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Topological phases of quantum matter:
beyond Landau's paradigm
Definition:

Gapped quantum phases without symmetry breaking and long
range correlation, but can not be adiabatically connected to a
trivial disorder phase without phase transition.

Two basic classes of topological phases:

Intrinsic topological phases (long-range-entanglement)
e adiabatical paths with no symmetry

Symmetry protected topological (SPT) phases

e adiabatical paths with symmetry

symmetry breaking Hamiltonians
SPT phases < > The trivial disorder phase
(Z C Gu, X G Wen 2009)




Topological phases as equivalence class
of local unitary transformation

« Two states describe the same intrinsic topological phase iff
they are connected by finite depth local unitary(LU)
transformation (acting on support space).
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» U.is I-local for systems with local mteractlons

 U.is fermion parity even for fermion systems




SPT phases as equivalence class of
symmetric local unitary transformation

« Two states describe the same SPT/SET phase iff they are
connected by finite depth symmetric local unitary(SLU)
transformation (acting on support space).

« U is I-local and symmetric, e.g., by using the group
element basis

U(99:0, 99i2: 9933, -+ ) = U(gi0, g1, gizs -+ +)

On the other hand, SPT state as short-range entangled state,
and it can be connected to a product state without symmetry.
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SPT phases are classified by equivalence class of symmetric
LU transformation with one dimensional support space!



SPT states as fluctuating domain walls

An examples of bosonic SPT states with Ising symmetry
(M. Levin and Z.-C. Gu, Phys. Rev. B 86, 115109 (2012))
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Ising spins carry Z2 gauge charge
and can couple to background Z2
gauge field. Z2 gauge flux carries

semion statistics, classified by / \ / \l& /

H?3(Z5,U(1)) (Dijkgraaf Witten, 1990)




A general fixed point wavefunction for
2D SPT state

Fix point wavefunction on arbitrary branched triangulation

/ gs gr g6 G5 \ gs 97 de G5
11 1 ) 11
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all conf. 1
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« Two types of fundamental SLU transformation which
generates all the renormalization(retriangulation) moves for
fixed point wavefunction
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v3(990, 991, 992, 993) = v3(go0, 91, 92, 93) : symmetric U(1) phase factor



Coherent condition and equivalent class
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Cocycle equation! g8,

V3(91, g2, gs, 94)V3(907 g1, 93, g4)y3(907 g1, 92, 93) —1
v3(90, 92, 93, 94)v3(90, 91, G2, ga)

<dy3)<907917g2793794) —

Local basis change leads to equivalent solutions

o))" = U l{an}) = 1] (995,900 Han}) Coboundary

M2(917g2793)ﬂ2(90791793) equation!
p2(g0, 92, 93) 12(g0, 91, 92)

Vf/%(g()?glvg%g?)) — V3(goag17927g3)

« Bosonic SPT phases in 2+1D is classified by H*(G,U(1)r)




How about interacting fermions?

Some special cases have been studied by reducing the free

fermion classifications. (Lukasz Fidkowski and Alexei Kitaev,2010, Z.-C.

Gu, M. Levin, 2013, Kitaev 2013, Chong Wang and T. Senthil 2014, M. A.
Metlitski, L. Fidkowski, X. Chen, and A. Vishwanath, 2014)

Stacking bosonic SPT states on top of free fermion SPT
states, which is quite successful for the classification of

iInteracting topological insulators.(C. wang, A. C. Potter, and T.
Senthil 2013, Chong Wang and T. Senthil 2014)

Spin cobordism and invertible TQFT.(A. Kapustin, R. Thorngren, A.
Turzillo, and Z. Wang, 2014, D S Freed 2014, A. Kapustin, R. Thorngren 2018)

A general classification is still hard due to the Fock-space
structure of interacting fermion systems.



Basic concepts of classifying SPT phases in
interacting fermion systems

e 1D fermionic systems can be mapped to bosonic systems with

an additional unbroken fermion parity symmetry. (Xie Chen, Z C Gu,
X G Wen, Phys. Rev. B 84, 235128 (2011))

e The statistics of the gauge flux is still a good way to

understand the 2D classification. (z.-C. Gu, M. Levin, Phys. Rev. B 89,
201113(R) (2014) M. Cheng, Z. Bi. Y. You, Z. C. Gu. arXiv:1501.01313(2015))

e A special group super-cohomology theory is developed to
classify a minimal subset(decoration of complex fermion on

intersection points of symmetry domain walls). (z.-C. Gu, X.-G. Wen,
Phys. Rev. B 90, 115141 (2014))

o Afurther decoration of Kitaev's Majorana chains on symmetry
domains leads to a complete classification for fermionic SPT
states(for unitary symmetry)!



Symmetry group Gf for fermion systems
« A generic G'is defined by the short exact sequence:
1—>Z§—>Gf—>Gb—>1

* It is called central extension and specified by a Z,
coefficient cocycle:

wy € H?*(Gy,Zo = {0,1})
» For a given group element in the total group G;:

gr = (P}q’(g),gb) — Zg X Gy,
gr-hy = ( p}ug), gb> , ( p;}<h>, hb) - ( P}z<9>+n<h>+w2<gb,hb>’ % hb)

P}l(g)+7l(h)+w2(gb’hb) - Zg and gbhb -~ Gb'

 The assbciativity of group multiplication holds naturally due
to the fact that:

wa(h, k) + wa(gh, k) + wa(g, hk) + wa(g, h) =0

« |tis easyto check: wa(e,g) =wa(g,e) =0



Fixed point wavefunction of 2D SPT states

with generic total symmetry G;
« Fixed point wavefunction on arbitrary branched triangulation
with discrete spin structure(Kasteleyn orientation).

(a) Positive oriented triangle (b) Negative oriented triangle
e |G| level bosonic (spin) state |g:) (g; € Gp) on each vertex i.
e |G| species of complex fermions c7;, (0 € Gyp) at the center of each triangle (ijk).
e |G| species of complex fermions (split to Majorana fermions) a7; = (v§; 4 +7§; g)/2 (0 € Gb)
of each link (ij).



Kitaev’s Majorana chain and Kasteleyn
orientation

« Hamiltonian of Majorana chain:
H=— clei +he) — c;cii1 + h.c.
Z( jCi+1 ) Z( JCi+1 ) {'723'1 =c; + C;

J J
=1 E Y25V25+1
J

Kasteleyn orientation:

*For a graph with edge orientation, the number of clockwise-
oriented edges at every face boundary is odd

*Two Majorana dimer states have the same fermion parity, if
and only if the transition graph is Kasteleyn oriented

Va5 = $(cj — cf)

_i’\/Qjﬁ/Qj—l—l =1



Symmetry transformation and equivalent
ways of decorations

The rule of symmetry transformation:

( )lgz> |ggz>a S1 € Hl(Gb,Zg)
w2(9,0) 99
U(9)ciinUl(g )T = (-1 Cijk: s1(g) = 0, ¢ is unitary
U(9)755,aU ()7 = (=1)=2 07477 19/ = 1, g is antiunitary
U o U 1)w2(g:0)+s1(9) 49
(9)75.8U(9)" = (=1) Vi, g€ Gy

 Majorana chain decoration:
nm € H'(Gy, Zo)| ny(gs,9;) € Zo

« Example of Fermion parity violation:

/\(‘T_ "\(,T, o g g —_
/1./;.4__>)_L£‘B < _sz'j,Af)/ij,B =1
~,90 ~91 ' ~,90 g1 __ w2 (90:9_191) g
J02B /12A < —1 = (—1 0 . 0
> 70287124 ( ) Yo1B

we only put vw 4 and ”yig; p to be in the nontrivial pairing




» Even fermion parity for reference pair: —iy¢4¢," =1

PZ%ZXZ;]'B = U(QO)Pigjo_Al,?;galgiU(QO)_l = % <1 - iV%?,AVf?;,B>

ngg,%m = (gO)Pgé%,OlAU(90>T = % (1 - mggBﬁ?A)v

RIS = Ulgo) Pist U go)! = & [1 = (—1y2000i i o ],
PHhia = Ulgo) PEASGU(g0)! = 5 [L— (-1t a0t jpay pn

* Fermion parity change for a single triangle:

AP}Y(012) — (_1)w2(go,90_191)[n1(90,92)n1(91,92)+n1(go,91)n1(91,92)]+81(90)n1(go,gl)m(gl,gQ)

(_1)w2 (90,95 "91)n1(g1,92)+51(90)n1(90,91)11(91,92)

(—1)(W2vn1 +s1—n1—n1)(90,95 91,97 ' g2)
Y



Wavefunction renormalization as fermionic
symmetric local unitary transformation
A particular re-triangulation move:
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\ € i«‘i:;BY ' 90_193/ \ €

n2(012) / e+ \n2(023) , o \n2(013 1,0\ n2(123)
F(e,01,02,03) = v3(01,12,23)(cf},) . )(0053) 8 )(0013) *! )<612391) Xoi23[na].

g_ng dn2(0123)
Xo123[n1] = Poi2z[ni] - (7233 )

Por2s[ni] = H o(bi=l)/2 H Py H H Pii.ijp

loop 1 Majorana pairs (a,b) in T link (ij)¢T oc€Gp
We used the abbreviation 25 for g,l-_lgj in the arguments of F.

—1 —1 —1 —1 —1 —1
VB(QO gi1,91 92,9 9:3):7/3(6:90 91,90 92,9 93)‘



Generic F-move and total fermion parity
change

» Define the following generic F-move
F(go,91.92,93) = ©F(e. g5 91,95 "92, 95 "93) == U(g0)F (e, 95 91, 95 "92: 95 "93)U (90)"

F(90,91,92,93) = v3(90, 91, 92, 93) (0835)712(012) (cggg)ng(ow) (08(1,3>ng(013) (0%3)71,2(123))(0123[nl]'
X0123 [’n,l] —= P0123[n1] . (729§B)d712(012.5)
It is a symmetric local unitary transformation if we require

n1(g0,91) = ni(e, g5 '91) = n1(gy " 1),
n2(go, g1, 92) = n2(e, g5 g1, 95 ' g2) = n2(go 91, 91 ' g2),
V3(90a917927g3) — goy3(g()_191791_192792_193) — V3(g()_191791_192792_1g3)1_281(90) ) Oéslymm(goagla 92793)

Total Fermion parity change:

AP}Y(F) _ (_1)(&}2‘-’”1+51vn1“’n1)(go_191191_1Q2«92_193).

H3 obstruction function:

dngszvnl—l—Sl\/nl\/nl.




H4 obstruction from RG Fixed point
conditions

dvs = O4lng], Oalna] = O [na] - Ofno] - Oy [dna] - Of[dns].

Ozymm [TLQ](01234) _ (_1)(wgvng—}—slvdng)(01234)+w2(013)d71,2(1234)’
Offng] = (—1)remaranemane,
Of[dny] = (—1)4"> 2472,
OZ [dng](01234) _ (_l)dng(0124)(171,2(0234)(_?:)(1'71,2(0123)[1—(171,2(0124)] (mod 2)



Classifying Fermionic SPT in 2D and 1D
n, € H'(G,,7Z,),
ny, € C*(Gy. 2,) | B*(Gy, Z,) /T,
v3 € C°[Gy, U(1);]/B°[Gy, U(1)]/T7.
Obstruction:
dn; =0,

dngzwgvnl—l—sl ~ N1~ "N
dvs = Oy[nal,

Additional couboundary from fermion SLU transformation:
['? = {wy € H*(Gy,7Zs)},

3= {(—1)w2vnl € H?’(Gb U(l)T)|n1 c Hl(Gb:ZQ)}

Comparing with Fermionic SPT in 1D

ny € Hl(GbazQ)v

Vo € CQ(G(), U(I)T)/BQ(G(,, U(I)T)/FQ

dn1 = O,

dvy = (—1)w2—m

[? = {(-1)*2 € H*(Gy»,U(1)1)}



Classifying Fermionic SPT in 3D
n € HY Gy, Zr),

ng € C2(Gy,Zy)/B2(Gy, Zs) /T2,

ns € C3(Gy, Zo)/B3(Gy,, Zs) /T3,

vs € CHGy, U(1)r)/BH(Gy, U(1)r) /T

* The first layer: p+ip topological superconductor decoration.
* The second layer: Majorana chain decoration

* The third layer: complex fermion decoration
Obstruction:

dn2:w2 — N1+ 81— N1 — N1,

dns = wo — nog + no — no + 851 — (77,2 —1 ng),
dvy = Os[nsl|

Os([ng| = O™ [ns] - Og[ng] - O [dns] - OJ [dns].

Additional couboundary from fermion SLU transformation:

2= {wg — ng € HQ(Gb,ZQNTLO € HO(Gb,ZT)},
% ={wy —ny+81 —ny —ng+ (we —1 ws) [n0/2] € H3(Gy,Zs)|ny € HY(Gy,Z3),ng € HY(Gy, Z7)},

= {O4[n2] € H*(Gy,U(1)1)|n2 for some ny € HY(Gy, Zs)} U I’ﬁoﬂ),



Examples of 3D fermionic SPT phase:

Go \dsp 0 1 2 3
Lz Z3 Lo 7 Z

Liog 41 Ligg4-2 A Lok 41 2
Lo | Ziok X Zo Lo {;:;X = : ?ciln 7

Lo X L2 (22)3 (22)3 (Zg)z X Zia (22)2

ZQ X Z4 Z4 X (Z2)2 (ZQ)B (Zg)z X (Zg)3 Z4 X ZQ

Z4 X Z4 (Z4)2 X ZQ (Z2)2 X Z4 (Zg)2 X Z4 X (ZQ)B' (Z4)2 X ZQ

ZQ X Zg Zg X (ZQ)Z (ZQ)B Zl(—; X Zg X (Zg)3 Zg X ZQ

e Gauging the global symmetry for
SPT states with Majorana chain
decoration leads to (Non-Abelian)
Ising three loop braiding process,
with (minimal) simplest example
G,=24,"Z, or G, =2,"Zg (Jinren Zhou
Qingrui Wang, Chenjie Wang, Z C Gu, 2019)




Fermionic SPT with space group symmetry

By applying the fermionic crystalline equivalence principle, we
can classify all space group FSPT phase

EX am p | e Of wa | |- No Name Ma jor.ana— C.omp.lex— Bosonic Total
chain fermion

paper group i pl 7, Z, 0 s

FSPT for spin-1/2 > w m wm m e

e | ectron: 3 plml Zs 27, 27, 32
4 plgl 275 Zs 0 8
5 clml Zs Zs Zs 8
6 p2mm 0 0 87 256
7 p2mg 275 37, 37, 256
8 p2eg 275 27 27, 64
9 c2mm Zs Zs 575 128
10 p4 275 3Z, Zo @ 274 1024
11 pdmm 0 0 6Zs 64
12 pdgm Zs Zs 279 & Zy 64
13 p3 0 Z, 374 54
14 p3ml 0 Zs Zs 4
15 p31m 0 Zs Zg 12
16 p6 Zs 27 27 288

17 p6mm 0 0 479 16




Fermionic SPT with Lie group symmetry

By replacing G as BG and using the Borel cohomology, our
results for finite group can be generalized into Lie group
symmetry as well.

Example of 10-fold way:

N e 0+1D 1+1D 2+1D 3+1D
class f free |inter.|| free |inter.|| free |inter.|| free | inter.
A | 000 U(1)! Z | Z 0 0 Z | Z* 0 0
AIII| 00+ | U(1)! x Z3 || 0 0 Z | Za 0 0 Z |Zs X Zo
Al [+00 | U xZ5 || Z | Z 0 | Zo 0 0 0 Zo
BDI | +++ | ZI x 7% Zo | Zs Zs 0 0 0 0
D |0+0 7 Zo | Zo || Zo | Zo || Z | Z 0 0
DIII | —++ Z,' 0 0 || Zo | Zo || Zo | Zo || Z | Zis
AL |-o0 | Y22 1z |z || 0 | 0 | Z | 2o || 2o | Z3
CII | --+ |SU(2)! xZ3|| 0 0 7 | Zo 0 0 Zo VA
C |0-0| SU(2)’ 0 0 0 0 7 | z? 0 0
Cl |+—+| SU@E [l g | 0 || 0 |2 || 0| 0 | Z |24x2Zs

* Domain wall decoration = (Atiyah-Hirzebruch) spectral
sequence (Qingrui Wang, Shangqgiang Ning, Meng Cheng, to appear)



Summary and future works

e We construct and classify SPT states for interacting fermions in
3D with arbitrary symmetry G; (also works for Lie group)

o All 3D topological phases in interacting fermion systems can be
realized by gauging certain FSPT states. (Tian Lan and X G Wen, 2018)

e According to the crystalline equivalence principle, our scheme
can also classify point/space group SPT.

o Conjecture: Elementary particle can be regarded as tiny linked
loop attached by Majorana zero modes.

A natural explanation for
three generations and

mass mixing matrix!
(Z.-C. Gu, arXiv:1308.2488,
accepted by PRR)




