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HOMOGENEOUS HYPER-HERMITIAN METRICS WHICH ARECONFORMALLY HYPER-K�AHLERMAR�IA LAURA BARBERISAbstra
t. Let g be a hyper-Hermitian metri
 on a simply 
onne
ted hyper-
omplex four-manifold (M;H). We show that when the isometry group I(M;g)
ontains a subgroup a
ting simply transitively on M by hyper
omplex isome-tries then the metri
 g is 
onformal to a hyper-K�ahler metri
. We des
ribeexpli
itely the 
orresponding hyper-K�ahler metri
s and it follows that, in fourdimensions, these are the only hyper-K�ahlermetri
s 
ontaininga homogeneousmetri
 in its 
onformal 
lass.1. PreliminariesA hyper
omplex stru
ture on a 4n-dimensional manifold M is a family H =fJ�g�=1;2;3 of �brewise endomorphisms of the tangent bundle TM ofM satisfying:J2� = �I; � = 1; 2; 3 J1J2 = �J2J1 = J3;(1.1) N� � 0; � = 1; 2; 3(1.2)where I is the identity on the tangent spa
e TpM of M at p for all p in M and N�is the Nijenhuis tensor 
orresponding to J�:N�(X;Y ) = [J�X; J�Y ℄� [X;Y ℄� J�([X; J�Y ℄ + [J�X;Y ℄)for all X;Y ve
tor �elds on M . A di�erentiable map f : M ! M is said to behyper
omplex if it is holomorphi
 with respe
t to J�; � = 1; 2; 3. The group ofhyper
omplex di�eomorphisms on (M;H) will be denoted by Aut(H).A riemannian metri
 g on a hyper
omplex manifold (M;H) is 
alled hyper-Hermitian when g(J�X; J�Y ) = g(X;Y ) for all ve
tors �elds X;Y on M , � =1; 2; 3.Given a manifold M with a hyper
omplex stru
ture H = fJ�g�=1;2;3 and ahyper-Hermitian metri
 g 
onsider the 2-forms !�; � = 1; 2; 3, de�ned by!�(X;Y ) = g(X; J�Y ):(1.3)The metri
 g is said to be hyper-K�ahler when d!� = 0 for � = 1; 2; 3.It is well known that a hyper-Hermitian metri
 g is 
onformal to a hyper-K�ahlermetri
 ~g if and only if there exists an exa
t 1-form � 2 �1M su
h thatd!� = � ^ !�; � = 1; 2; 3(1.4)where, if g = ef ~g for some f 2 C1(M ), then � = df .We prove the following result:1991 Mathemati
s Subje
t Classi�
ation. Primary 53C15, 53C25, 53C30.Key words and phrases. hyper-Hermitian metri
, hyper
omplex manifold, 
onformally hyper-K�ahler metri
.The author was partially supported by CONICET, ESI (Viena) and FOMEC (Argentina).1



2 MARIA LAURA BARBERISTheorem 1.1. Let (M;H; g) be a simply 
onne
ted hyper-Hermitian 4-manifold.Assume that there exists a Lie group G � I(M; g) \ Aut (H) a
ting simply transi-tively on M . Then g is 
onformally hyper-K�ahler.We 
on
lude that one of the hyper-K�ahler metri
s 
onstru
ted by the Gibbons-Hawking ansatz [2℄ 
ontains a homogeneous hyper-Hermitianmetri
 in its 
onformal
lass. This hyper-Hermitian metri
 is not symmetri
 and has negative se
tional
urvature [1℄.As a 
onsequen
e of Theorem 1.1 and the results in [1℄ we obtain that thefollowing symmetri
 riemannian metri
s are 
onformally hyper-K�ahler:� the riemannian produ
t of the 
anoni
al metri
s on R� S3;� the riemannian produ
t of the 
anoni
al metri
s on R� RH3, where RH3denotes the real hyperboli
 spa
e;� the 
anoni
al metri
 on the real hyperboli
 spa
e RH4.A
knowledgements. I would like to thank the organizers of the program Holo-nomy Groups in Di�erential Geometry for giving me the opportuniy to visit the ErwinS
hr�odinger Institute, Vienna. I am also grateful to D. Alekseevsky, I. Dotti Miatello, L.Ornea and S. Salamon for useful 
onversations.2. Proof of the main theoremProof of Theorem 1.1. Sin
e G a
ts simply transitively on M then M is dif-feomorphi
 to G and therefore the hyper
omplex stru
ture and hyper-Hermitianmetri
 
an be transferred to G and will also be denoted by fJ�g�=1;2;3 and g, re-spe
tively. Sin
e G a
ts by hyper
omplex isometries it follows that both fJ�g�=1;2;3and g are left invariant on G. All su
h simply 
onne
ted Lie groups were 
lassi�edin [1℄, where it is shown that the Lie algebra g of G is either abelian or isomorphi
to one of the following Lie algebras (we �x an orthonormal basis fejgj=1;:::;4 of g):1. [e2; e3℄ = e4; [e3; e4℄ = e2; [e4; e2℄ = e3; e1 
entral;2. [e1; e3℄ = e1; [e2; e3℄ = e2; [e1; e4℄ = e2; [e2; e4℄ = �e1;3. [e1; ej℄ = ej ; j = 2; 3; 4;4. [e3; e4℄ = 12 e2; [e1; e2℄ = e2; [e1; ej℄ = 12 ej; j = 3; 4.Observe that in 
ase 1 above M is di�eomorphi
 to R� S3 while in the remaining
ases it is di�eomorphi
 to R4, therefore in all 
ases any 
losed form on M is exa
t.We now pro
eed by �nding in ea
h 
ase a 
losed form � 2 �1g� satisfying (1.4).Note that we work on the Lie algebra level sin
e g and !� are all left invarianton G. Let fejgj=1;:::;4 � �1g� be the dual basis of fejgj=1;:::;4. From now on wewill write eij��� to denote ei ^ ej ^ � � � . In all the 
ases below the 2-forms !� aredetermined from (1.3) in terms of the hyper
omplex stru
tures 
onstru
ted in [1℄.Case 1. The 2-forms !� are given as follows:!1 = �e12 � e34; !2 = �e13 + e24; !3 = �e14 � e23:To 
al
ulate d!� we obtain �rst dej (re
all that d�(x; y) = ��[x; y℄ for � 2 �1g�):de1 = 0; de2 = �e34; de3 = e24; de4 = �e23:(2.1)These equations and the fa
t that d(� ^ � ) = d�^ � + (�1)r�^ d� for all � 2 �rg�give the following formulas:d!1 = �e134; d!2 = e124; d!3 = �e123



HYPER-HERMITIAN METRICS WHICH ARE CONFORMALLY HYPER-K�AHLER 3from whi
h we 
onlude that (1.4) holds for � = e1, whi
h is 
losed and thereforeexa
t sin
e G is di�eomorphi
 to R� S3. We 
on
lude that this hyper-Hermitianmetri
, whi
h, as shown in [1℄, is homotheti
 to the riemannian produ
t of the
anoni
al metri
s on R� S3, is 
onformal to a hyper-K�ahler metri
.Case 2. In this 
ase we have the following equations for !�:!1 = e14 � e23; !2 = �e12 + e34; !3 = �e13 � e24:and we 
al
ulatede1 = �e13 + e24; de2 = �e23 � e14; de3 = 0; de4 = 0;(2.2) d!1 = �2e134; d!2 = �2e123; d!3 = 2e234(2.3)so that (1.4) is satis�ed for � = 2e3, whi
h again is 
losed, so this hyper-Hermitianmetri
 is also 
onformal to a hyper-K�ahler metri
. In this 
ase the hyper-Hermitianmetri
 is homotheti
 to the riemannian produ
t of the 
anoni
al metri
s onR�RH3,where RH3 denotes the real hyperboli
 spa
e.Case 3. In this 
ase the 2-forms !� are given as follows:!1 = �e12 � e34; !2 = �e13 + e24; !3 = �e14 � e23and a 
al
ulation of exterior derivatives gives:de1 = 0; dej = �e1j ; j = 2; 3; 4(2.4) d!1 = 2e134; d!2 = �2e124; d!3 = �2e123(2.5)so that (1.4) is satis�ed for � = �2e1. This hyper-Hermitian metri
 is homotheti
to the 
anoni
al metri
 on the real hyperboli
 spa
e RH4.Case 4. In this 
ase we have the following equations for !�:!1 = �e12 + e34; !2 = �e13 � e24; !3 = e14 � e23and we 
al
ulatede1 = 0; de2 = �e12 � 12 e34; dej = �12 e1j ; j = 3; 4(2.6) d!1 = �32 e134; d!2 = 32 e124; d!3 = 32 e123(2.7)so that (1.4) is satis�ed for � = �32 e1. This hyper-Hermitian metri
 is not sym-metri
 and has negative se
tional 
urvature (
f. [1℄).Remark 2.1. All the hyper-Hermitian manifolds (M;H; g) 
onsidered above admita 
onne
tion r su
h that:rg = 0; rJ� = 0; � = 1; 2; 3and the (3; 0) tensor 
(X;Y; Z) = g(X;T (Y; Z)) is totally skew-symmetri
, where Tis the torsion of r. Su
h a 
onne
tion is 
alled an HKT 
onne
tion (
f. [3℄). In 
aseM is di�eomorphi
 to R� S3 it 
an be shown that, moreover, the 
orresponding3-form 
 is 
losed.



4 MARIA LAURA BARBERIS3. Coordinate des
ription of the Hyper-K�ahler metri
sIn this se
tion we will use global 
oordinates on ea
h of the Lie groups 
onsideredin the previous se
tion to des
ribe the 
orresponding hyper-K�ahler metri
s. Thiswill allow us to identify the hyper-K�ahler metri
 in x2, Case 4, with one 
onstru
tedby the Gibbons-Hawking ansatz [2℄.Case 1. G = H� = GL(1;H) = 8>><>>: 0BB�x �y �z �ty x �t zz t x �yt �z y x 1CCA : (x; y; z; t) 2 R4� f0g9>>=>>;.We obtain a basis of left invariant 1-forms on G as follows. Set r2 = x2+y2+z2+t2,r > 0, and 
 = g�1dg for g 2 G, that is,if g = 0BB�x �y �z �ty x �t zz t x �yt �z y x 1CCA then 
 = 0BB��1 ��2 ��3 ��4�2 �1 ��4 �3�3 �4 �1 ��2�4 ��3 �2 �1 1CCAwhere 0BB��1�2�3�41CCA = 1r2 0BB� x y z t�y x t �z�z �t x y�t z �y x 1CCA0BB�dxdydzdt1CCA :Then �j ; 1 � j � 4, is a basis of left invariant 1-forms on G and it follows fromd
+
 ^
 = 0 thatd�1 = 0; d�2 = �2�3 ^ �4; d�3 = 2�2 ^ �4; d�4 = �2�2 ^ �3:Setting e1 = 2�1; e2 = 2�2; e3 = 2�3; e4 = 2�4;so that fejg1�j�4 satisfy (2.1), the left-invariant hyper-Hermitian metri
 isg = (e1)2 + (e2)2 + (e3)2 + (e4)2 = 4r2 (dx2 + dy2 + dz2 + dt2)(3.1)and sin
e the Lee form is � = e1 = d(2 log r) the 
orresponding hyper-K�ahler metri
is ~g = e�2 log rg, that is,~g = 4r2 �(dr)2r2 + (�2)2 + (�3)2 + (�4)2� = 4r4 (dx2 + dy2 + dz2 + dt2)(3.2)Case 2. De�ne a produ
t on R4 as follows:(x; y; z; t)(x0; y0; z0; t0) =(x+ ez(x0 
os t� y0 sin t); y + ez(x0 sin t+ y0 
os t); z + z0; t+ t0):This de�nes a Lie group stru
ture on R4 that makes it isomorphi
 to the Lie group
onsidered in x2, Case 2. The following 1-forms are left-invariant with respe
t tothe above produ
t:e1 = e�z 
os tdx+ e�z sin tdy; e3 = �dz;(3.3) e2 = �e�z sin tdx+ e�z 
os tdy; e4 = �dt(3.4)



HYPER-HERMITIAN METRICS WHICH ARE CONFORMALLY HYPER-K�AHLER 5These forms satisfy relations (2.2). The hyper-Hermitian metri
 is therefore givenas follows:g = (e1)2 + (e2)2 + (e3)2 + (e4)2 = e�2z(dx2 + dy2) + dz2 + dt2and the Lee form is � = 2e3 = �2dz, so that the hyper-K�ahler metri
 be
omes~g = e2zg = (dx2 + dy2) + e2z(dz2 + dt2):Observe that the 
hange of 
oordinates s = ez gives the following simple form for~g on R+�R3: ~g = dx2 + dy2 + ds2 + s2dt2:Case 3. We endow R4 with the following produ
t:(x; y; z; t)(x0; y0; z0; t0) = (x+ etx0; y + ety0; z + etz0; t+ t0)thereby obtaining the Lie group stru
ture 
onsidered in x2, Case 3, with 
orre-sponding left-invariant 1-forms:e1 = dt; e2 = e�tdx; e3 = e�tdy; e4 = e�tdz:The hyper-Hermitian metri
 is thereforeg = (e1)2 + (e2)2 + (e3)2 + (e4)2 = e�2t(dx2 + dy2 + dz2) + dt2with 
orresponding Lee form � = �2e1 = �2dt, yielding the following hyper-K�ahlermetri
: ~g = e2tg = dx2 + dy2 + dz2 + e2tdt2:Setting s = et, ~g is the eu
lidean metri
 ds2 + dx2 + dy2 + dz2 on R+�R3.Case 4. Consider the following produ
t on R4:(x; y; z; t)(x0; y0; z0; t0) = (x+ e t2x0; y + e t2 y0; z + etz0 + e t24 (xy0 � yx0); t+ t0)whi
h yields the Lie group stru
ture 
onsidered in x2, Case 4. It is easily 
he
kedthat the following left-invariant 1-forms satisfy (2.6):e1 = dt; e2 = e�t(dz � 14xdy + 14ydx); e3 = e� t2 dx; e4 = e� t2 dy:The hyper-Hermitian metri
 is now obtained as in the above 
ases:g = (e1)2 + (e2)2+(e3)2 + (e4)2=dt2 + e�t(dx2 + dy2) + e�2t(dz � 14(xdy � ydx))2and the Lee form is � = �32dt, from whi
h we obtain the hyper-K�ahler metri
 asusual: ~g = e� 32 tdt2 + e� t2 (dx2 + dy2) + e� t2 (dz � 14(xdy � ydx))2:Setting s = e t2 , ~g be
omes~g = s(ds2 + dx2 + dy2) + 1s (dz � 14(xdy � ydx))2on R+�R3, whi
h allows us to identify ~g with one of the hyper-K�ahler metri
s 
on-stru
ted by the Gibbons-Hawking ansatz [2℄. The identi�
ation is easily obtainedfrom [4℄, Proposition 1.



6 MARIA LAURA BARBERISWe 
an now rephrase Theorem 1.1 as follows, where [h℄ denotes the 
onformal
lass of h:Corollary 3.1. Let h be a hyper-K�ahler metri
 on a simply 
onne
ted hyper
omplex4-manifold (M;H) su
h that there exist g 2 [h℄ and a Lie group G � I(M; g) \Aut (H) a
ting simply transitively on M . Then (M;h) is homotheti
 to either R4with the eu
lidean metri
 or one of the following riemannian manifolds:1. M = R4� f0g; h = r�4(dx2 + dy2 + dz2 + dt2);2. M = R+�R3; h = ds2 + dx2 + dy2 + s2dt2;3. M = R+�R3; h = ds2 + dx2 + dy2 + dz2,4. M = R+�R3; h = s(ds2 + dx2 + dy2) + s�1(dz � 14(xdy � ydx))2.Referen
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