥n=§

Slogan : Higher fusion cat . theory is a common generalization of
a) f.d. linear algebra b) finite homotopy theory

generalizes homotopy / Tknrec[D)Def : The := norte
← I := End II) groups

= Rko

Generally no groups but basis of a ( certain kind of) fusion ring .

I



n - categorical version : tangle hypothesis
Let E be a monoidal n - category . A fully dualizable
Cn - K) - morphism ✗ c- In

- "
E can be evaluated at an embedded

K- dimensional manifold Ñ↳Rʰ
"
with framing data :

•• tangential framing J : TM _~¥
"

samedatalets

tang . bundle tnir . bundle § You draw defects
on any framed

• normal framing v : N ≈ n+
" "

M lnt^)-manifo
normal bundle

• a homotopy TM NM
+151 h " s

filling the triangle
Tamim aming

Notation : S ✗ = f. ✗
[ Baez - Dolan ,

Lurie
, . . .]

Mavin n



n - categorical version : extra fractional dualiz ability
Let C be a fusion n - category and ✗ c- In

- "

e

n-7

✗ c-

"
Csimple ⇔ seas × ± #E-

appe
-s with

multiplicity 7-
- SK -7 sphere W

.

K - framing
fusion 1- category

°←
indued by 5%1-00"

⇒ evaluation morphism S ✗ : S ✗→ I

OK Sorn

admits a unique splitting ¥1 : I → S ✗
so
" "

conclude : can place ✗ on S ! :
Balk-11) - framing : one more

This needs semi simplicity !
[

than dualiz ability allows



^5 generalizes
n - categorical version : framed 5- matrix \ Whitehead bracket

them ✗ Tin -uRX→ThRX

For ✗ c-
Ike

, yer
" -"

e simple , 0≤K≤ n define :

K

5×y:= Sy ⇐We _=e
s:E- ¥

b

thm : 5
"

only depends on components 5 ! Thee ✗ Tin -Ke→ E

PI Supp .
X
,
X
'

in same comp . Pick simple f : ✗→ I non - zero. Then :

1-- G- =§=A•• (2) Uniqueness of splittings ⇒ ¥1 =

I T.E.t-G-i.k.fi = ¥5.7 ±☒•#
↑

f and y
don't link since dimf-dimy-cn-k-D-KL.tn



S - matrices and invert ibility
Al separable) fusion n - cat . E leads to a framed , fully local / extended

@ +2) DTQFT + In -11)
-d boundary theory

[ conjecture :automatic over] a ↑

char
. zero field Morita class of e e itself

Moreover , C = n - cut of codimension ≥ 1 defects /operators in d- theory.

Theorem ( in progress W . Johnson - Freyd)
~k
S :MuexDn-ue→e ⇔ 2- (e) is trivial

⇔ C Morita invert 've

Orinfeld center
⇔ bulk In -12) - d theory invertible↑

is invertible
⇔ e defines an anomalous

to ≤K≤n cntrd theory
[ proves a conjecture of Kong - Wen

'

14 in condensed matter theory]

In

any semisimple anomalous TQFT, there is
a perfect pairing

between operators of complimentary dimension (modulo lower - dim . operators.
Thin

. applies more
.

generally to ;

- non - extended semisimple open /closed TQFT
- expectation : lsome) non - semisimple non - compact open /closed

TQFT
, if one uses the correct generalization of active] [of . Shimizu '16]



Some consequences
• Higher Ver Linde formula : C Morita inv. ,7≤k≤

n -1
,
✗ iy, 2- c- The E :

operators
(normalized) fusion ÑZ
rules for Tke ×,>

={ &,w Ty,w⑤)w,z of complimentarydimension !
WENN -KI

• Structure theory of (not only higher) fusion categories :

E. g :C Morita invertible ⇒ / The / =/Tin -net V-0≤k≤n

see k=0 : e inv . and fusion ( Tine = *) ⇒ toe -_ *

Interpretation : anomalous S.s. TQFT without point operators (Mne=*)
⇒ all codim

.
7- op 's haired to vacuum & can be recovered from codim

.

≥ 2 opts.

Consequence : C inv . fusion n - cut ⇒ C. = Mod (braided fusion in - D- cat.)
e inv

. fusion 7- cat ⇒ @ = rect
.

a- Cfr Dmitri Nikshych 's talk : Minimal non - deg . extensions of a braided

fusion cut
.
B controlled by Z /Mod -B) .

in arXiv : 2705.15767, W . Johnson - Freydive study 2-Mod-B) via its 5- matrix.



Outlook : Surgery for non - degenerate fusion n - cats

lnvertibility of 5 : The ✗ Rn .ue→¢ feels like Poincaré duality.

slogan :
fusion n - cat .

~

Morita invertible fusion n - cat ,

top . Space n - manifold / n - Poincaré space

⇒ Non degeneracy of 5 is a first step towards a classification of

Morita invertible higher fusion categories via surgery :

→ Kill high Mr,
's via "

ungauginy
"

→ Poincare duality : have also killed Dn
- n

→ possible 5- matrix obstruction in middle dimension

Work in progress w
. Johnson - Freyd . . .

Thank you for your
attention !


