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sChristian Hainzl1 and Robert Seiringer2Institut f�ur Theoretis
he Physik, Universit�at WienBoltzmanngasse 5, A-1090 Vienna, AustriaFebruary 7, 2001Abstra
tBy means of a generalization of the Fe�erman-de la Llave de
omposition we derivea general lower bound on the intera
tion energy of one-dimensional quantum systems.We apply this result to a spe
i�
 
lass of lowest Landau band wave fun
tions.An important issue in the quantum me
hani
s of many intera
ting parti
les is the de-s
ription of the energy of the system in terms of the parti
le density. In parti
ular, a lowerbound to the di�eren
e of the intera
tion energy and its \dire
t" part is of interest. For thethree-dimensional Coulomb potential it is known that for any N -parti
le wave fun
tion 	the so-
alled Lieb-Oxford inequality [LO81℄h	jXi<j 1jxi � xjj	i � D(�	; �	)� 1:68ZR3 �	(x)4=3d3x (1)holds, where D(�; �) = 12 RR6 �(x)�(y)jx� yj�1d3xd3y is the dire
t part of the energy, and�	 is the density of 	. This inequality is very useful for many ele
tron systems, e.g. largeatoms, where the \ex
hange term" R �4=3	 really 
aptures the 
orre
t order of magnitude.However, for states 	 des
ribing parti
les in strong magneti
 �elds, R �4=3	 is generally mu
htoo large, and (1), although valid for all 	, is not very useful in this 
ase.In the presen
e of a strong, homogeneous magneti
 �eld, the parti
les are 
on�ned tothe lowest Landau band, whi
h determines their motion perpendi
ular to the magneti
 �eldand makes them behave essentially like a one-dimensional system. Therefore we study theone-dimensional analogue of (1) for arbitrary 
onvex intera
tion potentials. For short, weshall 
all the indire
t part of the intera
tion energy the \ex
hange energy"; it is de�ned byEx = h jXi<j V (jxi � xjj) i � 12 ZR2 � (x)� (y)V (jx� yj)dxdy: (2)1E-Mail: hainzl�thp.univie.a
.at2E-Mail: rseiring�ap.univie.a
.at 1



HS February 7, 2001 2In the following, we derive a general lower bound to Ex . Our method follows 
loselythe proof of the Lieb-Oxford inequality given in [S95℄. The following Lemma repla
es theFe�erman-de la Llave de
omposition of the Coulomb potential. We will then apply thisgeneral bound to spe
ial potentials of interest in the study of systems in magneti
 �elds.1 LEMMA (De
omposition of V ). Let V : R+ ! R be twi
e 
ontinuously di�erentiable,with limx!1 V (x) = limx!1 xV 0(x) = 0. ThenV (x) = 2Z 10 V 00(2r)�r � �r(x)dr; (3)where �r(x) = �(r � jxj).Proof. A simple 
omputation, using partial integration and the fa
t that �r � �r(x) =maxf0; 2r � xg.Although stated only for di�erentiable potentials, Lemma 1 holds more generally if thederivatives are interpreted in the sense of distributions. In parti
ular, if V is 
onvex andtends to zero at in�nity, V 00 de�nes a Borel measure and (3) holds. Note also that (3) impliesthat a 
onvex V is positive de�nite.We now 
onsider N -parti
le wave fun
tions  2 L2(RN; dNx). A ve
tor in RN will bedenoted by (x1; : : : ; xN). Corresponding to  its density � is de�ned as� (x) = NXi=1 ZRN�1 j (x1; : : : ; xi�1; x; xi+1; : : : ; xN)j2dx1 : : : dxi�1dxi+1 : : : dxN : (4)Note that R � = N . Assuming that  has �nite kineti
 energy, i.e.,h j NXi=1 � �2�x2i j i <1; (5)p� is in H1(R) by the Ho�mann-Ostenhof inequality [HH77℄, so it is a bounded and 
on-tinuous fun
tion. In parti
ular, � 2 L2(R), so we 
an de�ne a mean density �� by�� = 1N Z 1�1 � (x)2dx: (6)Given a fun
tion f 2 Lp(R), its Hardy-Littlewood maximal fun
tion f� is de�ned asf�(x) = supr>0 12r Z x+rx�r jf(y)jdy: (7)For p > 1 the inequality kf�kp � 2� 2pp� 1�1=p kfkp (8)holds for all f 2 Lp(R) [SW71℄.



HS February 7, 2001 32 LEMMA (General bound on the ex
hange energy). Let V : R+! R+ be a 
onvexfun
tion, with limr!1 V (r) = 0. Let  2 L2(RN). Then, for all �(z) � 0,Ex � �12 Z 1�1 dz ��2 (z)Z �(z)0 V 00(r)r2dr + �� (z)Z 1�(z) V 00(r)rdr! : (9)Proof. With the aid of Lemma 1 we 
an writeXi<j V (jxi � xjj) = 2Z 1�1 dz Z 10 drV 00(2r)Xi<j �r(xi � z)�r(xj � z): (10)Denote �r;z = h j NXi=1 �r(xi � z) i = Z z+rz�r � (x)dx: (11)Sin
e V is 
onvex by assumption, we get, for ea
h positive fun
tion �(z),0 � h jZ 1�1 dz Z 112�(z) drV 00(2r) NXi=1 �r(xi � z)� �r;z!2  i� Ex + Z 1�1 dz Z 12�(z)0 drV 00(2r)�2r;z + Z 1�1 dz Z 112�(z) drV 00(2r)�r;z; (12)where we used the fa
t that �r(x)2 = �r(x) andZ 1�1 dz Z 10 drV 00(2r)�2r;z = 12 ZR2 dxdyV (jx� yj)� (x)� (y) (13)by (3) and (11). The de�nition of the maximal fun
tion (7) implies �r;z � 2r�� (z), so wearrive at (9).Of parti
ular interest in the study of parti
les intera
ting with Coulomb for
es in thepresen
e of a strong magneti
 �eld are the potentials (see e.g. [HS00℄ and referen
es therein)Vm;n(z) = ZR4 j�m(x?)j2j�n(y?)j2pjx? � y?j2 + z2 d2x?d2y?; (14)where x? 2 R2 and �m denotes the fun
tion in the lowest Landau band with angular mo-mentum �m � 0, i.e., using polar 
oordinates (r; '),�m(x?) =r B2� 1pm! �Br22 �m=2 e�im'e�Br2=4: (15)Here B > 0 is the magneti
 �eld strength. We are in parti
ular interested in the strong �eld
ase, where B � ��2 .Using the relationB�1=2Vm;m(B�1=2z) = Z 10 dqe�qjzje�q2Lm(q2=2)2 �Wm(z) (16)



HS February 7, 2001 4(see [V76℄), where Lm are the Laguerre polynomials, one easily sees that the potentials Vm;mare smooth 
onvex fun
tions away from z = 0, for all m 2 N0. Hen
e we 
an use Lemma 2to get a lower bound on the ex
hange energy for these potentials. In the following, we willuse the estimate Wm(0) � W0(0) =r�4 < 1: (17)We do not try to give the best possible 
onstants in the bound stated below, but 
on
entrateon the asymptoti
 behavior of Ex for large B=��2 .3 THEOREM (Ex
hange energy for Vm;m). Let V = Vm;m be given by (14), for somem 2 N0 and B > 0. Then, for all  2 L2(RN) with � 2 L2(R),Ex � �16N �� �ln �e3 + B1=2�� � + 2� : (18)Proof. From (14) and (16) one easily veri�es the estimatesW 00m(r) � 2r2Wm(r) and Wm(r) � min�1r ;Wm(0)� : (19)Using this and (17) we get Z 1� V 00(r)rdr � 2� (20)and Z �0 V 00(r)r2dr � 2�1 + �ln�B1=2�+� ; (21)where [t℄+ = maxft; 0g. Choosing � = �(z) = �� (z)�1 Lemma 2 implies thatEx � �Z 1�1 �� (z)2 �2 + �lnB1=2=�� (z)�+� dz: (22)Next we use that for a > 0 [lna℄+ = infs>0 1seas � inf0<s<13 1seas: (23)Using (8) and the fa
t that 2p+1p=(p � 1) � 16 for 5=3 � p � 2 this impliesEx � �Z 1�1 �� (z)20�2 + inf0<s<13 1se  B1=2�� (z)!s1A dz� �32Z 1�1 � (z)2dz � 16 inf0<s<13 1seBs=2 Z 1�1 � (z)2�sdz� �16N �� 0�2 + inf0<s<13 1se �B1=2�� �s1A ; (24)



HS February 7, 2001 5where we have used that, for 0 � s � 1, R �2�s � (R �2)1�s(R �)s by H�older's inequality.Now inf0<s<13 1seas � inf0<s<13 1se(e3 + a)s = ln(e3 + a); (25)whi
h, inserted into (24), proves the Theorem.A lower bound on the ex
hange energy useful for small �elds, i.e., for B � ��2 , 
anbe obtained mu
h easier. A general inequality, exploiting the positive de�niteness of thepotential, gives [T94℄ Ex � �N2 V (0) � �N2 B1=2: (26)We remark that the bound on the ex
hange energy given in Theorem 3 is indeed nearlyoptimal for large B=��2 . Namely, if we take for  the Slater determinant of 'i, 1 � i � N ,with '1(x) = (2R)�1=2�(R�jxj) and 'i(x) = '1(x+2R(i�1)) for someR > 0, the ex
hangeenergy is easily 
al
ulated to beEx = �N �� Z B1=2=�� 0 Wm(r)�1� �� B1=2r� dr; (27)whi
h is pre
isely of the order N �� ln[B1=2=�� ℄ for B � ��2 . The same holds for the bosoni

ase, i.e., for  the totally symmetri
 produ
t of the 'i's.We now apply our results to a model des
ribed by the HamiltonianHm = NXi=1 ��~2 �2�x2i � ZVm(xi)�+Xi<j Vm;m(xi � xj); (28)where Vm is de�ned similarly to (14), namelyVm(z) = ZR2 j�m(x?)j2pjx?j2 + z2d2x?: (29)This Hamiltonian is the proje
tion of the full three-dimensional Hamiltonian for N ele
tronsin the Coulomb �eld of a nu
leus of 
harge Z and in a homogeneous magneti
 �eld B ontothe spa
e of fun
tions in the lowest Landau band with �xed angular momentum m. Ita
ts on the totally antisymmetri
 fun
tions in L2(RN). We �rst estimate the ground stateenergy Em(N;Z;B;~) = inf spe
 Hm. Negle
ting the positive intera
tion term the one-dimensional Lieb-Thirring inequality ([LT76℄; the 
onstant is taken from [HLW00℄) yields,with �m = maxf1=4;mg,Em(N;Z;B;~) � � 43� 1~Z3=2 ZRV 3=2m� � 163p� 1~ �m1=4 �(5=4)�(3=4) 1~Z3=2B1=4 (30)independently of N , where we used that Vm(x) � ( �m=B + x2)1=2 ([RW00℄, Se
t. 1.2; thebound for m = 0 follows easily from Thm. 20 there). However, for B � Z2, this is a very
rude estimate, but 
an be improved using Lemma 2.1 of [LSY94a℄ instead. The result isEm(N;Z;B;~) � �Z2~2 ��sinh�1(~2B1=2=Z �m1=2)�2 + 1 + �212� : (31)



HS February 7, 2001 6By appropriate variational upper bounds one 
an show that these lower bounds indeed
apture the 
orre
t leading order of the ground state energy for large Z and N .We are interested in the ex
hange energy in a state 
lose to the ground state of Hm. Inthe following, we will assume that h jHm i � 0. The kineti
 energy is then bounded byT = h jXi �~2 �2�x2i  i � 11� � jEm(N;Z;B; �1=2~)j (32)for all 0 < � < 1. Moreover, again by the Lieb-Thirring inequality, R �3 � 12��2~�2T , sothis gives a bound on �� by H�olders inequality, namely �� � (R �3 )1=2(R � )�1=2. Using thefa
t that the bound on the ex
hange energy given in Theorem 3 is monotoni
ally in
reasingin �� , we arrive at an expli
it bound on Ex , whi
h is of the orderEx & �( N1=2Z � BZ2 �m�1=8 ln �N4=3BZ�2 �m1=3�N1=2Z ln [B=Z2 �m℄ ln [NBZ�2℄ (33)as long as h jHm i � 0. Note that B � ��2 is equivalent to B � Z2N�4=3 �m�1=3.Our method of estimating the ex
hange energy also applies to the three-dimensionalCoulomb intera
tion 
ase, if we restri
t ourselves to 
onsidering wave fun
tions 	 that arethe total antisymmetrization of tensor produ
ts of fun
tions of the form m(z1; : : : ; znm) nmYi=1 �m(x?i ); (34)where the  m's are antisymmetri
 in all variables, with one-parti
le density matrix 
m,density �m, and Pm nm = N . In the following, we will be 
on
erned with the potentialsV̂m;n(z) = ZR4 �m(x?)�n(x?)�n(y?)�m(y?)pjx? � y?j2 + z2 d2x?d2y?: (35)Analogously to (16) there is the relationB�1=2V̂m;n(B�1=2z) = Z 10 dqe�qjzje�q2m!n! �12q2�n�m Ln�mm (q2=2)2 (36)(see [V76℄), where the Lnm are the asso
iated Laguerre polynomials. From this de
ompositionwe dedu
e the important property1Xn=0B�1=2V̂m;n(B�1=2z) = Z 10 dqe�qjzje�q2=2 = B�1=2V0(B�1=2z) � min�r�2 ; 1jzj� ; (37)where V0 is de�ned in (29) and the last identity follows again from [V76℄.For 	 as above, we now estimate the ex
hange energy. We haveh	jXi<j 1jxi � xjj	i =Xm h mj nmXi<j Vm;m(zi � zj) mi+12 Xn6=m ZR2 �Vm;n(z � z0)�m(z)�n(z0)� V̂m;n(z � z0)
m(z; z0)
n(z; z0)� dzdz0: (38)



HS February 7, 2001 7For the last term in (38) we use (37) and j
m(z; z0)j2 � �m(z)�m(z0) to estimateXn6=m ZR2 V̂m;n(z � z0)
m(z; z0)
n(z; z0)dzdz0 �Xm ZR2 V0(z � z0)j
m(z; z0)j2dzdz0�Xm Zjz�z0 j����1m V0(z � z0)�m(z)�m(z0)dzdz0 +Xm Zjz�z0 j����1m V0(z � z0)j
m(z; z0)j2dzdz0�Xm nm��m�2 + �lnr�2 B1=2��m �+� ; (39)where we used the Cau
hy-S
hwarz inequality for the �rst part the fa
t that R j
mj2 =Tr[
2m℄ � Tr[
m℄ = nm for the se
ond. For the �rst term in (38) we apply Thm. 3 (and thefa
t that by an analogous estimate as above this theorem holds also for N = 1, where theintera
tion energy is zero). Thereforeh	jXi<j 1jxi � xjj	i � D(�	; �	)�Xm nm��m�332 ln �e3 + B1=2��m �+ 33 + 14 ln[�=2℄� : (40)Now using H�older's inequality for ��m and 
on
avity and monotoni
ity of x1=2 ln[e3 + x�1=2℄in x we 
on
ludeh	jXi<j 1jxi � xjj	i � D(�	; �	)�N1=2sXm ZR�3m 332 ln"e3 +sBN=Xm ZR�3m#+ 33 + 14 ln[�=2℄! : (41)The Lieb-Thirring inequality implies thatXm ZR�3m � 12�2Xm h mj nmXj=1 � �2�z2j j mi = 12�2 h	j NXj=1 � �2�z2j j	i; (42)whi
h 
an be bound as in (32), as long as 	 has negative energy. Expli
it bounds on thetotal energy of an atom in a magneti
 �eld are given in [LSY94b℄, (2.42) and (2.43), whi
himply Ex	 & �� Z3=5N4=5B1=5 ln[BN2=3=Z2℄ for B � Z2N�2=3NZ ln[B=Z2℄ ln[B=Z2N ℄ for B � Z2N (43)for this system.The result in (43) agrees ex
ellently with the expe
ted order of magnitude of the ex
hangeenergy of wave fun
tions 
lose to the ground state of large atoms in strong magneti
 �elds([LSY94a℄; see also [HS00℄, Remark 6.1). Although our 
onsiderations negle
t 
orrelationsbetween parti
les with di�erent angular momentum, we strongly 
onje
ture that their 
on-tribution is of the same or of lower order, so it 
an be expe
ted that (43) gives the 
orre
torder of the ex
hange energy in the ground state. The bound (43) in parti
ular applies toall Slater determinants of angular momentum eigenfun
tions in the lowest Landau band.Note that sin
e in the lowest Landau band the density orthogonal to the magneti
 �eld isbounded by B=2�, the quantity (Pm R �3m=N)1=2 is of the order of ��3D=B, where ��3D is themean three-dimensional density. Therefore the result stated above is in total agreement withinvestigations on the homogeneous ele
tron gas in a strong magneti
 �eld [DG71, FGPY92℄,where an ex
hange energy of the order NB�1��3D ln[B3=2=��3D℄ was obtained.
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