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e The shortest definition:
A groupoid is a small category with invertible morphisms.
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Groupoid § = B:
© source maps:G — Bandtarget map t: G — B
@ product m:G® — ¢

m(g,h) =: gh,
defined on the set of composable pairs
G® = {(g,h) € Gx G: s(g) =t(h)},

© injective identity section ¢ : B — G,
Q inverse map . : G — G, 1oL =1d,
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which satisfy the following conditions:

s(gh) =s(h), t(gh) =t(g), (1)
k(gh) = (kg)h, (2)

(t(g))g = g = ge(s(g)), (3)
Ug)g =¢e(s(9)),  gulg) = e(t(9)), (4)

where g, k,h € G.




e A group is an example of groupoid.
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Example 1 X x X = X
© source map s((z,y)) = y and target map t((z,y)) ==
@ product (z,y)(y,2) = (z, z) for
G® ={((z,9),(r,2)); y=r, zymrzeX}
@ identity section ¢(z) = (z,x)
© inverse map (((z,y)) = (y,x)
is a groupoid over X (called pair groupoid).
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Example 2 (1st motivation - by Mackenzie)

For a vector bundle (E,q, M) we can take

the set ®(E) of linear isomorphisms & : E, — E,

between various fibres E,, E,, xz,y € M,

e Isomorphisms are invertible,

e and partially composable, that means we can multiply &7 only
that isomorphisms ¢ : E, — E,, n: Eyy — Eyy, for which ¢/ =z,
e |dentity section on y € M is given by the identity map on E,,
the smooth structure on ®(FE) is induced from E.

®(FE) is called the frame groupoid (or linear frame groupoid) of the
bundle (E,q, M).
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Example 5
For a principal bundle

G

g

one defines the equivalence relation on P x P

(z,y)~(y) & 3FgeG (zg,y9) = ("y).

Then the set PCX;P of equivalence classes (x,y) with
© source map s({z,y)) = 7(y) and target map t({x,y)) = 7(x)
Q for (%)(2) ={({(z,y),(r,z)); Jg€G yg=r} product is
defined by (z,y)(r, z) = (g, 2)
© identity section (7 (x)) = (z, x)
Q inverse map v({x,y)) = (y, )
is a groupoid &f = P/G = M over P/G (called the gauge
groupoid of the principal bundle P).
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Groupoid action and action groupoid

For a groupoid G = B and a set M we can take
w:M— B,

and aset Gx M :={(g,7) € G x M : s(g) = u(r)}.
A left action of groupoid G on M is a map

Gx M> (g,7r)—g-rEM,

which satisfy:

forg,he G, re M.
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Groupoid action and action groupoid

On the set G %; M =: G can be defined a groupoid over M, where
Q 5, t: G — M are given by:

s(g,r) = t(g,r) =g,
@ on the set of composable elements
G? = {((g,r), (h,n)) € G x G; t(h) =s(9)}
the product m : G — G is defined by
m((g,7), (h,n)) := (gh,n),

© the identity section é: M — G by &(r) == (e(u(r)),r),
Q the inverse map i: G — G by

i(g,r) == (e(9),g 7).
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Definition

A Lie groupoid is a groupoid G on base M together with smooth
structures on G and M such that the maps s and t are surjective
submersions, the identity section is smooth, and the (partial)
product is smooth.

In a Lie groupoid
e G2 is a closed embedded submanifold of G x G since s, t are
submersions,

e the inverse map is diffeomorphism.
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Example 4 G M = G x M — M is a smooth action of a Lie
group G on a manifold M (u(m) = e) then on the product
manifold G x M can be defined a Lie groupoid structure on M

with maps
s(g,n):=n t(g,n) :==g-n,

ﬁz((g, T)v (hv n)) = (gha n)
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Example 5 The trivial groupoid
M x G x M, where M - manifold, G- Lie group ;

Example 6 The fundamental groupoid

II(M) - the set of homotopy classes of smooth paths

v :10,1] — M in manifold M; if M is connected, then its s-fibres
are the universal covering spaces of M,
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A C*-algebra 90t is called W*-algebra (von Neumann algebra) if
there exists a Banach space I, such that

(M.)* =M, ()

where (9,)* is the Banach space dual to 91,. For the W *-algebra
9N there exists the unique Banach space 90, with property (5)
called predual space of 9.
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O An element p € M is called a (orthogonal) projection if
p* = p = p?. We will denote the set of projections of the
W*-algebra 9t by L(9).

@ An element u € M is called a partial isometry if uu*

(or equivalently u*u) is a projection. We will denote the set of
partial isometries of the W*-algebra 9t by U/(901).

Aneta Slizewska Banach-Lie groupoids



Motivation (by Odzijewicz): In quantum system
e M - Wr-algebra, e.g. M = L>°(H) and (L}(H))* = L=(H)

e Space of states S:
S := M}, where (M,)* =M

e Space of observables O:

O = {space of spectral measures E : B(R) — L(9M)},
where £(91) is the orthocomplement lattice of the orthogonal
projections, i.e. p € L(M) C M iff p = p? = p*.

* B(R) 3 A — (p, E(A)) - is the probability that a measurement
of the observable X = [, AdE()) will be in A C R iff the system
is in the state p € S, where ||p|[« =1
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The set of partial isometries U (9) C 9 with
© source and target maps s, t: U(9M) — L(IMN) given by
s(u) := u*u, t(u) := uu*,
@ the product m : U(M)?) — U(M) defined on the set
U P) = {(v,u) €UON) x UN) :  wu* = v*v} as

m(v,u) = vu,
© the identity section £ : L(I) — U(IM), £(p) :==p,

Q the inverse map ¢ : U(M) — U(MN), (u) = u*,
is the groupoid over L(IN).
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Left support [(z) € L(9MN) (right support r(z) € L(IMN)) of
x € M is the least projection in M, such that

l(x)x ==z (resp. = r(z) = z). (6)

If z € M is selfadjoint, then support s(z)

Polar decomposition for z € M
z = ulzl, (7)
where u € 9 is partial isometry and |z| := Va*z € MT. Then

l(x) =s(|z*]) = wu*, r(z)=s(z|) =u"u.
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Groupoid of partially invertible elements of W *-algebra 9

Let G(pMp) be the group of all invertible elements in

W*-subalgebra pip C 9.

We define the set G(9N) of partially invertible elements in 9t
G(OM) := [z € M; |a] € G(pMp), where p = s(ja])}

Remark: G(M) & M in a general case.

Aneta Slizewska Banach-Lie groupoids



The set G(MN) with
© the source and target maps s, t : G(IM) — L(IM)

@ the product defined as the product in 97 on the set
GEM® = {(z,y) € G(M) x G(M); s(x) = t(y)},

© the identity section ¢ : L(9M) — G(IM) as the inclusion map,
O the inverse map ¢ : G(IM) — G(IM) defined by

o(z) = |z| " ut,

is a groupoid over L(9N).
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e Inner action I : U(IMN) x L(IM) — L(IM)

Iop := apu(z), s(z)=p
on the lattice £(91) gives the equivalence relation:

p~qg < qc€0,

e The equivalence class [p] of p in sense of Murray-von Neumann is
the orbit O, of p € L(IM).
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The Murray-von Neumann classification of W*-algebras directly
corresponds to the classification of orbits of the inner action of
UON) = L) (or G(M) = L(IM)) on the lattice of projections
L(9).
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We consider the following locally convex topologies on It:
o—topology < s—topology < s"—topology < uniform topology

where for w € M
© o-topology is defined by a family of semi-norms
] := [(z,w)
@ s-topology is defined by a family of semi-norms

], = v (z*z,w); xeM;

© s*-topology is defined by a family of semi-norms

{IFll > -5 = w € M} where [|z])f, := /(za*,w); z € M.
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G(OM) = L(M) as a complex Banach-Lie groupoid

Proposition

The groupoid G() = L(IM) is not a topological groupoid with
respect to any natural topology in 9.

Proof: Let us take p € L(9M) and define z,, € G(IM) by
zn =p+ 1(1—p), n€N. One has

s(an) =t(zn) =1 and s(p) =t(p) =p.

Since the uniform limit of x,, is p = lim,,_, ., Ty, we see that source
and target maps of G(91) are not continuous. Thus we obtain that
G(OM) is not a topological groupoid. Note that the above
consideration does not depend on the choice of topology on 9.

Proposition

The groupoid U(9) = L(IM) is topological with respect to the
uniform topology and s* (U (91), M.)-topology.

=T = = =
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G(OM) = L(M) as a complex Banach-Lie groupoid

For p € L(9M) let us define the subset of L£(9N)
IL,:={ge L(M): M=g¢Me(1—-pM}

then g A (1 —p) =0, gV(l—p)=1

and p=xp—Yp €¢MS(1—pNt.

Define the maps

op : 11, — ¢Mp, op 1, = (1 —p)Mip

by
op(q) =zp,  #p(q) = Yp-
The map ¢, is a bijection of II,, onto the Banach space (1 — p)Mip.
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G(OM) = L(M) as a complex Banach-Lie groupoid

In order to find the transitions maps
-1,
wpo ey o Il NTy) = @Il N11y)

in the case IT, NI,y # 0, let us take for ¢ € II, N II,, the following
splittings

M=gMd(1—p)M=pMa(1—pM (8)
M=gMap(1—p)M=pMa (1 —p)M.

and we obtain

Yy = (ep © 0 ) (Wp) = (b+ dyp)e(a+ cyp),

where a=p'p, b=(1—-p')p, c=p'(1 —p) and
d=(1-p)(1-p).
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G(OM) = L(M) as a complex Banach-Lie groupoid

The family of maps

Iy, p) P € L(M)

defines a complex analytic atlas on a £(90). This atlas is modeled
by the family of Banach spaces (1 — p)9tp, where p € L(9MN).

If p € O, then (1 —p)Mp = (1 —p/)MY'.
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G(OM) = L(M) as a complex Banach-Lie groupoid

For projections p, p € L(9N) we define the set
Qpp =t~ (I5) N's™'(IL,)
and the map
Upp : Qpp — (1= p)MPp @ pMp & (1 — p)Mp
in the following way

Vip(2) = (pp(t(2)), e(o5(t(2)))zop(s(2)), ep(s(2))) = (Up: Zops Yp) -
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G(OM) = L(M) as a complex Banach-Lie groupoid

The family of maps

(QUp Vi) D, p € L(M)

defines a complex analytic atlas on the groupoid G(90t). The
complex Banach manifold structure of G(91) has type &, where &
is the set of Banach spaces

(1—p)Mp @ pMp & (1 — p)Mp

indexed by the pair of equivalent projections of L(O0).
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G(OM) = L(M) as a complex Banach-Lie groupoid

The underlying topology of complex Banach groupoid
G(M) = L(M) is Hausdorff.

L(9M) is a submanifold of G(9M) then the underlying topology of
L(9M) is also Hausdorf.
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UIT) = L(IM) as a real Banach-Lie groupoid

The groupoid U(9MN) is the set of fixed points of the automorphism
J: G(OMN) — G(M) defined by

J(z) = o(z").
Since J?(x) = x for x € U(IM) one has
(DI(@) =1

for DJ(z) : Tp,G(IM) — T, G(M).
Thus one obtains a splitting of the tangent space

T,G(M) = T, G(M) & T, G(M) (9)
defined by the Banach space projections

Pi(z):=—-(1£DJ(x)). (10)

N | =
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UIT) = L(IM) as a real Banach-Lie groupoid

Proposition

The groupoid U(M) = L(IM) of partial isometries has a natural
structure of the real Banach manifold of the type &, where the
family & consist of the real Banach spaces

(1—p)Mp @i pM'p @ (1 — p)Mp

parameterized by the pairs (p,p) € L(9M) x L(IM) of equivalent
projections.

.
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In order to investigate the Banach-Lie groupoid structure of
G(OM) = L(M) it is enough to restrict ourselfs to

Lp, () :={pe LOM): p~po} = Op

Gpo (M) = til(ﬁpo (M) N sil(ﬁpo (9)).

Then G, (M) = L, (M) is a Banach-Lie subgroupoid of
G(om) = L(M).
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Proposition

The Banach-Lie groupoid G(9) =2 L(M) is a disjoint union of
Banach-Lie subgroupoids G, () = L, (M), po € L(IM), which
are its closed-open Banach subgroupoids.

Every transitive Lie groupoid is isomorphic with a gauge groupoid
of some principal bundle.

Aneta Slizewska Banach-Lie groupoids



We consider Py :=s71(L,,(901)) as the total space of the
Glo-principal bundle 7o := t|p, : Py — L, (M), where Gy is the
Banach-Lie group G(pp9ipg) of the invertible elements of the
W*-subalgebra po9tpg. The free right actions of Gy on Py and on
Py x Py are defined by

k:PyxGop>(n,9)—ngeh (11)
and by
Ko Py x Py x Go > (n,&,9) = (ng,&g9) € By x By, (12)

respectively. The above allows us to define the quotient groupoid
PO%OHJ = Py/G of the pair groupoid Py x Py = Py, which by
definition is the gauge groupoid associated to the G-principal
bundle 7o - Po — PO/G[) = ﬁpo(gﬁ)
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The complex analytic maps

Py x P, _
0 =g 2 &) e € Gpy (M) (13)
p: Po/Go 3 (n) =~ € Ly, (9M) (14)
define the isomorphism

mEn 0L g, ()

t s
; (15)

¥
Po/Go Ly (M)

of Banach-Lie groupoids.
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EXAMPLE

Let 9t = L°°(H), where H is a separable complex Hilbert space
with a fixed orthonormal basis {|ex)}72 . Assuming po = |eg)(eo|
we find

Mpo = {|V) (eo| : V€ H} =H,
Po={[n){eol : neH\{0}} =H\{0},
G(poMpo) = C\ {0},

Wil ;e HA\{0}} = CP(R),

{
Go (M) = {8+ n.g e H\ {0},

© 6 € e e
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The target map [ : G, (L*°(H)) — Ly, (L°(H)) restricted to Py
defines the complex Hopf principal bundle

C\ {0} H\ {0}

(16)
CP(H)
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where

() = i

(%)~ %6 i
—1

(%s) =6

) (€ | Im A

and the product of e and |< >‘< >| is equal to DN




We conclude that the groupoid G, (L>(H)) =% Lp,(L>°(H)) is
isomorphic to the gauge groupoid of the Hopf principal bundle
P(CP(#H),C\ {0}, 1).

Aneta Slizewska Banach-Lie groupoids



The orthonormal projection py := |ex){ex|, k € NU {0}, defines a
complex analytic atlas ¢y, : I, — (1 — pg) (L (H))pk, where

I = {qzwééﬂ; 5k7’é0,Where§:Z§k|6k>}v (18)
k=o

and L
er(q) = & 1€) (ex| — lex) (ex] = yk (19)
71(0) = ¢ 16) (e (20)

k
Let us note here that
w= 3 Heel (21)
12k

So, % =: ny where k # 1 € NU {0}, are the homogeneous
coordinates of ¢ € IIj.
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The atlas for groupoid G,,,(L>°(#)) is the following
Vo = 171 () O (L) —

= (1= pe) (L (K)o ® pe(L(H))pm @& (1 — pm) (L™ (H))pm,

where

Urm(9) = (2 (U(9)), (0£(1(9))) " gom(r(9)), em(r(9))) =

= (ylm Zkm ym) .

The coordinates y; and vy, are defined in (19) and

Zem = 2 e (em] - (22)

m
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So, as one should expect the complex analytic manifold structure of
Gpo (L™°(H)) is consistent with the complex analytic structure of
the Hopf bundle (16).
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THANK YOU
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