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Orthomodular Latti
es and a Quantum AlgebraNorman D. Megilly1 and Mladen Pavi�
i�
z2yBoston Information Group, 30 Chur
h St., Belmont MA 02478, U. S. A.zUniversity of Zagreb, Gradjevinski Fakultet, Ka�
i�
eva 26, HR-10000 Zagreb, Croatia.Abstra
t. We show that one 
an formulate an algebra with latti
e ordering so as to 
ontain onequantum and �ve 
lassi
al operations as opposed to the standard formulation of the Hilbert spa
esubspa
e algebra. The standard orthomodular latti
e is embeddable into the algebra. To obtainthis result we devised algorithms and 
omputer programs for obtaining expressions of all quantumand 
lassi
al operations within an orthomodular latti
e in terms of ea
h other, many of whi
h arepresented in the paper. For quantum disjun
tion and 
onjun
tion we prove their asso
iativity inan orthomodular latti
e for any triple in whi
h one of the elements 
ommutes with the other twoand their distributivity for any triple in whi
h a parti
ular one of the elements 
ommutes withthe other two. We also prove that the distributivity of symmetri
 identity holds in Hilbert spa
e,although it remains an open problem whether it holds in all orthomodular latti
es, as it does notfail in any of over 50 million Gree
hie diagrams we tested.PACS numbers: 03.65, 02.10, 05.50Keywords: orthomodular latti
e, quantum logi
, Hilbert spa
e, quantum theory1 Introdu
tionClosed subspa
es of Hilbert spa
e form an algebra 
alled a Hilbert latti
e. A Hilbert latti
eis a kind of orthomodular latti
e whi
h we, in the next se
tion, introdu
e starting with anortholatti
e whi
h is a still simpler stru
ture. In any Hilbert latti
e the operation meet ,a \ b, 
orresponds to set interse
tion, HaTHb, of subspa
es Ha;Hb of Hilbert spa
e H, theordering relation a � b 
orresponds to Ha � Hb, the operation join, a [ b, 
orresponds tothe smallest 
losed subspa
e of H 
ontaining HaSHb, and a0 
orresponds to H0a, the set of1E-mail: nm�alum.mit.edu; Web page: http://www.shore.net/~ndm/java/mm.html2E-mail: mpavi
i
�faust.irb.hr; Web page: http://m3k.grad.hr/pavi
i
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tors orthogonal to all ve
tors in Ha. Within Hilbert spa
e there is also an operation whi
hhas no a parallel in the Hilbert latti
e: the sum of two subspa
es Ha +Hb whi
h is de�ned asthe set of sums of ve
tors fromHa and Hb. We also haveHa+H0a = H. One 
an de�ne all thelatti
e operations on Hilbert spa
e itself following the above de�nitions (Ha\Hb = HaTHb,et
.). Thus we have Ha [Hb = Ha +Hb = (Ha +Hb)?? = (H0aTH0b)0,[8, p. 175℄ where H
is a 
losure of H
, and therefore Ha +Hb � Ha [Hb. When H is �nite dimensional or whenthe 
losed subspa
es Ha and Hb are orthogonal to ea
h other then Ha +Hb = Ha [Hb. [6,pp. 21-29℄, [10, pp. 66,67℄, [13, pp. 8-16℄In the past, s
ientists, starting with Birkho� and von Neumann, wanted to �nd parallelswith a possible logi
 lying underneath the orthomodular latti
e and operations de�ned onsu
h a logi
. A possible 
andidate for the logi
 was formulated [13, 9, 10, 5, 2℄. However, ithas re
ently been shown [21℄ that the logi
 
an have at least two models: Hilbert spa
e andanother model whi
h is not orthomodular|so there is no proper quantum logi
.3 One 
anstill 
onsider operations within the model itself: the orthomodular latti
e. The problem of�nding quantum operations whi
h would redu
e to 
lassi
al ones for 
ompatible observableshas been atta
ked many times in the past. In parti
ular, it has been shown that one 
anstart with unique 
lassi
al 
onjun
tion, disjun
tion, and impli
ation and by means of themde�ne �ve quantum 
onjun
tions, disjun
tions, and impli
ations [whi
h 
ollapse into former
lassi
al ones for 
ommuting (
ompatible, 
ommensurable) observables℄. In this paper weshow that one 
an start with unique quantum operations and arrive at �ve 
lassi
al ones.Thus it turns out that the usual way of de�ning orthomodular latti
e by means of unique
lassi
al 
onjun
tion and disjun
tion is a 
onsequen
e of a dire
t translation of meet andjoin from Hilbert spa
e. We also express all possible quantum and 
lassi
al operations byea
h other, even a 
hosen either 
lassi
al or quantum one by means of all other quantumand 
lassi
al ones in single equations. We do so with the help of a 
omputer program whi
hredu
es two-variable expressions to ea
h other.In Se
. 5 we prove that in an orthomodular latti
e the asso
iativity of both quantumdisjun
tions and 
onjun
tions holds for any triple of latti
e elements as soon as one of them
ommutes with the other two.In the the end, we partially solve an open problem from Ref. [12℄ by proving that the\distributive law," for a quantum identity holds in the Godowski latti
es and therefore inHilbert spa
e. It remains an open problem whether the law holds in all orthomodular latti
es.2 Quantum and 
lassi
al latti
e operationsOne usually de�nes an ortholatti
e in the following way.De�nition 2.1. An ortholatti
e (OL) is an algebra hLO;0 ;[i su
h that the following 
ondi-3Consequently, the papers that are now appearing and 
laim as, e.g., Dalla Chiara and Giuntini [3℄, thatquantum logi
, de�ned as a genuine logi
al system, 
hara
terizes orthomodular latti
es are simply in
orre
t.For, obviously, one 
annot 
laim that a statement holds in proper quantum logi
 if and only if it is true inorthomodular latti
es and at the same time that a statement holds in proper quantum logi
 if and only if itis true in non-orthomodular latti
es. The same holds for proper 
lassi
al logi
 and the Boolean algebra. Allprevious su
h papers and books on quantum as well as 
lassi
al logi
 are outdated by the result.
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 2 LO:L1 a = a00 (2.1)L2 a � a [ b & b � a [ b & b � a [ a0 (2.2)L3 a � b & b � a ) a = b ; a = b ) a � b (2.3)L4 a � b ) b0 � a0 (2.4)L5 a � b & b � 
 ) a � 
 (2.5)L6 a � 
 & b � 
 ) a [ b � 
 (2.6)where a � b def= a [ b = b; 1 def= a [ a0; 0 def= a \ a0: (2.7)Then we 
an de�ne six operations of impli
ation:De�nition 2.2. a !0 b =def a0 [ b, a !1 b =def a0 [ (a \ b), a !2 b =def b0 !1 a0,a !3 b =def ((a0 \ b) [ (a0 \ b0)) [ (a \ (a0 [ b)), a !4 b =def a0 !3 b0, a !5 b =def((a \ b) [ (a0 \ b)) [ (a0 \ b0), where !0 is 
alled 
lassi
al impli
ation and !i, i = 1; : : : ; 5quantum impli
ation.Quantum impli
ations redu
e to the 
lassi
al one whenever a and b 
ommute.De�nition 2.3. We say that a and b 
ommute and write aCb when any and therefore all ofthe following equations hold: [13, 22, 7℄ (a\b)[(a\b0)[(a0\b)[(a0\b0) = 1 , a\(a0[b) � b ,a = (a \ b) [ (a \ b0).We 
an also de�ne:De�nition 2.4.a [i b def= a0 !i b; a \i b def= (a!i b0)0; i = 0; : : : ; 5 (2.8)a �i b def= (a!i b) \ (b!0 a); i = 0; : : : ; 5; (2.9)where a [0 b = a [ b, a \0 b = a \ b and a �0 b are 
lassi
al disjun
tion, 
onjun
tion,and identity, respe
tively, while a [i b, a \i b, and a �i b, i = 1; : : : ; 5 are quantum ones,respe
tively. The latter obviously redu
e to the former when a and b 
ommute.For the above operations the following theorems hold. In them, we 
an also pi
k anyone of the 
onditions in Theorem 2.5 as our de�nition of an orthomodular latti
e and inTheorem 2.6 as our de�nition of a distributive latti
e (Boolean algebra).Theorem 2.5. An ortholatti
e in whi
h any one of the following 
onditions holds is anorthomodular latti
e and vi
e versa. [15, 16, 17, 18, 20℄a!i b = 1 , a � b; i = 1; : : : ; 5; (2.10)a [i b = 1 , a0 ? b0; i = 1; : : : ; 5; (2.11)a \i b = 0 , a ? b; i = 1; : : : ; 5; (2.12)a �i b = 1 , a = b; i = 1; : : : ; 5; (2.13)a ? b & a [ b = 1 ) a0 ? b0; (2.14)where a ? b def= a � b0
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es and a Quantum Algebra 4Theorem 2.6. An ortholatti
e in whi
h any one of the following 
onditions holds is a dis-tributive latti
e and vi
e versa. [15, 16, 17, 18, 20℄a!0 b = 1 , a � b ; (2.15)a [ b = a [0 b = 1 , a0 ? b0 ; (2.16)a \ b = a \0 b = 0 , a ? b ; (2.17)a �0 b = 1 , a = b: (2.18)A
tually, in any orthomodular latti
e all expressions with 2 variables are redu
ible to oneof 96 Beran 
anoni
al forms.[1, Table 1, p. 82℄ The reader 
an easily redu
e any 2 variableexpression with the help of our program beran whi
h we des
ribe in Se
. 8. All 96 forms
an be also viewed inside the sour
e 
ode of beran.
. In general we 
an divide them to16 
lassi
al and 80 quantum ones. Classi
al expressions are: 
lassi
al impli
ation and itsnegation (disjun
tion and 
onjun
tion)|Beran expressions 2{5 and 92{95, 
lassi
al identityand its negation|expressions 9 and 88, variables a; b and their negations|expressions 22,39, 58, and 75, and \0" and \1"|expressions 1 and 96, respe
tively. Quantum expressionsare all the other expressions, that redu
e to 
lassi
al ones whenever the variables 
ommute:quantum impli
ations and their negations (quantum disjun
tions and 
onjun
tions)|12{15,18{21, 28{31, 34{37, 50{53, 60{63, 66{69, 76{79, and 82{85, quantum identities (a �1 b =a0 �3 b0; a �2 b = a0 �4 b0, a �5 b) and their negations|24, 25, 40, 41, 56, 57, 72, 73,8, and 89, \quantum variables" (whi
h redu
e to \
lassi
al a; b") and their negations|a:6, 38, 54, 70, 86, b: 7, 23, 55, 71, 87, a0: 11, 27, 43, 59, 91, and b0: 10, 26, 42, 74, 90,and \quantum 0,1"|\0": 17, 33, 49, 65, 81 and \1": 16, 32, 48, 64, 80. For some of thesequantum expressions we give the following de�nitions and theorems.De�nition 2.7. Quantum unities and zeros in an OML are:11(a;b) def= a0 [ (a \ b0) [ (a \ b) (2.19)12(a;b) def= b [ (a \ b0) [ (a0 \ b0) (2.20)13(a;b) def= a [ (a0 \ b) [ (a0 \ b0) (2.21)14(a;b) def= b0 [ (a0 \ b) [ (a \ b) (2.22)15(a;b) def= (a \ b) [ (a \ b0) [ (a0 \ b) [ (a0 \ b0) (2.23)01(a;b) def= a \ (a0 [ b) \ (a0 [ b0) (2.24)02(a;b) def= b0 \ (a0 [ b) \ (a [ b) (2.25)03(a;b) def= a0 \ (a [ b0) \ (a [ b) (2.26)04(a;b) def= b \ (a [ b0) \ (a0 [ b0) (2.27)05(a;b) def= (a [ b) \ (a [ b0) \ (a0 [ b) \ (a0 [ b0) (2.28)Some 
onsequen
es of these de�nitions are straightforward:Lemma 2.8. Two variables 
ommute i� any of the 80 two-variable quantum expressions isequal to its 
lassi
al 
ounterpart. Two variables also 
ommute i� any two of the �ve di�erentforms of ea
h quantum expression are equal to ea
h other.



Megill & Pavi�
i�
: Orthomodular Latti
es and a Quantum Algebra 5For example, 1i(a;b) = 1 or 0i(a;b) = 0, i = 1; : : : ; 5 is equivalent to aCb. In parti
ular,15(a;b) = 1 is the �rst expression from Def. 2.3. Also, e.g., ai(a;b) = a, i = 1; : : : ; 5, whereai(a;b) are given by Beran expressions: 6, 38, 54, 70, 86, respe
tively, are equivalent to aCb.In parti
ular, a1(a;b) = (a\b)[(a\b0) = a is the third expression from Def. 2.3. Examples forthe se
ond 
laim of the theorem are that a!i b = a!j b, a[i b = a[j b, and a\i b = a\j b,i 6= j, i; j = 1; : : : ; 5 are equivalent to aCb. [17, p. 1487℄ The same holds for 1i(a;b) = 1j(a;b),ai(a;b) = aj(a;b), a �i b = a �j b, i 6= j, i; j = 1; : : : ; 5, et
.Theorem 2.9. An ortholatti
e in whi
h any one of the following 
onditions holds is anorthomodular latti
e and vi
e versa.a!i b = 1j(a;b) , a � b; i; j = 1; : : : ; 5; i 6= j; (2.29)a �i b = 1j(a;b) , a = b; i; j = 1; : : : ; 5; i 6= j: (2.30)Proof. We will exemplify the proofs by proving the 
ase i = 1; j = 5. Other 
ases the reader
an prove analogously. We �rst use Eq. (2.13) to write the premise as (a !1 b) �5 15 = 1(�5 should be used for all 
ases|in it the subs
ript 5 is not j) and then we �nd the 
anoni
alexpression of(a!1 b) �5 15(a;b) = (a!1 b) �5 (a \ b) [ (a \ b0) [ (a0 \ b) [ (a0 \ b0)by typing (see Se
. 8 for details on our program beran):beran "((aIb)=(((a^b)v(a^-b))v((-a^b)v(-a^-b))))"The program responds with:30 ((-avb)^((av(-a^-b))v(-a^b)))whi
h is nothing but a!3 b. Using Eq. (2.10) we get the desired 
on
lusion.3 Relations between operationsIn this se
tion we show how one 
an 
onne
t operations we de�ned in Se
. 2 with ea
h otherin an orthomodular latti
e de�ned in a standard way given by Def. 2.1. In 
ounting the
ases for 
ommuting operations below we disregard the order of a and b.In Ref. [20℄ we have shown how one 
an express 
lassi
al disjun
tion by quantum and
lassi
al impli
ations within a single equation. (That equation was one of the four smallestones. Below is another.)Lemma 3.1. (i) The equationa [ b = ((((b!i a) !i (a!i b)) !i b) !i a) !i a (3.1)is true in all orthomodular latti
es for i = 1; : : : ; 5 and in all distributive latti
es for i =0; : : : ; 5;(ii) an ortholatti
e in whi
h Eq. 3.1 holds is an orthomodular latti
e for i = 1; : : : ; 5 anda distributive latti
e for i = 0.
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ontain negations and if we wanted to de�ne an algebra bymeans of so merged impli
ations and without using negation we should at least introdu
e0. Alternatively one 
an use the negation and de�ne 0. In this paper we adopt the latterapproa
h. We do not give proofs of the lemmas in this se
tion be
ause all expressions 
anbe trivially 
he
ked with the help of the 
omputer program beran written by one of us(N. D. M.) whi
h the reader 
an download from our web sites.Lemma 3.2. There is only one \smallest" (lowest number of o

urren
e of variables, 5, andnegations, 2) expression of 
lassi
al disjun
tion by means of quantum impli
ations:a [ b = ((a0 !i b0) !i b) !i a) !i a ; i = 1; : : : ; 5; (3.2)and seven smallest (5 variables, 4 negations) expressions of 
lassi
al 
onjun
tion by meansof quantum impli
ations, one of whi
h is:a \ b = (a!i ((a!i b) !i (b0 !i a0)0)0 ; i = 1; : : : ; 5: (3.3)There are two smallest (5 variables, 3 negations) expressions of 
lassi
al disjun
tion by meansof quantum disjun
tions one of whi
h is:a [ b = ((a [i b0) [i (b0 [i a))0 [i a ; i = 1; : : : ; 5; (3.4)and two (5,5) by means of quantum 
onjun
tions one of whi
h is:a [ b = (((a0 \i b) \i (b \i a0))0 \i a0)0 ; i = 1; : : : ; 5: (3.5)An equal number of smallest expressions of 
lassi
al 
onjun
tion by means of quantum dis-jun
tions and 
onjun
tions we get by using a\ b = (a0[ b0)0 and a\i b = (a0[i b0)0 (of 
oursewith reversed smallest number of negations).Any of these equations when added to an ortholatti
e makes it orthomodular.Lemma 3.3. Here are samples of the smallest expressions (with their numbers being givenin 
urly bra
kets) of 
lassi
al 
onjun
tion and disjun
tion by means of both, 
lassi
al (i = 0)and quantum (i = 1; : : : ; 5) impli
ations, disjun
tions, and 
onjun
tions in single equationsin any orthomodular latti
e:a [ b = ((b!i a) !i (((a!i b0) !i b0) !i a)) f1g (3.6)a [ b = (b [i (a [i ((a [i b) [i (b0 [i a))0)) f16g (3.7)a [ b = ((a0 \i b)0 \i (a0 \i (b \i (b \i a)0)0))0 f8g (3.8)a \ b = (a!i ((a!i ((a!i b) !i b0)) !i a0)0)0 f23g (3.9)a \ b = ((b0 [i (a [i (a [i b)0)0) [i (b0 [i a)0)0 f8g (3.10)a \ b = (b \i (a \i ((a \i b) \i (b0 \i a))0)) f16g ; (3.11)where i = 0; : : : ; 5. Any of these equations for i = 1; : : : ; 5 and Eqs. (3.6), (3.8), (3.9), and(3.10) for i = 0 when added to an ortholatti
e makes it orthomodular (fails in O6). Fori = 0, there are no su
h smallest samples of the type given by Eqs. (3.7) and (3.11) and
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es and a Quantum Algebra 7there are 18 samples that pass O6 of Eq. (3.9) type, 4 of (3.8) type and 4 of (3.10) type.Samples of the latter ones are:a \ b = (a!i (b!i ((b!i a) !i (b0 !i a0)0)))0 (3.12)a [ b = (b0 \i (a0 \i ((a0 \i b) \i (b \i a0))0))0 (3.13)a \ b = (b0 [i (a0 [i ((a0 [i b) [i (b [i a0))0))0 ; (3.14)respe
tively.Lemma 3.4. The shortest expressions of some above de�ned operations by ea
h other are:a [ b = a [0 b = b [1 (b [1 a0)0 = a [2 (b0 [2 a)0 = b [3 (b [3 a)= a [4 (b [4 a) = b [5 (b [5 a0)0 (3.15)a [1 b = b [2 a = (a [3 b) [3 b = b [4 (b [4 a) = a [5 (b [5 a) (3.16)a [2 b = b [1 a = (b [3 a) [3 a = a [4 (a [4 b) = b [5 (b [5 a) (3.17)a [3 b = b [4 a = (a [1 b0)0 [1 (b [1 a) = (a [2 b) [2 (b0 [2 a)0= (a [5 b) [5 (a [5 (b [5 a0))0 (3.18)a [4 b = b [3 a = (b [1 a0)0 [1 (a [1 b) = (b [2 a) [2 (a0 [2 b)0= (b [5 a) [5 (b [5 (a [5 b0))0 (3.19)a [5 b = b [5 a = ((a [1 b)0 [1 (a0 [1 (b [1 a))0)0 = ((b [2 a)0 [2 ((a [2 b) [2 a0)0)0= ((b [3 a)0 [3 ((b [3 a) [3 a)0)0 = ((b [4 a)0 [4 (b [4 (b [4 a))0)0 (3.20)a �0 b = (a0 �5 b)0 = (b [i a)0 [i (b0 [i a0)0 ; i = 1; : : : ; 5 (3.21)a �1 b = a0 �3 b0 = (a [1;3 b)0 [1;3 (b0 [1;3 a0)0 = (a0 [2;4 b0)0 [2;4 (b [2;4 a)0= (a [5 (a [5 b))0 [5 (a0 [5 (b [5 a0)0)0 (3.22)a �2 b = a0 �4 b0 = (b0 [1;3 a0)0 [1;3 (a [1;3 (b [1;3 a))0= ((a0 [2 b)0 [2 (a [2 (b [2 a)0)0)0 = (a [4 b)0 [4 (a0 [4 (b0 [4 a0))0= ((b [5 (b [5 a0))0 [5 (a [5 (b [5 a)0)0)0 (3.23)Dual expressions on both sides of equations we get by using a \i b = (a0 [i b0)0.Lemma 3.5. Samples of expressions of parti
ular quantum disjun
tions by means of all �veof them together in single equations area [1 b = a [i (b0 [i (b [i a)0)0 (3.24)a [2 b = b [i (a0 [i (a [i b)0)0 (3.25)a [3 b = ((a0 [i (b [i a))0 [i ((b [i (a [i b)) [i (b0 [i a)0)0)0 (3.26)a [4 b = ((b0 [i (a [i b))0 [i ((a [i (b [i a)) [i (a0 [i b)0)0)0 (3.27)a [5 b = ((b [i a)0 [i (b0 [i ((a [i b) [i (b [i a0)))0)0 ; (3.28)where i = 1; : : : ; 5. Dual expressions (a [ b by means of a \i b and a \ b by means of a [i band a \i b) we get by using a \ b = (a0 [ b0)0 and a \i b = (a0 [i b0)0.
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es and a Quantum Algebra 84 Quantum algebraIn Lemma 3.2, Eq. (3.4) we have shown how one 
an express the 
lassi
al disjun
tion bymeans of quantum ones in a single equation. So, we 
an substitute this expressions for thedisjun
tions in 
onditions whi
h de�ne an orthomodular latti
e (Def. 2.1) and obtain �veformally identi
al ways to writing those 
onditions by means of �ve quantum disjun
tions.But we 
an do even more and de�ne an algebra with a latti
e ordering as follows.De�nition 4.1. A quantum algebra QA is an algebra hAO;0 ;di su
h that the following
onditions are satis�ed for any a; b; 
 2 AO:A1 a = a00 & a � 1 (4.1)A2 a � ((a d b0) d (b0 d a))0 d a & b � ((a d b0) d (b0 d a))0 d a (4.2)A3 a � b & b � a ) a = b ; a = b ) a � b (4.3)A4 a � b ) b0 � a0 (4.4)A5 a � b & b � 
 ) a � 
 (4.5)A6 a � 
 & b � 
 ) ((a d b0) d (b0 d a))0 d a � 
 (4.6)A7 a ? b & ((a d b0) d (b0 d a))0 d a = 1 ) a0 ? b0 ; (4.7)where a � b def= ((a d b0) d (b0 d a))0 d a = b (4.8)1 def= ((a d a) d (a d a))0 d a & 0 def= (((a d a) d (a d a))0 d a)0 : (4.9)Substitution Rule. Any valid 
ondition or equation one 
an obtain in the standard formu-lation of OML 
ontaining only variables, [i (satis�ed for all i = 1; : : : ; 5), and negationswritten in QA with d substituted for [i is a valid 
ondition or equation in QA.We 
an easily 
he
k that the above ordering is a proper ordering and that for a; b; 
 2 AOlower upper and greater lower bounds exist|they are given by ((a d b0) d (b0 d a))0 d a and(((a0 d b) d (b d a0))0 d a0)0, respe
tively. Obviously we 
an introdu
e the following de�nitionx [ y =def ((a d b0) d (b0 d a))0 d a and obtain the standard de�nition of OML as given inSe
. 2. This enables us to formulate the above Substitution Rule, whi
h a
tually introdu
es anin�nite number of 
onditions. Whether they 
an be repla
ed with a �nite set of individual
onditions is an open problem. Along this rule, A7 be
omes Eq. (2.14). Eq. (2.14) isequivalent to Eq. (2.13) whi
h for j = 5 reads [21℄: a �5 b = (a\b)[(a0\b0) = 1 , a = b.Sin
e we have a �5 b = ((b [i a0)0 [i (b0 [ a)0)0, i = 1; : : : ; 5 [Eq. (3.23)℄, we get A8 below.Similarly, we get A9 et
. Of 
ourse, we 
an never arrive at a � a d b, a d (a e b) = a,a d (a0 e (a d b)) = a d b, or many other equations we are used to in OML. For example,if we had had a d (a e b) = a, that would have redu
ed Eq. (4.12) below to Eq. (2.17) andtherefore turn QA into a Boolean algebra.Lemma 4.2. A8 (b d a0) e (b0 d a) = 1 , a = b ; (4.10)A9 a d a0 = 1 ; (4.11)
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es and a Quantum Algebra 9A10 a e (b d (b e a)) = 0 , a ? b ; (4.12)A11 (((b d a) e a)0 d b) e a = a e (b d (b e a)) ; (4.13)A12 a d b = 1 , a0 ? b0 ; (4.14)where a e b def= (a0 d b0)0.On the other hand, Lemma 3.4 indi
ates that there might be di�erent ways of expressing
lassi
al disjun
tions by means of quantum ones. And indeed, a [ b = (a [5 b) [5 (b0 [5 a0)0does not mat
h any other [i|meaning a[ b 6= (a[i b)[i (b0[i a0)0, i = 1; 2; 3; 4. The same istrue with Eq. (3.15) for [3 and [4, as well as with a[b = ((a0[1 b0)0[1 b0)0[1 ((a[1 b0)0[1 a0)0and a [ b = ((a0 [2 b0)0 [2 a0)0 [2 (b0 [2 (b [2 a0)0)0. Thus we arrive atTheorem 4.3. In QA one 
an express 
lassi
al disjun
tion in the following �ve non-equiv-alent ways: a [
l1 b = ((a0 d b0)0 d b0)0 d ((a d b0)0 d a0)0 (4.15)a [
l2 b = ((a0 d b0)0 d a0)0 d (b0 d (b d a0)0)0 (4.16)a [
l3 b = b d (b d a) (4.17)a [
l4 b = a d (b d a) (4.18)a [
l5 b = (a d b) d (b0 d a0)0 : (4.19)Of 
ourse, there are many other su
h non-equivalent 5-tuples. Altogether, there are (55)5su
h 5-tuples.In 
on
lusion, by using the parallels with the standard orthomodular latti
e theory, inQA we 
an derive all the equations that hold in the latti
e theory in terms of [i; i = 1; : : : ; 5and negation, even those that 
annot be obtained by the method presented in Se
tion 3|forexample, a [i (b \i a) = a [i (b0 \i a) or a [i (b [i (a0 \i (a [i b))) = a [i b where neithersides of these equations are equal to parti
ular Beran expressions for all i = 1; : : : ; 5 whilethe equations themselves do hold for all i = 1; : : : ; 5. On the other hand, by using a [ b ==def ((adb0)d(b0da))0da and A1-A7 from Def. 4.1 we 
an embed the standard orthomodularlatti
e theory in QA.5 Conditional asso
iativity of quantum operationsQuantum disjun
tions and 
onjun
tions are not asso
iative. However, a 
onditional asso-
iativity, similar to Foulis-Holland distributivity, does hold in any orthomodular latti
e asproved in the theorem below. D'Hooghe and Pyka
z [4, p. 648℄ the theorem for i =1, 2 and5, and 
onje
tured it for i =3 and 4. Below we 
on�rm their 
onje
ture by giving the proofsfor i =3 and 4. By doing so we prove that the 
onditional asso
iativity holds for the uni�edquantum disjun
tion and 
onjun
tion (d and e) from the previous se
tion. For this purpose,we may take aCb to be a d (a0 e b) = b d a, noting that in any OML a [i (a0 \i b) = b [i a isequivalent to aCb for i = 1; : : : ; 5.
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es and a Quantum Algebra 10Theorem 5.1. In any orthomodular latti
e any triple fa; b; 
g in whi
h one of the elements
ommutes with the other two is asso
iative with respe
t to [i and \i, i = 1; : : : ; 5:aCb & aC
 ) (a [i b) [i 
 = a [i (b [i 
); i = 1; : : : ; 5 (5.1)aCb & bC
 ) (a [i b) [i 
 = a [i (b [i 
); i = 1; : : : ; 5 (5.2)aC
 & bC
 ) (a [i b) [i 
 = a [i (b [i 
); i = 1; : : : ; 5 (5.3)aCb & aC
 ) (a \i b) \i 
 = a \i (b \i 
); i = 1; : : : ; 5 (5.4)aCb & bC
 ) (a \i b) \i 
 = a \i (b \i 
); i = 1; : : : ; 5 (5.5)aC
 & bC
 ) (a \i b) \i 
 = a \i (b \i 
); i = 1; : : : ; 5 (5.6)Proof. Sin
e D'Hooghe and Pyka
z [4, p. 648℄ proved the 
ases i = 1; 2; 5 we only givesket
hy proofs for these 
ases for the sake of 
ompleteness.For i = 1; 2, Eq. (5.1), given the premise (aCb) and the Foulis-Holland theorem (F-H)[aCb & aC
 ) (a[b)\
 = (a\
)[ (b\
), et
℄ we have (sin
e a0Ca): a[1 b = a[ (a0\b) =(a [ a0) \ (a [ b) = a [ b). Thus, the 
on
lusion from Eq. (5.1) reads(a [1 b) [1 
 = a [ b [ 
 = a [1 (b [1 
):Eq. (5.2) and Eq. (5.3) follow analogously. Sin
e a [2 b = b [1 a and a \1;2 b = (a0 [1;2 b0)0,we have proved the theorem for i = 1; 2.For i = 5, (again we have aCb ) a [5 b = a [ b, et
.) both sides of the 
on
lusion ofEqs. (5.1), Eqs. (5.2), and Eqs. (5.3) redu
e to a [ (b [5 
), b [ (a [5 
), and 
 [ (a [5 b),respe
tively.Let us now 
onsider the 
ase i = 3, Eq. (5.1). A

ording to the �rst de�nition of aCbfrom Def. 2.3 we have, given the premises (aCb and aC
) and the orthomodularity property[a [ (a0 \ (a [ b)) = a [ b℄:a [3 b = (a \ b) [ (a \ b0) [ (a0 \ (a [ b)) = a [ (a0 \ (a [ b)) = a [ band therefore, using Foulis-Holland theorem (F-H) and the se
ond premise and Def. 2.3:(a [3 b) [3 
 = ((a [ b) \ 
) [ ((a [ b) \ 
0) [ ((a0 \ b0) \ (a [ b [ 
))= [F-H℄ = (a \ 
) [ (b \ 
) [ (a \ 
0) [ (b \ 
0) [ ((a0 \ b0) \ (a [ b [ 
))= [Df.2.3℄ = a [ (b \ 
) [ (b \ 
0) [ ((a0 \ b0) \ (a [ b [ 
))= (b \ 
) [ (b \ 
0) [ ((a [ (a0 \ b0)) \ (a [ b [ 
))= (b \ 
) [ (b \ 
0) [ (((a [ a0) \ (a [ b0)) \ (a [ b [ 
))= (b \ 
) [ (b \ 
0) [ ((a [ b0) \ (a [ b [ 
)) (5.7)The right-hand side of the 
on
lusion in Eq. (5.1) reads:a [3 (b [3 
) = (a \ (b [3 
)) [ (a \ (b [3 
)0) [ a0(\(a [ (b [3 
))) : (5.8)Now b[3 
 = (b\
)[ (b\
0)[ (b0\ (b[
)) and sin
e we also have aCb and aC
 and therefore:aC(b\ 
), aC(b\ 
0), and aC(b0 \ (b[ 
)), we have aC(b[3 
) as well. Hen
e, using Def. 2.3we redu
e Eq. (5.8) to:a [3 (b [3 
) = a [ a0 \ (a [ (b [3 
)) = a [ (b \ 
) [ (b \ 
0) [ (b0 \ (b [ 
)))= (b \ 
) [ (b \ 
0) [ ((a [ b0) \ (a [ b [ 
))) ;
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h is nothing but Eq. (5.7). Hen
e, Eq. (5.1) is proved.Let us next 
onsider Eq. (5.2). Here we have: a [3 b = a [ b and b [3 
 = b [ 
 andtherefore:(a [3 b) [3 
 = ((a [ b) \ 
) [ ((a [ b) \ 
0) [ ((a0 \ b0) \ (a [ b [ 
))= [F-H℄ = (a \ 
) [ (b \ 
) [ (a \ 
0) [ (b \ 
0) [ ((a0 \ b0) \ (a [ 
))= (a \ 
) [ (a \ 
0) [ (b \ 
) [ (b \ 
0) [ ((a0 \ b0) \ (a [ 
))= [bC
℄ = (a \ 
) [ (a \ 
0) [ b [ ((a0 \ b0) \ (a [ 
))= [bC(a0 \ b0); bC(b [ 
)℄ = (a \ 
) [ (a \ 
0) [ ((a0 [ b) \ (a [ b [ 
)): (5.9)On the other hand, we havea [3 (b [3 
) = (a \ (b [ 
)) [ (a \ b0 \ 
0) [ (a0 \ (a [ b [ 
))= [F-H℄ = (a \ b) [ (a \ 
) [ (a \ b0 \ 
0) [ (a0 \ (a [ b [ 
))= (a \ 
) [ (a \ b0 \ 
0) [ (a \ b) [ (a0 \ b) [ (a0 \ (a [ 
))= [aCb℄ = (a \ 
) [ (a \ b0 \ 
0) [ b [ (a0 \ (a [ 
))= [bC(a\ 
0)℄ = (a \ 
) [ ((a \ 
0) [ b) \ (b0 [ b) [ (a0 \ (a [ 
))= (a \ 
) [ (a \ 
0) [ b [ (a0 \ (a [ 
))= [bCa0; bC(a[ 
)℄ = (a \ 
) [ (a \ 
0) [ ((a0 [ b) \ (a [ b [ 
))whi
h is nothing but Eq. (5.9) and this proves Eq. (5.2).As for Eq. (5.3), here we again have 
C(a [3 b) and b [3 
 = b [ 
. Thus we get:(a [3 b) [3 
 = ((a [3 b) \ 
) [ ((a [3 b) \ 
0) [ ((a [3 b)0 \ ((a [3 b) [ 
))= (a [3 b) [ ((a [3 b)0 \ ((a [3 b) [ 
))= [OM property℄ = (a [3 b) [ 
 = (a \ b) [ (a \ b0) [ (a0 \ (a [ b)) [ 
= (a \ b) [ (a \ b0) [ ((a0 [ 
) \ (a [ b [ 
)) (5.10)For the right-hand side we have:a [3 (b [3 
) = (a \ (b [ 
)) [ (a \ b0 \ 
0) [ (a0 \ (a [ b [ 
))= (a \ b) [ (a \ 
) [ (a \ b0 \ 
0) [ (a0 \ (a [ b [ 
))= (a \ b) [ (a \ b0 \ 
0) [ (a0 [ (a \ 
)) \ ((a \ 
) [ a [ b [ 
))= (a \ b) [ (a \ b0 \ 
0) [ (a0 [ 
) \ (a [ b [ 
))= (a \ b) [ (a \ b0 \ 
0) [ (a0 \ (a [ b [ 
))) [ 
= (a \ b) [ ((a \ b0) [ 
) \ (
 [ 
0) [ (a0 \ (a [ b [ 
)))= (a \ b) [ (a \ b0) [ 
 [ (a0 \ (a [ b [ 
)))= (a \ b) [ (a \ b0) [ ((a0 [ 
) \ (a [ b [ 
)))whi
h is nothing but Eq. (5.10), what proves Eq. (5.3).Sin
e a[4b = b[3a and a\3;4b = (a0[3;4b0)0, we have proved the theorem for i = 3; 4.We 
onje
ture that the theorem holds in any weakly orthomodular latti
e, WOML [19℄as well.
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es and a Quantum Algebra 126 Conditional distributivity of quantum operationsThe Foulis-Holland theorem for 
onditional distributivity does not in general hold for thequantum disjun
tions and 
onjun
tions. D'Hooghe and Pyka
z show this for [5;\5 [4, p. 646℄and state that (in our notation for i) \the same 
an be 
he
ked for i = 1; 2; 3; 4" (p. 647).While this is true for i = 3; 4, distributivity in the forms given by Theorems 6.1 and 6.2 doeshold for i = 1; 2. Also, parts of the Foulis-Holland theorem, presented in Theorem 6.3 holdfor any i and therefore for the uni�ed quantum disjun
tion and 
onjun
tion (d and e) fromSe
. 4.Theorem 6.1. In any orthomodular latti
e any triple fa; b; 
g in whi
h one of the elements
ommutes with the other two is distributive with respe
t to [1 and \1 in the following sense:aCb & aC
 ) a [1 (b \1 
) = (a [1 b) \1 (a [1 
) (6.1)aCb & bC
 ) a [1 (b \1 
) = (a [1 b) \1 (a [1 
) (6.2)aC
 & bC
 ) a [1 (b \1 
) = (a [1 b) \1 (a [1 
) (6.3)Proof. In this and all other proofs of this se
tion, we will impli
itly make use of the rulesaCb ) a [i b = a [j b, aCb ) a \i b = a \j b, aCb & aC
 ) aCb[i;\i
, and aCb )a; b; a [i b; a \i bCa [j b; a \j b, 0 � i; j � 5. Also, aCa[0;1;3;5;\0;1;3;5b, bCa[0;2;4;5;\0;2;4;5b,a [0;1 bCa0 [0;1 
, a \0;1 bCa0 \0;1 
, a [0;1 bC
 [0;2 a0, and a \0;1 bC
 \0;2 a0. We will use F-Himpli
itly. Re
all that [0 = [.For (6.1), a[ (b\1 
) = a[ (b\ (b0 [ 
)) = (a[ b)\ ((a0 \ b0) [ a[ 
) = (a[ b)\1 (a[ 
).For (6.2), a[1(b\
) = a[(a0\b\
) = a[(b\a0\
) = (a[b)\(a[(a0\
)) = (a[b)\(a[1
).For (6.3), a [1 (b \ 
) = a [ (a0 \ b \ 
) = (a [ (a0 \ b)) \ (a \ 
) = (a [1 b) \ (a [ 
).Be
ause [1;\1 are not 
ommutative, the \reverse" distributivity (a \1 b) [1 
 = (a [1
) \1 (b [1 
) does not hold for all F-H hypotheses. However, it does hold for [2;\2:Theorem 6.2. In any orthomodular latti
e any triple fa; b; 
g in whi
h one of the elements
ommutes with the other two is distributive with respe
t to [2 and \2 in the following sense:aCb & aC
 ) (a \2 b) [2 
 = (a [2 
) \2 (b [2 
) (6.4)aCb & bC
 ) (a \2 b) [2 
 = (a [2 
) \2 (b [2 
) (6.5)aC
 & bC
 ) (a \2 b) [2 
 = (a [2 
) \2 (b [2 
) (6.6)Proof. Theorem 6.1 and the fa
t that a [2 b = b [1 a, a \2 b = b \1 a.For 
ertain F-H hypotheses, distributive laws hold for all i = 1; : : : ; 5. In addition, a
ouple of other 
ases hold for i = 1; 2.Theorem 6.3. In any orthomodular latti
e the following laws hold:aCb & aC
 ) a [i (b \i 
) = (a [i b) \i (a [i 
); i = 1; : : : ; 5 (6.7)aC
 & bC
 ) (a \i b) [i 
 = (a [i 
) \i (b [i 
); i = 1; : : : ; 5 (6.8)aCb & aC
 ) (a \1 b) [1 
 = (a [1 
) \1 (b [1 
) (6.9)aC
 & bC
 ) a [2 (b \2 
) = (a [2 b) \2 (a [2 
) (6.10)
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es and a Quantum Algebra 13Proof. For Eq. (6.7), using aCb ) a [i b = a [ b and aCb & aC
 ) aC(b [i 
) and F-Hwe 
an write the 
on
lusion asa [ (b \i 
) = (a [ b) \i (a [ 
); i = 1; : : : ; 5 (6.11)To prove that the right-hand side boils down to the left-hand one is straightforward and
an be done in a 
omplete analogy to the 
ase i = 1 already done above|Eq. (6.1). Forexample, for i = 4 we have:(a [ b) \4 (a [ 
) = ((a0 \ 
0) [ ((a [ b) \ (a [ 
))) \ (a [ b [ 
) \ ((a0 \ b0) [ a [ 
)= ((a0 \ 
0) [ a [ (b \ 
)) \ (a [ b [ 
) \ (a [ b0 \ 
)= a [ (b \4 
) :For Eq. (6.8), the proof follows from Eq. (6.11) by symmetry.The proof of (6.9) seems a little tri
ky, so we show it in some detail. First, we show that(under the hypotheses) (a \ b) [ (a0 \ 
) = (a [ 
) \ (b [ a0) : (6.12)From b � a\ b = a\ (b[a0) and 
 � 
\ (b[a0) we have b[ 
 � (a\ (b[a0))[ (
\ (b[a0)) =(a [ 
) \ (b [ a0). Therefore (a [ 
) \ (b [ a0) = (b [ a0) \ (a [ 
) \ (b [ 
) = ((a \ b) [ a0) \((a \ b) [ 
) = (a \ b) [ (a0 \ 
), establishing (6.12). The left-hand side of (6.9) redu
es to(a\b)[1
 = (a\b)[((a\b)0\
) = (a\b)[((a0[b0)\
) = (a\b)[(a0\
)[(b0\
). The right-handside redu
es to (a[
)\1 (b[1
) = (a[
)\((a[
)0[b[(b0\
)) = (a[
)\((a0\
0)[b[(b0\
)) =(a[
)\(b[(a0\
0)[(b0\
)) = (a[
)\(((b[a0)\(b[
0))[(b0\
)) = (a[
)\((b0\
)[1(b[a0)) =(a[ 
)\ ((b[a0)[ (b0\ 
)) = ((a[ 
)\ (b[a0))[ ((a[ 
)\ b0\ 
) = ((a[ 
)\ (b[a0))[ (b0\ 
).Using (6.12), we see they are the same.For (6.10) we use (6.9) and a [2 b = b [1 a, a \2 b = b \1 a.Similar results 
an be stated for the dual operations ([i and \i inter
hanged). In allother 
ases not shown in the three theorems above, the distributive law does not hold: allof them fail in orthomodular latti
e MO2 (Fig. 1).JJJJ 
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e MO2.If we allow a mixture of the di�erent disjun
tions and 
onjun
tions, we 
an obtain adistributive law that holds un
onditionally.
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es and a Quantum Algebra 14Theorem 6.4. In any orthomodular latti
e the following law holds:a [1 (b \0 
) = (a [1 b) \0 (a [1 
) (6.13)Proof. Expanding de�nitions and using F-H, a[1(b\0
) = a[(a0\b\
) = a[(a0\b\a0\
) =(a [ (a0 \ b)) \ (a [ (a0 \ 
)) = (a [1 b) \0 (a [1 
).It is interesting that if we 
onsider all equations of the form a[i(b\j
) = (a[kb)\l(a[m
)for all possible assignments 0 � i; j; k; l;m � 5 (65 = 7776 possibilities), the equation holdsin all OMLs for exa
tly the one 
ase of (6.13): i = 1; j = 0; k = 1; l = 0;m = 1. All other7775 
ases fail in latti
e MO2.The \reverse" form of (6.13) holds with [2 substituted for [1. Dual results with [i and\i inter
hanged 
an also be stated.7 An open problemIn Ref. [12℄ we opened an interesting problem on whether the \distributivity of symmetri
identity," expressed by Equation (7.7) below, holds in all orthomodular latti
es or not andwhether a parti
ular equation derivable from it in any orthomodular latti
e 
hara
terizesthe latter latti
es. An indi
ation that they might do so is that they pass all Gree
hiediagrams we let them run on|with up to 38 atoms and 38 blo
ks (more than 50 millionlatti
es). We used our program gree
hie to obtain the diagrams and our program latti
egto 
he
k the equations on them. [11℄ On the other hand Equation (7.7) does not implythe orthomodularity property|it does not fail in the diagram O6 whi
h 
hara
terizes anyorthomodular latti
e.In Ref. [12℄ we proved several partial results for the above distributivity. In this se
tionwe prove that it holds in Hilbert spa
e and in the Godowski latti
es of the se
ond lowestorder (4GO). We re
all from Ref. [12℄ that a 4GO is any OML (a
tually any OL) in whi
hthe following equation, whi
h we 
all 4-Go, holds:(a!1 b) \ (b!1 
) \ (
!1 d) \ (d !1 a) � a!1 d : (7.1)We de�ne a � b =def (a \ b) [ (a0 \ b0) and note that a � b = a �5 b holds in all OMLs.Lemma 7.1. In any OML we have:(a � 
) [ (b � 
) = ((a!2 
) [ (b!2 
)) \ ((
!1 a) [ (
!1 b)) (7.2)(a � 
) [ (b � 
) � ((a \ b) !2 
) \ (
!1 (a [ b)) (7.3)((a [ b) � 
) \ (a � b) = (a � 
) \ (a � b) : (7.4)In any 4GO we have: (a � b) \ ((b � 
) [ (a � 
)) � a � 
 : (7.5)
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es and a Quantum Algebra 15Proof. For (7.2), we have(a � 
) [ (b � 
) = (b \ 
) [ (a0 \ 
0) [ (b0 \ 
0) [ (a \ 
)= (b \ 
) [ (a0 \ 
0) [ ((b!2 
) \ (
!1 a))= (b \ 
) [ (((a0 \ 
0) [ (b!2 
)) \ ((a0 \ 
0) [ (
!1 a)))= (b \ 
) [ (((a0 \ 
0) [ (b!2 
)) \ (
!1 a))= ((b \ 
) [ (a0 \ 
0) [ (b!2 
)) \ ((b \ 
) [ (
!1 a))= ((a0 \ 
0) [ (b!2 
)) \ ((b \ 
) [ (
!1 a))= (((a0 \ 
0) [ 
) [ (
 [ (b0 \ 
0))) \ (((b \ 
) [ 
0) [ (
0 [ (
 \ a))))= ((a!2 
) [ (b!2 
)) \ ((
!1 b) [ (
!1 a))) :In the se
ond step, we use Equation (3.20) from Ref. [12℄. In the third and �fth stepswe apply the Foulis-Holland theorem (F-H), and in the fourth and sixth steps we applyabsorption laws.For (7.3), (a!2 
) [ (b!2 
) � (a \ b) !2 
 and (
!1 a) [ (
!1 b) � 
!1 (a [ b) inany OL, so (a � 
) [ (b � 
) = [from (7.2)℄((a!2 
) [ (b !2 
)) \ ((
 !1 a) [ (
 !1 b)) �((a \ b) !2 
) \ (
!1 (a [ b)).For (7.4), we have((a [ b) � 
) \ (a � b) = ((a [ b) \ 
) [ (a0 \ b0 \ 
0)) \ ((a \ b) [ (a0 \ b0))= (((a [ b) \ 
) \ ((a \ b) [ (a0 \ b0))) [ ((a0 \ b0 \ 
0) \ ((a \ b) [ (a0 \ b0)))= (((a [ b) \ 
) \ (a \ b)) [ (((a [ b) \ 
) \ (a0 \ b0)) [((a0 \ b0 \ 
0) \ (a \ b)) [ ((a0 \ b0 \ 
0) \ (a0 \ b0))= ((a \ b \ 
) [ 0 [ 0 [ (a0 \ b0 \ 
0)) = (a � 
) \ (a � b)where in the se
ond and third steps we apply F-H and in the last step we apply Lemma 3.11of Ref. [12℄.Finally, (7.5) is proved as follows. Equation (3.30) of Ref. [12℄, whi
h we repeat belowas (7.6), was shown to hold in all 4GOs.(a � b) \ ((b0 \ 
0) [ (a \ 
)) � a � 
 : (7.6)Using Equation (3.20) of Ref. [12℄ and renaming variables, we see that this is the same as(d � e) \ (e!2 
) \ (
!1 d) � d � 
 :Substituting a [ b for d and a \ b for e,((a [ b) � (a \ b)) \ ((a \ b) !2 
) \ (
!1 (a [ b)) � (a [ b) � 
 :Sin
e (a [ b) � (a \ b) = a � b holds in any OML, we have(a � b) \ ((a \ b) !2 
) \ (
!1 (a [ b)) � (a [ b) � 
(a � b) \ ((a \ b) !2 
) \ (
!1 (a [ b)) � ((a [ b) � 
) \ (a � b)(a � b) \ ((a \ b) !2 
) \ (
!1 (a [ b)) � (a � 
) \ (a � b)(a � b) \ ((a \ b) !2 
) \ (
!1 (a [ b)) � a � 
(a � b) \ ((a � 
) [ (b � 
)) � a � 
 :where in the third step we use (7.4) and in the last step we use (7.3).
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es and a Quantum Algebra 16Theorem 7.2. The following equation, whi
h we 
all distributivity of symmetri
 identity,holds in all 4GOs (and therefore all nGO, n � 4) and thus in the latti
e of all 
losed subspa
esof �nite or in�nite dimensional Hilbert spa
e:(a � b) \ ((b � 
) [ (a � 
)) = ((a � b) \ (b � 
)) [ ((a � b) \ (a � 
)) : (7.7)Proof. The result follows immediately from (7.5) and Theorem 2.9 of Ref. [12℄.Whether or not (7.7) holds in all OMLs or even in all WOMLs (sin
e it does not fail inO6) is still an open question. However, the most important question from the point of viewof quantum me
hani
s, whi
h is whether it holds in Hilbert spa
e, is answered by Theorem7.2. Sin
e (7.6) also follows from (7.7), as shown in Ref. [12℄, the OML variety in whi
h (7.6)holds is the same as the OML variety in whi
h (7.7) holds. Thus if one of these holds in anyOML (our open question), so does the other.Another open question is whether the stronger-looking Equation (3.29) of Ref. [12℄, fromwhi
h (7.6) follows and whi
h we repeat below as (7.8),(a!1 b) \ (b!2 
) \ (
!1 a) � (a � 
) (7.8)
an be derived (in an OML) from (7.6).8 Algorithms for the programsIn an OML, any expression with 2 variables is equal to one of 96 
anoni
al forms, 
orre-sponding to the 96 elements of the free OML F2. We �x the 96 expressions of [1, Table 1,p. 82℄ as our 
anoni
al standard.The program beran takes, as its input, an arbitrary two-variable expression and outputsthe equivalent 
anoni
al form. The program 
an be used to prove or disprove any 2-variable
onje
ture expressed as an equation, simply by verifying that both sides of the equationredu
e (or do not redu
e) to the same 
anoni
al form.Ea
h element of OML F2 
an be separated into a \Boolean part" and an \MO2 part."[14℄ Ea
h of them has relatively simple rules of 
al
ulation, and we use this method in theprogram beran.4 This is implemented in the program by 
he
king for either Boolean or MO2latti
e violation of the 96 equations formed by setting the input expression equal to ea
h ofthe 96 
anoni
al expressions, and the unique equation whi
h violates neither latti
e gives usthe answer.The program beran is 
ontained in a single �le, beran.
, and 
ompiles on any platformwith an ansi 
 
ompiler su
h as g

. The use of the program is simple. The operations [,\, and 0 are represented by the 
hara
ters v, ^, and -. (Other operations are also de�nedand 
an be seen with the program's --help option). As an example, to see the 
anoni
alexpression 
orresponding to a [ (a0 \ (a [ b)), we type4The authors wish to thank Prof. Navara for suggesting this method. The reader 
an download this orany other afore-mentioned program from our ftp sites:ftp://users.shore.net/members/n/d/ndm/quantum-logi
/ andftp://m3k.grad.hr/pavi
i
/quantum-logi
/programs
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es and a Quantum Algebra 17beran "(av(-a^(avb)))"and the program responds with (avb).A se
ond program, ber
omb, was used to �nd the minimal expressions shown in Se
tion 3.This program is 
ontained in the single �le ber
omb.
. Its input parameters in
lude thenumber of variable o

urren
es and the number of negations (ortho
omplementations), andit exhaustively 
onstru
ts all possible expressions 
ontaining a single binary operation withthese parameters �xed. For ea
h expression it uses the algorithm from beran.
 to determinethe expression's 
anoni
al form whi
h it prints out. When a set of operations is spe
i�ed, su
has !1 through !5, it prints out the 
anoni
al form only when all operations simultaneouslyresult in that 
anoni
al form.If v � 2 is the number of variable o

urren
es and n � 0;� 2v � 1 the number ofnegations, then the number of possible expressions 
ontaining one or two di�erent variablesis as follows. The number of ways of parenthesizing a binary operation in an expression withv variables is the Catalan number Cv�1, where Ci = �2ii �=(i+ 1). There are 2v possible waysto assign two variables to an expression. If we display an expression with no negations inPolish notation, it is easy to see that there are 2v � 1 symbols and therefore �2v�1n � waysto distribute n negations (disallowing double negations). Thus for �xed v and n, there are2v�2v�1n �Cv�1 possible expressions.For example, if we typeber
omb 7 0 i nthen all 27�2�7�10 �C7�1 = 16896 expressions with 7 variable o

urren
es and 0 negations ares
anned, and the output in
ludes the four smallest impli
ational expressions resulting in a[bthat we mentioned before Lemma 3.1. We refer the reader to the program's --help optionfor the meaning and usage of the other ber
omb parameters. In this example i means !1through !5 and n means don't suppress dupli
ate 
anoni
al expressions.9 Con
luding remarksIn Ref. [21℄ we stressed that all the operations in an orthomodular latti
e are �vefold de�nedand we illustrated this on the identity operations. The 
laim was based on Ref. [20℄ wherewe proved that \quantum" as well as \
lassi
al" operations 
an serve for a formulation of anorthomodular latti
e underlying Hilbert spa
e. In 1998 we also put on the web the 
omputerprogram beran whi
h redu
es any two-variable expression in an orthomodular latti
e to oneof the 96 possible ones as given in Ref. [1℄.In e�e
t, in the standard orthomodular latti
e formulation (where the \
lassi
al" op-erations are inherited from the Hilbert spa
e formalism) there are 80 quantum expressionswhi
h for 
ompatible variables redu
e to 16 
lassi
al expressions. In general all quantumexpressions (in
luding \quantum 0" and \quantum 1") are �vefold de�ned. (Detailed pre-sentation of them all we give in Se
. 2.) In our quantum algebrai
 approa
h the situationreverses and we have 
lassi
al operations �vefold de�ned in a quantum algebra formulation.Still, re
ently several papers on \some new operations on orthomodular latti
es" ap-peared in press as, e.g., the one by D'Hooghe and Pyka
z [4℄ in whi
h they pi
ked out Beranexpressions 12, 18, 28, 34, 44, 50, 60, and 76 and looked at some of their properties. So,
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es and a Quantum Algebra 18for example, in [4, p. 649, bottom℄ one reads (in our notation): \Theorem 7 allows one toexpress in many ways any of the studied operations by (any of) the other(s) ortho
omple-mentation. However, the following example in whi
h we express [1 by [5 and shows thatthe obtained formulas might be rather lengthy: a [1 b = (a [5 ((a[5 b)0 [5 a))0 [5 a. It is anopen question whi
h of su
h formulas (if any) 
ould be written in a more e
onomi
al way."Our approa
h immediately 
loses this open question: all the formulas 
ould be written ina more e
onomi
al way and one gets all alternatives in se
onds; e.g., in the afore-
ited ex-ample, there are over 100 shorter expressions|one of 3 shortest ones is given by Eq. (3.16)above|and there are over 500 of them with the same (5) variable o

urren
es. On the otherhand, Theorem 6 from Ref. [4, p. 648℄ is just a spe
ial 
ase of our Theorem 2.5 from [17,p. 1487℄. Also all the results from [4, Se
tion 3.2, p. 646-8℄, 
an be trivially obtained usingour 
omputer program latti
eg. [11℄ In addition, their two 
onje
tures (p. 648) followingfrom their Theorem 5 (p. 647) one 
an support by our program latti
eg with millions oflatti
es. Hen
e, it appears ne
essary to present our results in detail, give expli
it proofs ofall our previous 
laims, present the most important and relevant outputs of our programsin some detail, and provide the reader with instru
tions on how to use our programs whi
hgive answers to virtually all questions one 
an have on algebrai
 properties of two variableorthomodular formulas in se
onds.Thus, in Se
. 3 we prove several lemmas in whi
h we show how one 
an express operationsin any standardly de�ned (in Se
. 2) orthomodular latti
e by ea
h other. Lemma 3.1 givesexpressions of 
lassi
al disjun
tion ([) by means of all �ve quantum impli
ations !i, i =1; : : : ; 5 and without negations in a shortest possible single equation|meaning that theequation preserves its form for all i's and that there are no simpler equations with su
ha property. Expressions of [ by means of quantum disjun
tions ([i, i = 1; : : : ; 5) and
onjun
tions (\i, i = 1; : : : ; 5) follow from Def. 2.4. Lemma 3.2 gives the shortest expressionsof [ = [0 and \ = \0 by means of !i, [i, and \i, i = 1; : : : ; 5 with negation. Lemma3.4 gives the shortest expressions of [i, \i, and �i, i = 0; : : : ; 5 by means of [i, and \i,i = 1; : : : ; 5 with negation.In Se
. 4 we start with the possibility|opened by Lemma 3.2|of expressing [ bymeans of [i, i = 1; : : : ; 5 in �ve equations of the same form and de�ne|in Def. 4.1|the orthomodular latti
e by means of one unique quantum operation. We have 
hosenquantum disjun
tion d, but the same, of 
ourse, 
an be done with quantum 
onjun
tion eor impli
ation (the latter being just another way of writing disjun
tion)|quantum identity isthe only quantum operation whi
h 
annot serve for the purpose as we proved in Ref. [18℄. Insu
h a formulation of orthomodular latti
e everything reverses and now 
lassi
al operations
an be expressed in �ve di�erent ways as shown by Theorem 4.3.We stress that the quantum algebra QA (Def. 4.1) is a
tually 
ompletely de�ned by itsSubstitution Rule, and that \axioms" A1{A7 are merely some 
onsequen
es of that rule.A1{A7 are important in that they show that standard OML 
an be embedded in QA andare in
luded for this reason. However there are many other non-obvious 
onsequen
es of QAsu
h as those exempli�ed in Lemma 4.2. That lemma only tou
hes the surfa
e of the kindof 
onditions one 
an obtain from QA, and it is possible that QA provides a ri
h algebrai
stru
ture that has yet to be explored. It also remains an interesting open problem whetherQA 
an be �nitely axiomatized.Lemma 3.3 shows the surprising result that 
lassi
al disjun
tion 
an be expressed in a
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es and a Quantum Algebra 19single equation that holds in any OML for all 6 disjun
tions [i, i = 0; : : : ; 5. This opens thepossibility of an even more general quantum algebra, with Eq. (3.7) used in pla
e of Eq. (3.4)as the basis for A1{A7. In this 
ase we would repla
e \i = 0; : : : ; 5" for \i = 1; : : : ; 5" inthe Substitution Rule. The same kinds of open questions we brought up for QA would alsoapply to this more general algebra.As for D'Hooghe and Pyka
z's 
onje
ture on a possible 
onditional asso
iativity of [3;4and \3;4 [4℄, we de
ided that its passage through millions of Gree
hie diagrams makes it worthproving it and we did so in Se
. 5. In that way we obtained the 
onditional asso
iativity forthe uni�ed operations d and e from Se
. 5.In Se
. 6 we prove several Foulis-Holland-type 
onditional distributivities some of whi
hare valid for all standard quantum disjun
tions and 
onjun
tions and therefore for the uni�edquantum disjun
tion and 
onjun
tion (d and e) from Se
. 4.As for properties taken over from Hilbert spa
e in Se
. 7 we present two, given byEqs. (7.5) and (7.7) for whi
h we proved to hold in a variety of orthomodular latti
e 4GO (andtherefore in nGO, n � 4). but whi
h do not fail in any of over 50 million Gree
hie diagramswe tested the properties on. Thus it remains an open problem whether the propertieshold in any orthomodular latti
e and even more whether Eq. (7.7) holds in an even weakerortholatti
e 
alled weakly orthomodular latti
e, WOML.In Se
. 8 we give algorithms we used to obtain and 
he
k all our equations and proofsfor properties involving two variables.To 
on
lude, the only genuine target that apparently remains for s
ienti�
 investigationin algebrai
 properties of orthomodular latti
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