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THE FLOW COMPLETION OF AMANIFOLD WITH VECTOR FIELDFranz W. Kamber, Peter W. Mi
horErwin S
hr�odinger International Instituteof Mathemati
al Physi
s, Wien, AustriaAugust 2, 2000Abstra
t. For a ve
tor �eld X on a smooth manifoldM there exists a smooth butnot ne
essarily Hausdor� manifoldMR and a 
omplete ve
tor �eld XR on it whi
h isthe universal 
ompletion of (M;X).1. Theorem. Let X 2 X(M ) be a smooth ve
tor �eld on a (
onne
ted) smoothmanifold M .Then there exists a universal 
ow 
ompletion j : (M;X)! (MR; XR) of (M;X).Namely, there exists a (
onne
ted) smooth not ne
essarily Hausdor� manifold MR,a 
omplete ve
tor �eld XR2 X(MR), and an embedding j :M !MRonto an opensubmanifold su
h that X and XRare j-related: Tj ÆX = XRÆj. Moreover, for anyother equivariant morphism f : (M;X) ! (N; Y ) for a manifold N and a 
ompleteve
tor �eld Y 2 X(N ) there exists a unique equivariant morphism fR: (MR; xR)!(N; Y ) with fRÆ j = f . The leave spa
es M=X and MR=XRare homeomorphi
.Proof. Consider the manifold R�M with 
oordinate fun
tion s on R, the ve
tor�eld �X := �s �X 2 X(R�M ), and let MR:= R� �X M be the orbit spa
e (or leafspa
e) of the ve
tor �eld �X .Consider the 
ow mapping Fl �X : D( �X) ! R� M , given by Fl �Xt (s; x) =(s + t;FlXt (x)), where the domain of de�nition D( �X) � R� (R�M ) is an openneighbourhood of f0g� (R�M ) with the property that R�fxg\D( �X) is an openinterval times fxg.For ea
h s 2 Rwe 
onsider the mappingjs :M inst��! fsg �M � R�M ��! R� �X M = MR:1991 Mathemati
s Subje
t Classi�
ation. 37C10, 57R30.Key words and phrases. 
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2 FRANZ W. KAMBER, PETER W. MICHOREa
h mapping js is inje
tive: A traje
tory of �X 
an meet fsg �M at most on
esin
e it proje
ts onto the unit speed 
ow on R.Obviously, the image js(M ) is open in MRin the quotient topology: If a tra-je
tory hits fsg � M in a point (s; x), let U be an open neighborhood of x inM su
h that (�"; ") � (s � "; s + ") � U � D( �X). Then the traje
tories hitting(s� "; s+ ")�U �ll a 
ow invariant open neighborhood whi
h proje
ts on an openneighborhood of js(x) in MRwhi
h lies in js(M ). This argument also shows thatjs is a homeomorphism onto its image in MR.Let us use the mappings js :M !MRas 
harts. The 
hart 
hange then looks asfollows: For r < s the set (js)�1(jr(M )) �M is just the open subset of all x 2Msu
h that [0; s� r℄� f(s; x)g � D( �X), and (js)�1 Æ jr is given by FlXs�r on this set.Thus the 
hart 
hanges are smooth.Consider the 
ow (t; (s; x)) 7! (s+ t; x) on R�M whi
h 
ommutes with the 
owof �X and thus indu
es a 
ow on the leave spa
e MR= R� �X M . Di�erentiatingthis 
ow we get a ve
tor �eld XRon MR.The 
onstru
tion (M;X) 7! (MR; XR) is a fun
tor from the 
ategory of smoothHausdor� manifoldswith ve
tor-�elds and smooth mappings intertwining the ve
tor�elds into the 
ategory of possibly non-Hausdor� manifolds with 
omplete smoothve
tor �elds and smooth mappings intertwining these �elds. For a pair (M;X) withX a 
omplete ve
tor �eld the 
ow 
ompletion (MR; XR) is equivariantly di�eomor-phi
 to (M;X) sin
e then any of the 
harts js : M !MRis also surje
tive. Fromthis the universal property follows. �2. Example. Let (M;X) = (R2 n f0g; �x). The traje
tories of X on M and of �Xon R�M in the sli
es y = 
onstant for y = 0 and y 6= 0 then look as follows:M R�M; y = 0 R�M; y 6= 0The smooth manifold MRthen is R2 with the x-axis doubled: (x; 0)+ and (x; 0)�
annot be separated for ea
h x 2 R. The 
harts js(M ) all are di�eomorphi
 toM = R2 n f0g and 
ontain (x; 0)� for x < 0 and (x; 0)+ for x > 0. The 
hartsjr(M ) and js(M ) are glued together by the shift x 7! x + s � r. In this exampleMRis not Hausdor�, but its Hausdor� quotient (given by the equivalen
e relationgenerated by identifying non-separable points) is again a smooth manifold and hasthe universal property des
ribed in (1).3. Example. Let (M;X) = (R2 n f0g � [�1; 1℄; �x). The traje
tories of �X onR� M in the sli
es y = 
onstant for jyj � 1 and jyj � 1 then look as in these
ond and third illustration above. The 
ow 
ompletion MRthen be
omes R2with the part R� [�1; 1℄ doubled and the topology su
h that the points (x;�1)�and (x;�1)+ 
annot be separated as well as the points (x; 1)� and (x; 1)+. The
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ow is just (x; y)! (x+ t; y):In this example MRis not Hausdor�, and its Hausdor� quotient is not a smoothmanifold any more. There are two obvious quotient manifolds whi
h are Hausdor�,the 
ylinder and the plane. Thus none of these two has the universal property of(1).4. Non-Hausdor� smooth manifolds. We met se
ond 
ountable smooth man-ifolds whi
h need not be Hausdor�. Let us dis
uss a little their properties. Theyare T1, sin
e all points are 
losed; they are 
losed in a 
hart. The 
onstru
tionof the tangent bundle is by glueing the lo
al tangent bundles. Smooth mappingsand ve
tor �elds are de�ned as usual: Non separable pairs of points are mapped tonon separable pairs. Ve
tor �elds admit 
ows as usual: These are given lo
ally inthe 
harts and are then glued together. If x and y are non separable points and ifX is a ve
tor �eld on the manifold, then for ea
h t the points FlXt (x) and FlXt (y)are non separable. Theorem (1) 
an be extended to the 
ategory of not ne
essarilyHausdor� smooth manifolds and ve
tor �elds, without any 
hange in the proof.5. Remark. The ideas in this paper generalize to the setting of g-manifolds, whereg is a �nite dimension Lie group. Let G be the simply 
onne
ted Lie group with Liealgebra g. Then one may 
onstru
t the G-
ompletion of a non-
omplete g-manifold.There are diÆ
ulties with the property T1, not only with Hausdor�. This was ouroriginal road whi
h was inspired by [1℄. We treat the full theory in [2℄. We thoughtthat the spe
ial 
ase of a ve
tor �eld is interesting in its own.Referen
es[1℄ Alekseevsky, D. V.; Mi
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