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AÆne embeddings of homogeneous spa
es�I. V. Arzhantsev and D. A. TimashevAugust 29, 2000Abstra
tLet G be a redu
tive algebrai
 group and let H be a redu
tivesubgroup of G. We des
ribe all pairs (G;H) su
h that for any aÆneG-variety X with a dense G-orbit isomorphi
 to G=H the number ofG-orbits in X is �nite. The maximal number of parameters in familiesof G-orbits in all aÆne embeddings of G=H is 
omputed.1 Introdu
tion.Let G be a 
onne
ted redu
tive algebrai
 group over an algebrai
ally 
losed�eld |of 
hara
teristi
 zero and let H be an algebrai
 subgroup of G. Letus re
all that a pointed irredu
ible algebrai
 G-variety X is said to be anembedding of the homogeneous spa
e G=H if the base point of X has thedense orbit and stabilizer H. We shall denote this by G=H ,! X.Let B be a Borel subgroup of G. By de�nition, the 
omplexity 
(X) of aG-variety X is the 
odimension of a generi
 B-orbit in X for the restri
teda
tion B : X, see [Vi1℄ and [LV℄. By Rosenli
ht's theorem, 
(X) is equal tothe trans
enden
e degree of the �eld|(X)B of rational B-invariant fun
tionson X. A normal G-variety X is 
alled spheri
al if 
(X) = 0, or, equivalently,|(X)B = |. A homogeneous spa
e G=H and a subgroup H � G are saidto be spheri
al if G=H is a spheri
al G-variety with respe
t to the naturalG-a
tion.Theorem 1 (Servedio [Ser℄, Luna{Vust [LV℄, Akhiezer [Akh1℄). A ho-mogeneous spa
e G=H is spheri
al if and only if ea
h embedding of G=H has�nitely many G-orbits.�This work was supported by INTAS{OPEN{97{1570 and RFBR grant 98{01{00598.Keywords: redu
tive algebrai
 groups, homogeneous spa
es, 
omplexity, modality.AMS 2000 Math. Subje
t Classi�
ation: 14L30, 14M17, 17B10.1



To be more pre
ise, F. J. Servedio proved that any aÆne spheri
al vari-ety 
ontains �nitely many G-orbits, D. Luna, Th. Vust and D. N. Akhiezerextended this result to an arbitrary spheri
al variety, and D. N. Akhiezer
onstru
ted a proje
tive embedding with in�nitely many G-orbits for anyhomogeneous spa
e of positive 
omplexity.Let us say that an embedding G=H ,! X is aÆne if the variety X isaÆne. In many problems of invariant theory, representation theory and otherbran
hes of mathemati
s, only aÆne embeddings of homogeneous spa
es are
onsidered. Hen
e for a homogeneous spa
e G=H it is natural to ask: doesthere exist an aÆne embedding G=H ,! X with in�nitely many G-orbits?Note that a given homogeneous spa
e G=H admits an aÆne embedding ifand only if G=H is quasiaÆne (as an algebrai
 variety), see [PV, Th. 1.6℄. Inthis situation, the subgroup H is said to be observable in G. For a des
riptionof observable subgroups, see [Su℄, [PV, Th. 4.18℄. By Matsushima's 
riterion,G=H is aÆne i� H is redu
tive. (For a simple proof, see [Lu1, x2℄.) Inparti
ular, any redu
tive subgroup is observable. In the sequel, we supposethat H is an observable subgroup of G. In this paper, we are 
on
erned withthe following problem: 
hara
terize all quasiaÆne homogeneous spa
es G=Hof a redu
tive group G with the property:(AF) For any aÆne embedding G=H ,! X, the number of G-orbits in Xis �nite.Example 1. For any spheri
al quasiaÆne homogeneous spa
e, property (AF)holds (Theorem 1).Example 2 ([Po℄). Property (AF) holds for any homogeneous spa
e of thegroup SL(2). In fa
t, here dimX � 3, and only a one-parameter family ofone-dimensional orbits 
an appear in X n (G=H). But SL(2) 
ontains notwo-dimensional observable subgroups.Example 3. Let T be a maximal torus inG and let V be a �nite-dimensionalG-module. Suppose that a ve
tor v 2 V is T -�xed. Then the orbit Gv is
losed in V , see [Kos℄, [Lu2℄. This shows that property (AF) holds for anysubgroup H su
h that T � H.De�nition 1. An aÆne homogeneous spa
e G=H is 
alled aÆnely 
losed ifit admits only one aÆne embedding X = G=H.Homogeneous spa
es G=H of Example 3 are aÆnely 
losed. Denote byNG(H) the normalizer of H in G. The following theorem generalizes Exam-ple 3: 2



Theorem 2 (Luna [Lu2℄). Let H be a redu
tive subgroup of a redu
tivegroup G. The homogeneous spa
e G=H is aÆnely 
losed if and only if thegroup NG(H)=H is �nite.This theorem provides many examples of homogeneous spa
es with prop-erty (AF). Let us note that the 
omplexity of the spa
e G=T 
an be arbitrarylarge, when
e property (AF) 
annot be 
hara
terized only in terms of 
om-plexity.In this paper, we show that the union of two 
onditions|the spheri
ityand the �niteness of NG(H)=H|is very 
lose to 
hara
terizing all aÆnehomogeneous spa
es of a redu
tive group G with property (AF). Our mainresult isTheorem 3. For a redu
tive subgroup H � G, (AF) holds if and only ifeither NG(H)=H is �nite or any extension of H by a one-dimensional torusin NG(H) is spheri
al in G.Corollary 1. For an aÆne homogeneous spa
e G=H of 
omplexity > 1,(AF) holds i� G=H is aÆnely 
losed.Corollary 2. An aÆne homogeneous spa
e G=H of 
omplexity 1 has (AF)i� either NG(H)=H is �nite or rkNG(H)=H = 1 and NG(H) is spheri
al.The proofs of Theorem 3 and of its 
orollaries are given in Se
tions 2, 4.For simple G, there is a list of all aÆne homogeneous spa
es of 
omplex-ity one [Pan℄. We immediately dedu
e from this list and Corollary 2 thatfor simple G, there exists only one series of aÆne homogeneous spa
es of
omplexity one that admit aÆne embeddings with in�nitely many G-orbits.Namely, G = SL(n), n > 4, and H0 = SL(n � 2) �|�, where SL(n � 2) isembedded in SL(n) as the stabilizer of the �rst two basis ve
tors e1 and e2in the tautologi
al representation of SL(n), and |� a
ts on e1 and e2 withweights �1 and �2 su
h that �1+�2 = 2�n, �1 6= �2, and a
ts on he3; : : : ; eniby s
alar multipli
ations.In Se
tion 5 we 
onsider very symmetri
 aÆne embeddings G=H ,! X,i.e. aÆne embeddings whose group ofG-equivariant automorphisms AutG(X)
ontains the identity 
omponent of AutG(G=H) �= NG(H)=H. The 
rite-rion for �niteness of the number of G-orbits in any su
h embedding is given(Proposition 2).The aim of Se
tion 6 is to generalize Theorem 3 following ideas of [Akh2℄and to �nd the maximal number of parameters in a 
ontinuous family of G-orbits over all aÆne embeddings of a given aÆne homogeneous spa
e G=H.More pre
isely, 3



De�nition 2. Let F : X be an algebrai
 group a
tion. The integerdF (X) = minx2X 
odimX Fx = tr:deg|(X)Fis 
alled the generi
 modality of the a
tion. Themodality of F : X is the num-ber modF X = maxY �X dF (Y ), where Y runs through F -stable irredu
iblesubvarieties of X.Note that 
(X) = dB(X). It was proved by E. B. Vinberg [Vi1℄ that forany G-variety X one has modB(X) = 
(X), whi
h means that if we passfrom X to a B-stable irredu
ible subvariety Y � X, then the number ofparameters for B-orbits does not in
rease.Simple examples show that for G itself the equality dG(X) = modG(X)is not true. This motivates the followingDe�nition 3. With any G-variety X we asso
iate the integermG(X) = maxX 0 modG(X 0);where X 0 runs through all G-varieties birationally G-isomorphi
 to X.It is 
lear that for any subgroup H � G the inequality mG(X) � mH(X)holds. In parti
ular,mG(X) � 
(X). The next theorem shows thatmG(X) =
(X).Theorem 4 (Akhiezer [Akh2℄). There exists a G-variety X 0 birationallyG-isomorphi
 to X su
h that modG(X 0) = 
(X).For a homogeneous spa
e G=H we have mG(G=H) = maxX modG(X),where X runs through all embeddings of G=H. The aÆne version of thisnotion is the followingDe�nition 4. With any quasiaÆne homogeneous spa
e G=H we asso
iatethe integer aG(G=H) = maxX modG(X);where X runs through all aÆne embeddings of G=H.The following theorem is a dire
t generalization of Theorem 3.Theorem 5. Let G=H be an aÆne homogeneous spa
e.(1) If the group NG(H)=H is �nite then aG(G=H) = 0;(2) If NG(H)=H is in�nite thenaG(G=H) = maxH1 
(G=H1);where H1 runs through all non-trivial extensions of H by a one-dimensionalsubtorus of NG(H). In parti
ular, aG(G=H) = 
(G=H) or 
(G=H) � 1.4



Applying this theorem to the 
ase H = feg, we obtainCorollary 3. aG(G) = dimU � 1 if G is semisimple, and aG(G) = dimUotherwise, where U is a maximal unipotent subgroup of G.A
knowledgementsWe are grateful to M. Brion, D. I. Panyushev and E. B. Vinberg for usefuldis
ussions.This paper was partially written during our stay at the Erwin S
hr�odingerInternational Institute for Mathemati
al Physi
s (Wien, Austria). We wishto thank this institution for invitation and hospitality.Notation and 
onventionsG is a 
onne
ted redu
tive group;H is an observable subgroup of G;T � B are a maximal torus and a Borel subgroup of G;U is the maximal unipotent subgroup of B;NG(H) is the normalizer of H in G;W (H) is the quotient group NG(H)=H;
 : NG(H)!W (H) is the quotient homomorphism;|� is the multipli
ative group of non-zero elements of the base �eld |;L0 is the identity 
omponent of an algebrai
 group L;Z(L) is the 
enter of L, z(L) is its Lie algebra;XL is the set of L-�xed points in an L-variety X;Lx is the isotropy subgroup of x 2 X;�(G)+ is the semigroup of all dominant weights of G;V� is an irredu
ible G-module with highest weight �;|[X℄ is the algebra of regular fun
tions and |(X) is the �eld of rationalfun
tions on an algebrai
 variety X;Spe
A is the aÆne variety 
orresponding to a �nitely generated algebra Awithout nilpotent elements.Algebrai
 groups are denoted by upper
ase Latin letters and their Liealgebras by the respe
tive lower
ase Gothi
 letters.2 Embeddings with in�nitely many orbits.Theorem 6. Let H be an observable subgroup in a redu
tive group G. Sup-pose that there is a non-trivial one-parameter subgroup � :|�!W (H) su
h5



that the subgroup H1 = 
�1(�(|�)) is not spheri
al in G. Then there existsan aÆne embedding G=H ,! X with in�nitely many G-orbits.We shall prove this theorem in the next se
tion. The idea of the proofis to apply Akhiezer's 
onstru
tion for the non-spheri
al homogeneous spa
eG=H1 and to 
onsider the aÆne 
one over a proje
tive embedding of G=H1with in�nitely many G-orbits.Proof of Corollary 1. The assertion follows from Theorem 2 and Theo-rem 6, whi
h is a part of Theorem 3 (for redu
tiveH). Indeed, redu
tivity ofH implies redu
tivity of W (H) [Lu2℄. If W (H) is not �nite, then it 
ontainsa non-trivial one-parameter subgroup �(|�). For H1 = 
�1(�(|�)), we have
(G=H1) � 1 whenever 
(G=H) > 1.Corollary 4. Let G be a redu
tive group with in�nite 
enter Z(G) and let Hbe an observable subgroup in G that does not 
ontain Z(G)0. Then property(AF) holds for G=H if and only if H is a spheri
al subgroup of G.Proof. AsH does not 
ontain Z(G)0, there exists a non-trivial one-parametersubgroup �(|�) in Z(G) with �nite interse
tion with H. The 
orrespondingextension H1 is spheri
al i� H is spheri
al in G.Corollary 5. Let H be a 
onne
ted redu
tive subgroup in a redu
tive groupG. Suppose that there exists a redu
tive non-spheri
al subgroup H1 in G su
hthat H � H1 and dimH1 = dimH + 1. Then property (AF) does not holdfor G=H.Proof. Under these assumptions, there exists a non-trivial one-parametersubgroup of H1 with �nite interse
tion with H whi
h normalizes (and even
entralizes) H.3 Proof of Theorem 6.Lemma 1. If property (AF) holds for a homogeneous spa
e G=H, then itholds for any homogeneous spa
e G=H 0, where H 0 is an overgroup of H with(H 0)0 = H0.Proof. Suppose that there exists an aÆne embedding G=H 0 ,! X with in-�nitely manyG-orbits. Consider the morphismG=H ! G=H 0. It determinesan embedding |[G=H 0℄ �|[G=H℄. Let A be the integral 
losure of the sub-algebra |[X℄ � |[G=H 0℄ in the �eld of rational fun
tions |(G=H). We have6



the following 
ommutative diagrams:A ,! |[G=H℄ ,! |(G=H) Spe
A  - G=H" " " # #|[X℄ ,! |[G=H 0℄ ,! |(G=H 0) X  - G=H 0The aÆne variety Spe
A with a natural G-a
tion 
an be 
onsidered asan aÆne embedding of G=H. The embedding |[X℄ � A de�nes a �nite(surje
tive) morphism Spe
A! X and therefore, Spe
A 
ontains in�nitelymany G-orbits. This 
ontradi
tion 
ompletes the proof.Remark 1. The 
onverse statement does not hold. Indeed, set G = SL(3)and H = (t; t; t�2) � T � SL(3). We 
an extend H by a one-parametersubgroup (t; t�1; 1). Then H1 = T is not a spheri
al subgroup in SL(3) and,by Theorem 6, property (AF) does not hold here. On the other hand, one
an extend H to H 0 by a �nite non
y
li
al subgroup of W (H) �= PSL(2).The groupW (H 0) is �nite and, by Theorem 2, property (AF) holds for G=H 0.Lemma 2. (a) Let H � G be an observable subgroup and H1 be the ex-tension of H by a one-dimensional torus �(|�) � W (H). Then thereexists a �nite-dimensional G-module V and an H1-eigenve
tor v 2 Vsu
h that(1) the orbit Ghvi of the line hvi in the proje
tive spa
e P(V ) is iso-morphi
 to G=H1;(2) H �xes v;(3) H1 a
ts transitively on |�v.(b) If H1 is not spheri
al in G, then a 
ouple (V; v) in (a) 
an be 
hosenso that(4) the 
losure of Ghvi in P(V ) 
ontains in�nitely many G-orbits.(
) If H is redu
tive, then one 
an suppose that Gv = H.Proof. (a) By Chevalley's theorem, there exists a G-module V 0 and a ve
-tor v0 2 V 0 having property (1). Let us denote by � the 
hara
ter of Hat v0. Sin
e H is observable in G, every �nite-dimensional H-module 
anbe embedded in a �nite-dimensional G-module [BBHM℄. In parti
ular, thereexists a �nite-dimensional G-module V 00 
ontaining H-eigenve
tors of 
har-a
ter ��. Choose among them a H1-eigenve
tor v00 and put V = V 0 
 V 00and v = v0 
 v00. Properties (1) and (2) are satis�ed.7



If 
ondition (3) also holds, then we are done. Otherwise, 
onsider anyG-module W having a ve
tor with stabilizer H. Take an H1-eigenve
torw 2 WH with nontrivial 
hara
ter, and repla
e V by V 
W and v by v
w.Now properties (1){(3) are satis�ed.(b) Sin
eH1 is not spheri
al in G, by a result due to Akhiezer [Akh1℄, wemay 
hoose (V 0; v0) in (a) so that properties (1) and (4) are satis�ed. Thenwe pro
eed as in (a) to obtain the 
ouple (V; v). The 
losure Ghvi � P(V ) is
ontained in the image of the Segre embeddingP(V 0) �P(V 00) ,! P(V ); or P(V 0)�P(V 00)�P(W ) ,! P(V );and proje
ts G-equivariantly onto Ghv0i � P(V 0). This implies (4) for (V; v).(
) Let ! be a fundamental weight of the group H1=H. Suppose thatH1=H a
ts at the ve
tor v 
onstru
ted above by a 
hara
ter k!. Sin
e H1is redu
tive (and, in parti
ular, is observable), there exists a G-module W 0and an H1-eigenve
tor w0 2 W 0H with weight (1 � k)! [BBHM℄. It remainsto repla
e V by V 
W 0 and v by v 
 w0.Remark 2. For an arbitrary observable subgroup, statement (
) of Lemma 2does not hold. For example, let G be the group SL(3) and H = U bea maximal unipotent subgroup normalized by T . Consider the subtorusT 0 = diag(t2; t; t�3) in T as a one-parameter subgroup �(|�). Any H-stableve
tor in a �nite-dimensional G-module is a sum of highest weight ve
tors.The restri
tion of any dominant weight to T 0 has a non-trivial kernel and thestabilizer of su
h a ve
tor 
ontains H as a proper subgroup.Proof of Theorem 6. Let (V; v) be the 
ouple from Lemma 2. Denote byH 0 the stabilizer Gv of the ve
tor v. By (1){(3) and sin
eH1=H is isomorphi
to|�, H 0 is an overgroup of H with (H 0)0 = H0. By (3), the 
losure of Gv inV is a 
one, so by (4) the property (AF) does not hold for G=H 0. Lemma 1
ompletes the proof.4 Proof of Theorem 3Let H be a redu
tive subgroup of G. If there exists a non-spheri
al extensionof H by a one-dimensional torus, then (AF) fails for G=H by Theorem 6. Toprove the 
onverse, we begin with the followingLemma 3 ([Kn1, 7.3.1℄). Let X be an irredu
ible G-variety, and v be aG-invariant valuation of |(X)=|with residue �eld |(v). Then |(v)B is theresidue �eld of the restri
tion of v to |(X)B.8



Proof. For 
ompleteness, we give the proof in the 
ase, where X is aÆne (theonly 
ase we need below). It suÆ
es to prove that any B-invariant elementof |(v) is the residue 
lass of a B-invariant rational fun
tion on X.For any f1; f2 2|(X), we shall write f1 � f2 if v(f1) = v(f2) < v(f1�f2).Su
h \
ongruen
es" are G-stable and may be multiplied term by term, asusual numeri
al 
ongruen
es.Assume f = p=q, p; q 2|[X℄, v(f) = 0, and the residue 
lass of f belongsto |(v)B. Then v(p) = v(q) = d, and bf � f , 8b 2 B, i.e. bp � q � p � bq.Let M be a 
omplementary G-submodule to fh 2 |[X℄ j v(h) > dg infh 2 |[X℄ j v(h) � dg, and p0; q0 be the proje
tions of p; q on M . Thenbp0 � q � bp � q � p � bq � p � bq0, 8b 2 B. By the Lie{Kol
hin theorem, we may
hoose �nitely many bi 2 B, �i 2|so that q1 =P�ibiq0 is a B-eigenfun
tionin M of some weight �. Put p1 = P�ibip0. Then p1 � q � p � q1, when
ep1=q1 � f � bf � bp1=�(b)q1, 8b 2 B. It follows that bp1 � �(b)p1, hen
ebp1 = �(b)p1, be
ause p1 2M . Thus p1; q1 are B-eigenfun
tions of the sameweight, and f1 = p1=q1 2|(X)B has the same residue 
lass in |(v) as f .De�nition 5 ([Kn2, x7℄). Let X be a normal G-variety. A dis
rete Q-valuedG-invariant valuation of|(X) is 
alled 
entral if it vanishes on|(X)Bnf0g. A sour
e of X is a non-empty G-stable subvariety Y � X whi
h is the
enter of a 
entral valuation of |(X).For aÆne X, 
entral valuations are des
ribed in a simple way. Considerthe isotypi
 de
omposition|[X℄ = M�2�(X)+|[X℄�;where the rank semigroup �(X)+ � �(G)+ is the set of all dominant weights� su
h that |[X℄� 6= 0. For any �; � 2 �(X)+, we have(�) |[X℄� �|[X℄� �|[X℄�+�� M�2T�;�(X)|[X℄�+���;where T�;�(X) is a �nite set of positive integral linear 
ombinations of positiveroots, and the in
lusion fails for all proper subsets of T�;�(X).Let �(X) be a sublatti
e spanned by �(X)+ in the weight latti
e of G,and �(X)Q= �(X) 
Q. De�ne the \
one of tails" T (X) to be the 
onvex
one in �(X)Q spanned by the union of all T�;�(X).A 
entral valuation v is 
onstant on ea
h|[X℄� and de�nes a linear fun
-tion � 2 Hom(�(X);Q) = �(X)�Q so that h�; �i = v(f), f 2 |[X℄� n f0g.By de�nition of a valuation, we must have h�; �i � 0 for 8� 2 T�;�(X),9



�; � 2 �(X)+. Conversely, ea
h linear fun
tion � 2 Hom(�(X);Q) whi
h isnon-positive on T (X) de�nes a 
entral valuation v of |(X) by the formulav(f) = minfh�; �i j f� 6= 0g;where f� is the proje
tion of f 2|[X℄ on |[X℄�.The valuation v has a 
enter on X i� � is non-negative on �(X)+, andthe respe
tive sour
e Y � X is determined by a G-stable idealI(Y ) = Mh�;�i>0|[X℄� / |[X℄Central valuations of |(X), identi�ed with respe
tive linear fun
tionson �(X)Q, form a solid 
onvex 
one Z(X) � �(X)�Q, namely the dual 
oneto �T (X). Knop proved [Kn1, 9.2℄, [Kn2, 7.4℄ that Z(X) is a fundamentaldomain for a �nite group WX � Aut�(X) (the little Weyl group of X) a
tingon �(X)�Q as a 
rystallographi
 re
e
tion group.The following lemma is an easy 
onsequen
e of results of Knop [Kn2℄.Lemma 4. If X is a normal aÆne G-variety 
ontaining a proper sour
e,then there exists a one-dimensional torus S � AutG(X) su
h that |(X)B �|(X)S. (Here AutG(X) denotes the group of G-equivariant automorphismsof X.)Proof. If X is as above, then Knop has shown that the algebra |[X℄ admitsa non-trivial G-invariant grading, whose homogeneous 
omponents are sumsof isotypi
 
omponents of the G-module |[X℄, see [Kn2, 7.9℄ and its proof.This grading is 
onstru
ted as follows. Under the above assumptions, thereis a 
entral valuation v of |(X) su
h that the respe
tive linear fun
tion � on�(X)Q lies in Z(X) \ �Z(X), hen
e � vanishes on T (X). In view of (�),this � de�nes a grading of |[X℄ su
h that isotypi
 
omponents |[X℄� arehomogeneous of degree h�; �i.Let S � AutG(X) be the one-dimensional torus 
orresponding to thisgrading. Take any f 2 |(X)B, f = p=q, p; q 2 |[X℄. By the Lie{Kol
hintheorem, we may 
hoose �nitely many bi 2 B, �i 2 |so that q0 = P�ibiqis a B-eigenfun
tion of some weight � 2 �(X)+. Then p0 = P�ibip is aB-eigenfun
tion of the same weight, and f = p0=q0. Sin
e p0; q0 2 |[X℄�,the torus S a
ts on them by the same weight h�; �i, then
e f 2|(X)S. Thisshows the in
lusion |(X)B �|(X)S.Proof of Theorem 3. It remains to prove that (AF) holds for G=H when-ever any extension of H by a one-dimensional torus is spheri
al. As H isredu
tive,W (H) is redu
tive, too. If there exists no one-parameter extension10



of H at all, then W (H) is �nite and G=H is aÆnely 
losed by Theorem 2.Otherwise 
(G=H) � 1. As the spheri
al 
ase is 
lear, we may suppose
(G=H) = 1.Let X be an aÆne embedding of G=H. In order to prove that X has�nitely many G-orbits, we may assume that X is normal. If X 
ontains aproper sour
e, then a one-dimensional torus S � AutG(X) � AutG(G=H) =W (H) provided by Lemma 4 yields a non-spheri
al extension of H. Indeed,if H1 is the preimage of S in NG(H), then |(G=H1)B = |(G=H)B�S =|(X)B�S = |(X)B 6= |, sin
e 
(X) = 1. This implies 
(G=H1) = 1, a
ontradi
tion.If X 
ontains no proper sour
e, then any proper G-stable subvariety Y �X is the 
enter of a non-
entral G-invariant valuation v. There is an in
lusionof residue �elds|(Y ) �|(v) =) |(Y )B �|(v)B. By Lemma 3,|(v)B is theresidue �eld of the restri
tion of v to |(G=H)B, whi
h is the �eld of rationalfun
tions in one variable. As v is non-
entral, |(Y )B =|(v)B =|, then
e Yis spheri
al. It follows that X has �nitely many orbits. (Otherwise, a one-parameter family of G-orbits provides a non-spheri
al G-subvariety.)Proof of Corollary 2. The redu
tive groupW (H) a
ts on|(G=H)B, whi
his the �eld of rational fun
tions on a proje
tive line. If the kernel of this a
tionhas positive dimension, then it 
ontains a one-dimensional torus extendingH to a non-spheri
al subgroup.Otherwise, either W (H) is �nite or rkW (H) = 1 and ea
h subtorus ofW (H) has a dense orbit on the proje
tive line. The 
orollary follows.Remark 3. In the proof of Theorem 3, we have used redu
tivity of H only inthe following assertion:IfW (H) 
ontains no subtori, then it is �nite, and G=H is aÆnely
losed.In fa
t, we need this assertion only if 
(G=H) > 1. Theorem 3 holds forquasiaÆne G=H of 
omplexity � 1.One might hope that the situation des
ribed in the above assertion nevero

urs for non-redu
tive H, i.e. that W (H) always 
ontains a subtorus. Un-fortunately, W (H)0 may be a non-trivial unipotent group, as the followingexample shows.Example 4. Let e be a regular nilpotent in the Lie algebra sl(3), G =SL(3)� SL(3), and H be the two-dimensional unipotent subgroup with theLie algebra generated by (e; e2) and (e2; e). Then the Lie algebra of thenormalizer of H is the linear span of (e; 0); (e2; 0); (0; e) and (0; e2). Hen
ethe group W (H)0 is two-dimensional and unipotent.11



(Another example was suggested by E.A.Tevelev.)We are not able to 
hara
terize quasiaÆne, but not aÆne, homogeneousspa
es with the property (AF).In this 
ontext we would like to formulate the followingConje
ture. If H � G is observable, but not redu
tive, then W (H) isin�nite.5 Very symmetri
 embeddings.The group of G-equivariant automorphisms of a homogeneous spa
e G=H isisomorphi
 to W (H). (The a
tion W (H) : G=H is indu
ed by the a
tionNG(H) : G=H by right multipli
ation.) Let G=H ,! X be an aÆne embed-ding. The group AutGX of G-equivariant automorphisms of X is a subgroupof W (H).De�nition 6. An embedding G=H ,! X is said to be very symmetri
 ifW (H)0 � AutGX.Any spheri
al aÆne variety is very symmetri
. In fa
t, for a spheri
alhomogeneous spa
e G=H, any isotypi
 
omponent|[G=H℄� of the G-algebra|[G=H℄ is an irredu
ible G-module (see [Ser℄ or [KV, Th.2℄), and W (H)a
ts on |[G=H℄� by s
alar multipli
ations. This shows that any G-invariantsubalgebra in |[G=H℄ is W (H)-invariant, too.In the 
ase of aÆne SL(2)=feg-embeddings, only the embedding X =SL(2) is very symmetri
; in all other 
ases the group AutSL(2)X is isomorphi
to a Borel subgroup in SL(2), see [Kr, III.4.8, Satz 1℄. More generally, if Xis an aÆne embedding of the homogeneous spa
e G=feg, then X is verysymmetri
 if and only if the a
tion G : X 
an be extended to an a
tion ofthe group G �G with an open orbit isomorphi
 to (G �G)=H, where H isthe diagonal in G�G. Hen
e X 
an be 
onsidered as an aÆne (G�G)=H-embedding. Theorem 2 implies that if G is a semisimple group, then X =(G�G)=H, for other proofs see [Wat℄ and [Vi2, Prop. 1℄.If G is a redu
tive group, then the set of all very symmetri
 embeddings ofthe homogeneous spa
e G=feg is exa
tly the set of all aÆne algebrai
 monoidswith G as the group of units [Vi2℄. Thus very symmetri
 embeddings have anatural 
hara
terization in the variety of all aÆne G=feg-embeddings. The
lassi�
ation of redu
tive algebrai
 monoids is obtained in [Vi2℄ and [Rit℄.Put bG = G �W (H)0, N = 
�1(W (H)0), and bH = f(n; nH) j n 2 Ng(the \diagonal" embedding of N). Any very symmetri
 aÆne embedding ofG=H may be 
onsidered as an embedding of bG= bH .12



Proposition 1. Under assumptions of Theorem 6, if �(|�) is 
entral inW (H)0, then there exists a very symmetri
 aÆne embedding G=H ,! Xwith in�nitely many G-orbits.Proof. We follow the proof of Theorem 6. Put bH1 = bH ��(|�); then bH1\G =H1. We modify the proof of Lemma 2(b) to obtain a bG-module V and anbH1-eigenve
tor v 2 V su
h that bGhvi = bH1, bGv is a �nite extension of bH,and bGhvi � P(V ) 
ontains in�nitely many G- (not bG-) orbits. Arguing as inthe proof of Theorem 6, we see that the 
losure X of Gv = bGv � V is bG-stable and has in�nitely many G-orbits, q.e.d. (Observe that bG may be notredu
tive, but Lemma 1, required in the proof, does not use the redu
tivityassumption.)To 
onstru
t su
h a 
ouple (V; v), it suÆ
es, in the notation of Lemma 2,to 
onstru
t a bG-module V 0 and a ve
tor v0 2 V 0 su
h that Ghv0i = bGhv0i �=bG= bH1 andGhv0i has in�nitelymanyG-orbits. Then we pro
eed as in Lemma2(a),repla
ingG by bG. (Note that the redu
tivity ofG is not essential in Lemma 2(a).)It remains to 
onstru
t a 
ouple (V 0; v0). For this purpose, we re�ne Akhiezer's
onstru
tion [Akh1℄.By assumption, 
(G=H1) > 0, hen
e there exists a 
hara
ter � : H1 !|�su
h that for the asso
iated line bundle L� on G=H1, the multipli
ity of a
ertain simpleG-module V� inH0(G=H1; L�) is greater than one [KV, Th. 1℄.The group W (H)0 a
ts on H0(G=H1; L�) and on the isotypi
 
omponentE = H0(G=H1; L�)� by G-module automorphisms.Take a bG-module M and a ve
tor m 2 M su
h that bGhmi = bH1. LetY be the 
losure of bGhmi = Ghmi in P(M). The natural rational mapf : Y 9 9 KP(E�) is bG-equivariant.Consider a de
ompositionE = E0�: : :�Ek into irredu
ibleG-submodulesand �x isomorphisms  i : V� ! Ei. Choose a basis f"0; : : : ; "mg of T -eigenve
tors with weights �0 = �; �1; : : : ; �m in V�, and put "(i)j =  i("j). Inproje
tive 
oordinates,f(gH1) = ["(0)0 (gH1) : : : : : "(k)0 (gH1) : : : : : "(0)m (gH1) : : : : : "(k)m (gH1)℄The 
losure Z of the graph of f in Y �P(E�) is bG-stable. We 
laim thatZ 
ontains in�nitely many G-orbits. To prove it, take a stri
tly dominantone-parameter subgroup Æ :|�! T . If all "(i)0 (gH1) 6= 0, thenf(Æ(t)gH1) = [ � � � : t�h�j ;Æi"(i)j (gH1) : � � � ℄= [ � � � : th�0��j ;Æi"(i)j (gH1) : � � � ℄�! ["(0)0 (gH1) : : : : : "(k)0 (gH1) : : : : : 0 : : : : : 0℄13



as t ! 0, be
ause �0 � �j is a positive linear 
ombination of positive rootsfor all j > 0.We may identify E� with V �� 
|k+1 and 
onsider the Segre embeddingP(V �� )�Pk ,! P(E�). Then limt!0 Æ(t)f(gH1) = (h"�0i; p) 2 P(V �� )�Pk, wheref"�jg is the dual basis to f"jg, and p = ["(0)0 (gH1) : : : : : "(k)0 (gH1)℄ 2 Pk.As the se
tions "(0)0 ; : : : ; "(k)0 are linearly independent on G=H1, f(Y ) in-terse
ts in�nitely many 
losed disjoint G-stable subvarieties P(V �� )� fpg ,!P(E�), p 2 Pk. This proves the 
laim, be
ause Z proje
ts G-equivariantlyonto f(Y ).Finally, a bG-module V 0 = M 
 E� and a ve
tor v0 = m 
 e su
h thatf(hmi) = hei are the desired, be
ause Ghv0i �= Z.The proof is 
omplete.Now we are interested in the following problem: when does any verysymmetri
 aÆne embedding of a homogeneous spa
e G=H have �nitely manyG-orbits? The example of SL(3)=feg-embeddings shows that the latter prop-erty is not equivalent to (AF).Proposition 2. Let H be a redu
tive subgroup in a redu
tive group G. Everyvery symmetri
 aÆne embedding of G=H has �nitely many G-orbits i� either(AF) holds or W (H)0 is semisimple. In the se
ond 
ase, there is only onevery symmetri
 aÆne embedding, namely X = G=H.Proof. The Lie algebra of N bG( bH) equals bh +bz, where bz is the 
entralizer ofbH in bg. We have bz = z(N) � z(W (H)0), and z(N) �= z(H) � z(W (H)0).If W (H)0 is semisimple, then bz � h � bh, and N bG( bH) is �nite. Theorem 2implies the assertion for this 
ase.Now suppose that W (H)0 is not semisimple. If there exists a non-spheri
al extension of H by a one-dimensional torus S � Z(N), then byProposition 1, there exists a very symmetri
 aÆne embedding of G=H within�nitely many G-orbits.Finally, suppose that any extension of H by a one-dimensional torus inZ(N) is spheri
al. Then 
(G=H) � 1. As the spheri
al 
ase is 
lear, we mayassume that 
(G=H) = 1.The 
onne
ted kernelW0 of the a
tion W (H) :|(G=H)B a
ts on isotypi

omponents of |[G=H℄ by s
alar multipli
ations. When
e W0 is diagonaliz-able and 
entral in W (H). By assumption, W0 = feg. Hen
e W (H)0 is aone-dimensional torus a
ting on|(G=H)B with �nite kernel. By Corollary 2,(AF) holds for G=H. The proof is 
omplete.14



6 AÆne embeddings and modalityWe begin this se
tion with the generalization of Lemma 2.Lemma 5. Let H � G be an observable subgroup and H1 be the extensionof H by a one-dimensional torus �(|�) � W (H). Then there exists a �nite-dimensional G-module V and an H1-eigenve
tor v 2 V su
h that(1) the orbit Ghvi of the line hvi in the proje
tive spa
e P(V ) is isomor-phi
 to G=H1;(2) H �xes v;(3) H1 a
ts transitively on |�v;(4) modG(Ghvi) = 
(G=H1).Proof. We use exa
tly the same arguments as in the proof of Lemma 2 re-pla
ing an embedding of G=H1 with in�nitely many orbits from [Akh1℄ byan embedding of G-modality 
(G=H1) 
onstru
ted in [Akh2℄.Lemma 6. In the notation of Lemma 5,
(G=H) � aG(G=H) � 
(G=H1) � 
(G=H) � 1In parti
ular, aG(G=H) = 
(G=H) or 
(G=H) � 1.Proof. Clearly, aG(G=H) � 
(G=H). Taking an aÆne 
one over the proje
-tive embedding 
onstru
ted in Lemma 5, one obtains an aÆne embedding ofG=H 0 of modality � 
(G=H1), where H 0 = Gv is a �nite extension of H. Us-ing the 
onstru
tion from the proof of Lemma 1, we get an aÆne embedding ofG=H of modality� 
(G=H1). The obvious inequality 
(G=H1) � 
(G=H)�1
ompletes the proof.Proof of Theorem 5. Statement (1) follows from Theorem 2. To prove (2),we 
an use Lemma 6. If there exists a one-dimensional torus in NG(H) su
hthat the extension H � H1 is non-trivial and 
(G=H) = 
(G=H1), then thereexists an aÆne embedding of G=H of modality 
(G=H).Conversely, suppose that G=H ,! X is an aÆne embedding of modality
(G=H). We need to �nd a one-dimensional subtorus S � W (H) su
h thatfor the extended subgroup H1 we will have 
(G=H1) = 
(G=H). By thede�nition of modality, there exists a proper G-invariant subvariety Y � X,su
h that the 
odimension of a generi
 G-orbit in Y is 
(G=H). Therefore,
(Y ) = 
(G=H). 15



Consider a G-invariant valuation v of |(X) with the 
enter Y . For theresidue �eld|(v) we have tr:deg|(v)B � tr:deg|(Y )B, hen
e tr:deg|(v)B =tr:deg|(X)B. If the restri
tion of v to|(X)B is not trivial, then by Lemma 3,tr:deg|(v)B < tr:deg|(X)B, a 
ontradi
tion. Thus v is 
entral, and Y is asour
e of X. A one-dimensional subtorus S � AutG(X) � AutG(G=H) =W (H) provided by Lemma 4 yields the extension of H of the same 
omplex-ity.Proof of Corollary 3. IfG is not semisimple, then for a 
entral one-dimensionalsubtorus T1 one has 
(G=T1) = 
(G) = dimU . If G is semisimple, then forany one-dimensional subtorus T1 � G there exists a Borel subgroup B whi
hdoes not 
ontain T1, and there is a B-orbit on G=T1 of dimension dimB.This implies 
(G=T1) = 
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