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Introduction

This lecture is a review of the BRST formulation of gauge theories with
an emphasis on its algebraic properties that have a direct connection
to the subject of this meeting.
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What is the structure of all the gauge symmetries ?

It is an infinite-dimensional Lie algebra, but it contains a lot of
“excess luggage”.

Economical descriptions not involving this excess luggage
usually go beyond the Lie algebra framework.
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St = 1]__, ij_ _Ji
np =1 o p v
clearly leave the action invariant but are “trivial gauge
symmetries”.
Why are they trivial ?

They are present for any action and imply no restriction on Sy (no
‘Noether identities”).

They vanish on-shell and so have a trivial action on the space of
solutions.
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(comment on absence of problems with boundary terms).

Ai(¢) and k(¢p) A (¢p) should not be regarded as independent
gauge transformations (even when k(¢) depends explicitly on the
fields)

since they lead to the same Noether identity.
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The set is a generating set if it yields all independent Noether
identities, i.e.,

—0¢'=0 o¢p'=1*R + MY —
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for some A% and M¥ = — M/, which might depend on the fields.
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The structure functions C? ;4 and M Iis are subject to identities
Even though the gauge transformations form a Lie algebra, these
do NOT necessarily take the familiar form

CPapC”py + Cpy C% pa+ CPyaC?pp =0
(not always true)

since C" 3 may depend on the fields ¢'and Mi 1;3 may not vanish.
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In general, one gets a recursive family of structure functions of
increasing order.

MAIN MESSAGE :

All these structure functions, as well as the identities that they
fulfill, can be economically encoded in the BRST formulation.

Furthermore, the ambiguity in the structure functions (starting
from the R!’s themselves) can be very easily accounted for.
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A central point in my presentation will be the homological
understanding of the role played by the antifields, which were
related after the work of BV to the key “Koszul-Tate resolution”
associated with the equations of motion.

The recursive construction leading to the higher order structure
functions could then be related, in turn, to “homological
perturbation theory” (and “strong homotopy Lie algebras L.,”)
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; BRST symmetry passes through the renormalization process.
A different interpretation of the antifields can be developed.

This interpretation has cohomological origins and views the
antifields as the generators of a differential complex that
implements the gauge invariant equations of motion in
cohomology.

This different point of view turns out to be crucial for
understanding the BRST construction and computing the BRST
cohomology.
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The equations of motion define a “surface” in the space J of all
histories, which is called the “stationary surface” and denoted by
Antifields and

Koszul-Tate Z .
resolution

C*(2) is the space of smooth functions on that surface.

Formally, IT is the quotient space II = X/0 of the stationary
surface X by the gauge orbits € generated by the gauge
transformations.

[For local objects, jet space formalism can be used to put these
considerations on a firmer footing.]
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Antifields and (2) Implementation of the gauge invariance condition on X.

Koszul-Tate

resolution The BRST differential provides a cohomological formulation of
C>(I) at ghost number zero, H(s) = {Observables}.

To each of the steps (1), (2) corresponds a separate differential.

Both differentials appear in s.
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This second aspect is well appreciated (Chevalley-Eilenberg
differential and “Lie algebra cohomology" in the relevant
representation space).

Furthermore, it is also clear that H%(s) = HO(H° (), Hy(0))
(standard spectral sequence argument).

We shall for this reason only focus here on the Koszul-Tate
differential 6.
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At antifield number 1, one finds that DuAZﬂ isacycle, 6 DMAZ” =0
because of the Noether identity D, D, Fy;" = 0.

Without the antifields C}; conjugate to the ghosts, these cycles
woud be non trivial because they do not vanish on X.

Antifields and
Koszul-Tate
resolution

The antifields C}, kill these (otherwise non-trivial) cycles, so that
H; 1 (5 ) = 0

Indeed,
DAl =6C.
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(1) When the gauge transformations are reducible, one needs
ghosts of ghosts and their conjugate antifields to maintain the
resolution property.

(2) When the gauge transformations are “open" (on-shell closure
e only"), the construction is more elaborate because y? # 0, but
TrTD ¥? = 0 (only on-shell). This requires additional terms in s,

theory

S=5+Y+81+SZ+"'

to guarantee £ =0.

This is the Batalin-Vilkovisky construction, which works because
the Koszul-Tate complex is a resolution.
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Need to introduce antifield C* at antifield number —3 such that

Homological 6C* =0 m C*H,

perturbation
theory

On the ghost side, needs conjugate “ghost of ghosts” C with ghost
number +2 and such that yC, =4,,C.

Procedure works and corresponding term in the solution of the
master equation is ~ [ d"xC**3,,C.
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Conclusions Although not discussed much here, this point of view is also
crucial for computing the BRST cohomology.

Finally, locality can be controlled, which leads to interesting
developments (local BRST cohomology).
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