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1 IntroductionA connection r on a manifoldM provides a recipe for parallel translation of tangent vectorsalong curves. One of its basic invariants is the holonomy group of r which is de�ned as thegroup of the automorphisms of the tangent space TpM induced by parallel translation alongp-based loops. Identifying the tangent space TpM at a point p 2 M with a �xed vectorspace V of the appropriate dimension, we may regard the holonomy group as a subgroupH � Aut(V ) which is well-de�ned up to conjugacy, independent of the choice of p 2M .There is a natural �rst-order integrability condition that can be posed on the connection,namely the vanishing of its torsion. In fact, throughout this paper we shall assume allconnections to be torsion free.Any H-invariant tensor on V induces a parallel tensor �eld on M in a canonical way.For example, if H � O(n) then M carries a parallel Riemannian metric, whence r is theLevi-Civita connection of this metric. Therefore, the holonomy groups H � O(n) are calledRiemannian holonomy groups. Moreover, if H is properly contained in SO(n) and actsirreducibly on V then H is called a special Riemannian holonomy group.Analogously, if H � Sp(V ) where Sp(V ) is the group of automorphisms of V whichpreserve a symplectic form, then there is a parallel symplectic form on M . Such an H iscalled a symplectic holonomy group, and we call H a special symplectic holonomy group if itis properly contained in Sp(V ) and acts absolutely irreducibly on V .While the possible special Riemannian holonomies were classi�ed in 1955 by Berger [Be1],the existence of special symplectic holonomy groups was not known until the beginning ofthis decade. Namely, in [Br1] Bryant discovered two irreducible holonomy groups of torsionfree connections in dimension four which he denoted by G3 and H3, respectively. While H3is special symplectic, its conformal extension G3 preserves a symplectic form only up to ascale. (This is a four dimensional phenomenon; indeed, for all dimensions bigger than four,any holonomy group preserving a symplectic form up to a scale must preserve it properly.)Later, Chi, Merkulov and this author found several other examples of special symplecticholonomy groups [CS, CMS1, CMS2, MS1, MS2]. Moreover, in [MS1, S3] it was shown thatthese examples exhaust all possible special symplectic holonomy groups. Since Bryant hadclassi�ed the holonomies which are neither Riemannian nor symplectic and showed existenceof connections with these holonomies [Br2, Br3] , this �nally completed the classi�cation ofirreducible holonomy groups.A most remarkable feature of the special symplectic holonomy groups is the existence ofa universal method for the construction of connections with these holonomies. This methodis based on a certain quadratic deformation of a linear Poisson structure [CMS1]. As aconsequence, it follows that, for a �xed special symplectic holonomy group H, the modulispace of (local) torsion free connections with holonomy contained in H is �nite dimensional.This has some strong implications on the rigidity of these connections. For example, thereis always a local symmetry group of positive dimension acting on M . Due to these localsymmetries, there is an ambiguity when glueing together local neighborhoods of such amanifold, and this implies that there may be cohomological obstructions for the existence ofmaximal examples [Br1, S3].There are several explicitly known classes of manifolds with the \conformal symplectic"2



holonomy group G3. For example, moduli of rational curves in CP2 of �xed degree passingthrough a number of given points carry such a structure [Br1]; in [S2], all homogeneousG3-connections are classi�ed; �nally, in [C] degenerate G3-connections are described via theconstruction of their moduli space.On the other hand, the only explicit examples of connections with the special symplecticholonomy H3 are the space of conics passing through one �xed point [Br1], and a few moreconnections with a symmetry group of cohomogeneity one [S1]. In particular, no globalexamples of connections with any of the remaining special symplectic holonomies have beenknown so far.It is one task of the present paper to provide such examples for almost all special symplec-tic holonomy groups. We call a triple (M;
;r) consisting of a symplectic manifold (M;
)and a symplectic connection r maximal if it is not equivalent to a proper open subset ofanother manifold with a symplectic connection. Further, we introduce the notion of thesymplectic scalar curvature of such a connection which is a quadratic scalar invariant of thecurvature tensor. Then we obtain the following result.Theorem 1.1 Each of the total spaces of the 
at homogeneous vector bundles over symplec-tic symmetric spaces � : E ! G=L0 in Table 1 carries a G-invariant symplectic connectionwith special symplectic holonomy group H whose symplectic scalar curvature is constant non-zero. These connections are maximal and share the following properties.1. The 0-section E0 � E is totally geodesic, and the restriction of the connection toE0 �= G=L0 is equivalent to the symmetric connection on G=L0.2. All �bers Ep = ��1(p) are totally geodesic. Moreover, 
jEp is the (unique) L0-invariantsymplectic form on Ep where 
 is the parallel symplectic form on E.3. LetH be the horizontal distribution on E induced by the symmetric connection on G=L0.Then H is 
-orthogonal to the �bers, and 
jH = ��(!) where ! is the symplectic formon G=L0.Moreover, every connection with special symplectic holonomy and with non-zero constantsymplectic scalar curvature is locally equivalent to one of these connections.To give further examples of (global) symplectic manifolds with special symplectic holo-nomy, we investigate connections which are (locally) homogeneous. Evidently, any homoge-neous manifold must have constant symplectic scalar curvature. But the converse is true aswell.Theorem 1.2 Let (M;
;r) be a symplectic manifold with a torsion free symplectic con-nection, i.e. r
 � 0. Moreover, assume that the holonomy group of r is special symplectic.Call a point p 2M symmetric if (rR)p = 0, R being the curvature of r. Then the followingare equivalent.1. M is locally homogeneous, i.e. there is a locally transitive group action via local dif-feomorphisms preserving 
 and r. 3



Table 1: Flat homogeneous vector bundles E! G=L0 with symplectic holonomy HNotation: F = R or CH � End(V ) G=L0 L0 � Aut(W )where E = G�L0 WSp(3; F)V = (�3F6)0 Spin(4; 3)=(Spin(3; 2) � Spin(1; 1))orSpin(7; C)=(Spin(5; C) � Spin(2; C)) L0 �= Sp(2; F) � F�W = F4SL(2;R) � SO(n+ 1; n)orSL(2; C) � SO(2n+ 1; C )V = F2 
 F2n+1 SL(n+ 2; F)=S(GL(2; F) �GL(n; F)) W = F2 
 FSL(2;R) � SO(2p+ 1; 2q)V = R2
R2(p+q)+1 SU(p+ 1; q + 1)=S(U(1; 1) �U(p; q)) L0 �= S(GL(2;R) �U(p; q))W = R2
R2. M contains no symmetric points and has constant symplectic scalar curvature.3. M contains no symmetric points, and there is a point p 2 M for which the functionscal� scal(p) vanishes at p of order at least three.Of course, the complement of the 0-section of each vector bundle in Table 1, i.e. thecomplement of the set of symmetric points, is G-homogeneous.Every locally homogeneous space is modelled on a globally homogeneous space, and wecompletely classify these.Theorem 1.3 Let M = G=L be a homogeneous space with a G-invariant symplectic form
 and a G-invariant symplectic connection r with special symplectic holonomy group. Then{ up to coverings { M is the complement of the 0-section of one of the vector bundles inTable 1, or an entry of one of the Tables 2 or 3.Moreover, the homogeneous connections in Table 2 are maximal, while the homogeneousconnections in Table 3 are not.For the sake of simplicity of the presentation, we give only the Lie algebra of the symmetrygroup of the homogeneous spaces from Table 3. The explicit form of L � G is given insection 5.2.2.Recall that a homogeneous space M = G=L is called reductive if there is a vector spacedecomposition g = l �m where g and l are the Lie algebras of G and L, respectively, suchthat [l;m] � m.After passing to an appropriate cover of M if necessary, we may assume that there isa momentum map � : M ! g� where g is the Lie algebra of G. The homogeneity implies4



Table 2: Homogeneous Spaces with special symplectic holonomy of type 2Notation: F = R or CH � End(V ) G M = G � � � g� �= gwhere � 2 g� �= g equals:H = SL(2; F)V = �3F2 SL(2; F)o F2 � = x+ v; where0 6= x 2 sl(2; F) is nilpotent0 6= v 2 ker(x) � F2Sp(3; F)V = (�3F6)0 G4;32 oR7 if F = RGC2 o C 7 if F = C � = x� + v�; where0 6= x� 2 (g2)�; � a long root of g20 6= v� 2 (F7)�; � a weight of F7(�; �) = 0that � is an immersion { in fact a covering map { hence we may identify M with its image�(M) � g�. Recall that the coadjoint orbit of any element in g� carries a canonical symplecticstructure. We determine which homogeneous spaces �(M) � g� are coadjoint orbits.Theorem 1.4 Let � : E ! G=L0 be a homogeneous vector bundle from Table 1. Then themomentum map � : En0! g� is the double cover of a coadjoint orbit and thus, � : E ! g�is a branched double cover of its image.The homogeneous spaces in Table 2 are equivalent to coadjoint orbits while the homoge-neous spaces in Table 3 are not.The two homogeneous spaces in Table 2 with holonomy H = SL(2;F), F = R or C , arereductive; the remaining homogeneous spaces are not reductive.Since every holonomy irreducible symmetric space must be pseudo-Riemannian, therecannot be any locally symmetric connections with special symplectic holonomy. By ourclassi�cation, there are also some special symplectic holonomy groups which do not evenadmit any locally homogeneous connections or, equivalently, no connections of constant sym-plectic scalar curvature. We list the number of possibilities of non-isomorphic homogeneousconnections for the various special symplectic holonomy groups in Table 4.It is a pleasure to thank D.Alekseevskii, L.Berard-Bergery, Y.Benoist, R.Bryant, V.Cor-t�es, S.Merkulov, H.-B.Rademacher and W.Ziller for many fruitful discussions and valuablecomments. The author gladly acknowledges partial support by grant 313-ARC-XI-97/95from the DAAD.2 Symplectic manifolds and homogeneous connectionsLet V be a vector space over F where F = R or C . We call a pair (V; h ; i) a symplecticvector space if h ; i is a non-degenerate skew-symmetric bilinear form on the vector space V .The Lie group of symplectic automorphisms is then de�ned asSp(V; h ; i) = fx 2 Aut(V ) j hxv; xwi = hv;wi for all v;w 2 V g ;5



Table 3: Homogeneous Spaces with special symplectic holonomy of type 3notations/conventions: F = R or C ; [gi; gj] = gi+j :H � End(V ) g =P3i=0 gi restrictionsH = Sp(3;R)V = (�3R6)0 g0 = sl(2;R) � so(p; q)g1 = R2 
 (�2Rp;q)0g2 = R 
 (�2Rp;q)0g3 = R2 
 R (p; q) = (3; 0)or(p; q) = (2; 1)H = Sp(3; C)V = (�3C 6)0 g0 = sl(2; C) � so(3; C )g1 = C 2 
 (�2C 3)0g2 = C 
 (�2C 3)0g3 = C 2 
 CH = SU(3; 3)V = f� 2 �3C 6 j �� = �g g0 = sl(2;R) � su(p; q)g1 = R2 
 su(p; q)g2 = R 
 su(p; q)g3 = R2 
 R (p; q) = (3; 0)or(p; q) = (2; 1)H = SL(6; F)V = �3F6 g0 = sl(2; F) � sl(3; F)g1 = F2 
 sl(3; F)g2 = F 
 sl(3; F)g3 = F2 
 FH = � Spin(6; 6) for F = R;Spin(12; C) for F = CV = �12 �= F32 g0 = sl(2; F) � sp(3; F)g1 = F2 
 (�2F6)0g2 = F 
 (�2F6)0g3 = F2 
 FH = Spin(6;H)V = �H6 �= R32 g0 = sl(2;R) � sp(p; q)g1 = R2 
 (�2H3)0g2 = R 
 (�2H3)0g3 = R2 
 F (p; q) = (3; 0)or(p; q) = (2; 1)H = � Spin(6; 6) for F = R;Spin(12; C) for F = CV = �12 �= F32 g0 = sp(3; F)g1 = (�3F6)0 � F6g2 = (�2F6)0 � F6g3 = F6 2 non-equivalentconnectionsfor F = RH = 8><>: E(5)7 with F = R;E(7)7 with F = R;EC7 with F = CV = F56 g0 = sl(2; F) � (f(a)4 )g1 = F2 
 F26g2 = F 
 F26g3 = F2 
 F f(a)4 = 8>>><>>>: f(1)4 for H = E(5)7 ;f(2)4 for H = E(7)7 ;f4 for H = E(7)7 ;fC4 for H = EC76



Table 3: Homogeneous Spaces with special symplectic holonomy of type 3 (cont.)H � End(V ) g =P3i=0 gi restrictions/remarksH = ( E(5)7 for F = R;EC7 for F = CV = F56 g0 = sp(4; F)g1 = (�3F8)0g2 = (�2F8)0g3 = F6SL(2;R) � SO(p; q)V = R2
Rp+q g0 = sp(k + 1;R) � so(p0; q0)g1 = R2(k+1) 
 (Rp0;q0 �R)g2 = �2R2(k+1) 
 R� R 
 (Rp0;q0 �R)g3 = R2(k+1) 
 R p � 2; q � 1p0 := p� 2k � 2q0 := q � 2k � 10 � k � min(p�22 ; q�12 )SL(2; C) � SO(n; C )V = C 2 
 Cn g0 = sp(k + 1; C ) � so(m; C)g1 = C 2(k+1) 
 (Cm � C )g2 = �2C 2(k+1) 
 C� C 
 (Cm � C )g3 = C 2(k+1) 
 C n � 3m := n� 4k � 30 � k � n�34and the Lie algebra of symplectic endomorphisms of V issp(V; h ; i) = fx 2 End(V ) j hxv;wi+ hv; xwi = 0 for all v;w 2 V g :We shall frequently omit the explicit reference to h ; i and thus write Sp(V ) and sp(V ),respectively. It is known that sp(V ) is the Lie algebra of Sp(V ), and that both are simple.Moreover, sp(V ) �= �2V , with an isomorphism given by(vw) � u := hv; uiw + hw; ui v: (1)De�nition 2.1 Let (M;
;r) be a triple consisting of a connected manifold M with a sym-plectic form 
 and a torsion free a�ne connection r such that r
 � 0. Then r is calleda symplectic connection on M .A torsion free connection r on a manifold M is symplectic w.r.t. some symplectic form
 i� the holonomy group of the connection is conjugate to a subgroup of Sp(V ). Also, since
n is a parallel volume form for n = 12 dimM , all curvature endomorphisms are trace free,i.e. tr(Rp(v;w)) = 0 for all v;w 2 TpM and all p 2 M . Thus, the �rst Bianchi identity forRp implies that the Ricci curvature which is given byRicp(v;w) := tr(Rp(v; )w)is symmetric, i.e. Ricp(v;w) = Ricp(w; v). We de�ne the the section of the endomorphismbundle Ric 2 �(End(TM)) byRicp(v;w) = 
(Ricpv;w) for all v;w 2 TpM , p 2M .7



Table 4: Number of homogeneous connections for all special symplectic holonomiesH � End(V ) V #(homog. conn. with Hol = H)SL(2;R) �3R2 �= R4 1SL(2; C ) �3C 2 �= C 4 1Sp(3;R) (�3R6)0 �= R14 4Sp(3; C) (�3C 6)0 �= C 14 3SU(1; 5) f� 2 �3C 6 j �� = �g �= R20 0SU(3; 3) f� 2 �3C 6 j �� = �g �= R20 2SL(6;R) �3R6 �= R20 1SL(6; C ) �3C 6 �= C 20 1Spin(2; 10) �2;10 �= R32 0Spin(6; 6) �6;6 �= R32 3Spin(6;H) �H6 �= R32 2Spin(12; C) �C12 �= C 32 2E(5)7 R56 2E(7)7 R56 2EC7 C 56 2Sp(1) � SO(n;H) Hn �= R4n, n � 2 0SL(2;R) � SO(p; q) R2
Rp;q, p � q, p+ q � 3 q + "; " = 8>><>>: 1 if p = q and q odd1 if p+ q odd, p � q + 22 if p = q + 10 otherwiseSL(2; C) � SO(n; C ) C 2 
 Cn , n � 3 [n+14 ] + "; " = � 0 for n even1 for n odd8



From the symmetry of Ricp it follows that Ricp 2 sp(TpM;
p) and hence, trRicp = 0.Therefore, the de�nition of scalar curvature which would be analogous to the one fromRiemannian geometry contains no information at all. Instead, we introduce the followingnotion.De�nition 2.2 Let (M;
;r) be a symplectic manifold with a symplectic connection r,and de�ne Ric 2 �(End(TM)) as above. Then the symplectic scalar curvature of r is thefunction scal :M ! F given by scal := tr(Ric2).If a manifold M carries a torsion free connection whose holonomy is contained in H thenthere is a principal H-bundle � : F ! M , called the holonomy bundle, and a V � h-valuedcoframe � + ! where � and ! are called the tautological one-form and the connection one-form, respectively [KN]. Throughout, we shall assume that H is a connected Lie group.Since � + ! : TpF ! V � h is an isomorphism, we call � + ! the connection coframe on F .De�nition 2.3 Let � : F !M be the holonomy bundle of a torsion free connection and let�+! be the connection coframe. A vector �eld X on F is called an in�nitesimal connectionsymmetry on F if LX(� + !) = 0.A vector �eld X0 on M is called an in�nitesimal connection symmetry on M if thereexists an in�nitesimal connection symmetry X on F with ��(X) = X0.The connection is called locally homogeneous if the in�nitesimal connection symmetrieson M act locally transitive on M , i.e. if for each vp 2 TM there is a connection symmetryX0 on M such that (X0)p = vp.It is evident that the in�nitesimal symmetries form a Lie algebra which we shall denoteby g. Note that LX� = 0 implies that ��(X) is well-de�ned. Also, if X0 is an in�nitesimalconnection symmetry on M then the in�nitesimal connection symmetry X on F satisfying��(X) = X0 is unique. Thus, the Lie algebras of in�nitesimal connection symmetries on Mand on F are canonically isomorphic, justifying the ambiguous use of the term.If r is a symplectic connection on M , i.e. if H � Sp(V ), and if � : F ! M is theholonomy bundle then the parallel symplectic form 
 on M is determined by��(
) = h�; �i :Thus, the action of g on M is symplectic, i.e. LX
 = 0 for all X 2 g. For p 2 F we letgp := f(� + !)(Xp) j X an in�nitesimal symmetry on Fg � V � h:Since the evaluation map map g! TpF is injective, gp �= g as a vector space. Moreover, welet lp � g be the Lie algebra (�+!)�1p (gp\h) and prp : g �= gp ! V the canonical projection.Proposition 2.4 Let � : F !M , �, ! and g be as above, and let G be the simply connectedLie group with Lie algebra g. Then for every p 2 F , the Lie subgroup Lp � G with Liesubalgebra lp � g is closed.Moreover, for each p 2 F the element �p := (��
)pjg 2 �2g� is a 2-cocycle, i.e. satis�es�p([x; y]; z) + �p([y; z]; x) + �p([z; x]; z) = 0 for all x; y; z 2 g.9



Proof. Fix p 2 F and consider �p 2 �2g� from above. The 
ow along the in�nitesimalsymmetries induces a free local action of an open neighborhood U of e 2 G, and the canonicalembedding g 7! g � p allows us to regard U as a subset of F such that the restriction ofthe in�nitesimal symmetries to U constitutes all left invariant vector �elds. Under thisidenti�cation, we have p �= e.Since LX��(
) = 0 for all X 2 g, ��(
)jU must be the right invariant 2-form extending�p. The cocycle condition for �p follows from d��(
) = 0.Let � be the right invariant 2-form on G which extends �p, hence �jU = ��(
)jU . Since�p is a cocycle, � is closed and the left invariant vector �elds are symplectic. Since G issimply connected, there is a momentum map � : G! g� satisfying�(e) = 0 and hd�g;Xi = �(X �g) for all left invariant vector �elds X 2 g:At p �= e, we have Xp �p = 0 i� Xp ��(
)p = 0 i� ��(Xp) = 0 i� Xp 2 lp. By theright invariance of � it follows that hd�g;Xi = 0 i� X is contained in the right invariantdistribution induced by lp � g = TeG.Now Lp is the maximal integral leaf of this distribution which contains e 2 G. Thus,�(e) = 0 implies �(Lp) = 0 and hence, �(Lp) = 0. On the other hand, since lp = kerd�p, itfollows that, after shrinking U if necessary, we may assume that U \ ��1(0) = U \Lp, henceU \ Lp = U \ Lp, and from this, Lp = Lp follows.In general, if g is the Lie algebra of in�nitesimal symmetries of (M;
;r) and if weassume that M is simply connected then again, there is a momentum map �0 : M ! g�which is { up to adding a constant { uniquely determined byhd(�0)x;X0i = �(X0 
x) for all in�nitesimal symmetries X0 2 g on M:Evidently, ker(d(�0)x) = fv 2 TxM j 
(v; (X0)x) = 0 for all X0 2 gg. Thus, d(�0)xis injective i� x has a locally homogeneous neighborhood, and �0 is an immersion i� theconnection is locally homogeneous.Proposition 2.5 Let (M;
;r) be a simply connected manifold with a locally homogeneoussymplectic connection. Let g be the Lie algebra of in�nitesimal symmetries on M and G bethe simply connected Lie group with Lie algebra g. Then there is1. an a�ne action of G on g� whose linear part is the coadjoint representation, i.e.g � (�) = Ad�g�1(�) + �(g) (2)for all g 2 G, � 2 g� and a map � : G! g�,2. a G-orbit � � g� of this action which carries a G-invariant symplectic connection,3. a g-equivariant connection preserving local di�eomorphism �0 :M ! �.10



Proof. It is well known [LM, ch.4,Th.3.2] that there is an a�ne action of G on g� of theasserted form such that the momentummap �0 :M ! g� is g-equivariant. Thus, �0(M) � �for some G-orbit �, and since dimM = dim�, it follows that �0 is a local di�eomorphism.But the 
ow along the vector �elds X 2 g preserves the connection, hence there is a uniqueG-invariant connection on � which makes �0 connection preserving.The following is a standard result in the theory of Hamiltonian actions (cf. [LM,ch.4,Prop.3.6] and the de�nition of the canonical symplectic form on coadjoint orbits).Corollary 2.6 Let (M;
;r), g, G be as in Proposition 2.5. Then we can choose the mo-mentum map �0 :M ! g� in such a way that � : G! g� from (2) vanishes i� the 2-cocycle�p 2 �2g� from Proposition 2.4 is a coboundary, i.e. �p(x; y) = �([x; y]) for some � 2 g�and all x; y 2 g.If this is the case then �0 : M ! � is a local connection preserving di�eomorphism withthe coadjoint orbit of �, and 
 = ��(!) where ! is the canonical symplectic form on thiscoadjoint orbit.Thus, in order to decide whether a given locally homogeneous symplectic connection islocally equivalent to a coadjoint orbit, we have to decide if there is an element � 2 g� suchthat �([x; y]) = h��(x); ��(y)i (3)for all x; y 2 g. The obstruction for the existence of such an element � 2 g� is representedby the cohomology H1(g; g�) [HS]. As we shall see, this obstruction does not vanish for allhomogeneous connections with special symplectic holonomy.Let us again suppose that there is a G-invariant connection on the homogeneous spaceM = G=L. Recall that a homogeneous space M = G=L is called reductive if there is a vectorspace decomposition g = l�m where g and l are the Lie algebras of G and L, respectively,such that [l;m] � m.Proposition 2.7 [KN] Let M = G=L be a homogeneous space with G, L connected and witha torsion free G-invariant connection with holonomy H. Let � : F ! M be the holonomybundle, �x p 2 F and consider the ismorphism g! gp � h� V from above.Then M is reductive i� there is a L-equivariant map � : V ! h such that v+ � (v) 2 gp �h� V for all v 2 V .Proof. Since M is homogenous, the projection prp : gp ! V is surjective. Thus, linearmaps � : V ! h with v + � (v) 2 gp for all v 2 V exist and are in one-to-one correspondencewith vector space decompositions g �= gp = fv + � (v) j v 2 V g � l. If we denote the �rstsummand by m then clearly, [l;m] � m i� � is l-equivariant.11



3 Holonomy and structure equations for symplecticconnectionsLet V be a �nite dimensional vector space and let H � Aut(V ) be any connected closed Liesubgroup with Lie algebra h � End(V ). We de�ne the space of formal curvature maps K(h)by the exact sequence 0 �! K(h) �! �2V � 
 h �! �3V � 
 Vwhere the last map is given by the composition of the natural inclusion and the skew-symmetrization map, i.e. �2V � 
 h ,! �2V � 
 V � 
 V ! �3V � 
 V .The signi�cance of the space K(h) is that the curvature Rp at p 2 M of a torsionfree connection r on M satis�es the �rst Bianchi identity and thus, Rp 2 K(holp) whereholp � End(TpM) is the Lie algebra of the holonomy group at p. In particular, if K(h) = 0then every torsion free connection whose holonomy algebra is contained in h must be 
at.We are therefore interested in those subalgebras h with K(h) 6= 0.If (V; h ; i) is a symplectic vector space then we use the contraction isomorphism { : V !V � given by {(v)w := hv;wi for all v;w 2 V ;to identify V and V �.We observe that sl(2;F) �= sp(F2 ;^) where ^ denotes the determinant of F2 ; therefore,we have the identi�cation sl(2;F) �= �2F2 from (1).Theorem 3.1 Let h � End(V ) be an irreducible semi-simple Lie subalgebra where V is a�nite dimensional vector space over F = R or C . Let W := F2 
V and consider the inducedtensor representation of h+ := sl(2;F) � h � End(W ). Then the following are equivalent.1. There is an irreducible symmetric pair (g; h+) whose isotropy representation is equiv-alent to the representation of h+ on W .2. There is a symplectic form h ; i on V such that h � sp(V; h ; i), and an h-equivariantmap � : �2V ! h which satis�es for all u; v; w 2 V(u � v)w � (u � w)v = 2 hv;wiu+ hu;wi v � hu; viw: (4)3. There is a symplectic form h ; i on V such that h � sp(V; h ; i), and an h-equivariantmap � : �2V ! h such that for a 2 h the map Ra : �2V ! h given byRa(v;w) = 2 hv;wi a + v � (aw) �w � (av) (5)lies in K(h).If these conditions are satis�ed then the map h! K(h), a 7! Ra is injective, thus K(h) 6= 0.12



Proof. It is well-known that the �rst statement is equivalent to the existence of an h+-invariant element 0 6= R 2 K(h+) [H, S3].Let R : �2W ! h+ = sl(2;F) � h. Since �2W = �2V � sl(2;F) 
�2V as an h+-module,it follows that R is h+-equivariant i� there is an h-invariant 
 2 �2V and an h-equivariantmap � : �2V ! h such thatR(e
 v; f 
 w) = 
(v;w)ef + (e ^ f)v � wfor all e; f 2 F2 and v;w 2 V , where ^ is the determinant on F2. Moreover, (4) is equivalentto the �rst Bianchi identity for R, i.e. to R 2 K(h+). Thus, the �rst and second statementare equivalent.The equivalence of the second and third statement follows from an easy calculation, andevidently, Ra = 0 only if a = 0.From the classi�cation of irreducible symmetric spaces [Be2], we immediately get thefollowingCorollary 3.2 The irreducible subgroups H � Sp(V ) listed in Table 5 satisfy K(h) 6= 0.Table 5: List of special symplectic holonomy groupsGroup H Representation space Group H Representation spaceSL(2;R) R4 �= �3R2 E57 R56SL(2; C ) C 4 �= �3C 2 E77 R56SL(2;R) � SO(p; q) R2(p+q), (p+ q) � 3 EC7 C 56SL(2; C) � SO(n; C ) C 2n , n � 3 Spin(2; 10) R32Sp(1) � SO(n;H) Hn �= R4n, n � 2 Spin(6; 6) R32SL(6;R) R20 �= �3R6 Spin(6;H)1 R32SU(1; 5) R20 � �3C 6 Spin(12; C) C 32SU(3; 3) R20 � �3C 6 Sp(3;R) R14 � �3C 6SL(6; C ) C 20 �= �3C 6 Sp(3; C) C 14 � �3C 61 This representation has been erroneously omitted in the reference [S3]The following result follows then from a cumbersome calculation which we omit. Fordetails, see [MS1, ch.4].Proposition 3.3 For all subalgebras listed in Table 5 we have K(h) �= h, i.e. the injectivemap h! K(h) from Theorem 3.1 is an isomorphism.There is a one-to-one correspondence between the subalgebras listed in Table 5, i.e.symmetric pairs (g; h+) = (g; sl(2;F) � h) and simple Lie algebras g which contain a longroot space. This can be described as follows.13



Let g be such a simple Lie algebra. Fix a Cartan decomposition g = t �L�2� g� anda fundamental Weyl chamber. Let �0 2 � be the maximal root. By assumption, there areelements A� 2 g��0 � g such that �0([A+; A�]) = 2, and we lets := span(A+; A�; [A+; A�]):Evidently, s �= sl(2;F). For each integer i, we let�i := f� 2 � j h�;�0i = ig:Since �0 is long, we have ��2 = f��0g, and �i = ; if jij � 3. Moreover, we de�neh := (�0)? �M�2�0 g�;which is a semi-simple subalgebra of g where (�0)? � t is the annihilator of �0 2 t�. Finally,we let Vi := M�2�i g�;for all i and W := V1 � V�1. Evidently, [Vi; Vj ] � Vi+j , whence [s � h;W ] � W and[W;W ] � s� h. Thus, we get the direct sum decompositiong = (s� h)�W:and (g; s� h) is a symmetric pair.It is now elementary to verify that the representation of s� h on W is equivalent to therepresentation of sl(2;F) � h on F2 
 V1 and that this representation is irreducible i� g issimple.There is an easy algorithm to describe the representations of h on V1 from the Satakediagram of g [H, OV] as follows. g contains a long root space i� in the Satake diagram ofg the nodes corresponding to simple roots �i which are not orthogonal to the maximal rootare white. One obtains h by deleting these nodes �i. The representation of h on V1 has oneirreducible summand for each deleted node �i, and it is described by writing on all nodes �jadjacent to �i the Cartan number h�i; �ji.From this and a glance at the Satake diagrams one easily veri�es the following:1. The representation of h on V1 has more than one irreducible summand i� g is of typeAn with n � 2, i.e. g is (a real form of) sl(n+ 1; C ). In this case, h is (a real form of)sl(n; C ), acting on V � V � where V = Fn .2. If g is of type Cn then we have g = sp(n;F) and h = sp(n � 1;F). The representationof h on V1 is equivalent to the standard representation of sp(n� 1;F) on F2(n�1) .3. There is a one-to-one correspondence between the entries of Table 5 and the Satakediagrams not of type An or Cn for which the node of the adjoint representation iswhite. 14



Table 6: Complex simple Lie algebras and the corresponding symplecticrepresentationsg Dynkin Diagram h Representation spaceso(n+ 4; C ) Bn+32 or Dn+42 sl(2; C) � so(n; C ) C 2 
 Cng2 G2 sl(2; C ) �3C 2f4 F4 sp(3; C ) C 14 = Ker(^! : �3C 6 ! �5C 6)e6 E6 sl(6; C ) �3C 6e7 E7 spin(12; C) �C12e8 E8 e7 C 56Table 6 lists the correspondence between complex simple Lie algebras g which are not oftype An or Cn and the corresponding subgroups h � sp(V ).Let us �x the (unique) adg-invariant inner product ( ; ) on g which satis�es (�;�) = 2((�;�) = 3, respectively) for all long roots � if g 6�= g2 (g �= g2, respectively). Since h � g, thisrestricts to an adh-invariant inner product on h. With this, we can deduce some statementsabout the weights of h � sp(V ) where we denote by � the set of roots of h and by � the setof weights of V .Proposition 3.4 Let h � sp(V ) be one of the subalgebras listed in Table 5, and let ( ; ) bethe adh-invariant inner product on h from the preceding paragraph. Then the following hold.1. All weight spaces are one-dimensional.2. For � 2 �, we have (�; �) 2 f32 ; 12g which allows us to refer to long and short weights.Moreover, if all roots of � are long, then so are all weights of �.3. For � 2 � and � 2 � we have (�; �) 2 f0;�1g, provided that � is a long weight or �is a long root.4. If � 2 � is a short weight then 2� 2 � is a long root.5. Let �; � 2 � with � long. Then exactly one of the following holds.(a) (�; �) = �32 and � = ��.(b) (�; �) = �12 and � = �(�+ �) for some � 2 � with (�; �) = 1.6. If rk(h) � 3 then there are long roots �i 2 � with the following properties:(a) 2�0 = �1 + �2 + �3, where �0 is the maximal weight of �,(b) (�i; �j) = 2�ji ,(c) �i is the maximal root in the root system f� 2 � j (�;�j) = 0; j = 1; : : : ; i� 1g.15



Proof. To simplify notation, we shall carry out the argument only for the case g 6�= g2,leaving the straightforward alterations of the scale in the case g �= g2 to the reader.Let �0 be the maximal (long) root of g. Then V := V1 is spanned by all roots � 2 �gwith (�;�0) = 1. Under the representation of h, these become weight spaces of weights�� 12�0. That is, � = �� � 12�0 ���� � a root of g with (�;�0) = 1� :The �rst assertion follows since all weight spaces of V are root spaces of g. Next, if � =�� 12�0 and � = � � 12�0 are weights of V and 
 2 � then(�; �) = (�; �)� 12 and (�; 
) = (�; 
):Due to the scaling of ( ; ), we have (�;�) 2 f1; 2g which implies the second statement whilethe third follows since 
 6= �� and one of � or 
 is long.The fourth part follows since if � 2 � is a short weight then � = �+ 12�0 2 �g is a shortroot with (�0; �) = 1 and hence, 2� = 2� � �0 is a root in h.To show the �fth assertion, let � be a long root. Then (�; �) 2 f2;�1; 0g since �+� 6= 0,and (�; �) = 2 i� � = �. If (�; �) = 1 then �� � = �� � 2 � and the claim follows.For the last part, note that if rk(h) � 3 it follows that rk(g) � 4 and since g is simple andnot of type An; Cn, the root system of long roots of � contains a subsystem isomorphic toD4.This means that there is a root � of g such that 2� =P3i=0 �i and with (�i; �j) = 2�ji and�0 as before. Thus, �i are roots of h for i = 1; 2; 3 and can be chosen such that they satisfythe maximality properties stated above. Moreover, (�;�0) = 1 and hence, � = �� 12�0 2 �is of the desired form.We shall now explain the signi�cance of these representations in the context of symplecticholonomy groups by recalling some known results.De�nition 3.5 Let H � Sp(V ) be a proper irreducible Lie subgroup. We call H a spe-cial symplectic holonomy group if there exists a symplectic connection (M;
;r) on somesymplectic manifold M whose holonomy group is conjugate to H. The corresponding Liesubalgebra h � sp(V ) is called a special symplectic holonomy algebra.Theorem 3.6 1. A proper subgroup H � Sp(V ) is a special symplectic holonomy groupi� it is an entry of Table 5.2. Let M be a manifold with a torsion free connection whose holonomy is (contained in)the special symplectic holonomy group H � Sp(V ), and let � : F !M be the holonomybundle with connection coframe � + !.Then there are maps a : F ! h and b : F ! V and a constant c 2 F such that thefollowing structure equations are satis�ed.d� = �! ^ �d! = �! ^ ! � 2Ra(� ^ �)da = �! � a+ b � �db = �! � b+ (2a2 + (2(a;a) + c)IdV ) � � (6)16



In particular, there is a constant k0 6= 0 such that ��(scal) = k0(a;a).3. Every symplectic connection whose holonomy is contained in a special symplectic ho-lonomy group is analytic.4. Let (M;
;r) and (M 0;
0;r0) be two manifolds with special symplectic holonomy H �Sp(V ), let � : F ! M and �0 : F 0 ! M 0 be their holonomy reductions, and leta+b : F ! h� V , a0+b0 : F 0! h�V and c; c0 be the maps and constants for whichthe structure equations (6) hold.If c = c0 and if there are points p 2 F and p0 2 F 0 such that (a;b)(p) = (a0;b0)(p0)then there are neighborhoods of �(p) 2 M and �0(p0) 2 M 0 on which the connectionsare equivalent.5. Let g be the Lie algebra of in�nitesimal symmetries on F . Then for any point p 2 Fthere is an isomorphismg �! gp := f(� + !)(w) 2 V � h j w 2 TpF; d�p(w) = 0gX 7�! (� + !)(Xp) (7)where � := a+ b : F ! h� V . In particular, d� has constant rank.Proof. The �rst assertion follows from the classi�cation of irreducible holonomy groups[MS1, S3] while the structure equations were determined in [CMS1, Th.3.10]. The secondand third assertion were demonstrated in [CMS1, Cor.3.12]. The form of the symplecticscalar curvature follows from De�nition 2.2 and (5). Finally, the last statement follows fromthe structure equations (6) together with [S4, Prop.4.8].4 Special symplectic holonomy algebras4.1 Complex symplectic holonomy algebrasThroughout this section, all vector spaces and Lie algebras are assumed to be complex. Leth � sp(V; h ; i) be a special symplectic holonomy algebra and let � and � be the sets ofroots of h and weights of V , respectively. Moreover, (4) holds by Theorems 3.1 and 3.6,1.Also, we use the adh-invariant inner product ( ; ) on h for which Proposition 3.4 is valid.Let �0 2 � be the dominant weight of a special symplectic holonomy algebra. For r 2f�1;�3g, we let Vr :=Lf�j(�0;�)= r2g V�. Then, by Proposition 3.4 we have the decompositionV = V3 � V1 � V�1 � V�3 (8)and V�3 = V��0 . We then de�ne the Lie subgroups P;N i � H for i 2 f0;�1g byN i := fg 2 H j gVr � Vr+2i; r = �1;�3gP := fg 2 N0 j gjV3 = IdV3g: (9)17



For r 2Z, we de�ne �r := f� 2 � j (�0; �) = rg andn� := M�2��1 h�; n0 := t�M�2�0 h�: (10)Since �0 is long, Proposition 3.4 implies that � = ��1 [�0 [�1 and thus,h = n� � n0 � n+; [ni; nj] � ni+j and Vr � Vs � n 12 (r+s) (11)with the convention that n�2 = n�3 = 0. We also de�ne the following subalgebras of h:ps :=L�2�0 h� � hf[h�; h��] j � 2 �0gi � n0;t0 := t \ p?s ; so that n0 = t0 � ps;p := fx 2 n0 j x � V�3 = 0g: (12)Then ps � p � n0 and ps is the maximal semi-simple subalgebra stabilizing �0, and p, n0 arecentral extensions of ps. We also have the following:ni � Vr � Vr+2i; [p; ni] � ni; p � V�3 = 0: (13)Thus, ni and p are the Lie algebras of N i and P , respectively, and we let Ps � P be theconnected (semisimple) subgroup with Lie algebra ps. From Proposition 3.4, the followingis now evident.Lemma 4.1 Fix 0 6= v� 2 V�3. Then the mapsn� �! V�1; x 7�! xv� and V�1 �! (V�1)�; v 7�! hv; iare P -equivariant isomorphisms.By (8) and (13), n� are nilpotent. Indeed, if x 2 n� then x4V = 0 and x3V � V�3.De�nition 4.2 An element x 2 n� is said to be non-degenerate if x3V 6= 0. Otherwise, xis called degenerate.Lemma 4.3 Let v� 2 V�3 with hv+; v�i = 1 and x 2 n+ be such that hx3v�; v�i = c.1. v+ � v� 2 t is determined by the equation�(v+ � v�) = �2(�0; �) for all � 2 t�. (14)Thus, ad(v+ � v�)jni = �2i Idni for i = 0;�1.2. [x; (x2v�) � v�] = 23cv+ � v�(x2v�) � (xv�) = �13cv+ � v�(x2v�) � (x2v�) = �83cx: (15)18



3. (a; v � w) = �2 hav;wi for all a 2 h and v;w 2 V : (16)Proof. Since v� 2 V�3 = V��0, it follows that v+�v� 2 t. Now, t� is spanned by all elements� 2 �1 [ �3, so it su�ces to show (14) for these. If we let v� 2 V� then�(v+ � v�)v� = (v+ � v�)v�= (v+ � v�)v� + 2 hv�; v�i v+�hv+; v�i v� + hv+; v�i v� by (4)= 2 hv�; v�i v+ � v� since hv+; v�i = 0 and v+ � v� = 0for � 2 �1 [�3, and hv+; v�i = 1:Thus, if we let � = �0 and v� = v+ then this implies that �(v+ � v�) = �3 = �2(�0; �). If,on the other hand, � 2 �1, then hv�; v�i = 0 and hence �(v+ � v�) = �1 = �2(�0; �).The next assertion follows since ni is spanned by root spaces h� with (�0; �) = i and[v+ � v�; x�] = �(v+ � v�)x�.Moreover, [x; (x2v�)�v�] = cv+ �v�+(x2v�)� (xv�) = cv+ �v�+ 12 [x; (xv�)� (xv�)] and(xv�)� (xv�) = [x; (xv�)�v�]� (x2v�)�v� = �(x2v�)�v� as (xv�)�v� = 12 [x; v� �v�] = 0.This implies the second part.For the last part, note that both sides of (16) are adh-invariant, hence it su�ces to verifythis identity for a 2 t, v = v+ and w = v�. In this case, (16) follows immediately from (14).Proposition 4.4 If rk(h) � 3 then every P -orbit of an element x 2 n+ contains an elementof the form ~x = x�1 + x�2 + x�3; (17)where x�i 2 h�i and the �i are as in Proposition 3.4,6.The element ~x from (17) is called the normal form of x. Note that there are only twoholonomies h with rk(h) � 2, namely h �= sl(2; C ) with V = �3C 2 and h �= sl(2; C )�so(3; C )with V = C 2 
 C 3.Proof. Let � 2 � be a root. Then (�; �) � �2 for all � 2 � and thus, (ad(h�))3 = 0.Therefore,Adexp(x�)x = x+ [x�; x] + 12[x�; [x�; x]] for all x� 2 h�, � 2 � and x 2 h: (18)Let �1 2 � be the maximal long root, and let x 2 n+. We decompose x asx = X�2�1 x�;where x� 2 h�. W.l.o.g. we assume that x�1 6= 0. Moreover, we let �01 := f� 2 �1 j(�;�1) = 0g. 19



Since [n+; n+] = 0 by (11), we have (�; 
) � 0 for all �; 
 2 �1. Let � 2 �1 be a rootwith (�; �1) = 1, i.e. ���1 2 �0. We �rst assert that [h���1; n+] � h� �L�2�10 h�. To seethis, let 
 2 �1; 
 6= �1 be a root for which [h���1; h
] = h���1+
 6= 0, i.e. � � �1 + 
 2 �1.Then 0 � (� � �1 + 
; �1) = 1 � 2 + (
; �1), and since 
 6= �1 and �1 is long, this impliesthat (
; �1) = 1, i.e. � � �1 + 
 2 �10 as claimed.Thus, if � 2 �1 is a root such that (�; �1) = 1 and x� 6= 0, then replacing x byx0 := Adexp(x���1)(x) for a suitable element x���1 2 h���1 then, using (18) and the above, wehave x0� = 0 so that the number of roots � 2 �1 with (�; �1) = 1 and x� 6= 0 can be reducedby one. Repeating this process, we conclude that the P -orbit of x contains an element ofthe form x0 = x�1 + X�2�10 x�:Next, let �2 be the maximal root in the root system f� 2 � j (�;�1) = 0g. ByProposition 3.4, (�0; �2) = 1. Then a similar discussion as above implies that the P -orbit ofx contains an element of the formx00 = x�1 + x�2 + X�2�100 x�;where �001 = f� 2 �1 j (�;�i) = 0; i = 1; 2g. Let � 2 �100. Then by Proposition 3.4,(�; �3) = (�; 2�0) = 2, hence � = �3 since �3 is long, i.e. �100 = f�3g.Corollary 4.5 Suppose rk(h) � 3. Then an element x 2 n+ is non-degenerate i� in itsnormal form (17) we have x�i 6= 0 for i = 1; 2; 3.Proof. Let ~x be the normal form of x. Since �2i�jV��0 = V��0+2�i+�j = 0 by Proposition 3.4and since [x�i; x�j] 2 [n+; n+] = 0, it follows that ~x3 = 6x�1x�2x�3.Corollary 4.6 Suppose rk(h) � 3. Then every v 2 V�1 lies in the P -orbit of an element ofthe form v = v�(�0��1) + v�(�0��2) + v�(�0��3) (19)with v�(�0��i) 2 V�(�0��i) where �i 2 � are as in Proposition 3.4,6.Proof. It su�ces to treat the case v 2 V�1 since V1 = (V�1)� . Let 0 6= v� 2 V�3. ByLemma 4.1, we have v = xv� with x 2 n+. Replacing v by an element in its P -orbit, wemay assume that x is of normal form (17), whence the claim follows.Corollary 4.7 Let v 2 V1 � V3. Then v � v 2 n+. Moreover, if v � v is degenerate then(v � v)2 = 0; in this case, v � v lies in the P -orbit of h� where � 2 � is a long root.Thus, if v � v is degenerate then either v � v = 0 or rk(v � v) = #f� 2 � j (�; �) = 1g.20



Proof. The cases with rk(h) � 2 are easily proven, thus we assume the contrary.By (11), we have V3 � V3 = V3 � V1 = 0 and V1 � V1 � n+. Thus, we may assume thatv 2 V1 and write it in its normal form (19)v = 3Xi=1 v�0��i:Since �0��i is a long weight, it follows that 2(�0��i) is not a root and hence v�0��i�v�0��i =0. Thus, v � v = 2Xi<j v�0��i � v�0��j :But now, v�0��i�v�0��j 2 h2�0��i��j = h�k where fi; j; kg = f1; 2; 3g. Thus, by Corollary 4.5,v � v is non-degenerate i� v�0��i � v�0��j 6= 0 for all i 6= j which happens i� v�0��i 6= 0 for alli. On the other hand, if, say, v�0��1 = 0 then v � v = 2v�0��2 � v�0��3 2 h�1, and the claimfollows.Proposition 4.8 Let v 2 V1 � V3.1. If v =2 V3 then its N+-orbit contains an element in V1.2. If v 6= 0 then the H-orbit of v contains an element v of the form~v = v+ + xv�; (20)for some degenerate x 2 n+ and where v� 2 V�3 are such that hv+; v�i = 1. Moreover,if v � v is degenerate then v � v = 4x.Proof. Let v := v1 + v3 with vi 2 Vi and suppose that v1 6= 0. By Lemma 4.1, there isan x 2 n+ for which 0 6= xv1 2 V3. Moreover, xV3 = 0. Thus, exp(x)v = v1 + (v3 + xv1),and since dimV3 = 1 it follows that, after replacing x by a suitable scalar multiple, we mayassume that exp(x)v = v1 which shows the �rst assertion.The second assertion is easily proven for the cases with rk(h) � 2, thus we assume thecontrary. Moreover, it is obvious if v 2 V3, thus by the �rst part, we may assume that v 2 V1and that v is in its normal form (19). Since v 6= 0 we assume w.l.o.g. that v�0��1 6= 0.Now let w be the element of the Weyl group of h which corresponds to the re
ection ��1.Then wV�0��1 = V�0 = V3 and wV�0��2 = V�0��1��2 = V��0+�3 , and likewise, wV�0��3 =V��0+�2. Thus, ~v := w � v 2 V3 � h�2V�3 � h�3V�3 with non-vanishing V3-component, andthis implies that ~v can be written in the form (20) with x 2 h�2 + h�3 � n+ and hence, x isdegenerate.If v �v is degenerate then as in the proof of Corollary 4.7 we may assume that v�0��3 = 0and hence, x 2 h�3 by the above and therefore, x2 = 0. Thus,~v � ~v = v+ � v+ + 2v+ � (xv�) + (xv�) � (xv�)= 2[x; v+ � v�] + [x; v� � (xv�)] since v+ � v+ = 0, xv+ = 0 and x2 = 0= 4x+ 12 [x; [x; v� � v�]] by Lemma 4.3= 4x since v� � v� = 0.21



If p 2 p and x 2 n+ then x[p; x] = [p; x]x since x; [p; x] 2 n+. This implies by inductionthat for v� 2 V�3 we have pxkv� = k[p; x]xk�1v� for all k � 1: (21)Corollary 4.9 Fix 0 6= v� 2 V�3. For any constant c 6= 0, the setSc := fx 2 n+ j 
x3v�; v�� = cg (22)is a single P -orbit of codimension 1. Moreover, if x 2 n+ is non-degenerate then everyelement y 2 n+ satis�es y = rx + [p; x] for some r 2 C and p 2 p.Proof. For the two holonomies with rk(h) � 2 the statement is easily veri�ed, thus weassume that rk(h) � 3.The P -invariance of Sc follows directly from the de�nition of P in (9). Moreover, ifP3i=1 x�i lies in this set, then any other element of Sc in normal form is of the formP3i=1 cix�ifor constants ci with c1c2c3 = 1. But then these elements lie in the same P -orbit, and the�rst statement follows from Proposition 4.4. Therefore, [p; x] is a hyperplane in n+ andx =2 [p; x] which shows the second assertion.Corollary 4.10 If x 2 n+ is non-degenerate then x : V�1 ! V1 and ad(x)2 : n� ! n+ areisomorphisms.Proof. For the two holonomies with rk(h) � 2 the statements are easily veri�ed, thus weassume that rk(h) � 3. Also, since V�1 and n� have equal dimensions, it su�ces to showinjectivity in each case. We �x v� 2 V�3 such that hv+; v�i = 1 and de�ne 0 6= c 2 C byx3v� = cv+.By Lemma 4.1, there is an x� 2 n� such that x2v� = x�v+. From (17) it is easy to seethat x� is also non-degenerate and thus by Corollary 4.9, the dimensions of the stabilizers ofx and x� are equal. Let p 2 p be in the stabilizer of x. Then [p; x�]v+ = px�v+ = px2v� =x2pv� = 0, and hence [p; x�] = 0. Thus the stabilizer of x� contains the stabilizer of x, thusthese stabilizers are equal. That is to say, [p; x] = 0 i� [p; x�] = 0 i� px2v� = 0.Let v 2 V�1 be such that xv = 0. By Corollary 4.9, v = rxv� + [p; x]v� for some r 2 Cand p 2 p. Thus, 0 = x2v = rcv++[p; x]x2v� = rcv++ 13px3v� = rcv+ by (21). Thus, r = 0,i.e. v = [p; x]v�. But then, 0 = xv = x[p; x]v� = 12px2v� = 12[p; x�]v+ again by (21), thus[p; x�] = 0 by Lemma 4.1. By the above, this implies that v = [p; x]v� = 0.To show the second assertion, let y 2 n� be such that ad(x)2y = 0. Since yxv� 2 V�3,there is a r 2 C such that yxv� = rv�. Then hxyv+; v�i = hv+; yxv�i = r so that xyv+ =rv+. Also, since ad(x)3(n�) = 0 by (11), we have0 = [x; [x; [x; y]]]v�= (x3y � 3x2yx+ 3xyx2 � yx3)v�= 0 � 3rx2v� + 3xyx2v� � cyv+ (23)22



and 0 = [x; [x; y]]]v�= (x2y � 2xyx+ yx2)v�= 0� 2rxv� + yx2v�: (24)Multiplying (24) by x and using (23) yields0 = �2rx2v� + xyx2v� = �rx2v� + c3yv+: (25)Multiplying (25) again by x yields �2c3 rv+ = 0. Thus r = 0, and by (25) and Lemma 4.1 wehave also y = 0.Let us �x once and for all a non-degenerate element a+ 2 n+ and let P0 � P and p0 � pbe the stabilizers of a+. We de�ne the symmetric bilinear form � = �a+ on V�1 by theequation �(v;w) = �a+(v;w) := ha+v;wi for all v;w 2 V�1. (26)Thus, P0 = P \O(V�1; �) and p0 := p \ so(V�1; �): (27)Of course, P0 �xes a+v� 2 V�1 and hence its orthogonal complementW�1 := V�1 \ a?+ = fy 2 V�1 j �(a+v�; y) = 
a2+v�; y� = 0g (28)and the space W1 := a+W�1 � V1:Evidently, W1 �= W�1 as a P0-module.Proposition 4.11 Let a+ 2 n+ be non-degenerate and let W�1 � V�1 and p0 � p be asabove. Then W�1 = ker(a2+ � : V�1 ! V3) = p(a+v�) = [p;a+]v�:and W1 = ker(a+ : V1 ! V3) = p(a2+v�) = [p;a2+]v�:Proof. The last two spaces of the �rst line are equal since pv� = 0. Let w 2 W�1.Then 0 = �(a+v�; w) = 
a2+v�; w� = 
v�;a2+w�, and a2+w 2 V3 so that a2+w = 0. Also,a2+[p;a+]v� = 13pa3+v� = 0 by (21). Thus, all spaces of the �rst line are contained in thekernel of a2+. Since all of these are hyperplanes in V�1 by Corollary 4.9, equality follows.The equalities in the second line are shown analogously.As it turns out, p0 is again semi-simple for almost all special symplectic holonomy algebrash � sp(n; C ). (Some exceptions occur if rk(h) � 3.) Also, ps = p for all entries excepth �= sl(2; C ) � so(n; C ) in which case p = ps � C . We list the Lie algebras p and theirrepresentation on V1 as well as the representations of p0 on W1 in Table 7.23



Table 7: p and p0 for special symplectic holonomiesh V p V1 p0 W1 � V1sl(2; C ) �3C 2 0 C 0 0sp(3; C ) (�3C 6)0 sl(3; C) �2C 3 so(3; C ) (�2C 3)0sl(6; C ) �3C 6 sl(3; C ) � sl(3; C) C 3 
 (C 3)� sl(3; C) sl(3; C )spin(12; C) �C12 sl(6; C) �2C 6 sp(3; C) (�2C 6)0e7 C 56 e6 C 27 f4 C 26sl(2; C ) � so(n; C ) C 2 
 C n C � so(n� 2; C ) C � C n�2 so(n� 3; C ) C � C n�3An important observation we make is that (ps; p0) is an irreducible symmetric pair in allcases. Next, we letSym(W�1; �) := f� 2 End(W�1) j �(�(v); w) = �(�(w); v) for all v;w 2 W�1gand also, let n�a+ := fy 2 n� j yV�3 � W�1g = fy 2 n� j a2+yV�3 = 0g; (29)where the equality of these sets follows from Proposition 4.11. By Lemma 4.1, n�a+ �= W�1as a P0-module.Let � : V�1 ! W�1 be the �-orthogonal projection. It is then straightforward to verifythat the maps{ : n� �! Sym(W�1; �)y 7�! (� � y � a+)jW�1 and | : �2p0 �! Sym(W�1; �)(x; y) 7�! 12(xy + yx)jW�1 (30)are well de�ned and P0-equivariant.Proposition 4.12 Let h be a complex special symplectic holonomy group and �x a non-degenerate element a+ 2 n+. Then the map { : n� ! Sym(W�1; �) from above is injective.Moreover, the solutions of the equation{(y) = |(p2) for p 2 p0 and y 2 n�a+ (31)can be classi�ed as follows.1. If h = sl(2; C ) or h = sl(6; C ) then y = 0 and p = 0.2. If h = sp(3; C ) then { is an isomorphism. Either(a) y = 0 and p = 0, or(b) p lies in the orbit of maximal root of p0 �= sl(2; C ) and y lies in the orbit ofthe maximal weight vector of n�x �= M4 where Mk denotes the (unique) (k + 1)-dimensional sl(2; C )-module.3. If h = spin(12; C ) or h = e7 then y = 0 and either24



(a) p = 0 or(b) p lies in the orbit of the maximal root of p0.4. If h = sl(2; C ) � so(n; C ) then y = 0 and p 2 so(n� 3; C ) is such that p2C n�3 = 0.Proof. The cases with rk(h) � 2 are easily proven, thus we assume the contrary.Let y 2 ker({) � n�, i.e. yW1 � a+V�3. This is equivalent to saying that y+W�1 � a2+V�3for y+ := [a+; [a+; y]] by Proposition 4.11.Let z+ 2 n+a+ . Then y+z+W�1 = z+y+W�1 � z+a2+V�3 = a2+z+V�3 � a2+W�1 = 0 byProposition 4.11 so that y+(n+a+)2V�3 = 0. But now, one shows that (n+a+)2V�3 = V1 usingthe normal form (17) of elements of n+a+ . This implies that y+V1 = 0 and thus, y+ = 0 byLemma 4.1. Therefore, y = 0 by Corollary 4.10 and hence, { is injective.Now let us investigate equation (31) for each holonomy group separately. Note thatSym(W�1; �) �= �2W�1 �= �2W1 as a p0-module.1. h �= sp(3; C ):In this case, dim(�2p0) = dim(�2W�1) = 6, so that { is an isomorphism. Moreover,�2p0 �= �2M2 �= M4�M0 by the Clebsch-Gordon formula and thus, n�a+ �= W�1 �= M4as a sl(2; C )-module. The M0-summand on p0 is represented by the Killing form B ofp0 so that |(p2) 2M4 i� B(p; p) = 0 i� p = 0 or p lies in the orbit of a root space.2. h �= sl(6; C ):We decompose �2p0 �= Mmax � {(n�a+) �M 0 where Mmax is the irreducible summandwhose maximal weight is given by 2� with � 2 sl(3; C ) the maximal root. Then|(Mmax) 6= 0 since (adp�)2 6= 0.Let � : �2p0 ! Mmax be the projection. Then the set fp 2 p0 j �(|(p2)) = 0g isclosed, p0-invariant and does not intersect the orbit of the highest weight vector. It iswell-known that for an irreducible representation, the only set with these properties isf0g, i.e. �(|(p2)) = 0 i� p = 0. Since �(|(p2)) = �({(y)) = 0, the claim follows.3. h �= spin(12; C ):There is only one summand of �2p0 isomorphic to n�a+ �= (�2C 6)0, namely the one givenby the image of the map � : (�2C 6)0 ! Sym(�2C 6) characterized by the equation�(�)(�)^ !2 = � ^ � ^! where ! is the symplectic form preserved by sp(3; C ). Thus,we must have |(p2) = �(�) for some � 2 (�2C 6)0.The set f� 2 (�2C 6)0 j �(�) = |(p2) for some p 2 p0g � (�2C 6)0 is closed and p0-invariant and hence is either f0g or contains the orbit of the maximal weight vector.Let us suppose that there is a p 2 p0 such that |(p2) = �(�) where � 2 (�2C 6)0 is amaximal weight vector. Fixing a basis fe�i j i = 1; 2; 3g of C 6 such that ! =Pi ei^e�i,we may assume that � = e1 ^ e2. Thus, �(�)(ei ^ C 6) = 0 for i = 1; 2;�3. Now, astraightforward investigation yields that p2(ei^C 6) = 0 for i = 1; 2;�3 and p 2 sp(3; C )implies that p(v) = !(v; u)u for some �xed u 2 C 6 . But this means that |(p2) = 0which is a contradiction. 25



Thus, if |(p2) 2 {(n�a+) � �(�2C 6)0 then we must have |(p2) = 0 which implies thateither p = 0 or p lies in the orbit of the maximal root. Also, y = 0 by the �rst part.4. h �= f4:The decomposition of �2(p0) into its irreducible components yields that there is nosummand isomorphic to n�a+ �= W�1. Thus, {(n�a+) \ |(�2p0) = 0 which means that(31) implies that {(y) = |(p2) = 0, thus y = 0 by the �rst part.One can then show that each p 2 f4 satis�es |(p2) = 0 i� p = 0 or p lies in the orbit ofa maximal root. We omit the details.5. h �= sl(2; C ) � so(n; C ):In this case, �2W1 �= �2C � (C 
 C n�3) � (�2C n�3)0 � C IdCn�3 . On the one hand,since p0 acts trivially on the C -factor, it follows that |(�2p0) � (�2C n�3)0 � C IdC n�3 .On the other hand, n�a+ does not contain (�2C n�3)0 as a summand. Comparing thesedecompositions yields {(n�a+) \ |(�2p) � C IdCn�3 .However, a glance at the normal form (17) reveals that {(n�) \ C IdC n�3 = 0 so that(31) implies that {(y) = 0 and therefore, y = 0 by the �rst part.4.2 Real symplectic holonomy algebrasThe facts about real forms and the notation used in this section are taken from [OV, ch.3,4].Throughout this section, all vector spaces and Lie groups are assumed to be real unless theyare indexed by C .Let H � Aut(V ) be a real special symplectic holonomy group where V is a real vectorspace, let h � End(V ) be its Lie algebra and let HC � Aut(VC ) and hC � End(VC ) be thecomplexi�cations. Thus, h�V � hC �VC as a real subspace. Let CC � P(VC ) be the HC -orbitof the highest weight vector and let C := CC \RP(V ).We choose a Cartan subalgebra tC � hC and let t := tC \ h. Since hC � End(VC ) is alsoa special symplectic holonomy algebra, there is the decomposition hC = n�C � n0C � n+C andthe subalgebra pC � n0C from (10) and (12).Let a � t � h be the maximalR-diagonalizable subalgebra. Then there is a decompositionh = h0 �M�2� h� where h0 = a�m (32)for some subset � � a� and some compact subalgebra m. Then � is a root system and hasas many simple components as h. Moreover, the action of the Weyl group W� on a� leavesm invariant and is induced by conjugation by elements of H. We call an element � 2 t� realif �(t) � R which occurs i� �(m \ t) = 0. It follows that for some real � 2 t�, the orbitW� � � = (W � �) \ freal elementsg, where W denotes the Weyl group of h.Let us suppose that C 6= ;, and let v+ 2 V be an element which determines a line in C.Then we can choose tC and a fundamental Weyl chamber such that v+ lies in the dominantweight space V�0 and �0(t) � R whence �0 is a real weight. Conversely, if there is a long realweight then its weight space lies in C. Thus, C 6= ; i� there are real long weights.26



If this is the case, i.e. if �0 is real, then the weights f� j (�0; �) = r2g and the roots f� j(�0; �) = ig are invariant under conjugation so that by (8) and (10) we get the decompositionsh = n+ � n0 � n�; V = V3 � V1 � V�1 � V�3 (33)where ni = niC \ h and Vr = (Vr)C \ V . We also de�ne the analogues of N i; P and p � n0 asin (9) and (12).In terms of the Satake diagram of h, the dominant weight is real i� in the description ofthe representation of h on V via Dynkin diagrams, there are no non-zero coe�cient over ablack node, as these correspond to the roots of m. A glance at the Satake diagrams of therepresentations in question implies the following.Lemma 4.13 Let H � End(V ) be a real special symplectic holonomy group and choose amaximal R-diagonalizable subalgebra a � t � h and m as above. There are real long weightsin � i� C 6= ;. In this case, we have the decompositions (33).In particular, these conditions are satis�ed unless H � End(V ) is one of the followingreal holonomy groups:1. H = SL(2;R) � SO(n) � End(R2
Rn),2. H = Sp(1) � SO(n;H ) � End(Hn ),3. H = SU(1; 5) � End(R20),4. H = Spin(2; 10) � End(�2;10).Lemma 4.14 Let H � End(V ) be a real special symplectic holonomy group. Then eitherC = ; or H acts transitively on C.Proof. Suppose that C 6= ;. Since all Cartan algebras are conjugate, it follows that Ccontains an element in the maximal weight space V�0 w.r.t. some �xed fundamental chamber.Thus, all that remains to be shown is that v+ 2 V�0 lies in the same H-orbit as �v+.Let � 2 � be the maximal root, let (H�)C := exp(f(h�)C ; (h��)C g) � HC . Then (H�)C �=SL(2; C ) and hence, the real form H� := (H�)C \H is (up to covering) isomorphic to SL(2;R)or SU(2).Let r0 := (�0; �). Then by Proposition 3.4, r0 is odd (in fact, r0 = 1 if rk(h) � 2 andr0 = 3 if rk(h) = 1). H� leavesLr0i=0((V�0)C � (V�0�i�)C ) \ V invariant and acts on this viathe irreducible (r0 + 1)-dimensional representation. Since r0 is odd, �Id 2 H� acts as �Idon this space and thus, in particular, on V�0.Suppose now that we have a �xed decomposition of h and V from (33) and elementsv� 2 V�3 with hv+; v�i = 1 and de�ne for a constant c 6= 0 the set Sc � n+ as in (22). Wedenote its complexi�cation by (Sc)C � (n+)C . Recall that by Corollary 4.9, (Sc)C is a singlePC -orbit. 27



Proposition 4.15 Let H � End(V ) be a real special symplectic holonomy group for whichC 6= ;, �x a Cartan decomposition, v� 2 V�3 and c 6= 0 as above.Then there is a one-to-one correspondence between P -orbits of Sc and isomorphismclasses of real subalgebras p0 � p such that p0 
 C = (p0)C . This correspondence is given byassociating to each element x 2 Sc its in�nitesimal stabilizer.Proof. Evidently, the in�nitesimal stabilizer p0 of x 2 Sc must be a real form of (p0)C sinceSc = (Sc)C \ n+. Also, if two elements lie in the same P -orbit then their stabilizers areconjugate and hence isomorphic.Let p0 � p be a real form of (p0)C . Then the representation of p0 on n+ �= V1 is a real formof the representation of (p0)C on (V1)C . By Table 7, this means that there is a p0-invariantsubspace which intersects Sc for all c 6= 0. Thus, p0 is the in�nitesimal stabilizer of someelement x 2 Sc.Finally, suppose that x; x0 2 Sc have isomorphic in�nitesimal stabilizers p0 and p00, re-spectively. A glance at Table 7 shows that ((ps)C ; (p0)C ) is an irreducible symmetric pairin each case, hence so are (ps; p0) and (ps; p00). Since p0 �= p00, this implies that there is anautomorphism { : ps ! ps with {(p00) = p0. Moreover, one veri�es that each class of the outerautomorphisms of ps contains an element which leaves p0 invariant, thus { can be chosen tobe inner, hence p0 and p00 are conjugate. Therefore, after replacing x0 by an element in itsP -orbit, we may assume that p0 = p00.If H is simple then the representation of p0 on n+ has a one-dimensional invariant sub-space, hence x; x0 are linearly dependent. Since x; x0 2 Sc, we conclude that x = x0.If H is not simple then there is a two-dimensional p0-invariant subspace W0 of n+, andone veri�es directly that P acts transitively on W0 \ Sc.In Table 8, we list the real forms p0 of (p0)C in each case. Since (ps; p0) is a symmetricpair one may either calculate the possible subgroups directly, or refer to the classi�cation ofirreducible symmetric spaces in [Be2].Proposition 4.16 Let H � End(V ) be a real special symplectic holonomy group with C 6= ;,suppose a decomposition (33) and a+ 2 Sc � n+ for some c 6= 0 has been �xed, and P0 � Pand p0 � p are de�ned as in (27). Then the number of P0-orbits of solutions of (31) is asspeci�ed in Table 8.Proof. Since h � V � hC � VC , each solution (y; p) 2 n�a+ � p0 of (31) must also be asolution in the complexi�cation (n�a+)C � (p0)C . Thus, by Proposition 4.12, we have either(y; p) = (0; 0), or h is simple and p lies in the orbit of the maximal root of (p0)C , or h is notsimple and y = 0.If h is simple and (y; p) 6= (0; 0) then by Proposition 4.12 hC �= spin(12; C ), eC7 or sp(3; C ),and p 2 RC \ p0 where RC is the orbit of the maximal root of (p0)C . But RC \ p0 6= ; i� inthe Satake diagram of p0 the nodes corresponding to the simple roots of (p0)C which are notperpendicular to the maximal root are white. Verifying this condition it follows that this isthe case i� p0 � (p0)C , p � pC and h � hC are the split forms. Thus each P0-orbit of RC \ p0intersects the maximal root space. It remains to decide if p and �p lie in the same P0-orbit.28



Table 8: ps and p0 for simple real special symplectic holonomies with C 6= ;h ps V1 p0 # P0-orbitsof solutionsof (31)sl(2;R) 0 R 1sp(3;R) sl(3;R) �2R3 so(3)so(2; 1) 22sl(6;R) sl(3;R)� sl(3;R) R3
 (R3)� sl(3;R) 1su(3; 3) sl(3; C ) � A 2MC (3)A = A� � su(3)su(2; 1) 11spin(6; 6) sl(6;R) �2R6 sp(3;R) 3spin(6;H) sl(3;H) �2H3 sp(3)sp(2; 1) 11e(5)7 e(1)6 R27 f(1)4 2e(7)7 e(4)6 R27 f4 or f(2)4 1sl(2;R)� so(p; q)p � q � 1; p � 2 so(p� 1; q � 1) Rp�1;q�1 so(p� 2; q � 1)so(p� 1; q � 2) [min(p;q+1)2 ][ q2 ]If h �= sp(3;R) then we choose a basis e�1; e�2; e�3 of R6 such that h preserves thesymplectic form Pi ei ^ e�i, and let v� := e�1 ^ e�2 ^ e�3. A calculation then yields thatwe may choose a+ := c0(e21+ e2e3) for some appropriate constant c0 6= 0. Moreover, RC \ p0contains the element p := 2e1e�2� e�1e3. However, the element of H = Sp(3;R) which mapse�i 7! "ie�i with "1 = 1, "2 = "3 = �1 �xes v� and a+ and hence lies in P0 and maps p to�p.If h �= spin(6; 6) or e(5)7 then by Proposition 4.15 Sc has a single P -orbit, thus we mayassume that a+ = x�1 + x�2 + x�3 is in its normal form (17). Moreover, p2 = 0 is satis�ed ifp 2 h� where � is a long root perpendicular to �i, so we may assume this.Now, if h �= spin(6; 6) then this implies that the image of a+ � p 2 h �= so(6; 6) is apositive (negative, respectively) semide�nite plane. Hence a+ + p and a+ � p cannot beH-equivalent, hence p and �p lie in di�erent P0-orbits.On the other hand, if h = e(5)7 then there is a long root 
 with h�; 
i = 1 and h�i; 
i = 0.Letting S
 := exp(h
; h�
) then S
 �= SL(2;R), h�i is S
-invariant so that S
 � P0, andspan(h�; h��
) is a two-dimensional S
-module. In particular, �Id 2 S
 maps p to �p sothat these lie in the same P0-orbit.Finally, if h is not simple then y = 0 and p 2 so(p�1; q�2) (so(p�2; q�1), respectively) isan endomorphism with p2 = 0. It is easy to show that two such p's are P0-equivalent i� theyhave equal rank, and the rank can be any even integer� min(p�1; q�2) (� min(p�2; q�1),respectively). From this, the asserted numbers follow.29



5 Classi�cation of degenerate pairsLet H � Sp(V; h ; i) be a special symplectic holonomy group with Lie algebra h � sp(V; h ; i)and let (M;
;r) be a symplectic manifold with a symplectic connections with holonomy H.Let � : F !M be the holonomy bundle and � := a+b : F ! h�V be the curvature mapsfrom Theorem 3.6. We wish to investigate the degenerate critical points of the symplecticscalar curvature of r. By Theorem 3.6, the pull-back of this function to F coincides withthe function (a;a) : F ! F, up to multiplication by a constant. Thus, we shall investigatethe degenerate critical points of (a;a) : F ! F.Suppose that the �rst and second order derivatives of (a;a) vanish on some �ber ��1(p) �F for some p 2 M . By (6), the vanishing of the �rst derivative means that on ��1(p) wehave 0 = �v(a;a) = 2(�va;a) = 2(b � v;a) = �4 hab; vi for all v 2 V by (16), i.e.ab = 0; (34)while the vanishing of the second derivatives implies that the di�erential of (34) vanishes,which by (6) yields (b � v)b+ a(2a2 + c IdV )v = 0 for all v 2 V , (35)where c = c+ 2(a;a). Utilizing (4), we obtain(b � v)b = �3 hb; vib+ (b � b)v;so that (35) is equivalent to�3 hb; vib + (b � b)v + a(2a2 + cIdV )v = 0 for all v 2 V . (36)As it turns out, it is convenient to distinguish the following types of solutions of (34) and(36).De�nition 5.1 A pair (a;b) 2 h � V with b 6= 0 which satis�es (34) and (36) is calleddegenerate. A degenerate pair is said to be oftype 1 if c 6= 0.type 2 if c = 0 and b � b 6= 0, or rk(h) = 1.type 3 if c = 0, b � b = 0 and rk(h) � 2.Let us choose a Cartan decomposition of hh = t�M�2� h�:Then we obtain the following result.Lemma 5.2 Let (a;b) 2 h � V be a degenerate pair. Then we may replace (a;b) by anelement in its H-orbit such that the following hold:30



1. a = a0 + a+ with ai 2 ni,2. b 2 V1 and 0 6= b � b 2 n+, or b 2 V3 and b � b = 0,3. a0b = a+b = 0,4. a0(2a20 + cIdV ) = 0; (37)5. if c 6= 0 then [a0;a+] = 0 and a0 2 t.Proof. Let a = as+an be the Jordan decomposition of a into its semi-simple and nilpotentpart such that [as;an] = 0. After replacing a by an element in its H-orbit, we may assumethat as 2 t and an 2L�2�+ h�.Also, from (11) we have the decomposition a = a+ + a0 + a� with ai 2 ni. Comparingthis with the Jordan decompositions yields that a� = 0, which is the �rst assertion.Let b =Pr br with br 2 Vr be the decomposition of b 2 V .Substitute v = v+ 2 V3 into (36). Since aV3 � V3 and (b � b)V3 � V1 � V3, theV�3-component of this equation reads �3 hb�3; v+ib�3 = 0, whence b�3 = 0 and thus,hb; v+i = 0. Thus, the vanishing of the V1-component implies that (b � b)v+ � V3, i.e.b � b 2 n0 � n+ by Lemma 4.1.Next, substitute v 2 V1 into (36). By the above, both a and b�b preserve V1�V3, whencethe vanishing of the V�1-component of (36) implies�3 hb�1; vib�1 = 0 for all v 2 V1, whenceb�1 = 0 so that b 2 V1 � V3. The second assertion follows from Proposition 4.8 since N+preserves the decomposition of a.The third assertion follows from the second and the decomposition of 0 = ab = a0b+a+binto its V1- and V3-components.For v 2 Vr, r = 1; 3, the vanishing of the Vr-component of (36) implies that a0(2a20 +cIdV )v = 0 for all v 2 V1 � V3, and since a0(2a20 + cIdV )Vi � Vi for all i, this implies (37).Finally, note that 0 = [as;a] = [as;a0] + [as;a+] and since as 2 t and [t; ni] � ni, thisimplies that [a0;as] = 0. If c 6= 0 then a0 is semisimple by (37), hence so is a0 � as. On theother hand, a0 � as = an � a+ 2 L�2�+ h� is nilpotent. Therefore, a0 = as and an = a+which implies the last statement.5.1 Degenerate pairs of type 1Proposition 5.3 Let (a;b) 2 h�V be a degenerate pair of type 1. Then we can choose theCartan decomposition of h such that b 2 V� where � 2 � is a short weight, and a = a0+ a+with a0 2 t and�(a0) = 0; b � b = 2ca+; and hb; vib = (2a20 + cIdV )a+v for all v 2 V : (38)In particular, degenerate pairs of type 1 exist only for those holonomies h which have shortroots, i.e. for h �= sp(3;F), h �= sl(2;R)� so(2p+ 1; 2q) and h �= sl(2; C ) � so(2n + 1; C ).31



Proof. By Lemma 5.2, we may assume that b 2 V1 � V3 and b � b 2 n+, a = a0 + a+ witha0 2 t;a+ 2 n+ and [a0;a+] = 0. Using (37) we geta(2a2 + cIdV ) = a+(6a20 + cIdV ) + 6a0a2+ + 2a3+: (39)Let r := �0(a0). Then by (37), 2r2 2 f0;�cg. Applying (36) with v� 2 V�3, the V�1-component reads (b � b)v� + (6r2 + c)a+v� = 0 and since 6r2 + c 2 fc;�2cg, Lemma 4.1implies that b � b = kca+; where k 2 f2;�1g: (40)Suppose that b � b = 0. Then by (40), a+ = 0, i.e. a = a0 and hence by (37),a(2a2 + cIdV ) = 0. But then (36) reads �3 hb; vib = 0 for all v 2 V , implying that b = 0which was excluded.Thus, b�b 6= 0, hence by Lemma 5.2 we may assume that b 2 V1. Then the V3-componentof (36) with v = v� 2 V�3 reads 2a3+v� = 0, thus a+ and hence b � b are degenerate. Inparticular, Corollary 4.7 implies that (b � b)2 = 0 and hence, a2+ = 0. Thus, (36), (39) and(40) imply�3 hb; vib+ (6a20 + (k + 1)cIdV )a+v = 0 for all v 2 V , where k 2 f2;�1g: (41)Next, multiplying (41) by a0 and using (37) and a0b = 0 by Lemma 5.2 we get(k � 2)ca0a+ = 0:If k = �1 this would imply a0a+ = 0, and hence by (41), �3 hb; vib = 0 for all v 2 V ,thus, b = 0 which is impossible. Thus, we have k = 2, and (40) and (41) yield the last twoequations of (38).Let V = W0 �Wr �W�r be the decomposition of V into the a0-Eigenspaces. Since a0preserves h ; i, it follows that hW0;W�ri = hWr;Wri = hW�r;W�ri = 0; since [a0;a+] = 0 itfollows that a+ preserves this decomposition, and rk(a+jWr ) = rk(a+jW�r). Moreover, fromb 2 W0 and (38) we obtain a+(W0) = b.Thus, rk(a+) = 2rk(a+jWr ) + 1 is odd, and hence, by (40), so is the rank of b � b. Butthen, since b � b is degenerate, Corollary 4.7 implies that b � b lies in the orbit of h� where� 2 � is a long root such that the setS := f� 2 � j (�; �) = 1gcontains an odd number of elements. Note, however, that there is an involution � : S ! S,�(�) := �� � which has at most one �xed point � = 12�. That is to say, S contains an oddnumber of elements i� 12� 2 �. In particular, � contains short weights.Replacing b by an element in its P -orbit, we may assume that b is in its normal form(19). Since (b � b)2 = 0 and by Proposition 3.4,6. this means that2�0 = �1 + �2 + �3 = �1 + �2 + 2�:and b = b�0��1 + b�0��2 = b�+� + b���;32



where � = 12(�1��2). Since V� � V1 by Proposition 3.4,2, �0�� 2 �1, and (�0��; �2) = 1,whence � = �0 � �� �2 2 �.Let H� := exp(hh�; h��i). Then H� �= SL(2; C ) and since (�; �0) = 0 it follows thatH� � P . Moreover, since a0b = 0, we have �(a0) = �(a0) = 0 so that H� leaves a0 invariant,while it acts on V�+� � V� � V��� via the irreducible 3-dimensional representation. Thus,the H�-orbit of b either contains an element in V�+� or an element in V�. Since b � b 6= 0,the latter is the case, and this completes the proof.From this explicit description of the degenerate pairs we also get the following result bya straightforward calculation which we omit.Corollary 5.4 Let (a;b) 2 h � V be a degenerate pair of type 1. Then the image of Ra :�2V ! h generates all of h.Proposition 5.5 Let (a;b) 2 h � V be a degenerate pair of type 1, and let a = a+ + a0 bethe Jordan decomposition of a where a0 is semi-simple and a+ is nilpotent. Let b� 2 V besuch that a0b� = 0 and hb;b�i = 1. Then the linear map � : V ! h given by� (v) := 2cb � (a0v) + b� ��c2 hb; vib� � (2a20 + cIdV )v�satis�es the identity �v(a+ b) := �v+�(v)(a+ b) = 0 for all v 2 V : (42)Moreover, if we let l := stab(a;b) � h then there is no l-equivariant map � : V ! h whichsatis�es (42).Proof. We may assume that (a;b) = (a+ + a0;b) is the pair from Proposition 5.3 and thussatis�es (38). Then we may assume that b� 2 V�� and hence, b � b� 2 t. We begin byshowing the identities (b � b�)b� = �b� and b = ca+b�: (43)Here we use the notational convention that b+ = b.The second of these equations follows from the last identity in (38) with v := b� sincea0b� = 0. The second identity in (38) and (4) implies 2b = (b � b)b� = (b � b�)b + 3b,whence (b�b�)b = �b. Also, b� 2 V�� is an eigenvector of b�b� 2 t, and h(b � b�)b�;bi =h(b � b�)b;b�i = �1 from which (43) follows.By (6), we obtain �v(a) = b � v � [� (v);a];�v(b) = (2a2 + cIdV )v � � (v)b (44)Now [a;b � a0v] = b � (aa0v) = b � (a20v) + b � (a+a0v). But the second summand equals1c (a+b�) � (a0a+v) = 12c [a0; [a+; [a+;b� � v]]], by (43) and a2+ = 0. Since a+ 2 h2� and 2� isa long root, [a+; [a+; h]] � h2� and [a0; h2�] = 0, so that this term vanishes and we get[a;b � a0v] = b � (a20v):33



Next, [a;b� � ((2a20+cIdV )v)] = 1cb� ((2a20+cIdV )v)+b� � (hb; vib) by (37), (38) and (43).Finally, [a;b� � b�] = 2cb � b� by (43), and putting all of these together, �v(a) = 0 follows.For the second part, we have (b� (a0v))b = (b�b)a0v = 2ca+a0v by (4) since hb;a0vi =�ha0b; vi = 0 and by (38). Also, (b� � b�)b = (b� � b)b� � 3b� = �2b� by (4) and (43).Finally, again by (4), (b� � (2a20 + cIdV )v)b = (b � b�)(2a20 + cIdV )v � (2a20 + cIdV )v �2c hb; vib� � c hb�; vib. Now,2(b � b�)(2a20 + cIdV )v = c[a+;b� � b�](2a20 + cIdV )v by (43)= c(a+(2a20 + cIdV )(b� � b�)v�(b� � b�)a+(2a20 + cIdV )v) since [a0;b� � b�] = 0= c(hb; (b� � b�)vib�(b� � b�) hb; vib) by (38)= 2c(hb�; vib+ hb; vib�) since (b� � b�)b = �2b�Putting these together, �v(b) = 0 follows.Finally, if � : V ! h is another map satisfying (42) then � := �� � has values in l. Then(a+�)(b) = [a+; �(b)] � �(a+b) = [a+;�cb � b� + �(b)] � 0 = �b � b + [a+; �(b)]. Butsince [a+; l] = 0, we get (a+�)(b) = �b � b, i.e. a+� 6= 0.Theorem 5.6 Let (a;b) � h � V be a degenerate pair of type 1. Then there is a G-invariant symplectic connection on the total space of the homogeneous vector bundle E !G=L0 from Table 1 corresponding to holonomy group H whose curvature at any point p 2 En0is represented by (a;b). Moreover, the homogeneous space En0 = G=L is not reductive, andthe momentum map � : G=L! g� is a double covering of a coadjoint orbit.Proof. Using (7) from Theorem 3.6, it follows that the Lie algebra g of in�nitesimal sym-metries is given by g := ��v := �v+�(v) j v 2 V 	� l; (45)where l := f�x := �x j x 2 h; x � (a;b) = 0g is the stabilizer of (a;b), and there is a G-invariant symplectic connection on G=L whose curvature is represented by (a;b). Thus,Corollary 5.4 and the Ambrose-Singer Holonomy theorem [AS] imply that the holonomy ofthis connection equals all of H, and Propositions 2.7 and 5.5 imply that this space is notreductive.In order to identify g and l, it su�ces to consider the complex case, as the investigation ofthe corresponding real forms is standard. As before, we assume that (a;b) is the degeneratepair given in Proposition 5.3. We are given the explicit formulae for the vector �elds �w inProposition 5.5, and their Lie brackets in (6). First, we compute that there is a Lie algebraisomorphism between sl(2; C ) �= �2C 2 and s1 := span(�b; c�b� + 2a0;a+), given by1c�b  ! e1e2; �b� + 2ca0  ! e21; �4a+  ! e22;with a basis e1; e2 2 C 2 with det(e1; e2) = 1. 34



Let � 2 � be a weight with (�; �) � 0, � 6= � and v� 2 V�. Then one calculates that[�b; �v�] = �c(�; �)�v� ;so that these vectors lie in the �1-eigenspace or the 0-eigenspace of ad(1c�b).If h �= sp(3; C ) then we let s2 be the semisimple part of l. One calculates that s2 �=sl(2; C ). Moreover, there are two short weights �� 2 � with (�; �) = 0 and r := �(a0) 6= 0where 2r2 + c = 0. For these, we have s2 � V�� = 0. A calculation then shows that s3 :=span(a0; V��) �= sl(2; C ) with an explicit isomorphism given by2ra0  ! e1e2; v��  ! e21; v�  ! e22;where v�� 2 V�� are such that (a0; v� � v��) = 1. Also, [si; sj] = 0 for i 6= j. Finally,for all long weights � 2 � with (�; �) > 0, V� , lies in the �1-eigenspace of 1c�b, in the�1-eigenspace of the diagonal element of s2 and in the �2-eigenspace of 2ra0. Thus, we havethe decompositiong �= s1 � s2 � s3 � V1;1;2 �= so(4; C ) � so(3; C ) � (C 4 
 C 3):For weight reasons, [V1;1;2; V1;1;2] � s1� s2� s3 and it is easy to verify that [V1;1;2; V1;1;2] 6= 0.Thus, this is the symmetric pair corresponding to the Grassmannian SO(7; C )=(SO(4; C ) �SO(3; C )) which shows that g �= so(7; C ). Also, we have the explicit description of l � gwhich yields the assertion.In the case h �= sl(2; C ) � so(2n + 1; C ), the semisimple component of l is sl(n; C ) andevery weight � 2 � with � 6= � satis�es (�; �) 6= 0. On the weight vectors v� with (�; �) = 1,sl(n; C ) acts as on V � V � with V �= C n . But 1ra0 commutes with s1 � sl(n; C ) and has Vand V � as its �1-eigenspaces.Therefore, we get the decompositiong �= sl(2; C ) � gl(n; C ) � (C 2 
 (V � V �)):Again, for representation theoretic reasons, [C 2 
 (V � V �); C 2 
 (V � V �)] � sl(2; C ) �gl(n; C ) and a calculation shows that this bracket does not vanish. Therefore, we obtain thesymmetric pair corresponding to the \Grassmannian" SL(n+ 2; C )=(S(GL(2; C ) �GL(n; C ))which shows that g �= sl(n+ 2; C ).From the explicit calculations, we �nd that l � l0 is the stabilizer of the maximal weight ofthe representation of L0 on W where l0 is the Lie algebra of L0 and E = G�L0W ! G=L0 isthe homogeneous vector bundle corresponding to holonomy group H from Table 1. Whence,G=L is equivalent to En0. That � : G=L ! g� is a double covering of a coadjoint orbitfollows from another explicit calculation which we omit.Of course, Corollary 2.6 already implies that �(G=L) � g� must be a coadjoint orbit sinceH1(g; g�) = 0 for simple g by the Whitehead Lemma [HS].35



5.2 Degenerate pairs of type 2 or 3Lemma 5.7 If (a;b) 2 h�V is a degenerate pair of type 2 or 3 for some special symplecticholonomy algebra h then b � b is degenerate.Proof. Suppose there is a solution of (34) and (36) with c = 0. Using the decomposition ofa from Lemma 5.2, we may assume that b 2 V1�V3 and b�b 2 n+ and that a0 is nilpotent.Since V�3 are Eigenspaces for a0, it follows that a0V�3 = 0. Then the V�1-component of (36)with v = v� 2 V�3 yields0 = (b � b)v� + 2a20a+v� = ((b � b) + 2[a0; [a0;a+]])v�;and hence by Lemma 4.1, b � b = �2[a0; [a0;a+]] = �2(a20a+ � 2a0a+a0 + a+a20). But now,expanding (b�b)3 and using a30 = 0 from (37) and a0V�3 = 0, it follows that (b�b)3v� = 0,i.e. b � b is degenerate as claimed.Proposition 5.8 Let h � End(V ) be a complex symplectic holonomy algebra and �x adecomposition of V and h as in (8) and (11). Let v� 2 V�3 be such that hv+; v�i = 1 andde�ne Sc � n+ as in (22). Fix an element a+ 2 S 32 � n+, i.e.a3+v� = 32v+ (46)and let P0 � P , p0 � p, n�a+ � n� and W�1 � V�1 as de�ned in (27), (28) and (29).Then (a;b) 2 h � V is a degenerate pair of type 2 or 3 i� the H-orbit of (a;b) containsa pair of the form (a+ + a0 + a�; v+ � 2a�a2+v�) where a0 2 p0 and a� 2 n�a+ are such that|(a20) = �3{(a�) (47)with {; | from (30).Proof. Suppose that (a;b) satis�es (34) and (36) with c = 0. By Lemma 5.7 and Proposi-tions 4.8 we may change (a;b) to an element in its H-orbit such thatb = v+ + 14(b � b)v�:Also, we decompose a according to (11) asa = ~a+ + a0 + a� with ~a+ 2 n+;ai 2 ni:Now, the V3-component of (36) with v = v� reads�3v+ + 2~a3+v� = 0;and thus, by (46) and Corollary 4.9, we may replace (a;b) by an element in its P -orbit andassume that ~a+ = a+:36



Then one veri�es easily that (34) implies a0V3 = 0 so that a0 2 p and a�v+ + 14a+(b �b)v� = 0. Moreover, 0 = [a;b � b] = [a+;b � b] + [a0;b � b] + [a�;b � b]. But by (11),[a+;b � b] 2 [n+; n+] = 0, [a�;b � b] 2 [n�; n+] � n0 and [a0;b � b] 2 [n0; n+] � n+, so thatwe obtain a0 2 p; [a�;b � b] = [a0;b � b] = 0; a�v+ + 14a+(b � b)v� = 0: (48)Since a+a�V3 � V3, there is an r 2 C witha+a�v+ = rv+ and a�a+v� = rv�; (49)because ha�a+v�; v+i = hv�;a+a�v+i. Now, decomposing (36) with v = v� into its Vr-components and using that a0v� = a�v� = 0 and (46) yields:0 = 0;2(a+a0a+ + a0a2+)v� = 0;(14(b � b) + 2(ra+ + a�a2+ + a20a+))v� = 0;2a�a0a+v� = 0: (50)Since a0 2 p we have a0a+v� = [a0;a+]v� and a0a2+v� = 2a+[a0;a+]v� by (21) so that thesecond equation in (50) implies a+[a0;a+]v� = 0:But now, since a+ is non-degenerate, Corollary 4.10 implies that [a0;a+]v�, and thus, byLemma 4.1, [a0;a+] = 0, i.e. a0 2 p0. But then, (48) implies that a0a�v+ = �14a0a+(b �b)v� = �14a+(b � b)a0v� = 0, hence [a0;a�]v+ = 0, so that, by Lemma 4.1,[a0;a�] = 0; a0 2 p0: (51)With this, (50) yields a�a2+v� = ��18(b � b) + ra+� v�: (52)Next, note that (ad(n+))3(n�) = 0 by (11), so that0 = [a+; [a+; [a+;a�]]] = a3+a� � 3a2+a�a+ + 3a+a�a2+ � a�a3+: (53)Thus, we get0 = (a3+a� � 3a2+a�a+ + 3a+a�a2+ � a�a3+)v�= 0� 3ra2+v� � 3a+ �18(b � b) + ra+� v� � 32a�v+ by (46), (49) and (52)= �6ra2+v� by (48):This means that r = 0, and with (29), this means thata+a�V�3 = a�a+V�3 = 0 and a� 2 n�a+ : (54)Moreover, 8[a+; [a+;a�]]v� = 8(a2+a� � 2a+a�a+ + a�a2+)v� = �(b � b)v� by (52) and(54), and since [a+; [a+;a�]];b � b 2 n+, Lemma 4.1 implies thatb � b = �8[a+; [a+;a�]]; b = v+ � 2a�a2+v�: (55)37



Using (55) and decomposing (36) with v 2 V�1 into its Vr-components yields�6(a2+a� � 3a+a�a+ + a�a2+)v + 6a20a+v = 02(a30 + 3a0a�a+)v = 02a2�a+v = 0: (56)The last equation together with Corollary 4.10 implies that a2�V1 = 0 and hence, ha�v+; V1i =
v+;a2�V1� = 0, i.e. a2� = 0.On the other hand, [a�; [a�;a+]]v+ = (a2�a+ � 2a�a+a� + a+a2�)v+ = 0 by the aboveand (54) and hence by Lemma 4.1, [a�; [a�;a+]] = 0, i.e.a2� = a�a+a� = 0: (57)Since a2+v 2 V3, it follows that a2+v = 
a2+v; v�� v+ = ��(v;a+v�)v+ with � = �a+from (26) and thus, a�a2+v = ��(v;a+v�)a�v+ = �2�(v;a+v�)a+a�a2+v� by (48) and (55).Substituting this into the �rst equation of (56) yields�6a+((a+a� � 3a�a+ � a20)v � 2�(v;a+v�)a�a2+v�) = 0for all v 2 V�1, and since a+ is non-degenerate, Corollary 4.10 yieldsa20v = (a+a� � 3a�a+)v � 2�(v;a+v�)a�a2+v� for all v 2 V�1. (58)Note that the �-orthogonal projection � : V�1 ! W�1 is given by �(v) = v+23�(v;a+v�)a+v�,and from there it is straightforward to verify that (58) is equivalent to (47).Conversely, suppose the orbit of (a;b) contains an element of the form (a++a0+a�; v+�2a�a2+v�) with a0 2 p0 and a� 2 n�a+ such that |(a20) = �3{(a�). By (29) we have also (55).If a� 6= 0 then h �= sp(3; C ) and p0 �= sl(2; C ) by Proposition 4.12, and a� 2 n�a+ liesin the orbit of the maximal weight vector. From there, one sees easily that a2� = 0 and[a0;a�] = 0. Thus, we may assume the latter equations for any h.By (46), (53) and (54) we get 0 = (a3+a��3a2+a�a++3a+a�a2+�a�a3+)v� = 3a+a�a2+v��32a�v+, and from this, ab = 0 follows.A straightforward calculation then shows that (36) follows from (46), (55), the identitiesa2� = 0 and [a0;a�] = 0, and (47) which is equivalent to (58).Therefore, Propositions 4.12 and 5.8 immediately yield the followingTheorem 5.9 Let H � Aut(V ) be a complex symplectic holonomy group with holonomyalgebra h. Choose v� 2 V�3 with hv+; v�i = 1 and a non-degenerate a+ 2 n+ with a3+v� =32v+ and de�ne p0 � p as in (27). Then (a;b) 2 h� V is a degenerate pair of type 3 i� oneof the following holds.1. h �= sl(2; C ) � so(n; C ) and the H-orbit of (a;b) contains a pair (a+ + a0; v+) wherea0 2 p0 is such that a20 = 0. The P0 �= SO(n � 3; C )-orbit of a0 2 p0 with a20 = 0 isdetermined by the rank of a0 which can be any even integer � n�32 . Thus, there areexactly [n+14 ] such orbits. 38



2. h �= sl(2; C ), h �= sp(3; C ) or h �= sl(6; C ) and (a;b) lies in the H-orbit of the pair(a+; v+).3. h �= spin(12; C ) or h �= eC7 and (a;b) lies in the H-orbit of the pair (a++a0; v+), whereeither a0 = 0 or a0 is a long root vector of p0.Moreover, (a;b) 2 h � V is a degenerate pair of type 2 i� h �= sl(2; C ) and (a;b) liesin the H-orbit of the pair (a+; v+), or h �= sp(3; C ) and (a;b) lies in the H-orbit of the pair(a+ + a0 + a�; v+ � 2a�a2+v�) where a0 2 p0 �= sl(2; C ) is a root vector and a� is uniquelydetermined by (47).Corollary 5.10 Let H � Aut(V ) be a real symplectic holonomy algebra.1. There are no degenerate pairs of type 2 or type 3 if C = ;, i.e. for those holonomygroups listed in Lemma 4.13.2. If H satis�es C 6= ; then there is a one-to-one correspondence between H-orbits ofdegenerate pairs of type 2 and type 3, and P0-orbits of solutions of (31) for a �xedv+ 2 C and a+ 2 S 32 . In particular, the number of such orbits is the one speci�edin Table 8 on page 29. Moreover, for both H = SL(2;R) and H = Sp(3;R), there isexactly one H-orbit of degenerate pairs of type 2.Proof. In the proof, we use the notational conventions of section 4.2.If (a;b) 2 h � V � hC � VC is a degenerate pair of type 3 then [b] 2 C, hence the �rstpart follows from Lemma 4.13. Moreover, by Lemma 4.14, we may assume that b = v+ 2 V3for some �xed decomposition of V and h as in (33), and a = a+ + a0 with a+ 2 S 32 and|(a20) = 0. Any two such pairs (a; v+) lie in the same H-orbit i� they lie in the same P -orbit,and the statement then follows from Proposition 4.16.If (a;b) 2 h� V � hC � VC is a degenerate pair of type 2 then, by Theorem 5.9 we musthave H = Sp(3;R), hence C 6= ;. Again Lemma 4.14 and Proposition 4.16 apply.Proposition 5.11 Let H � Aut(V ) be a (real or complex) special symplectic holonomygroup. If (a;b) 2 h � V is a symmetric pair of type 2 or type 3 then the image of Ra :�2V ! h generates all of h.Proof. Clearly, it su�ces to show the assertion in the case where H is complex. By The-orem 5.9 we may assume that a = a+ + a0 + a� with ai 2 ni, a+ non-degenerate and[a�;a0] = 0. Again, we �x elements v� 2 V�3 such that hv+; v�i = 1.We let h � h be the Lie algebra generated by the image of Ra. Let v 2 V�1. Thenv � v� = 0 by (11), thus, 0 = [a+; v � v�] = (a+v) � v� + v � (a+v�). Moreover, hv; v�i = 0.Therefore, Ra(v; v�) = v�(a+v�)�v��(a+v) = �2v��a+v, again by (11). By Corollary 4.10,this means that h � V1 � V�3. But each w 2 V1 can be written as w = xv+ for some x 2 n�,so that w � v� = [x; v+ � v�] = �2x by (14), so that n� � h.39



Now, Ra(v+; v�) = 2a+ v+ � (a+v�)� v� � (a�v+) = 2a+ [a+; v+ � v�]� [a�; v+ � v�] =2a + 2a+ + 2a� by (14), i.e. 2a+ + a0 2 h. But then, [2a+ + a0; n�] = [a+; n�] mod n� sothat [a+; n�] � h. Also, [2a+ + a0; [a+; n�]] = 2[a+; [a+; n�]] + [a+; [a0; n�]] and since thesecond summand lies in [a+; n�] � h, it follows that [a+; [a+; n�]] � h, hence n+ � h byCorollary 4.10.It remains to show that n+ and n� generate all of h. Let � 2 �0, and let � 2 � bea weight for which (�; �) 6= 0. By Proposition 3.4, � = �0 � �1 for some �1 2 �1, andsince (�0; �) = 0 by de�nition of �0, it follows that (�;�1) 6= 0. Choose " = �1 suchthat �" := � + "�1 is a root. Moreover, we let ��" := �"�1. Evidently, ��1 2 ��1 and� = �1 + ��1. Therefore, h� = [h�1; h��1] � [n+; n�] � h, so that h contains all root spacesh� and hence, h = h as claimed.5.2.1 Degenerate pairs of type 2If H is a special symplectic holonomy group then by Theorem 5.9, degenerate pairs of type 2may exist only if (the complexi�cation of) H equals SL(2; C ) or Sp(3; C ), i.e. H = SL(2;F)or H = Sp(3;F) for F = R or C , and V = �3F2 or V = (�3F6)0, respectively.The case where H = SL(2;F) has been treated in [Br1, S1]. It follows that there is exactlyone degenerate pair of type 2 which represents the curvature of a homogeneous symplecticconnection on the coadjoint orbit speci�ed in Table 2. This homogeneous space is known tobe reductive [S1].Thus, we shall concentrate on the case where H = Sp(3;F). We �x a basis e�i, i = 1; 2; 3of F6 such that the symplectic form ! =Pi ei ^ e�i is H-invariant, and the symplectic formh ; i on V is determined by the equation�6 � ^ � = h�; �i!3 for all �; � 2 V .To convenience our notation, we let �ijk := ei ^ ej ^ ek and �i := ei ^ (ej ^ e�j � ek ^ e�k)where (jij; j; k) is an even permutation of (1; 2; 3). Evidently, �i 2 V spans the weight spaceof weight �i while �ijk spans the weight space of weight �i+ �j+ �k if fjij; jjj; jkjg = f1; 2; 3g.We let v� := ��1;�2;�3 so that hv+; v�i = 1, and set V�3 = spanfv�g and V�1 :=spanf��i;�j;�k j i; j; k = 1; 2; 3gg \ V . Then (8), (10), (11) and (12) are satis�ed if we letn� = spanfe�ie�j j i; j = 1; 2; 3g and n0 = spanfeie�j j i; j = 1; 2; 3g, viewing ni � �2(V ) �=H. Evidently, n0 �= gl(3;F) so that p = ps �= sl(3;F).By Theorem 5.9, the (unique) H-orbit of a degenerate pair of type 2 contains the element(a+ + a0 + a�; v+ � 2a�a2+v�) with a+ = c0(e21 + e2e3) for some constant c0 and a0 =2e1e�2 � e�1e3. Moreover, (47) implies that then a� = �2e2�2, and a+ 2 S 32 i� c0 = �12 .Consider the transformation � 2 End(F6) with �(ei) = ~ei where~e1 = �12(e1 � 2e�2) ~e2 = (e2 � 2e�1) ~e3 = e3~e�1 = �12(e2 + 2e�1) ~e�2 = 14(e1 + 2e�2) ~e�3 = e�3One veri�es that � 2 H and hence the H-orbit of any degenerate pair (a;b) of type 2 containsthe element ��1(a;b) = (�2e21 + e�1e3; 2�3): (59)40



The in�nitesimal stabilizer of this pair is the Lie subalgebral = l0 � l1;where l0 := spanfe2�2; e2e�2g �= sl(2;F);l1 := spanfe�2e3; e23; ��1(a)g:Evidently, [li; lj] � li+j. Also, one calculates that the linear map � : V ! h given by� (��1;�2;3) := 0� (��1;�2;�3) := �4e�2e�3� (�1;�2;�3) := e�1e�2 � (�1) := �2e21; � (��1) := 4e3e�3� (�3) := 4e1e3; � (��3) := 4e1e�3 + 12e2�1� (��2) := �4e1e�2satis�es the identity �v(a+ b) := �v+�(v)(a+ b) = 0 for all v 2 V : (60)If there was a l-equivariant map � : V ! h satisfying (60) then � = �+� with � : V ! l. Butthen, since a�3 = 0, we would have 0 = [a; �(�3)] = [a; 4e1e3+�(�3)] = �4e23+[a; �(�3)], andsince [a; �(�3)] 2 [a; l] = 0 this yields a contradiction. Thus, there cannot be a l-equivariantmap � : V ! h satisfying (60), i.e. the corresponding homogeneous space is not reductiveby Proposition 2.7.Next, one veri�es that the map���1  ! 4e1e2; ��1+3a  ! e22; ���3  ! e21yields a Lie algebra morphism between s := spanf���1; ��1+3a; ���3g and sl(2;F) �= �2F2.Decomposing the symmetry algebra g = l � f�v j v 2 V g as a s � l0 �= sl(2;F) � sl(2;F)-module, one obtains g �= s� l0 � V3;1 � V1;1 � V2;0:Moreover, 0 6= [V3;1; V3;1] � s � l0, and from there it follows that s � l0 � V3;1 �= g2, andV1;1 � V2;0 is the (unique) non-trivial 7-dimensional g2-module. Finally, one veri�es thatV1;1 � V2;0 is abelian, so that in conclusion we haveg �= 8<: g4;32 oR7 if F = RgC2 o C 7 if F = C ;where g4;32 stands for the (unique) non-compact real form of the exceptional Lie algebra gC2 .Another calculation then yields that the element � 2 g� determined by�(��1(a)) = ��(��1) = 18 ; �(��) = 0; all weights � 6= �1; �([l; l]) = 0satis�es the identity (3). Therefore, the homogeneous space G=L is the coadjoint G-orbit ofG � � � g� with its canonical symplectic form by Corollary 2.6, and its holonomy is all of Hby Corollary 5.11. In conclusion, we have the following41



Theorem 5.12 Let (a;b) � h � V be a degenerate pair of type 2. Then there exists a Liegroup G and a coadjoint orbit � := G � � � g� for some � 2 g� with its canonical symplecticstructure and a G-invariant symplectic connection on � whose holonomy is conjugate toH and whose curvature is represented by (a;b). This homogeneous space is reductive ifrk(H) = 1 and not reductive otherwise. The possible choices for � 2 g� are listed in Table 2.5.2.2 Degenerate pairs of type 3By Theorem 5.9 and Corollary 5.10, we may assume that a degenerate pair of type 3 is ofthe form (a;b) = (a+ + a0; v+) with v+ 2 V3, a+ 2 S 32 � n+ and a0 2 p satisfying a20V = 0.First of all, we determine the stabilizer algebra l := fx 2 h j [x;a] = x � b = 0g.Lemma 5.13 Let (a;b) = (a+ + a0; v+) 2 h � V be the degenerate pair of type 3 fromTheorem 5.9. Then l = l1 � l0 wherel1 := l(n�);l0 := l \ p0 = fn0 2 p0 j [n0;a0] = 0g;and with the map l(n�) := [a+; [a+ � a0; n�]] for all n� 2 n�: (61)Moreover, [l0; li] � li for i 2 f0; 1g, and l : n� ! l1 is an l0-equivariant isomorphism.Proof. It is straightforward to verify that l0; l1 � l, [l0; li] � li and l is l0-equivariant bydirect veri�cation.By Corollary 4.10 it follows that l is injective, thus an isomorphism onto its image l1,and that l0 \ l1 = 0. Finally, let x 2 l. Since xv+ = 0, we have x = x+ + x0 withx+ 2 n+ and x0 2 p, and by Corollary 4.10, x+ = [a+; [a+; x�]] for some x� 2 n�. Thus,x� l(x�) 2 l \ p = l0 which shows that l = l0 � l1.For n�;m� 2 n�a+ , we de�ne �1(n�;m�) 2 n�a+ and �0(n�;m�) 2 C by the equationn�m�v+ = �1(n�;m�)a2+v� + �0(n�;m�)a+v�: (62)Clearly, �1 : �2n�a+ ! n�a+ and �0 : �2n�a+ ! C are linear and p0-equivariant. Indeed, therelation of �0 and � = �a+ from (26) is determined by �0(n�;m�) = �23�(n�m�v+;a+v�) =�23 
a2+v�; n�m�v+�.Furthermore, we shall also need the following maps.Lemma 5.14 The following identities yield well de�ned p0-equivariant linear maps.�2 : �2n�a+ �! l0;�2(n�;m�) := [[a+; n�]; [a0; [a+;m�]]] + [[a+;m�]; [a0; [a+; n�]]]�3 : �2n�a+ �! l0;�3(n�;m�) := [[a+; [a0; n�]]; [a+; [a0;m�]]]:42



Proof. It is evident that �i(n�;m�) 2 n0 and that �i is p0-equivariant for i = 2; 3. To seethat �i(n�;m�) 2 l0, note that [a+; n�a+]v+ = a0v+ = 0, thus �i(n�;m�)v+ = 0.Also, [a0; [a0; [a+; n�a+]]] = [a+; [a0; [a0; n�a+ ]]] = 0 since [a0; [a0; n�a+]] = 0 which impliesthat [a0; �i(n�;m�)] = 0.Finally, one calculates that �i(n�;m�)a+v� = 0 which implies that [a+; �i(n�;m�)] = 0by Lemma 4.1.Proposition 5.15 Let (a;b) = (a+ + a0; v+) 2 h� V be a degenerate pair of type 3. Thenthe linear map � : V ! h given by� (v+) := 0� (n�v+) := 0 for all n� 2 n�� (n+v�) := �[n+; (a2+v�) � v�] + 2[a0; n�] where n� 2 n�, n+ = ad(a+)2n�� (v�) := �(a2+v�) � v�:satis�es the identity �v(a+ b) := �v+�(v)(a+ b) = 0 for all v 2 V : (63)Moreover, if we let l := stab(a;b) � h then there is no l-equivariant map � : V ! h whichsatis�es (63).Proof. Again, we have to show that (44) holds. We have b = v+ and thus, v+�(V1�V3) = 0and a2(V1 � V3) = 0 which implies (44) for all v 2 V1 � V3.For v = v�, we calculate[a; � (v�)] = �[a; (a2+v�) � v�]= �[a+; (a2+v�) � v�]= �v+ � v� = �b � v� by (15),and ((a2+v�) � v�)v+ = ((a2+v�) � v+)v� � 2a2+v� = �2a2+v� = �2a2v� by (4) and since(a2+v�) � v+ 2 V1 � V3 = 0. This shows (44) for v 2 V�3.Next, for v 2 V�1, i.e. for v = n+v�, some n+ 2 n+, we calculate { using (14) repeatedly[a; � (v)] = [a; [n+; � (v�)] + 2[a0; n�]]= [n+; [a; � (v�)]] + [[a; n+]; � (v�)] + 2[a; [a0; n�]]= �[n+; v+ � v�] + [[a0; n+]; � (v�)] + 2[a+; [a0; n�]]= �v+ � (n+v�) + [a0; [n+; � (v�)]] + 2[a0; [a+; n�]] since [a0; � (v�)] = 0= �b � v + [a0; [[a+; [a+; n�]]; � (v�)] + 2[a+; n�]];and[[a+; [a+; n�]]; � (v�)] = [a+; [[a+; n�]; � (v�)]]� [[a+; n�]; [a+; � (v�)]]= [a+; [[a+; n�]; � (v�)]] + [[a+; n�]; v+ � v�]= [a+; [[a+; � (v�)]; n�]] since [a+; n�] 2 n0= �[a+; [v+ � v�; n�]]= �2[a+; n�] 43



so that [a; � (v)] = �b � v as claimed. Finally, � (n+v�)b = ([n+; � (v�)] + 2[a0; n�])v+ =2n+a2+v� + 2a0n�v+ = 2a2+n+v� + 4a0a+n+v� = 2a2n+v�.We shall demonstrate the last assertion about the non-existence of an l-equivariant map� : V ! h satisfying (63) only for the case where a0 = 0 as the general case works analogouslybut with further calculations. Suppose therefore that such an l-equivariant map � exists, sothat � : � � � takes values in l � n0 � n+.Since � (l(n�)v�) = [l(n�); � (v�)] it follows that �(l(n�)v�) = [l(n�); �(v�)] 2 n+, hence�(V�1) � n+. Likewise, �(a+l(n�)v�) = [a+; � (l(n�)v�)] + [a+; �(l(n�)v�)] = �2l(n�) since[a+; �(l(n�)v�)] 2 [n+; n+] = 0, i.e.�(a+n+v�) = �2n+ for all n+ 2 n+: (64)Now let n�;m� 2 n�a+, set (n+;m+) := ad(a+)2(n�;m�). De�ne c 2 F and x 2 n+a+ by theidentity n+m+v� = a+(ca+ + x)v�. Then[n+; �(m+v�)] = [n+; � (m+v�)] since [n+; �(m+v�)] 2 [n+; n+] = 0= �(a2+v�) � (n+m+v�) since n+;m+ 2 n+a+= �(a2+v�) � (ca2+v� + xa+v�)= �c(a2+v�) � (a2+v�)�[x; (a2+v�) � (a+v�)]= 4ca+ + x by (14) and (15);while �(n+m+v�) = �2(ca++x) by (64). Thus, (n+�)(m+v�) = 6ca++3x = 0 i� n+m+v� =0. Hence, we must have (n+a+)2v� = 0 which is a contradiction.Now let us determine the structure of the symmetry algebra g from (45) for these exam-ples.Theorem 5.16 Let (a;b) 2 h� V be the degenerate pair of type 3 from Theorem 5.9, let gbe the symmetry algebra from (45), G be a Lie group with Lie algebra g and L � G be theLie subgroup corresponding to the Lie subalgebra l � g.Then there is a G-invariant connection with special symplectic holonomy H on the ho-mogeneous space G=L whose curvature at any point is represented by (a;b).Moreover, we have g �= sl(2;F) � l0 � V�
1 � V�
� � V1
�; (65)where the last three summands are modules of the �rst two, and where F = R or C . Here, 1denotes the trivial representation of either summand, � denotes the standard representationof sl(2;F) and � the representation of l0 on n�a+ .The bracket relations of these modules is given as follows:[e; f ] = 0;[e; n�] = 0;[e; f 
 n�] = �36 he; fi [a0; n�];[e
 n�; f 
m�] = 18(6�0([a0; n�];m�)ef�he; fi (�1(n�;m�) + 2�0(n�;m�)a0 + 4�2(n�;m�)));[e
 n�;m�] = �3�0(n�;m�)e+ e
 (�1([a0; n�];m�)� 12�1(n�; [a0;m�]));[n�;m�] = ��1([a0; n�];m�) + �1([a0;m�]; n�)�8�0([a0; n�];m�)a0 + 4�3(n�;m�); (66)44



where, e; f 2 F2, n�;m� 2 n�a+ and where h ; i denotes the determinant of F2 .Proof. We proceed similarly as in the proof of Theorem 5.6. Namely, we are given theexplicit formulae for the vector �elds �w in Proposition 5.15, and their Lie brackets in (6).First, we calculate that there is a Lie algebra isomorphism between sl(2;F) �= �2F2 ands1 := span(�a+v� ; �a2+v� + 5a+ + a0; �v�), given by�a+v�  ! 3e1e2; 2�v�  ! 9e21; 2(�a2+v� � 5a+ � a0) ! 3e22;with a basis e1; e2 2 F2 with he1; e2i = 1. Obviously, [s1; l0] = 0 so that g contains s1 � l0 asa subalgebra.Next, one veri�es that the following yield s1� l0-equivariant embeddings of V�
1�V�
��V1
� into g:2(�a2+v� + 4a+ + 2a0)  ! e19�v+  ! e2 2�n�a2+v�  ! e1 
 n�3(�n�v+ + 23�[a0;n�]a2+v� � 4l(n�))  ! e2 
 n��n�v+ � 23�[a0;n�]a2+v� + 2l(n�)  ! n�The asserted bracket relations are then shown by a cumbersome but straightforward calcu-lation.From the description of the Lie algebra g in Theorem 5.16 one can now give an explicitdescription of g by a case-by-case investigation. To get a 
avour of the arguments involved,we discuss the case h �= sl(2; C ) � so(n; C ) in some more detail below.If h �= sl(2; C ) � so(n; C ) and rk(a0) = 2k � n�32 , then one veri�es easily that l0 =sp(k; C )� so(n�4k�3)�V�k
��V�2
1�V1 and � = V1
��2V�k
1�V1 where �k; � denotethe standard representations of sp(k; C ) and so(n�4k�3; C ), respectively, and �2 denotes thesecond fundamental representation of sp(k; C ). Since �1 : �2n�a+ ! n�a+ and �3 : �2n�a+ ! l0are l0-equivariant, this decomposition implies that �i(2V�1
�k
1) = 0 and thus, by (66),0 6= [2V�1
�k
1; 2V�1
�k
1] � sl(2; C ) � sp(k; C ). Thus, (sl(2; C ) � sp(k; C ); V�1
�k
1) is asymmetric pair, whence sl(2; C ) � sp(k; C ) � V�1
�k
1 �= sp(k + 1; C ).From (65) we then get the decomposition g �= sp(k+1; C )� so(n�4k�3; C )�V�k+1
��V1
��V�2
1�2V�k+1
1�2V1, and from (66) we get the bracket relations described in Table 3.Proposition 5.17 The homogeneous spaces G=L from Theorem 5.16 are not reductive andare not equivalent to a coadjoint orbit in g�, i.e. there is no � 2 g� which satis�es (3).Proof. The non-reductivity follows from Propositions 2.7 and 5.15. Next, from (66) onecalculates that � 2 g� satis�es (3) i� � satis�es the following conditions:on sl(2;F): �(e22) = 16; �(e21) = �(e1e2) = 0on l0: �(a0) = 14 ; �(�2(�2n�a+)) = �([l0; l0]) = 0on V�;1: �(e1) = �1; �(e2) = 0�(V�
� � V1
�) = 0: 45



Thus, such an � 2 g� exists i� a0 =2 �2(�2n�a+) + [l0; l0].In particular, a0 6= 0 and thus, by Theorem 5.9, hC must be spin(12; C ), eC7 or sl(2; C ) �so(n; C ).In the �rst two cases, a0 lies in the orbit of a long root in p0, say �. Let � be aroot of p0 with (�; �) = 1. Then the root spaces (p0)�; (p0)��� � l0, thus, a0 2 (p0)� =[(p0)�; (p0)���] � [l0; l0], so in these cases, there cannot exists � 2 g� satisfying (3).Next, let us suppose that hC = sl(2; C ) � so(n; C ) and rk(a0) = 2k > 0, so that n�a+ =V1
� � 2V�k
1 � V1 as a sp(k) � so(n � 4k � 3)-module. Using the de�nitions it is theneasy to calculate that �2(2V�k
1; 2V�k
1) = sp(k) � V�2
1 � V1 and a0 2 V1. So in this case,a0 2 �2(�2n�a+) and there cannot be an � 2 g� satisfying (3) either.6 Proofs of the main resultsAs before, we let (M;
;r) be a symplectic manifold with a connection of special symplecticholonomy and let � : F ! M be its holonomy bundle and � := a + b : F ! h � V be themap from Theorem 3.6. Throughout this section, we de�ne F0 � F and M0 �M byF0 := fp 2 F j b(p) = 0g; M0 := �(F0):Since F0 is H-invariant, it follows that the restriction � : F0 ! M0 is again a principalH-bundle, and M0 is the set of symmetric points, i.e. of those p 2M with (rR)p = 0.Suppose that M0 = M , i.e. b � 0. Then it follows that rR � 0, i.e. r is locallysymmetric. Thus, the curvature tensor Rp must be invariant under the holonomy groupat p 2 M . But Proposition 3.3 implies that there are no non-trivial H-invariant curvaturetensors which means that the holonomy must be a proper subgroup of H which is excluded.Thus, M0 �M and F0 � F are proper closed subsets.Proof of Theorem 1.1. The constancy of the symplectic scalar curvature and De�nition 5.1implies that �(FnF0) consists of degenerate pairs. Note that for degenerate pairs (a;b) oftype 2 or 3, a is nilpotent and hence, (a;a) = 0. Thus, by the non-vanishing of the symplecticscalar curvature, �(FnF0) must consist of degenerate pairs of type 1.De�ne �s : F ! h by �s := a � 12cb � b. Since �s is analytic by Theorem 3.6,3, (37) and(38) imply that �s(2�2s + cIdV ) = 0 and �s(p) is the semisimple part of a(p) for all p 2 F .In particular, the image of �s consists of a single H-orbit of a semi-simple element of h.Fix as 2 �s(F ), let L0 � H be the stabilizer of as and l0 � h be the Lie algebra of L0.Let Fs := ��1s (as) � F; whence F = Fs �L0 H: (67)Then the H-equivariance of �s implies that � : Fs !M is a principal L0-bundle. Moreover,by Lemma 5.2,3 the restriction bjFs takes values in W := ker(as) � V . For v 2 W we have�v(b) = cv by (6) where �v 2 X(F ) is the vector �eld determined by �(�v) = v, !(�v) = 0.Thus, b : Fs ! W is an L0-equivariant local submersion.Let us assume that Fs is simply connected. For all p 2 Fs, ker(d(bjFs)p) = ker(d�p) by(38), whence by Theorem 3.6,5 there is a (g � l0)-equivariant immersion { : Fs ! G �W46



such that b = pr2 � { with the projection pr2 : G � W ! W . By (67), { extends to an(g� l0)-equivariant immersion| : F ! G �L0 (W �H) =: Fmax:The (g� l0)-equivariance of { implies that the connection coframe and the curvature mapextend to Fmax, i.e. there is a G-invariant h � V -valued coframe �̂ + !̂ on Fmax such that|�(�̂ + !̂) = � + ! and a g-invariant function �̂ : Fmax ! h � V such that |�(�̂) = �. Thus,(�̂; !̂) and �̂ = â+ b̂ also satisfy (6).All of this implies now that the principal H-bundle �̂ : Fmax ! G �L0 W =: E is anH-structure with a symplectic connection of special symmetric holonomy H with constantnon-zero symplectic scalar curvature, and there is a connection preserving G-equivariantimmersion | : M ! G �L0 W . Thus, every manifold with a symplectic connection ofnon-zero symplectic scalar curvature is locally equivalent to the G-invariant connection onE. We shall now show the asserted properties of the connection on E and omit the super-scripts .̂ Thus, F = G�L0 (W�H) and Fs = G�W , b : Fs !W is the canonical projectionand a = as + 2cb � b. Moreover, F0 = G�L0 (f0g �H) and E0 � E is the 0-section.Let v 2 as(V ). By (6), �asv(�s) = 0, thus the vectors �asv are tangent to F0 \ Fs =G � f0g �= G. In fact, E0 = �(F0 \ Fs) and ��(�asV ) = TE0, whence E0 is totally geodesicand the connection restricts to the symmetric connection on E0 = G=L0.Moreover, for v 2 W = keras we have �v(�s) = 0 by (6), whence �v is tangent to Fs forall v 2 W . We claim that l0 � f�v j v 2 Wg spans the tangent spaces of L0 �W � Fs. Thisis evident on the set L0�f0g, while on its complement, it follows from Proposition 5.5, since� (v) 2 l0 for all v 2 W .Thus, the �bers of E ! G=L0 are totally geodesic, and since the horizontal distributionH on E induced by the symmetric connection on G=L0 is spanned by f��(�asv) j v 2 V g, itfollows that H is symplectically orthogonal to the �bers as claimed.Proof of Theorem 1.2. (1) =) (2): Since M0 �M is invariant under the local symmetrygroup, the local homogeneity implies that M0 � M and F0 � F is open. Since M0 is alsoclosed and M0 is a proper subset of M , we must have M0 = ;, i.e. M contains no symmetricpoints. Since the symplectic scalar curvature is preserved by the symmetry group, it mustbe constant.(2) =) (3): Trivial(3) =) (1): Let p 2 FnF0 such that scal� scal(�(p)) vanishes of order at least 3. Thus,the �rst and second order derivatives of (a;a) vanish at p whence �(p) is degenerate byDe�nition 5.1. Thus, the local homogeneity of r follows from Theorem 3.6,4. together withTheorems 5.6, 5.12 and 5.16.Proof of Theorem 1.3. Let (M;
;r) be a manifold with a symplectic connection withvanishing symplectic scalar curvature and let � : F ! M as before. Suppose that F0 6= ;and �x p 2 F0. Then by (36) we have �(p) = (a; 0) with a3 = 0. If we have a2 = 0 then by47



(6), gp = V � l0 whence the connection is locally homogeneous and thus, b � 0. However,this was already excluded. Thus, we must have a2 6= 0.If rk(h) = 1 then any nilpotent element of a 2 h satis�es a3 6= 0 or a = 0. Thus, ifrk(h) = 1 then M cannot contain any symmetric points, hence must be homogeneous byTheorem 1.2. Therefore, the homogeneous examples in Table 2 for h �= sl(2;F) are maximal.We assume from now on that rk(h) � 2. Let v 2 C, i.e. v 2 V with v � v = 0, and let�v be the vector �eld on F with �(�v) = v, !(�v) = 0. We assert that the trajectory 
 of �vwith 
(0) = p satis�es�(
(t)) = (a+ t2(a2v) � v; 2ta2v) =: (a(t);b(t)) (68)for all t. Namely, hav; vi = �12(a; v�v) = 0 by (16) and v�v = 0; also, ha2v; vi = �hav;avi =0, ha2v;avi = �ha3v; vi = 0. All of this and (4) implies that ((a2v) � v)v = (v � v)a2v = 0and ((a2v) � v)av = (av � v)a2v = 12 [a; v � v]a2v = 0. Thus, it follows that a(t)2v = a2v forall t, whence �(
(t))0 = (b(t) � v; 2a(t)2v) which by (6) implies that �(
(t))0 = d�(�v)
(t) asclaimed.Next, we have 0 = [a; v � v] = 2(av) � v, whence 0 = [a; (av) � v] = (a2v) � v+(av) � (av).Therefore, since a3 = 0, (a2v) � (a2v) = [a; [a; (a2v) � v]] = �[a; [a; (av) � (av)]] = �2(a2v) �(a2v), whence (a2v) � (a2v) = 0.Sincer has constant symplectic scalar curvature, we must have C 6= ; by Corollary 5.10,1.Thus, we can choose v 2 C such that a2v 6= 0. Therefore, the trajectory (a(t);b(t)) from(68) satis�es 0 6= b(t) 2 C for all t 6= 0. Since r has constant symplectic scalar curvature,(a(t);b(t)) must be degenerate for all t 6= 0. Thus, b(t) 2 C implies that (a(t);b(t)) isof type 3. Therefore, if r has constant scalar symplectic curvature and �(F ) contains adegenerate pair of type 2 then M cannot contain any symmetric points and thus must belocally homogeneous by Theorem 1.2. In particular, the homogeneous connections in Table 2are maximal.Finally, if (a+ + a0; v+) is a degenerate pair of type 3 then one can show that there isa decomposition a+ = a1 + a2 with ai 2 n+, [a0;ai] = 0, a21 = 0 and a32 = 0. For thecomplex holonomies and the split forms, this follows from the normal form (17), while in theremaining cases one has to perform a direct investigation.Let v := a1v� 2 V1. Then v � v = [a1; [a1; v� � v�]] = 0, whence v 2 C. Moreover, since[a1;a2] 2 [n+; n+] = 0, we have 32a3+v� = 3a1a22v� = 3a22v. Thus, the trajectory 
 of �vpassing through a point p 2 F with �(p) = (a2 + a0; 0) satis�es �(
(1)) = (a+ + a0; v+) by(68). In other words, any maximal manifold with a symplectic connection for which �(F )contains a degenerate pair of type 3 must also contain symmetric points and, in particular,cannot be locally homogeneous by Theorem 1.2. Thus, the homogeneous spaces in Table 3are not maximal.References[AS] W. Ambrose, I.M. Singer, A Theorem on holonomy, Trans. Amer. Math. Soc. 75, 428-443(1953) 48
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