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11 Introdu
tionIn prin
iple, the appropriate tool for the des
ription of bound states within relativisti
quantum �eld theory is the Bethe{Salpeter formalism. However, attempts to solve theBethe{Salpeter equation fa
e several, well-known obsta
les. In view of this, in pra
ti
alappli
ations usually the easier-to-handle instantaneous approximation for the involvedintera
tion kernel is 
onsidered.In a re
ent paper [1℄, we introdu
ed, for the somewhat simpler example of masslessbound-state 
onstituents, a te
hnique for 
onverting the instantaneous Bethe{Salpeterequation into an eigenvalue problem for an expli
itly given matrix. Here, the analysis ofRef. [1℄ is extended to the 
ase of nonvanishing masses of the bound-state 
onstituents.2 Bethe{Salpeter Equation as a Matrix EquationOur goal is to demonstrate the possibility of 
onverting the Bethe{Salpeter equation toa matrix equation. Thus, let us a

ept the same simplifying assumptions as in Ref. [1℄:� The propagators in the Bethe{Salpeter equation may be approximated by freepropagators with some kind of e�e
tive masses of the bound-state 
onstituents.� The bound-state 
onstituents have equal masses.Paralleling the dis
ussion in Ref. [1℄, we 
onsider fermion{antifermion bound stateswith spin J; parity P = (�1)J+1 and 
harge-
onjugation quantum numberC = (�1)J :The 
orresponding equal-time Bethe{Salpeter amplitude, or \Salpeter amplitude," �involves two independent 
omponents, 	1 and 	2: For two fermions of equal massesmand internal momentumk; in the bound state's rest frame it reads in momentumspa
e�(k) = "	1(k) m� 
 � kE(k) + 	2(k) 
0# 
5 ;E(k) � pk2 +m2; k � jkj; is the energy of a free parti
le of massm and momentumk:We 
on�ne ourselves to the 
ase J = 0; that is, to bound states with spin-parity-
harge
onjugation assignment JPC = 0�+; denoted by 1S0 in usual spe
tros
opi
 notation.By expanding the Salpeter amplitude into some 
onvenient set of basis matri
es inDira
 spa
e and after fa
torizing o� the (ve
tor) spheri
al harmoni
s depending on theangular variables, the instantaneous Bethe{Salpeter equation for fermion{antifermionbound states 
an be redu
ed to a set of 
oupled equations for radial wave fun
tions [2℄.For pure time-
omponent Lorentz-ve
tor intera
tions, i.e., 
0

0 kernels, it reads [2, 3℄2E(k)	2(k) + 1Z0 dk0 k02(2�)2 V0(k; k0)	2(k0) = M 	1(k) ;2E(k)	1(k) (1)+ 1Z0 dk0 k02(2�)2 " mE(k) V0(k; k0) mE(k0) + kE(k) V1(k; k0) k0E(k0)#	1(k0) = M 	2(k) ;where, expressed in terms of a stati
 intera
tion potential V (r) in 
on�guration spa
e,VL(k; k0) � 8� 1Z0 dr r2 V (r) jL(k r) jL(k0 r) ; L = 0; 1; 2; : : : :



2Here, jn(z) (n = 0;�1;�2; : : :) are the spheri
al Bessel fun
tions of the �rst kind [4℄.Expressing, for M 6= 0; from the �rst of Eqs. (1) the 
omponent 	1 in terms of the
omponent 	2 of the Salpeter amplitude� and inserting this into the se
ond of Eqs. (1)yields an eigenvalue equation for 	2 with the bound-state mass squared as eigenvalue:M2	2(k) = 4E2(k)	2(k) + 2E(k) 1Z0 dk0 k02(2�)2 V0(k; k0)	2(k0)+ 2 1Z0 dk0 k02(2�)2 " m2E(k) V0(k; k0) + k k0E(k) V1(k; k0)#	2(k0)+ 1Z0 dk0 k02(2�)2 " mE(k) V0(k; k0) mE(k0) + kE(k) V1(k; k0) k0E(k0)#� 1Z0 dk00 k002(2�)2 V0(k0; k00)	2(k00) :In order to 
onvert this eigenvalue equation to matrix form, we introdu
e suitablesets of basis fun
tions for the Hilbert spa
e L2(R+) of (with weight fun
tionw(x) = x2)square-integrable fun
tions f(x) on the positive real lineR+ (see [1℄). For a given value` = 0; 1; 2; : : : of the angular momentum of their 
ounterparts in three dimensions, thebasis fun
tions are 
alled �(`)i (r) in 
on�guration spa
e and �(`)i (p) in momentumspa
e.They are the same as in Ref. [1℄ apart from the fa
t that the real variational parameter� > 0 there is repla
ed here by the mass m of the bound-state 
onstituents and that,
onsequently, normalizability of the basis ve
tors demands m > 0; their main featuresare summarized in Appendix A. Expanding 	2(p) in terms of the radial basis fun
tions�(0)i (p); the instantaneous Bethe{Salpeter equation is solved by diagonalizing a matrix:Mij = Aij +Bij + C(1)ij + C(2)ij +D(1)ij +D(2)ij ;with the abbreviationsAij � 4 1Z0 dk k2E2(k)�(0)i (k)�(0)j (k) ;Bij � 2(2�)2 1Z0 dk k2E(k)�(0)i (k) 1Z0 dk0 k02 V0(k; k0)�(0)j (k0) ;C(1)ij � 2m2(2�)2 1Z0 dk k2E(k) �(0)i (k) 1Z0 dk0 k02 V0(k; k0)�(0)j (k0) ;C(2)ij � 2(2�)2 1Z0 dk k3E(k) �(0)i (k) 1Z0 dk0 k03 V1(k; k0)�(0)j (k0) ;D(1)ij � m2(2�)4 1Z0 dk k2E(k) �(0)i (k) 1Z0 dk0 k02E(k0) V0(k; k0) 1Z0 dk00 k002 V0(k0; k00)�(0)j (k00) ;D(2)ij � 1(2�)4 1Z0 dk k3E(k) �(0)i (k) 1Z0 dk0 k03E(k0) V1(k; k0) 1Z0 dk00 k002 V0(k0; k00)�(0)j (k00) :



3The solution of this eigenvalue problem (of 
ourse, only for a �nite matrix size d)pro
eeds, step by step, exa
tly along the lines presented in mu
hmore detail in Ref. [1℄.First of all, we introdu
e the matrix elements of the square E2 of the kineti
 energy:Kij(m) � 1Z0 dk k2E2(k)�(0)i (k)�(0)j (k) :Furthermore, in order to evaluate the termsBij ; C(1)ij ; : : : ;D(2)ij analyti
ally|whi
hrequires repeated appli
ations of the Fourier{Bessel transformations (6)|, we have toexpand several expressions involved in these integrals in terms of the appropriate set ofmomentum-spa
e basis fun
tions �(`)i (k); ` = 0; 1 (
f. Eqs. (28), (31), (32) of Ref. [1℄):E(k)�(0)i (k) = NXj=0 bji(m)�(0)j (k) ;kE(k) �(0)i (k) = NXj=0 
ji �(1)j (k) ;k �(0)i (k) = NXj=0 dji(m)�(1)j (k) ;1E(k) �(0)i (k) = NXj=0 eji(m)�(0)j (k) :As 
onsequen
e of the orthonormality of the momentum-spa
e basis fun
tions �(`)i (p);the expansion 
oeÆ
ients bij(m); 
ij; dij(m); and eij(m) may be expressed in the form(
f. Eqs. (29), (33), (34) of Ref. [1℄)bij(m) = 1Z0 dk k2E(k)�(0)i (k)�(0)j (k) ;
ij = 1Z0 dk k3E(k) ��(1)i (k)�(0)j (k) ;dij(m) = 1Z0 dk k3 ��(1)i (k)�(0)j (k) ;eij(m) = 1Z0 dk k2E(k) �(0)i (k)�(0)j (k) :These expansion 
oeÆ
ients are, of 
ourse, not independent but satisfy several (only inthe limit N !1; exa
t) relations of the kindNXr=0 bri(m) brj(m) = NXr=0 d�ri(m) drj(m) +m2 Æij = Kij(m) ;NXr=0 bri(m) erj(m) = Æij ;NXr=0 dir(m) erj(m) = 
ij :



4Employing these relations in order to investigate systemati
ally the errors indu
ed bythe trun
ations of the expansion series inMij; one �nds that, for instan
e, for d = 15(i.e., 15�15 matri
es) and for N = 49 (i.e., a trun
ation to the �rst 50 basis ve
tors),all the above relations are satis�ed with relative errors less than 3%:Finally, we'll need the expansions of the expressions V (r)�(`)i (r) in terms of �(`)i (r):V (r)�(`)i (r) = NXj=0 V (`)ji (m)�(`)j (r) ; ` = 0; 1 :Quite obviously, here V (`)ij (m) is the real and symmetri
matrix of expe
tation values ofthe intera
tion potential V (r) with respe
t to our basis fun
tions �(`)i (r) for a given `:V (`)ij (m) = 1Z0 dr r2 V (r)�(`)i (r)�(`)j (r) : (2)In Refs. [5, 6, 7℄ it has been shown that, for intera
tion potentials of the power-law formV (r) =Xn an rbn(with sets of arbitrary real 
onstants an and bn), the expe
tation values V (`)ij (m) 
an beeasily worked out algebrai
ally; for their algebrai
 expression for the most general 
ase,
onsult either Se
. 4 of Ref. [5℄, or Se
. 3.10 of Ref. [6℄, or Se
. 2.8.1 of Ref. [7℄.With the aid of the above series expansions, the Fourier{Bessel transformations (6),and the de�nition (2) of the matrix elements V (`)ij (m) of the intera
tion potential V (r);the matrixMij is approximated by the (at least, for all power-law potentials) algebrai
expressionMij = 4Kij(m) + 2 NXr=0 bri(m)V (0)rj (m) + 2m2 NXr=0 eri(m)V (0)rj (m)+ 2 NXr=0 NXs=0 
�ri V (1)rs (m) dsj(m) +m2 NXr=0 NXs=0 NXt=0 eri(m)V (0)rs (m) est(m)V (0)tj (m)+ NXr=0 NXs=0 NXt=0 
�ri V (1)sr (m) 
st V (0)tj (m) : (3)The expli
it evaluation of the matrix elementsKij(m) of the kineti
 energy squaredand of the various expansion 
oeÆ
ients bij(m); 
ij ; dij(m); and eij(m) is a tedious butstraightforward task. One obtains, for Kij(m) (
f. Se
. 2.2 of Ref. [1℄),Kij(m) = 4m2�q(i+ 1) (i+ 2) (j + 1) (j + 2)� iXr=0 jXs=0 (�2)r+s  i+ 2i� r ! j + 2j � s ! (r + 1) (s + 1)� 24jr�sjXk=0  jr � sjk ! �(12 (k + 1)) �(12 (1 + r + s+ jr � sj � k))�(12 (2 + r + s+ jr � sj)) 
os k �2 !� r+s+4Xk=0  r + s+ 4k ! �(12 (k + 1)) �(12 (5 + 2 r + 2 s � k))�(3 + r + s) 
os k �2 !# ;



5or, in matrix form,K(m) � (Kij(m)) = 2m20BBBBBBBBB� 1 1p3 � � �1p3 53 � � �... ... . . . 1CCCCCCCCCA ;and, for the expansion 
oeÆ
ients bij(m);bij(m) = 4m�q(i+ 1) (i + 2) (j + 1) (j + 2)� iXr=0 jXs=0 (�2)r+s  i+ 2i� r ! j + 2j � s ! (r + 1) (s+ 1)� 24jr�sjXk=0  jr � sjk ! �(12 (k + 1)) �(12 (2 + r + s+ jr � sj � k))�(12 (3 + r + s+ jr � sj)) 
os k �2 !� r+s+4Xk=0  r + s+ 4k ! �(12 (k + 1)) �(12 (6 + 2 r + 2 s� k))�(12 (7 + 2 r + 2 s)) 
os k �2 !#or, in matrix form,b(m) � (bij(m)) = 64m5� 0BBBBBBBBB� 13 17p3 � � �17p3 1127 � � �... ... . . . 1CCCCCCCCCA :In order to evaluate the expansion 
oeÆ
ients 
ij and eij(m);we introdu
e the integralsI(n)ij (m) � 1Z0 dk k2+nE(k) �(0)i (k)�(0)j (k) ; n = 0; 1; 2; : : : ;J (n)ij (m) � 1Z0 dk k2+nE(k) ��(1)i (k)�(0)j (k) ; n = 0; 1; 2; : : : ; (4)the (somewhat lengthy) expli
it expressions of these integrals are given in Appendix B.From the latter, the expansion 
oeÆ
ients 
ij and eij(m) are derived by restri
ting n tothe appropriate values: 
ij = J (1)ij and eij(m) = I(0)ij (m): Expli
itly, these matri
es read
 � (
ij) = i 10249!!� 0BBBBBBBBB� p3 711 � � �p1511 113p5143 � � �... ... . . . 1CCCCCCCCCA ;



6e(m) � (eij(m)) = 2567!!�m 0BBBBBBBBB� 1 � 13p3 � � �� 13p3 8999 � � �... ... . . . 1CCCCCCCCCA ;where (2n + 1)!! � 1� 3 � � � � � (2n � 1) � (2n + 1) ; n = 0; 1; 2; : : : :The analyti
 results for the expansion 
oeÆ
ients dij(m) have already been derived inRef. [1℄; there is no need to dupli
ate this formula or the matrix d(m) � (dij(m)) here.As has been done in Ref. [1℄, we shall adopt, as the simplest model for a 
on�ningintera
tion between the bound-state 
onstituents, a linear potential: V (r) = � r; � > 0:For this intera
tion, the general expression for V (`)ij (m) given in Refs. [5, 6, 7℄ simpli�esto (
f. Se
. 2.2 of Ref. [1℄)V (`)ij (m;�) = s i! j!�(2 ` + i+ 3)�(2 ` + j + 3) �2m iXr=0 jXs=0 (�1)r+sr! s!�  i+ 2 ` + 2i� r ! j + 2 ` + 2j � s !�(2 ` + r + s+ 4) ;the expli
it potential matri
es V (`)(m;�) � �V (`)ij (m;�)� ; ` = 0; 1; are given in Ref. [1℄.The dependen
e of all these quantities on the dimensional parameters in the theory,viz., the massm of the bound-state 
onstituents and the slope � of the linear potential,may be inferred already on dimensional grounds:Kij(m) = m2Kij(1) ;bij(m) = mbij(1) ;dij(m) = mdij(1) ;eij(m) = 1m eij(1) ;V (`)ij (m;�) = �m V (`)ij (1; 1) ; ` = 0; 1; : : : ;the expansion 
oeÆ
ients 
ij are independent of the bound-state 
onstituents' massm:Fa
torizing o� the dependen
e on m and � in the matrixMij; Eq. (3), we end up withMij = 4m2Kij(1) + 2� NXr=0 [bri(1) + eri(1)℄V (0)rj (1; 1)+ 2� NXr=0 NXs=0 
�ri V (1)rs (1; 1) dsj (1)+ �2m2 NXr=0 NXs=0 NXt=0 eri(1)V (0)rs (1; 1) est(1)V (0)tj (1; 1)+ �2m2 NXr=0 NXs=0 NXt=0 
�ri V (1)sr (1; 1) 
st V (0)tj (1; 1) :Approximate solutions of the Bethe{Salpeter equation are found by diagonalizingMij:



73 A Few Illustrative ResultsMimi
king the analysis of Ref. [1℄, let us investigate �rst the 
ase d = 1 and N = 0: Fori = j = 0; we �nd, for the �rst elements of the matri
es K(1); b(1); 
; d(1); and e(1);K00(1) = 2 ; b00(1) = 6415� ; 
00 = i 1024315p3� ; d00(1) = i p32 ; e00(1) = 256105� ;and, for the expe
tation values V (`)(1; 1); ` = 0; 1; of the linear potential (
f. Se
. 3 ofRef. [1℄), V (0)00 (1; 1) = 32 ; V (1)00 (1; 1) = 52 :These matrix elements yield, for the bound-state mass M squared, the analyti
 resultM2 = 8m2 + 8896315� � + 237  128�45� m!2 (m 6= 0) :From this formula, we obtain, for a bound-state 
onstituents' massm = 0:9 GeV and atypi
al value � = 0:2 GeV2 of the slope of the linear potential [8℄, for the bound-statemassM = 2:900 GeV: This is only 10% away from the \exa
t" resultM = 2:637 GeVfor the ground-state mass, 
omputed for a matrix size d = 15 (that is, a 15�15 matrix)and N = 49 (that is, taking into a

ount the �rst 50 basis fun
tions) in the expansionsperformed at intermediate steps.In general, that is, for matrix sizes d > 4; the diagonalization of our matrixMij 
anbe done only numeri
ally. Table 1 illustrates, for the lowest-lying radial ex
itations, therather rapid 
onvergen
e of the bound-state massesM; obtained as square roots of theeigenvalues ofMij; with in
reasing matrix size d to the numeri
ally 
omputed \exa
t"results.Table 1: Di�eren
esM�2m of the eigenvaluesM of the instantaneous Bethe{Salpeterequation and the sum of the massesm of the bound-state 
onstituents, in units of GeV,for two spin-12 fermions of massm = 0:1 GeV; experien
ing an intera
tion des
ribed bya linear potential with slope � = 0:2 GeV2 and forming bound states of radial quantumnumber nr = 0; 1; 2 and spin-parity-
harge 
onjugation assignment JPC = 0�+ (
alled11S0; 21S0; and 31S0 in the usual spe
tros
opi
 notation) as fun
tions of the matrix sized; for N = 49 (i.e., 
onsidering 50 basis ve
tors) in the intermediate series expansions.The last row 
ompares these di�eren
es with the out
ome of a numeri
al 
omputation.d 11S0 21S0 31S015 1.477 2.147 2.91825 1.461 2.095 2.69850 1.461 2.074 2.560purely numeri
al 1.4613 2.0740 2.5580Figure 1 shows the dependen
e of the binding energies (i.e., the di�eren
esM�2mof the eigenvaluesM of the instantaneous Bethe{Salpeter equation and the sum of themasses m of the two bound-state 
onstituents) of the lowest-lying bound states on m:We observe perfe
t agreement of our �ndings with results presented in Fig. 1 of Ref. [9℄.
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Figure 1: Dependen
e of the di�eren
es M � 2m of the eigenvalues M of the instantaneousBethe{Salpeter equation and the sum of the massesm of the bound-state 
onstituents for thethree lowest-lying JPC = 0�+ bound states, obtained from a time-
omponent Lorentz-ve
tor
on�ning intera
tion kernel involving a linear potential V (r) = � r with slope � = 0:2 GeV2,on the bound-state 
onstituents' massm (all masses in units of GeV). The 
hosen trun
ationparameters areN = 49 in the intermediate series expansions as well as d = 15 for the matrixsize (ex
ept form = 0:1 GeV;where, in order to in
rease the a

ura
y, d = 50 has been used).4 Summary, Con
lusions, and OutlookIn the present investigation we developed a te
hnique for the approximative solution ofthe instantaneous Bethe{Salpeter equation with massive bound-state 
onstituents, bya reformulation of this equation of motion as an equivalent matrix eigenvalue problem.Combining these �ndings with the analoguous result obtained within a similar analysisfor the slightly simpler 
ase of massless bound-state 
onstituents presented in Ref. [1℄,we arrive at the 
on
lusion that, for a suitable 
hoi
e of basis states in the Hilbert spa
eof solutions, it is for a large 
lass of intera
tions possible to 
onvert the Bethe{Salpeterequation in the instantaneous approximation for the involved intera
tion kernel into aneigenvalue problem for an expli
itly known matrix, with matrix elements given in formof analyti
 expressions. The main advantage of our formalism is that, due to the s
alingbehaviour of the involved quantities, in a
tual appli
ations (like �tting pro
edures) therequired matri
es must be 
al
ulated only on
e (for, e.g., unit values of all the physi
alparameters). As 
onsequen
e of the expli
it knowledge of the matrix representation ofthe instantaneous Bethe{Salpeter equation, the eventual diagonalization of this matrixrepresents the only numeri
al operation required by this method of solution.The next step must be to apply this formalism to realisti
 (i.e., phenomenologi
allya

eptable) models of the interquark for
es, 
apable of reprodu
ing the experimentallyobserved hadron spe
tra and features by des
ribing hadrons as bound states of quarks.A
knowledgementOne of us (K. M.M.) would like to thank the Erwin S
hr�odinger International Institutefor Mathemati
al Physi
s, where part of this work was done, for hospitality and wouldlike to a
knowledge also the support by the NSF under grant no. HRD-9633750.



9A The \Generalized Laguerre" BasisOur 
hoi
e of basis states for L2(R+) is �xed by the 
on�guration-spa
e representation�(`)i (r) = vuut (2m)2 `+3 i!�(2 ` + i+ 3) r` exp(�mr)L(2 `+2)i (2mr) ; i = 0; 1; 2; : : : ; (5)whi
h involves the generalized Laguerre polynomials L(
)i (x) (for the parameter 
): thelatter quantities are orthogonal polynomials whi
h are de�ned by the power series [4℄L(
)i (x) = iXt=0 (�1)t  i+ 
i� t ! xtt! ; i = 0; 1; 2; : : : ;and whi
h are orthonormalized, with the weight fun
tion x
 exp(�x), a

ording to [4℄1Z0 dxx
 exp(�x)L(
)i (x)L(
)j (x) = �(
 + i+ 1)i! Æij ; i; j = 0; 1; 2; : : : :The ne
essary normalizability of the Hilbert-spa
e basis fun
tions �(`)i (r) is guaranteedby the positive numeri
al value of the mass m of the bound-state 
onstituents: m > 0:The basis fun
tions �(`)i (r) de�ned by Eq. (5) satisfy the orthonormalization 
ondition1Z0 dr r2 �(`)i (r)�(`)j (r) = Æij ; i; j = 0; 1; 2; : : : :Note that the 
on�guration-spa
e representation of our basis states is 
hosen to be real.The 
orresponding momentum-spa
e representation �(`)i (p) of the L2(R+) basis statesunder 
onsideration is obtained from Eq. (5) by a Fourier{Bessel transformation (re
allthat one is dealing here ex
lusively with the radial parts of the L2(R3) basis fun
tions):�(`)i (r) = i`s2� 1Z0 dp p2 j`(p r)�(`)i (p) ; i = 0; 1; 2; : : : ; ` = 0; 1; 2; : : : ; (6)�(`)i (p) = (�i)`s2� 1Z0 dr r2 j`(p r)�(`)i (r) ; i = 0; 1; 2; : : : ; ` = 0; 1; 2; : : : :Expli
itly, it reads�(`)i (p) = vuut (2m)2 `+3 i!�(2 ` + i+ 3) (�i)` p`2`+1=2 � �`+ 32�� iXt=0 (�1)tt!  i+ 2 ` + 2i� t ! �(2 ` + t+ 3) (2m)t(p2 +m2)(2 `+t+3)=2� F  2 ` + t+ 32 ;�1 + t2 ; ` + 32; p2p2 +m2! ; i = 0; 1; 2; : : : ; (7)with the hypergeometri
 series F , de�ned, in terms of the gamma fun
tion �, by [4℄F (u; v;w; z) = �(w)�(u) �(v) 1Xn=0 �(u+ n) �(v + n)�(w + n) znn! :



10The momentum-spa
e basis fun
tions �(`)i (p) satisfy the orthonormalization 
ondition1Z0 dp p2 ��(`)i (p)�(`)j (p) = Æij ; i; j = 0; 1; 2; : : : :The availability of the Fourier transform of our basis fun
tions �(`)i (r) in analyti
 formrepresents the main advantage of our 
hoi
e (5). Note that the momentum-spa
e basisfun
tions are real for ` = 0; as well as for all even values of `:��(`)i (p) = �(`)i (p) for ` = 0; 2; 4; : : : ; 8 i = 0; 1; 2; : : : :In order to get rid of that rather diÆ
ult-to-handle hypergeometri
 series F in Eq. (7),we o

asionally take advantage of a somewhat simpli�ed form of the momentum-spa
ebasis fun
tions �(`)i (p); namely, for ` = 0 [5℄,�(0)i (p) = s i!m� �(i+ 3) 4p iXt=0 (�2)t (t+ 1) i+ 2i� t !�  1 + p2m2!�(t+2)=2 sin�(t+ 2) ar
tan pm� ;and, for ` = 1;�(1)i (p) = �ivuut m5� (i+ 1) (i+ 2) (i+ 3) (i + 4) 8p2� iXt=0 (�2)tt!  i+ 4i� t ! (t+ 3)!mt(p2 +m2)(t+3)=2� "pp2 +m2t+ 2 sin�(t+ 2) ar
tan pm�� mt+ 3 sin�(t+ 3) ar
tan pm�# :The latter form of the basis fun
tions is obtained with the help of a suitable re
ursionformula [4℄.B Some Useful IntegralsWith the help of the simpli�ed forms of the basis fun
tions �(0)i (p) and �(1)i (p) re
alledin Appendix A, expli
it expressions for the integrals de�ned in Eq. (4) may be found:I(n)ij (m)= 4mn�1�q(i+ 1) (i+ 2) (j + 1) (j + 2)� iXr=0 jXs=0 (�2)r+s  i+ 2i� r ! j + 2j � s ! (r + 1) (s + 1)�24jr�sjXk=0  jr � sjk ! �(12 (k + n+ 1)) �(12 (4 + r + s+ jr � sj � n� k))�(12 (5 + r + s+ jr � sj)) 
os k �2 !� r+s+4Xk=0  r + s+ 4k ! �(12 (k + n+ 1)) �(12 (8 + 2 r + 2 s� n� k))�(12 (9 + 2 r + 2 s)) 
os k �2 !#



11and J (n)ij (m)= i 8mn�1�q(i+ 1) (i + 2) (i+ 3) (i+ 4) (j + 1) (j + 2)� iXr=0 jXs=0 (�2)r+s (r + 1) (r + 2) (r + 3) (s+ 1) i+ 4i� r ! j + 2j � s !�8<: 1r + 2 24jr�sjXk=0  jr � sjk ! �(12 (n+ k)) �(12 (5 + r + s+ jr � sj � n� k))�(12 (5 + r + s+ jr � sj))� 
os k �2 !� 4+r+sXk=0  4 + r + sk ! �(12 (n+ k)) �(12 (9 + 2 r + 2 s � n� k))�(12 (9 + 2 r + 2 s)) 
os k �2 !#� 1r + 3 24j1+r�sjXk=0  j1 + r � sjk !��(12 (n+ k)) �(12 (6 + r + s+ j1 + r � sj � n� k))�(12 (6 + r + s+ j1 + r � sj)) 
os k �2 !� 5+r+sXk=0  5 + r + sk ! �(12 (n+ k)) �(12 (11 + 2 r + 2 s � n� k))�(12 (11 + 2 r + 2 s)) 
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