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Abstract
We classify all homogeneous symplectic manifolds with a torsion free connection
of special symplectic holonomy, i.e. a connection whose holonomy is an absolutely
irreducible proper subgroup of the full symplectic group. Thereby, we obtain many new
explicit descriptions of manifolds with special symplectic holonomies. We also show
that manifolds with such a connection are homogeneous iff they contain no symmetric
points and their symplectic scalar curvature is constant.
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1 Introduction

A connection V on a manifold M provides a recipe for parallel translation of tangent vectors
along curves. One of its basic invariants is the holonomy group of V which is defined as the
group of the automorphisms of the tangent space T, M induced by parallel translation along
p-based loops. Identifying the tangent space T,M at a point p € M with a fixed vector
space V' of the appropriate dimension, we may regard the holonomy group as a subgroup
H C Aut(V) which is well-defined up to conjugacy, independent of the choice of p € M.

There is a natural first-order integrability condition that can be posed on the connection,
namely the vanishing of its torsion. In fact, throughout this paper we shall assume all
connections to be torsion free.

Any H-invariant tensor on V' induces a parallel tensor field on M in a canonical way.
For example, if H C O(n) then M carries a parallel Riemannian metric, whence V is the
Levi-Civita connection of this metric. Therefore, the holonomy groups H C O(n) are called
Riemannian holonomy groups. Moreover, if H is properly contained in SO(n) and acts
irreducibly on V' then H is called a special Riemannian holonomy group.

Analogously, if H C Sp(V) where Sp(V) is the group of automorphisms of V' which
preserve a symplectic form, then there is a parallel symplectic form on M. Such an H is
called a symplectic holonomy group, and we call H a special symplectic holonomy group if it
is properly contained in Sp(V') and acts absolutely irreducibly on V.

While the possible special Riemannian holonomies were classified in 1955 by Berger [Bel],
the existence of spectal symplectic holonomy groups was not known until the beginning of
this decade. Namely, in [Brl] Bryant discovered two irreducible holonomy groups of torsion
free connections in dimension four which he denoted by Gs and Hjs, respectively. While Hy
is special symplectic, its conformal extension G3 preserves a symplectic form only up to a
scale. (This is a four dimensional phenomenon; indeed, for all dimensions bigger than four,
any holonomy group preserving a symplectic form up to a scale must preserve it properly.)
Later, Chi, Merkulov and this author found several other examples of special symplectic
holonomy groups [CS, CMS1, CMS2, MS1, MS2]. Moreover, in [MS1, S3] it was shown that
these examples exhaust all possible special symplectic holonomy groups. Since Bryant had
classified the holonomies which are neither Riemannian nor symplectic and showed existence
of connections with these holonomies [Br2, Br3] , this finally completed the classification of
irreducible holonomy groups.

A most remarkable feature of the special symplectic holonomy groups is the existence of
a universal method for the construction of connections with these holonomies. This method
is based on a certain quadratic deformation of a linear Poisson structure [CMS1]. As a
consequence, it follows that, for a fixed special symplectic holonomy group H, the moduli
space of (local) torsion free connections with holonomy contained in H is finite dimensional.
This has some strong implications on the rigidity of these connections. For example, there
is always a local symmetry group of positive dimension acting on M. Due to these local
symmetries, there is an ambiguity when glueing together local neighborhoods of such a
manifold, and this implies that there may be cohomological obstructions for the existence of
maximal examples [Brl, S3].

There are several explicitly known classes of manifolds with the “conformal symplectic”



holonomy group Gs. For example, moduli of rational curves in CP? of fixed degree passing
through a number of given points carry such a structure [Brl]; in [S2], all homogeneous
Gs-connections are classified; finally, in [C] degenerate Gs-connections are described via the
construction of their moduli space.

On the other hand, the only explicit examples of connections with the special symplectic
holonomy Hj are the space of conics passing through one fixed point [Brl], and a few more
connections with a symmetry group of cohomogeneity one [S1]. In particular, no global
examples of connections with any of the remaining special symplectic holonomies have been
known so far.

It is one task of the present paper to provide such examples for almost all special symplec-
tic holonomy groups. We call a triple (M, Q, V) consisting of a symplectic manifold (M, Q)
and a symplectic connection V mazimal if it is not equivalent to a proper open subset of
another manifold with a symplectic connection. Further, we introduce the notion of the
symplectic scalar curvature of such a connection which is a quadratic scalar invariant of the
curvature tensor. Then we obtain the following result.

Theorem 1.1 Fach of the total spaces of the flat homogeneous vector bundles over symplec-
tic symmetric spaces w1 B — G/ Ly in Table 1 carries a G-invariant symplectic connection
with special symplectic holonomy group H whose symplectic scalar curvature is constant non-
zero. These connections are mazimal and share the following properties.

1. The 0-section Ey C E s totally geodesic, and the restriction of the connection to
FEo = G/ Ly is equivalent to the symmetric connection on G/ Lg.

2. All fibers E, = n='(p) are totally geodesic. Moreover, Q|p, is the (unique) Lo-invariant
symplectic form on E, where Q s the parallel symplectic form on E.

3. Let H be the horizontal distribution on E induced by the symmetric connection on G/ Lg.
Then H is Q-orthogonal to the fibers, and Q|y = 7*(w) where w is the symplectic form
on G/ Ly.

Moreover, every connection with special symplectic holonomy and with non-zero constant
symplectic scalar curvature is locally equivalent to one of these connections.

To give further examples of (global) symplectic manifolds with special symplectic holo-
nomy, we investigate connections which are (locally) homogeneous. Evidently, any homoge-
neous manifold must have constant symplectic scalar curvature. But the converse is true as
well.

Theorem 1.2 Let (M,Q,V) be a symplectic manifold with a torsion free symplectic con-
nection, i.e. VQ = 0. Moreover, assume that the holonomy group of ¥V is special symplectic.
Call a point p € M symmetric if (VR), = 0, R being the curvature of V. Then the following
are equivalent.

1. M is locally homogeneous, i.e. there is a locally transitive group action via local dif-
feomorphisms preserving ) and V.



Table 1: Flat homogeneous vector bundles E — G/Ljy with symplectic holonomy H
Notation: F =R or C

Lo C Aut(W
H C End(V) G/LO WheI’eO E :uG(XIj w
Sp(3,F) Spin (4, 3)/(Spin(3,2) - Spin(1, 1)) Lo = Sp(2,F) - F*
or
V = (A’F%)g Spin (7, C)/(Spin (5, C) - Spin(2, C)) W=F

SL(2,R)-SO(n+1,n)

or
SL(2,C) -SO(2n 4+ 1,C) SL(n 4+ 2,F)/S(GL(2,F) - GL(n, F)) W=FQF
V — FZ ® F2n+1
SL(2,R)-SO(2p+ 1,2q) Lo = S(GL(2,R) - U(p, q))
SU(p+ 1,9+ 1)/S(U(1,1) - U(p, q))
V = R? @ R2(pta)+1 W=R?9R

2. M contains no symmetric points and has constant symplectic scalar curvature.

3. M contains no symmetric points, and there is a point p € M for which the function
scal — scal(p) vanishes at p of order at least three.

Of course, the complement of the 0-section of each vector bundle in Table 1, i.e. the
complement of the set of symmetric points, is G-homogeneous.

Every locally homogeneous space is modelled on a globally homogeneous space, and we
completely classify these.

Theorem 1.3 Let M = G/L be a homogencous space with a G-invariant symplectic form
Q and a G-invariant symplectic connection V with special symplectic holonomy group. Then
— up to coverings — M is the complement of the 0-section of one of the vector bundles in
Table 1, or an entry of one of the Tables 2 or 3.

Moreover, the homogeneous connections in Table 2 are mazximal, while the homogeneous
connections in Table 3 are not.

For the sake of simplicity of the presentation, we give only the Lie algebra of the symmetry
group of the homogeneous spaces from Table 3. The explicit form of I C G is given in
section 5.2.2.

Recall that a homogeneous space M = G/L is called reductive if there is a vector space
decomposition g = [ 5 m where g and [ are the Lie algebras of G and L, respectively, such
that [[,m] C m.

After passing to an appropriate cover of M if necessary, we may assume that there is
a momentum map g : M — g* where g is the Lie algebra of G. The homogeneity implies



Table 2: Homogeneous Spaces with special symplectic holonomy of type 2
Notation: F=R or C

H C End(V) G MZG-QEQ >~ g
where 1 € g* = g equals:
H =SL(2,F) n= x+wv, where
SL(2,F) x F? 0 # x € sl(2,F) is nilpotent
V = °F? 0# v € ker(z) C F?
4,3 o _ N= x4+ vy, Where
Sp(3, F) G" xR ATF=R 0# 24 € (g2)a, @ along root of gy
. 0+# vy € (F7)), A a weight of F”
_ (A3 C 7 _ ’
V = (A%F%), Gy xC' ifF=C (@, \) = 0

that g 1s an immersion — in fact a covering map — hence we may identify M with its image
u(M) C g*. Recall that the coadjoint orbit of any element in g* carries a canonical symplectic
structure. We determine which homogeneous spaces u(M) C g* are coadjoint orbits.

Theorem 1.4 Let 7 : F — G/Ly be a homogeneous vector bundle from Table 1. Then the
momentum map p : E\O — g* is the double cover of a coadjoint orbit and thus, u: F — g*
is a branched double cover of its image.

The homogeneous spaces in Table 2 are equivalent to coadjoint orbits while the homoge-
neous spaces in Table 3 are not.

The two homogeneous spaces in Table 2 with holonomy H = SL(2,F), F =R or C, are
reductive; the remaining homogeneous spaces are not reductive.

Since every holonomy irreducible symmetric space must be pseudo-Riemannian, there
cannot be any locally symmetric connections with special symplectic holonomy. By our
classification, there are also some special symplectic holonomy groups which do not even
admit any locally homogeneous connections or, equivalently, no connections of constant sym-
plectic scalar curvature. We list the number of possibilities of non-isomorphic homogeneous
connections for the various special symplectic holonomy groups in Table 4.

It is a pleasure to thank D.Alekseevskii, L.Berard-Bergery, Y.Benoist, R.Bryant, V.Cor-
tés, S.Merkulov, H.-B.Rademacher and W.Ziller for many fruitful discussions and valuable
comments. The author gladly acknowledges partial support by grant 313-ARC-XI-97/95
from the DAAD.

2 Symplectic manifolds and homogeneous connections

Let V be a vector space over F where F = R or C. We call a pair (V,(, )) a symplectic
vector space if (1, ) is a non-degenerate skew-symmetric bilinear form on the vector space V.
The Lie group of symplectic automorphisms is then defined as

Sp(V,(, ) =Hz € Aut(V) | (zv,2w) = (v,w) for all v,w e V'},



Table 3: Homogeneous Spaces with special symplectic holonomy of type 3

notations/conventions: F=Ror C, [g;, ¢;] = gi+;-
H C End(V) ‘ a= o0 ‘ restrictions
g0 = sl(2,R) & so(p,q
H= Sp(3, R) g? _ (RQ ) ® (®2§Rp’q))o (p7 (]) = (37 0)
or
@ = R @ (@°RM
V= (ASRG)O gz — R2 ® ( R )0 (p7 (]) = (27 1)
g = sl(2,0 & s0(3,C
H=5Sp(3,C
p( ) ) g = (CZ ® (@2(:3)0
— (A3CS g = C @ (@*C)o
V= (A (C )0 g5 = (CQ ® (C
_ go = sl2,R) @& su(p,q) _
H= SU(37 3) g = R2 ® 5u(p, (]) (p7 (]) O_r (37 0)
= R & su(p,
V= {aeAC | xa=a} iz R o (Ié 7 (prg) = (2,1)
B g = sl(2,F) & sl(3,F)
H = SL(6, F) P = S
3 g = F @ sl(3,F)
V = A°FS o = 2 & F
- Spin(6,6) for F =R, g = sl(2,F) & sp(3,F)
~ | Spin(12,C) forF=C g = P @ (A’F®)
g2 = F @ (A’F®)
V=A@ F* ggs = ® F
. g = sl(2,R) & sp(pgq
H = Spin (6, H) EIT _ (R2 ) ® (A2(H3))0 (p,q) = (3,0)
or
o~ g2 = R ® (A?H?
V =Af =R*? gz - R @ ( F ’ (pyq) = (2,1)
_ | Spin(6,6) for F=R, g0 = sp(3,F) .
= { Spin(12,C) for F=C o o= (A’F), & I 2 non-equivalent
connections
02 = (M & F forF=R
V= Ay = F* g3 = F° B
E®)  with F =R, . (1) 5)
Hed 50 with Fe W = s2F o (1Y) M for H=E),
= v with F = R, _ 2 26 (2) _ (M
EC ‘h F=C g = F ® F (a) _ 4 for H= E7 ,
[ = F © F® ! fa for H=E,
o g = o F C for H=Ef




Table 3: Homogeneous Spaces with special symplectic holonomy of type 3 (cont.)

‘ H C End(V) ‘ a=>" restrictions/remarks ‘
ol B forF=E B = sb(4.F)
ES forF=C o= (AMF)
g = (A’F)o
V = [ g =
go = sp(k+LR) @&  so(p),q) p=2 g1
SL(2,R)-SO(p, q) g = R g (R G R)
g = ARMHD g R pi=p—2k—-2
V =R?@RrH P R ® (R @R) ¢ =q—2k—1
g5 = RXHD g R 0 <k < min(t32, 15
go = 5p(k—|—1,(C) ©® Sﬂ(m,(C) n>3
SL(2,C) -SO(n, C) g = CkY o (e =
g, = A2C2(k+1) ® C
=n— 4k —
V=CgC @ C ® (C"aC m0<72<@3
g5 = kD ® C ="=1

and the Lie algebra of symplectic endomorphisms of V' is
sp(V,(, ) ={a € End(V) | (zv,w) + (v,2w) =0 for all v,w € V}.

We shall frequently omit the explicit reference to ( , ) and thus write Sp(V) and sp(V),
respectively. It is known that sp(V') is the Lie algebra of Sp(V'), and that both are simple.
Moreover, sp(V) = ®*V, with an isomorphism given by

(vw) - u = (v,u)w + (w,u) v. (1)

Definition 2.1 Let (M,Q,V) be a triple consisting of a connected manifold M with a sym-
plectic form Q and a torsion free affine connection V such that VQQ = 0. Then V s called
a symplectic connection on M.

A torsion free connection V on a manifold M is symplectic w.r.t. some symplectic form
Q) iff the holonomy group of the connection is conjugate to a subgroup of Sp(V). Also, since
Q" is a parallel volume form for n = %dim M, all curvature endomorphisms are trace free,
ie. tr(R,(v,w)) =0 for all v,w € T,M and all p € M. Thus, the first Bianchi identity for

R, implies that the Ricci curvature which is given by
Ric,(v,w) :=tr(Ry(v, )w)

is symmetric, i.e. Ric,(v,w) = Ricy(w,v). We define the the section of the endomorphism

bundle Ric € T'(End(T'M)) by
Ricy(v,w) = Q(Ric,v,w) forall v,wecT,M,pec M.
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Table 4: Number of homogeneous connections for all special symplectic holonomies

| HCEnd(V) | Vv ‘ #(homog. conn. with Hol = H) |
SL(2,R) @*R2 >~ R*? 1
SL(2,C) @3C? = ! 1
Sp(3,R) (A’R®), = R 4
Sp(3,C) (A3CP), = CM 3
SU(1,5) {a € A3CP | xa = a} 2 R%® 0
SU(3,3) {a € A3C° | xa = a} 2 R%® 2
SL(6,R) APRS > R 1
SL(6,C) A3CE = %0 1
Spin(2, 10) Ag 10 2R 0
Spin (6, 6) Ag = R? 3
Spin (6, H) AT~ R32 2
Spin (12, C) AG, = 2 2
£ R 2
E'(;) R56 2
EF o6 2
Sp(1) - SO(n, H) H* 2 R*", n > 2 0

SL(2,R)-SO(p, q)

SL(2,C) - SO(n, C)

RZQRPM, p>q,p+q>3

CeoC,n>3

if p=¢ and ¢ odd
ifp+qodd,p>q+2
ifp=qg+1
otherwise

(2] 4 e, g:{

SN = =

0 for n even
1 for n odd




From the symmetry of Ric, it follows that Ric, € sp(T,M,Q,) and hence, trRic, = 0.
Therefore, the definition of scalar curvature which would be analogous to the one from
Riemannian geometry contains no information at all. Instead, we introduce the following
notion.

Definition 2.2 Let (M,Q,V) be a symplectic manifold with a symplectic connection V,
and define Ric € T'(End(TM)) as above. Then the symplectic scalar curvature of V is the
function scal : M — F given by scal := tr(Ric*).

If a manifold M carries a torsion free connection whose holonomy is contained in H then
there is a principal H-bundle 7 : ' — M, called the holonomy bundle, and a V' & h-valued
coframe § 4+ w where 6 and w are called the tautological one-form and the connection one-
form, respectively [KN]. Throughout, we shall assume that H is a connected Lie group.
Since  +w : T,F" — V @ b is an isomorphism, we call § + w the connection coframe on F.

Definition 2.3 Let 7w : F' — M be the holonomy bundle of a torsion free connection and let
0+ w be the connection coframe. A vector field X on I is called an infinitesimal connection
symmetry on F'if Lx(0 +w) = 0.

A wector field Xq on M is called an infinitesimal connection symmetry on M if there
exists an infinitesimal connection symmetry X on F with m.(X) = X.

The connection ts called locally homogeneous if the infinitesimal connection symmetries
on M act locally transitive on M, i.e. if for each v, € T'M there is a connection symmetry

Xo on M such that (Xg), = v,.

It is evident that the infinitesimal symmetries form a Lie algebra which we shall denote
by g. Note that Lx0 = 0 implies that 7.(X) is well-defined. Also, if Xq is an infinitesimal
connection symmetry on M then the infinitesimal connection symmetry X on F' satisfying
7.(X) = Xy is unique. Thus, the Lie algebras of infinitesimal connection symmetries on M
and on F' are canonically isomorphic, justifying the ambiguous use of the term.

If V is a symplectic connection on M, i.e. if H C Sp(V), and if 7 : F' — M is the
holonomy bundle then the parallel symplectic form € on M is determined by

() = (6,0).
Thus, the action of g on M is symplectic, i.e. £xQ =0 for all X € g. For p € F' we let
g, := {(0 +w)(X,) | X an infinitesimal symmetry on F'} C V & h.

Since the evaluation map map g — T, F' is injective, g, = g as a vector space. Moreover, we
let [, C g be the Lie algebra (6 +w), ' (g,Nb) and pr, : g = g, — V the canonical projection.

Proposition 2.4 Letn: F — M, 0, w and g be as above, and let G be the simply connected
Lie group with Lie algebra g. Then for every p € F, the Lie subgroup L, C G with Lie
subalgebra [, C g is closed.

Moreover, for each p € F the element ¢, := (7*Q),|y € A*g* is a 2-cocycle, i.e. satisfies

qbp([xvy]vz) —I_ qbp([y,Z],l') —I_ qbp([Z,l'],Z) = 0 fO?“ CLH LYy % S g
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Proof. Fix p € F and consider ¢, € A?g* from above. The flow along the infinitesimal
symmetries induces a free local action of an open neighborhood U of e € G, and the canonical
embedding g +— ¢ - p allows us to regard U as a subset of F' such that the restriction of
the infinitesimal symmetries to U constitutes all left invariant vector fields. Under this
identification, we have p = e.

Since Lxm*(2) = 0 for all X € g, 7*(Q)|y must be the right invariant 2-form extending
¢p. The cocycle condition for ¢, follows from dn*(€) = 0.

Let @ be the right invariant 2-form on G which extends ¢,, hence @y = 7*(Q)|r. Since
¢, 1s a cocycle, @ is closed and the left invariant vector fields are symplectic. Since G is
simply connected, there is a momentum map p : G — g* satisfying

ple) =0 and (duy, X) = —(X_1®,) for all left invariant vector fields X € g.

At p = e, we have X, 1o, = 0 iff X, J7*(Q), = 0 iff m.(X,) = 0 iff X, € [,. By the
right invariance of @ it follows that (dy,, X) = 0 iff X is contained in the right invariant
distribution induced by [, C g = T.G.

Now L, is the maximal integral leaf of this distribution which contains e € G. Thus,

p(e) = 0 implies p(L,) = 0 and hence, u(L,) = 0. On the other hand, since [, = kerdy,,, it
follows that, after shrinking U if necessary, we may assume that U N pu=*(0) = U NL,, hence
UNL,=UnNL,, and from this, L, = L, follows.

In general, if g is the Lie algebra of infinitesimal symmetries of (M,Q,V) and if we
assume that M is simply connected then again, there is a momentum map po : M — ¢~
which is — up to adding a constant — uniquely determined by

(d(10)z, Xo) = —(Xo Q) for all infinitesimal symmetries Xy € g on M.

Evidently, ker(d(uo).) = {v € T:M | Q(v,(Xo):) = 0 for all Xo € g}. Thus, d(uo)s
is injective iff x has a locally homogeneous neighborhood, and g is an immersion iff the
connection is locally homogeneous.

Proposition 2.5 Let (M,Q,V) be a simply connected manifold with a locally homogeneous
symplectic connection. Let g be the Lie algebra of infinitesimal symmetries on M and G be
the simply connected Lie group with Lie algebra g. Then there is

1. an affine action of G on g* whose linear part is the coadjoint representation, i.e.
g-(§) = Adi(£) + r(g) (2)
forallg € G, £ € g* and a map «: G— g*,
2. a G-orbit X C g* of this action which carries a G-invariant symplectic connection,

3. a g-equivariant connection preserving local diffeomorphism po: M — 3.

10



Proof. It is well known [LM, ch.4,Th.3.2] that there is an affine action of G on g* of the
asserted form such that the momentum map o : M — g* is g-equivariant. Thus, po(M) C ¥
for some G-orbit ¥, and since dim M = dim X, it follows that pg is a local diffeomorphism.
But the flow along the vector fields X € g preserves the connection, hence there is a unique
G-invariant connection on ¥ which makes pg connection preserving. i

The following is a standard result in the theory of Hamiltonian actions (cf. [LM,
ch.4,Prop.3.6] and the definition of the canonical symplectic form on coadjoint orbits).

Corollary 2.6 Let (M,Q,V), g, G be as in Proposition 2.5. Then we can choose the mo-
mentum map po : M — g* in such a way that k : G — g* from (2) vanishes iff the 2-cocycle
&, € A*g" from Proposition 2. is a coboundary, i.e. ¢p(x,y) = n([zx,y]) for some n € g*
and all z,y € g.

If this is the case then o : M — X is a local connection preserving diffeomorphism with
the coadjoint orbit of n, and Q = p*(w) where w is the canonical symplectic form on this
coadjoint orbit.

Thus, in order to decide whether a given locally homogeneous symplectic connection is
locally equivalent to a coadjoint orbit, we have to decide if there is an element n € g* such

that
n([z,y]) = (me(2), m(y)) (3)

for all #,y € g. The obstruction for the existence of such an element n € g is represented
by the cohomology H'(g,g*) [HS]. As we shall see, this obstruction does not vanish for all
homogeneous connections with special symplectic holonomy.

Let us again suppose that there is a G-invariant connection on the homogeneous space
M = G/L. Recall that a homogeneous space M = G/L is called reductive if there is a vector
space decomposition g = [ 6 m where g and [ are the Lie algebras of G and L, respectively,
such that [[,m] C m.

Proposition 2.7 [KN] Let M = G/L be a homogeneous space with G, L connected and with
a torsion free G-invartant connection with holonomy H. Let m : ' — M be the holonomy
bundle, fixt p € F' and consider the ismorphism g — g, Ch @V from above.

Then M is reductive iff there is a L-equivariant map 7 : V. — b such that v+ 7(v) € g, C
hadV forallveV.

Proof. Since M is homogenous, the projection pr, : g, — V is surjective. Thus, linear
maps 7: V — b with v+ 7(v) € g, for all v € V exist and are in one-to-one correspondence
with vector space decompositions g = g, = {v+ 7(v) | v € V} & [. If we denote the first

summand by m then clearly, [[,m] C m iff 7 is [-equivariant. |

11



3 Holonomy and structure equations for symplectic
connections

Let V be a finite dimensional vector space and let H C Aut(V') be any connected closed Lie
subgroup with Lie algebra h C End(V). We define the space of formal curvature maps K(h)
by the exact sequence

0— K(h) — AVah — ANVeV

where the last map is given by the composition of the natural inclusion and the skew-
symmetrization map, i.e. A2V*Qh = A2V @V @V = APV e V.

The significance of the space K(h) is that the curvature R, at p € M of a torsion
free connection V on M satisfies the first Bianchi identity and thus, R, € K(hol,) where
hol, C End(7, M) is the Lie algebra of the holonomy group at p. In particular, if K () =0
then every torsion free connection whose holonomy algebra is contained in h must be flat.
We are therefore interested in those subalgebras b with K'(f) # 0.

If (V,(, ))is a symplectic vector space then we use the contraction isomorphism¢: V —
V* given by

1(v)w = (v,w) for all v,w eV,

to identify V' and V™.
We observe that s[(2,F) = sp(F*, A) where A denotes the determinant of F*; therefore,
we have the identification sl(2,F) = ®?F? from (1).

Theorem 3.1 Let ) C End(V) be an irreducible semi-simple Lie subalgebra where V' is a
finite dimensional vector space over F =R or C. Let W :=TF? @V and consider the induced
tensor representation of hT :=sl(2,F) & b C End(W). Then the following are equivalent.

1. There is an irreducible symmetric pair (g,h1) whose isotropy representation is equiv-
alent to the representation of h* on W.

2. There is a symplectic form (|, ) on 'V such that b C sp(V,(, )), and an h-equivariant
map o : O*V — b which satisfies for all u,v,w €V

(vov)w — (uow)v =2 (v,wyu+ (u,w)v — (u,v) w. (4)

3. There is a symplectic form ( , ) on 'V such that b C sp(V,( , )), and an h-equivariant
map o : O*V — b such that for a € § the map R, : A*V — b given by

Ra(v,w) =2 (v, w) a4+ vo(aw)—wo (av) (5)
lies in K(h).

If these conditions are satisfied then the map h — K(h), a — Ra is injective, thus K(h) # 0.
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Proof. It is well-known that the first statement is equivalent to the existence of an f*-
invariant element 0 # R € K(h*) [H, S3].

Let R: A*W — bt =sl(2,F) & h. Since A?W = &V & 5l(2,F) @ A?V as an ht-module,
it follows that R is hT-equivariant iff there is an h-invariant € A%V and an h-equivariant
map o : ®*V — § such that

Rle@v, f@w)=Qv,w)ef+ (e fluow

for all e, f € F* and v,w € V, where A is the determinant on F?. Moreover, (4) is equivalent
to the first Bianchi identity for R, i.e. to R € K(h*). Thus, the first and second statement
are equivalent.

The equivalence of the second and third statement follows from an easy calculation, and
evidently, R, = 0 only if a = 0.

From the classification of irreducible symmetric spaces [Be2], we immediately get the
following

Corollary 3.2 The irreducible subgroups H C Sp(V') listed in Table 5 satisfy K(h) # 0.

Table 5: List of special symplectic holonomy groups

‘ Group H ‘ Representation space H Group H ‘ Representation space ‘

SL(2,R) R*= ©3R2 E2 R56
SL(2,C) C' = 32 EI R
SL(2,R)-SO(p,q) | R+, (p4¢) >3 Ef C6
SL(2,0) - SO(n, C) C n>3 Spin(2, 10) R32
Sp(1) - SO(n, H) H* 2R n > 2 Spin (6, 6) R32
SL(6,R) R?° =~ APRS Spin (6, H)* R3?
SU(1,5) R2° C A3C® Spin(12, C) C3?

SU(3,3) R* C A*C° Sp(3,R) R C ASCP

SL(6,C) C20 = A3CS Sp(3,C) CH c A3C®

! This representation has been erroneously omitted in the reference [S3]

The following result follows then from a cumbersome calculation which we omit. For

details, see [MS1, ch.4].

Proposition 3.3 For all subalgebras listed in Table 5 we have K(h) = b, i.e. the injective
map h — K () from Theorem 3.1 is an isomorphism.

There is a one-to-one correspondence between the subalgebras listed in Table 5, i.e.

symmetric pairs (g,h7) = (g,5[(2,F) @ h) and simple Lie algebras g which contain a long
root space. This can be described as follows.
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Let g be such a simple Lie algebra. Fix a Cartan decomposition g = t © P, go and
a fundamental Weyl chamber. Let oy € A be the maximal root. By assumption, there are
elements Ay € gi,, C @ such that ag([A4, A_]) = 2, and we let

5= span(A_|_, A—7 [A-I-v A—])
Evidently, s = s[(2,F). For each integer i, we let
A i={a €A (a,a0) =i}

Since ag is long, we have Ay = {+ap}, and A; = 0 if |i| > 3. Moreover, we define

b = (Ozo)_ D @ Yo

OzEAO

which is a semi-simple subalgebra of g where (ag)~ C tis the annihilator of ag € t*. Finally,

Vii= @gav

for all ¢ and W := Vi & V_;. Evidently, [V;,V;] C Viy;, whence [s & h, W] C W and
W, W] Cs@Hh. Thus, we get the direct sum decomposition

we let

g=(sDh) oW

and (g,5 @ b) is a symmetric pair.

It is now elementary to verify that the representation of s @ h on W is equivalent to the
representation of s[(2,F) & h on F? @ V; and that this representation is irreducible iff g is
simple.

There is an easy algorithm to describe the representations of h on Vj from the Satake
diagram of g [H, OV] as follows. g contains a long root space iff in the Satake diagram of
g the nodes corresponding to simple roots «a; which are not orthogonal to the maximal root
are white. One obtains ) by deleting these nodes «;. The representation of fh on V] has one
irreducible summand for each deleted node ¢, and it is described by writing on all nodes «;
adjacent to «; the Cartan number (a;, ;).

From this and a glance at the Satake diagrams one easily verifies the following:

1. The representation of fj on V; has more than one irreducible summand iff g is of type
A, with n > 2, i.e. gis (areal form of) sl(n + 1,C). In this case, § is (a real form of)
sl(n,C), acting on V & V* where V = .

2. If g is of type C,, then we have g = sp(n,F) and h = sp(n — 1, F). The representation
of h on V] is equivalent to the standard representation of sp(n — 1,F) on =1,

3. There is a one-to-one correspondence between the entries of Table 5 and the Satake
diagrams not of type A, or C, for which the node of the adjoint representation is
white.

14



Table 6: Complex simple Lie algebras and the corresponding symplectic

representations
‘ o ‘ Dynkin Diagram ‘ y ‘ Representation space
so(n+4,C) Bugs or Duss s1(2,C) @ so(n, C) CocC
92 G sl(2,C) ©3C?
fa Fy sp(3,C) C" = Ker(Aw : A°C° — A°CP)
¢6 Eg sl(6,C) A3CP
er Er spin(12,C) A%,
es Eg er (o

Table 6 lists the correspondence between complex simple Lie algebras g which are not of
type A, or C, and the corresponding subgroups ) C sp(V).

Let us fix the (unique) adg-invariant inner product ( , ) on g which satisfies (a, ) = 2
(o, ) = 3, respectively) for all long roots « if g % g (g = ga, respectively). Since h C g, this
restricts to an ady-invariant inner product on f. With this, we can deduce some statements
about the weights of h C sp(V') where we denote by A the set of roots of h and by ® the set
of weights of V.

Proposition 3.4 Let h C sp(V) be one of the subalgebras listed in Table 5, and let (, ) be
the ady-invariant inner product on by from the preceding paragraph. Then the following hold.

1.

2.

All weight spaces are one-dimensional.

For A\ € ®, we have (A, \) € {%,% which allows us to refer to long and short weights.

Moreover, if all roots of A are long, then so are all weights of .

For A € & and o € A we have (A, «) € {0, £1}, provided that X is a long weight or o
is a long root.

If A € ® is a short weight then 2\ € A is a long root.
Let M\, pp € ® with A long. Then exactly one of the following holds.

(a) (A p) ==x2 and A = £p.
(b) (A, ) ==£% and A = £(p + ) for some o € A with (A, o) = 1.

If rk(h) > 3 then there are long roots a; € A with the following properties:

(a) 2Xg = a1 + az + as, where Ao is the mazimal weight of @,
(b) (aivaj) = 252];
(¢) o is the maximal root in the root system {a € A | (o, ;) =0,5 =1,...,0—1}.

15



Proof. To simplify notation, we shall carry out the argument only for the case g # go,
leaving the straightforward alterations of the scale in the case g = g, to the reader.

Let ap be the maximal (long) root of g. Then V := V] is spanned by all roots o € Ay
with (a,ap) = 1. Under the representation of fj, these become weight spaces of weights

1
(I):{Oé—§Oé0

The first assertion follows since all weight spaces of V' are root spaces of g. Next, if A =
o — ap and g =  — Lag are weights of V and v € A then

1 .
a — ag. That is,

a a root of g with (a, ag) = 1} .

)=o) =5 and (A7) = (o),

Due to the scaling of (, ), we have (a,a) € {1,2} which implies the second statement while
the third follows since v # 4+« and one of a or 7 is long.

The fourth part follows since if A € ® is a short weight then ¢ = A + %ozo € Ay is a short
root with (ag, ®) = 1 and hence, 2X = 2¢ — ap is a root in b.

To show the fifth assertion, let a be a long root. Then (a, 3) € {2,41,0} since a+ 3 # 0,
and (o, f)=2iff a = 6. If (o, 3) =1 then A — y = a — 8 € A and the claim follows.

For the last part, note that if tk(h) > 3 it follows that rk(g) > 4 and since g is simple and
not of type A,, C,, the root system of long roots of A contains a subsystem isomorphic to Dy.
This means that there is a root « of g such that 2a = E?:o a; and with (ay, ;) = 267 and
ap as before. Thus, «; are roots of ) for 1 = 1,2,3 and can be chosen such that they satisfy

the maximality properties stated above. Moreover, (o, o) = 1 and hence, A = o — %ozo ceod

is of the desired form. |

We shall now explain the significance of these representations in the context of symplectic
holonomy groups by recalling some known results.

Definition 3.5 Let H C Sp(V) be a proper irreducible Lie subgroup. We call H a spe-
cial symplectic holonomy group if there exists a symplectic connection (M,Q,V) on some
symplectic manifold M whose holonomy group is conjugate to H. The corresponding Lie
subalgebra ) C sp(V') is called a special symplectic holonomy algebra.

Theorem 3.6 . A proper subgroup H C Sp(V') is a special symplectic holonomy group
iff it is an entry of Table 5.

2. Let M be a manifold with a torsion free connection whose holonomy is (contained in)
the special symplectic holonomy group H C Sp(V'), and let 7 : F' — M be the holonomy
bundle with connection coframe 6 + w.

Then there are mapsa : ' — § and b : F — V and a constant ¢ € F such that the
following structure equations are satisfied.

dd = —wAN¥b

do = —wAhw—2R,(0N0) (6)
da = —w-a+bod

db = —w-b+(2a’+ (2(a,a)+c)ldy)-0
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In particular, there is a constant ko # 0 such that 7*(scal) = ko(a, a).

3. Fvery symplectic connection whose holonomy is contained in a special symplectic ho-
lonomy group is analytic.

4. Let (M, Q, V) and (M',QY, V') be two manifolds with special symplectic holonomy H C
Sp(V), let m = ' — M and 7" : F' — M’ be their holonomy reductions, and let
a+b:F—=ohapV, a+b: F - hadV and c,c be the maps and constants for which
the structure equations (6) hold.

If ¢ = ¢ and if there are points p € F and p' € F' such that (a,b)(p) = (a’,b")(p)
then there are neighborhoods of w(p) € M and «'(p') € M’ on which the connections
are equivalent.

5. Let g be the Lie algebra of infinitesimal symmetries on F. Then for any point p € F
there is an isomorphism

g — @

={(0+w)(w)eVah|lweTl,F, dp,(w)=0}
X — (4w

’ 7
(X,) (7)
where p:=a+b: F —=Hhad V. In particular, dp has constant rank.

Proof. The first assertion follows from the classification of irreducible holonomy groups
[MS1, S3] while the structure equations were determined in [CMS1, Th.3.10]. The second
and third assertion were demonstrated in [CMS1, Cor.3.12]. The form of the symplectic
scalar curvature follows from Definition 2.2 and (5). Finally, the last statement follows from

the structure equations (6) together with [S4, Prop.4.8]. i

4 Special symplectic holonomy algebras

4.1 Complex symplectic holonomy algebras

Throughout this section, all vector spaces and Lie algebras are assumed to be complex. Let
h C sp(V,(, )) be a special symplectic holonomy algebra and let A and ® be the sets of
roots of h and weights of V| respectively. Moreover, (4) holds by Theorems 3.1 and 3.6,1.
Also, we use the ady-invariant inner product ( , ) on h for which Proposition 3.4 is valid.
Let Ao € ® be the dominant weight of a special symplectic holonomy algebra. For r €
{£1,£3}, welet V, := @{AI(AOJ):S} Vi. Then, by Proposition 3.4 we have the decomposition

V=ViaViaVeV, (8)
and Viz = Viy,. We then define the Lie subgroups P, N* C H for 7 € {0,£1} by

N' = {geH|gV, CVijai,r ==£1,43} (9)
P = {g€N0|g|V3:[dV3}'
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For r € Z, we define A, := {a € A | (Ao,a) =7} and

nti= @ b, =t P .. (10)

aEA 4 aEAg

Since Ag is long, Proposition 3.4 implies that A = A_; U Ay U Ay and thus,
h=n"an’@nt, [n,n]ca?  and V.oV, Cnzlte) (11)
with the convention that n*? = n*® = 0. We also define the following subalgebras of §:

ps 1= @aEAo ba D <{[ba7 b—a] | S A0}> C n07
t°:=tNp;, sothat n®=t"&p,, (12)

p:i={zen’|z Vi =0}

Then p, C p C n® and p, is the maximal semi-simple subalgebra stabilizing Ao, and p, n® are
central extensions of ps. We also have the following:

ni : ‘/r C ‘/7’-I—2i7 [pvni] C niv p- Vﬂ:3 =0. (13)

Thus, n' and p are the Lie algebras of N* and P, respectively, and we let P, C P be the
connected (semisimple) subgroup with Lie algebra p;. From Proposition 3.4, the following
is now evident.

Lemma 4.1 Fiz 0 # vy € Vis. Then the maps
nt — Vi, zr—avy and Vi — (Va)Y, v (v,.)
are P-equivariant isomorphisms.
By (8) and (13), n* are nilpotent. Indeed, if z € n* then 'V = 0 and 2V C Via.

Definition 4.2 An element x € n* is said to be non-degenerate if 2V # 0. Otherwise, x
is called degenerate.

Lemma 4.3 Let vy € Vs with (vy,v_) =1 and v € nt be such that (x*v_,v_) = c.
1. vy ov_ €t is determined by the equation
plogov_) = —=2(Xo,pt) for all p € t. (14)

Thus, ad(vy o v_)|yi = =21 Idyi fori=0,+1.

[z, (z?v_)ov.] = Zcevyove
(z?v_)o(av.) = —fcvpowe (15)
(z?v_)o(z?v.) = —Ecm.



(a,vow)=—2(av,w) foralla €l and v,w € V. (16)

Proof. Since vy € Viz = V4, it follows that vy ov_ € t. Now, t* is spanned by all elements
p € ¢ U P, so it suffices to show (14) for these. If we let v, € V,, then

plog ov_ju, = (vpov_)o,
— o on e 42 (00 v
- <U+7 U—> Uy + <U+7 UM> v- by (4)
= 2(v_,v,) vy — vy, since (v4,v,) =0and vy ov, =0
for p € Ay U A5, and (vy,v-) = 1.

Thus, if we let g = Ag and v, = vy then this implies that p(vy ov_) = =3 = =2(Xo, ). If,
on the other hand, p € Ay, then (v_,v,) = 0 and hence p(vy ov_) = —1 = =2( Ao, ).

The next assertion follows since n is spanned by root spaces b, with (Ag,a) = 7 and
[vy ov_,x,] = a(vy 0V )2,.

Moreover, [z, (z?v_)ov_] = cvy ov_ 4 (2*v_)o(wv_) = cvy ov_ + [z, (xv_) o (xv_)] and

(zv_)o(azv_) = [z, (zv_)ov_] = (2*v_)ov_ = —(2*v_)ov_ as (zv_)ov_ = L[z,v_ov_] = 0.
This implies the second part.
For the last part, note that both sides of (16) are ady-invariant, hence it suffices to verify

this identity for a € t, v = v and w = v_. In this case, (16) follows immediately from (14).

Proposition 4.4 [f rk(h) > 3 then every P-orbit of an element x € n* contains an element
of the form
T = Tay T Tay + Tay, (17)

where ©,, € ho, and the o; are as in Proposition 3.4,06.

The element & from (17) is called the normal form of x. Note that there are only two
holonomies §) with rk(h) < 2, namely h = s((2,C) with V = ©>C* and h = s((2,C) B s0(3,C)
with V = C? @ C°.

Proof. Let a € A be a root. Then (a,3) > —2 for all 3 € A and thus, (ad(h,))* = 0.
Therefore,
1
Adeypzyr = 2 + [24, ] + §[xa, [z,,x]] forall z, € h,, @ € A and z € b. (18)

Let oy € A be the maximal long root, and let € nt. We decompose x as

where 2, € h,. W.lo.g. we assume that z,, # 0. Moreover, we let A} := {a € A |
(av al) = 0}
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Since [n*,n*] = 0 by (11), we have (3,v) > 0 for all 3,7y € Ay. Let 8 € A; be a root
with (8,a1) = 1, 1.e. B—a1 € Ag. We first assert that [hs_o,,n"] C hs DD, cn s ha- To see
this, let v € A1,y # a3 be a root for which [hs-a,, 0y = hp—a,4y # 0, ie. B —ay +v € Ay
Then 0 < (8 — a1 +v,01) =1 — 2+ (y,01), and since v # «a; and «; is long, this implies
that (y,a1) =1, 1e. f—a; +v € A, as claimed.

Thus, if € A; is a root such that (#,a1) = 1 and x5 # 0, then replacing = by
v’ 1= Aderp(ss_,, () for a suitable element x5_,, € hs_,, then, using (18) and the above, we
have zf; = 0 so that the number of roots 3 € Ay with (3,a1) =1 and 25 # 0 can be reduced
by one. Repeating this process, we conclude that the P-orbit of = contains an element of

!
T =Ty, + E Ty

ozEAll

the form

Next, let as be the maximal root in the root system {a € A | (a,a;) = 0}. By
Proposition 3.4, (Ao, ag) = 1. Then a similar discussion as above implies that the P-orbit of
x contains an element of the form

" §
&€ — xozl —I_ xO(Q —I_ xom

OzEA1”

where A} = {a € Ay | (a,a;) =0, i = 1,2}. Let 8 € A,”. Then by Proposition 3.4,
(B,a3) = (3,2X) = 2, hence 3 = a3 since az is long, i.e. A" = {as}. |

Corollary 4.5 Suppose vk(h) > 3. Then an element x € nt is non-degenerate iff in its
normal form (17) we have x,, # 0 fori=1,2,3.

Proof. Let @ be the normal form of z. Since a?a;V_,, = V_xo+20i4a, = 0 by Proposition 3.4
and since [24,,2,,] € [nT, 0] =0, it follows that #° = 624, T, T, i

Corollary 4.6 Suppose rk(h) > 3. Then every v € Vi lies in the P-orbit of an element of
the form

U= Ut(Ng—a;y) T Vt(No—az) T VE(No—as) (19)

With V(zg—a;) € Vi(rg—ay) where a; € A are as in Proposition 3.4,6.

Proof. It suffices to treat the case v € V_y since Vi = (V_;)* . Let 0 # v_ € V_5. By
Lemma 4.1, we have v = zv_ with z € n*. Replacing v by an element in its P-orbit, we
may assume that x is of normal form (17), whence the claim follows. i

Corollary 4.7 Let v € Vi & V5. Then vov € nt. Moreover, if vowv is degenerate then
(vowv)? =0y in this case, vov lies in the P-orbit of §, where o € A is a long root.
Thus, if vouv is degenerate then either vov =0 or rk(vov) =#{A € ® | (A\,a) = 1}.
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Proof. The cases with rk(h) < 2 are easily proven, thus we assume the contrary.
By (11), we have V3015 = 1V30V; = 0 and V; o V4 C nt. Thus, we may assume that
v € Vi and write it in its normal form (19)

3
v = E Urg—a; -
=1

Since Ag—a; is a long weight, it follows that 2(Ag—a;) is not a root and hence vy, _q,005y—0, =
0. Thus,
vouv =2 Z Vhg—ar; © Udg—ar, -
i<j
But now, vx,—a,;00x-a, € B2rg—a;—a, = Ba, where {7, 5, k} = {1,2,3}. Thus, by Corollary 4.5,
v ov is non-degenerate iff vy _o, 0 vy _o, # 0 for all ¢ # j which happens iff vy,_,, # 0 for all
. On the other hand, if, say, vyy—a, = 0 then v o v = 2v)\,_0, 0 Vrj—a; € Ba,, and the claim

follows. |

Proposition 4.8 Let v € Vi & V3.
1. If v ¢ V3 then its Nt-orbit contains an element in V.

2. If v #£ 0 then the H-orbit of v contains an element v of the form
U =vy + xv_, (20)

for some degenerate x € nt and where vy € Viz are such that (vi,v_) = 1. Moreover,
if vouv is degenerate then vov = 4x.

Proof. Let v := vy + v3 with v; € V; and suppose that v; # 0. By Lemma 4.1, there is
an x € nt for which 0 # zv; € V5. Moreover, V5 = 0. Thus, exp(z)v = vy + (vs + zv1),
and since dim V3 = 1 it follows that, after replacing = by a suitable scalar multiple, we may
assume that exp(x)v = vy which shows the first assertion.

The second assertion is easily proven for the cases with rk(h) < 2, thus we assume the
contrary. Moreover, it is obvious if v € V5, thus by the first part, we may assume that v € V}
and that v is in its normal form (19). Since v # 0 we assume w.l.o.g. that vy,_,, # 0.

Now let w be the element of the Weyl group of ) which corresponds to the reflection o, .
Then wVy,—o, = Vo, = Va and wVi 0, = Vij—a1—a» = Vorgtas, and likewise, wVy _,, =
Voxgtap- Thus, o :=w-v € V58 h,,V_s & h,,V_3 with non-vanishing Vs-component, and
this implies that © can be written in the form (20) with @ € h,, + ho, C nt and hence, = is
degenerate.

If vowv is degenerate then as in the proof of Corollary 4.7 we may assume that vy,—,, =0
and hence, z € b,, by the above and therefore, 2 = 0. Thus,

D00 = wvyovy+2vgo0(av_)+ (avo)o (zv)
= 2[z,vyov_]+ [x,v_ 0 (zv_)] since vy ovy =0, 2v; = 0 and 2 =0
= 4z + L[z, [z,v_ 0 v_]] by Lemma 4.3
= 4z since v_ov_ = 0.
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If p€pand x € nt then z[p,z] = [p,x]z since z,[p,z] € n*. This implies by induction
that for v_ € V_3 we have

prFo_ = k[p, z]z" " o_ for all k> 1. (21)
Corollary 4.9 Fiz 0 £ v_ € V_5. For any constant ¢ # 0, the set
Ser={z ent | (z®v_,v_) = ¢} (22)

is a single P-orbit of codimension 1. Moreover, if x € nT is non-degenerate then every
element y € nt satisfies y = rx + [p, x| for some r € C and p € p.

Proof. For the two holonomies with rk(h) < 2 the statement is easily verified, thus we
assume that rk(h) > 3.

The P-invariance of S. follows directly from the definition of P in (9). Moreover, if
2?21 T, lies in this set, then any other element of S, in normal form is of the form 2?21 CiT o,
for constants ¢; with ¢jcpcs = 1. But then these elements lie in the same P-orbit, and the
first statement follows from Proposition 4.4. Therefore, [p,z] is a hyperplane in n* and

z ¢ [p, z] which shows the second assertion. i

Corollary 4.10 If z € nt is non-degenerate then x : V_; — Vi and ad(z)* : n= — nt are
isomorphisms.

Proof. For the two holonomies with rk(h) < 2 the statements are easily verified, thus we
assume that rk(h) > 3. Also, since Vi; and n* have equal dimensions, it suffices to show
injectivity in each case. We fix vy € Vi3 such that (vy,v_) = 1 and define 0 # ¢ € C by
23v_ = cvy.

By Lemma 4.1, there is an _ € n~ such that z?v_ = x_v,. From (17) it is easy to see
that x_ is also non-degenerate and thus by Corollary 4.9, the dimensions of the stabilizers of
x and x_ are equal. Let p € p be in the stabilizer of . Then [p,v_Jvy = pr_vy = pr?v_ =
2?pv_ = 0, and hence [p,x_] = 0. Thus the stabilizer of x_ contains the stabilizer of z, thus
these stabilizers are equal. That is to say, [p,z] = 0 iff [p,z_] = 0 iff pz?v_ = 0.

Let v € V_; be such that zv = 0. By Corollary 4.9, v = rav_ + [p, z]v_ for some r € C
and p € p. Thus, 0 = 2%v = revy + [p, v]z*v_ = rcv_|_ + 3p:1; v_ = recvg by (21). Thus, r =0,
ie. v = [p,zJu_. But then, 0 = zv = z[p,zJo_ = pa*v_ = Lp,x_Joy again by (21), thus
[p,z_] = 0 by Lemma 4.1. By the above, this implies that v = [p, z]o_ = 0.

To show the second assertion, let y € n~ be such that ad(x)?y = 0. Since yzv_ € V_3,
there is a r € C such that yav_ = rv_. Then (zyvy,v_) = (vy,yav_) = r so that xyv;, =
rvy. Also, since ad(z)*(n~) = 0 by (11), we have

[z, [, [z, y]]]o-
(x*y — 32yx + 3zyx? — ya*)u_ (23)
= 0 —3ra?v_ + 3aya®v_ — cyvy

0 =

22



and

0 = [z, [z,y]]Jo-
= (:1; y — 2xyx + y:z; Ho_ (24)
= 0—2rzv_+ y:z; v_.

Multiplying (24) by @ and using (23) yields
0= —2rz?v_ 4+ zyz?v_ = —rav_ + %ym_. (25)

Multiplying (25) again by « yields —%rv; = 0. Thus r = 0, and by (25) and Lemma 4.1 we
have also y = 0. i

Let us fix once and for all a non-degenerate element a, € nt and let Py C P and po C p
be the stabilizers of a;. We define the symmetric bilinear form ¢ = o,, on V_; by the
equation

o(v,w) = 0a, (v,w) == (agv,w) forall v,w e V.. (26)

Thus,
Po=PNO(V_y,0) and po:=pnso(V_q,0). (27)

Of course, Fy fixes ayv_ € V_; and hence its orthogonal complement
W_i:=V.na,={ye V. |o(ayv_,y) = (alv_,y) =0} (28)

and the space

Wiy =a, W_; C V.
Evidently, W; = W_; as a Py-module.
Proposition 4.11 Let ay € nt be non-degenerate and let Wiy C Viy and po C p be as

above. Then
W_i =ker(al - _:Vo; — V3) =p(ayv_) = [p,a]o_

and

Wi =ker(ag : Vi = V3) = p(aio_) = [p,al]v_
Proof. The last two spaces of the first line are equal since pv_ = 0. Let w € W_;.
Then 0 = o(ayv_,w) = <a3_v_,w> = <v_,a3_w>, and aZw € V5 so that alw = 0. Also,
ailp,ayJv- = tpalv_ = 0 by (21). Thus, all spaces of the first line are contained in the

kernel of a%. Since all of these are hyperplanes in V_; by Corollary 4.9, equality follows.

The equalities in the second line are shown analogously. |

As it turns out, pg is again semi-simple for almost all special symplectic holonomy algebras
h C sp(n,C). (Some exceptions occur if rk(h) < 3.) Also, p; = p for all entries except
h = sl(2,C) & so(n,C) in which case p = p; & C. We hst the Lie algebras p and their

representation on Vj as well as the representations of pp on Wy in Table 7.
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Table 7: p and p, for special symplectic holonomies

| b L v 1 P [ v [ b [WhcCW |
sl(2, C) ©3C? 0 C 0 0
sp(3,0) (A3C8), s1(3,0) 23 50(3,C) (©2C3)
s1(6,C) APCE | s1(3,C) ¢ 5l(3,0) | C @ (C)* s1(3,C) sl(3,C)
spin(12, C) AL, s1(6,0) ACE sp(3,0) | (AC)
er (C56 ¢6 (C27 f4 (C26
51(2,C) so(n,C) | CPC" || Chso(n—2,C | CHC? || s0(n—3,C) | CpC2

An important observation we make is that (ps, po) is an irreducible symmetric pair in all
cases. Next, we let

Sym(W_q1,0) :={¢ € End(W_1) | o(¢(v),w) = o(¢p(w),v) for all v,w € W_;}
and also, let
= {y € nF [yVes C Wai} = {y € n* [alyVas = 0}, (29)
where the equality of these sets follows from Proposition 4.11. By Lemma 4.1, nf = W,

at
as a Py-module.

Let m: V_; — W_; be the o-orthogonal projection. It is then straightforward to verify
that the maps

1 nT — Sym(W_y,0) and O*po —  Sym(W_y,0)

30
y s (royoay)w., (r.y) — Ley+yolw, OV

are well defined and Fy-equivariant.

Proposition 4.12 Let ) be a complex special symplectic holonomy group and fix a non-
degenerate element a; € nt. Then the map v : 0= — Sym(W_1,0) from above is injective.
Moreover, the solutions of the equation

Wy) = y(p*) Jorpepo andy €ny, (31)
can be classified as follows.
1. Ifty = sl(2,C) or b = s((6,C) then y =0 and p = 0.
2. Ifty = 5p(3,C) then 1 is an isomorphism. Either

(a) y=0 and p =10, or

(b) p lies in the orbit of maximal root of po = sl(2,C) and y lies in the orbit of
the maximal weight vector of n, = My where My denotes the (unique) (k + 1)-
dimensional s((2, C)-module.

3. If h = spin(12,C) or h = e¢; then y =0 and either

24



(a) p=10 or
(b) p lies in the orbit of the maximal root of po.

4. If h =51(2,C) & s0(n,C) then y =0 and p € so(n — 3,C) is such that p*C*™3 = 0.

Proof. The cases with rk(h) < 2 are easily proven, thus we assume the contrary.

Let y € ker(z) C n™, i.e. yW; C a3 V_s. This is equivalent to saying that y*W_; C a3 V.
for y* := [ay, [ay,y]] by Proposition 4.11.

Let 2T € n;. Then y*ztW_y = zFytW_, C ztai Vs = aZztV.3 C ailW_, = 0 by
Proposition 4.11 so that y"’(n;)zv_g = 0. But now, one shows that (n;+)2v_3 = V] using
the normal form (17) of elements of n;r. This implies that ¥tV = 0 and thus, y* = 0 by
Lemma 4.1. Therefore, y = 0 by Corollary 4.10 and hence, 1 is injective.

Now let us investigate equation (31) for each holonomy group separately. Note that

Sym(W_y,0) = O*W_; = @*W; as a pg-module.

1. h = sp(3,C):
In this case, dim(®?*py) = dim(©®*Wy,) = 6, so that 2 is an isomorphism. Moreover,
% = 0?2 My = My D My by the Clebsch-Gordon formula and thus, n,, = W_, = M,
as a sl(2, C)-module. The My-summand on pq is represented by the Killing form B of
po so that y(p?) € My iff B(p,p) = 0iff p = 0 or p lies in the orbit of a root space.

2. h=sl(6,C):

We decompose &2pg = M0 O z(n;r) @ M’ where M,, ., is the irreducible summand
whose maximal weight is given by 2a with o € s[(3,C) the maximal root. Then

J(M,az) # 0 since (adp,)? # 0.

Let 7 : ®*pg — M, be the projection. Then the set {p € po | 7(3(p?)) = 0} is
closed, po-invariant and does not intersect the orbit of the highest weight vector. It is
well-known that for an irreducible representation, the only set with these properties is

{0}, i.e. w(5(p?)) = 0 iff p = 0. Since 7(3(p*)) = 7(2(y)) = 0, the claim follows.
3. h = spin(12,C):

There is only one summand of ®?pg isomorphic to n,, = (AC?)g, namely the one given
by the image of the map x : (A*C®)q — Sym(A*C®) characterized by the equation
k(a)(B) ANw? = a A B Aw where w is the symplectic form preserved by sp(3,C). Thus,
we must have j(p*) = k(a) for some a € (A*C?),.

The set {a € (A*C®)g | k() = j(p*) for some p € po} C (A*C°)g is closed and po-

invariant and hence is either {0} or contains the orbit of the maximal weight vector.

Let us suppose that there is a p € po such that j(p?) = k() where a € (A?C°)g is a
maximal weight vector. Fixing a basis {ex; | i = 1,2,3} of C® such that w = Y. e; Ae_,,
we may assume that o = e; A e3. Thus, x(a)(e; A CP) = 0 for i = 1,2,43. Now, a
straightforward investigation yields that p*(e; AC®) = 0 fori = 1,2, +3 and p € sp(3,C)
implies that p(v) = w(v,u)u for some fixed v € C°. But this means that j(p?) = 0
which is a contradiction.
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Thus, if j(p?) € ung,) C #(A*C?)o then we must have j(p*) = 0 which implies that
either p = 0 or p lies in the orbit of the maximal root. Also, y = 0 by the first part.

4. h = fa
The decomposition of ®*(pg) into its irreducible components yields that there is no
summand isomorphic to n, = W_. Thus, o(n7, ) N 7(®*po) = 0 which means that
(31) implies that «(y) = y(p?) = 0, thus y = 0 by the first part.

One can then show that each p € f4 satisfies j(p?) = 0 iff p = 0 or p lies in the orbit of
a maximal root. We omit the details.

5. h =sl(2,C) @ so(n,C):

In this case, @*W; = @?C & (C® C"?) & (©?*C"?)q & Cldea-2. On the one hand,
since po acts trivially on the C-factor, it follows that j(®%*po) C (©*C*?)o & Cldgn-s.
On the other hand, ny, does not contain (®*C" %)y as a summand. Comparing these
decompositions yields ¢(nz, ) N 7(@%p) C Cldgn-s.

However, a glance at the normal form (17) reveals that «(n~) N Cldcn-2 = 0 so that
(31) implies that «(y) = 0 and therefore, y = 0 by the first part. |

4.2 Real symplectic holonomy algebras

The facts about real forms and the notation used in this section are taken from [OV, ch.34].
Throughout this section, all vector spaces and Lie groups are assumed to be real unless they
are indexed by C.

Let H C Aut(V) be a real special symplectic holonomy group where V' is a real vector
space, let h C End(V) be its Lie algebra and let He C Aut(Ve) and he C End(Ve) be the
complexifications. Thus, h&V C ho@ Vi as a real subspace. Let Co C P(Vi) be the He-orbit
of the highest weight vector and let C := Cc N RP(V).

We choose a Cartan subalgebra t¢ C e and let t:= tc N h. Since he C End(Vr) is also
a special symplectic holonomy algebra, there is the decomposition hc = ng & nl & nd and
the subalgebra pc C n@ from (10) and (12).

Let a C t C h be the maximal R-diagonalizable subalgebra. Then there is a decomposition

f):bo@@m where hp = a @ m (32)

AEX

for some subset ¥ C a* and some compact subalgebra m. Then ¥ is a root system and has
as many simple components as fj. Moreover, the action of the Weyl group Wyg on a* leaves
m invariant and is induced by conjugation by elements of H. We call an element A € t* real
if A(t) C R which occurs iff A(mNt) = 0. It follows that for some real A € t*, the orbit
Wy - A = (W - X) N {real elements}, where W denotes the Weyl group of §.

Let us suppose that C # (), and let v, € V be an element which determines a line in C.
Then we can choose t¢ and a fundamental Weyl chamber such that v, lies in the dominant
weight space Vi, and Ag(t) C R whence )q is a real weight. Conversely, if there is a long real
weight then its weight space lies in C. Thus, C # ) iff there are real long weights.
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If this is the case, i.e. if g is real, then the weights {x | (Ao, ) = 5} and the roots {« |

2
(Ao, @) = i} are invariant under conjugation so that by (8) and (10) we get the decompositions

h=nton’en, V=WaoWVaV., oV, (33)

where n' = n-Nh and V, = (V,)c N V. We also define the analogues of N*, P and p C n” as
in (9) and (12).

In terms of the Satake diagram of f, the dominant weight is real iff in the description of
the representation of h on V' via Dynkin diagrams, there are no non-zero coefficient over a
black node, as these correspond to the roots of m. A glance at the Satake diagrams of the
representations in question implies the following.

Lemma 4.13 Let H C End(V) be a real special symplectic holonomy group and choose a
mazimal R-diagonalizable subalgebra a C t C h and m as above. There are real long weights
in ® {ff C £0. In this case, we have the decompositions (33).

In particular, these conditions are satisfied unless H C End(V') is one of the following
real holonomy groups:

1. H=SL(2,R)- SO(n) C End(R?@ R"),
2. 0= 8p(1) - SO(n,H) C End(H"),

3. H= SU(1,5) C End(R™),

4. H= Spin(2,10) C End(As10).

Lemma 4.14 Let H C End(V) be a real special symplectic holonomy group. Then either
C =0 or H acts transitively on C.

Proof. Suppose that C # (). Since all Cartan algebras are conjugate, it follows that C
contains an element in the maximal weight space V), w.r.t. some fixed fundamental chamber.
Thus, all that remains to be shown is that vy € V), lies in the same H-orbit as —uv,.

Let o € A be the maximal root, let (Hy)c := exp({(ha)c, (h-o)c}) C He. Then (H, ) =
SL(2,C) and hence, the real form H, := (H,)cNH is (up to covering) isomorphic to SL(2,R)
or SU(2).

Let ro := (Ao, ). Then by Proposition 3.4, rq is odd (in fact, ro = 1 if rk(h) > 2 and
ro =3 if tk(h) = 1). H, leaves @2, ((Viy)c @ (Vag—ia)c) NV invariant and acts on this via
the irreducible (rg + 1)-dimensional representation. Since rq is odd, —Id € H, acts as —1d
on this space and thus, in particular, on Vj,. i

Suppose now that we have a fixed decomposition of h and V from (33) and elements
vy € Vis with (vy,v_) = 1 and define for a constant ¢ # 0 the set S. C n* as in (22). We
denote its complexification by (S.)c C (n%)c. Recall that by Corollary 4.9, (S.)c is a single
Pr-orbit.
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Proposition 4.15 Let H C End(V) be a real special symplectic holonomy group for which
C # 0, fix a Cartan decomposition, vy € Viz and ¢ # 0 as above.

Then there is a one-to-one correspondence between P-orbits of S. and isomorphism
classes of real subalgebras po C p such that po @ C = (po)c. This correspondence is given by
associating to each element v € S. its infinitesimal stabilizer.

Proof. Evidently, the infinitesimal stabilizer py of @ € S, must be a real form of (po)c since
S. = (S:)c N nt. Also, if two elements lie in the same P-orbit then their stabilizers are
conjugate and hence isomorphic.

Let po C p be a real form of (po)c. Then the representation of pg on nt = V] is a real form
of the representation of (pg)c on (Vi)c. By Table 7, this means that there is a po-invariant
subspace which intersects S. for all ¢ # 0. Thus, pg is the infinitesimal stabilizer of some
element z € S..

Finally, suppose that z,2" € S, have isomorphic infinitesimal stabilizers po and p;, re-
spectively. A glance at Table 7 shows that ((ps)c, (Po)c) is an irreducible symmetric pair
in each case, hence so are (ps,po) and (ps, py). Since po = pi, this implies that there is an
automorphism ¢ : ps — ps with o(py) = po. Moreover, one verifies that each class of the outer
automorphisms of p, contains an element which leaves pg invariant, thus 2 can be chosen to
be inner, hence py and p;, are conjugate. Therefore, after replacing ' by an element in its
P-orbit, we may assume that po = pj.

If H is simple then the representation of py on n* has a one-dimensional invariant sub-
space, hence x,z" are linearly dependent. Since x,z’ € S., we conclude that x = 2'.

If H is not simple then there is a two-dimensional po-invariant subspace Wy of n™, and
one verifies directly that P acts transitively on Wy N S..

In Table 8, we list the real forms po of (po)c in each case. Since (ps,po) is a symmetric
pair one may either calculate the possible subgroups directly, or refer to the classification of
irreducible symmetric spaces in [Be2].

Proposition 4.16 Let HC End(V) be a real special symplectic holonomy group with C # ),
suppose a decomposition (33) and ay € S, C nt for some ¢ # 0 has been fived, and Py C P
and po C p are defined as in (27). Then the number of Py-orbits of solutions of (31) is as
specified in Table 8.

Proof. Since h &V C he & Vi, each solution (y,p) € n;, & po of (31) must also be a
solution in the complexification (nz, )c & (po)c. Thus, by Proposition 4.12, we have either
(y,p) = (0,0), or b is simple and p lies in the orbit of the maximal root of (po)c, or b is not
simple and y = 0.

If § is simple and (y, p) # (0,0) then by Proposition 4.12 hc = spin(12, C), ¢% or sp(3, C),
and p € R N po where Re is the orbit of the maximal root of (pg)c. But Re N pe #£ 0 iff in
the Satake diagram of py the nodes corresponding to the simple roots of (pg)c which are not
perpendicular to the maximal root are white. Verifying this condition it follows that this is
the case iff po C (po)c, p C pe and b C he are the split forms. Thus each Py-orbit of ReNipg
intersects the maximal root space. It remains to decide if p and —p lie in the same Fy-orbit.
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Table 8: p; and py for simple real special symplectic holonomies with C #

# FPy-orbits
b Ps Vi Po of solutions
of (31)
sl(2,R) 0 R 1
2R3 50(3) 2
sp(3,R) sl(3,R) O’R w02, 1) ;
sl(6,R) sl(3,R) & sl(3,R) R>® (R?)* sl(3,R) 1
A€ Mo(3) su(3) 1
su(3, 3) sl(3,C) { Ao A* su(2,1) .
spin(6, 6) s1(6,R) A’R® sp(3,R) 3
i 213 sp(3) 1
spin(6, H) sl(3, H) A (2 1) .
o) D R27 () 5
et” et R fs or 11 1
sl(2,R) & so(p, ) so(p—1,g—1) —— so(p—2,q—1) | [Rinlatl))
p>q>1,p>2 ’ so(p—1,q—2) [4]

If h = sp(3,R) then we choose a basis iy, €42, e43 of R® such that h preserves the
symplectic form > . e; A e_;, and let vy 1= ex1 A €4 A exs. A calculation then yields that
we may choose a; := cg(€? + eze3) for some appropriate constant co # 0. Moreover, Re N o
contains the element p := 2eje_y — e_1e5. However, the element of H = Sp(3, R) which maps
ex; — g4 with ey = 1, ¢ = 3 = —1 fixes vy and a, and hence lies in Fy and maps p to
—p.
If h = spin(6,6) or 6(75) then by Proposition 4.15 S. has a single P-orbit, thus we may
assume that ay = x,, + 4, + T4, is in its normal form (17). Moreover, p? = 0 is satisfied if
p € hg where 3 is a long root perpendicular to ¢y, so we may assume this.

Now, if h = spin(6,6) then this implies that the image of a; £ p € h = 50(6,6) is a
positive (negative, respectively) semidefinite plane. Hence a; + p and ay — p cannot be
H-equivalent, hence p and —p lie in different Fy-orbits.

On the other hand, if h = 6(75) then there is a long root v with (8,4) = 1 and (ay,v) = 0.
Letting S, := exp(h,,h_,) then S, = SL(2,R), bh,, is S,-invariant so that S, C P, and
span(hs, hs—y) is a two-dimensional S,-module. In particular, —Id € S, maps p to —p so
that these lie in the same Fy-orbit.

Finally, if  is not simple then y = 0 and p € so(p—1,¢—2) (so(p—2, ¢—1), respectively) is
an endomorphism with p? = 0. It is easy to show that two such p’s are Py-equivalent iff they
have equal rank, and the rank can be any even integer < min(p—1,¢—2) (< min(p—2,9—1),

respectively). From this, the asserted numbers follow.
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5 Classification of degenerate pairs

Let H C Sp(V,(, )) be a special symplectic holonomy group with Lie algebra b C sp(V, (, ))
and let (M, 2, V) be a symplectic manifold with a symplectic connections with holonomy H.
Let m: F' — M be the holonomy bundle and p:=a+b: ' — hEHV be the curvature maps
from Theorem 3.6. We wish to investigate the degenerate critical points of the symplectic
scalar curvature of V. By Theorem 3.6, the pull-back of this function to F' coincides with
the function (a,a) : F' — F, up to multiplication by a constant. Thus, we shall investigate
the degenerate critical points of (a,a): F' — F.

Suppose that the first and second order derivatives of (a,a) vanish on some fiber 7=!(p) C
F for some p € M. By (6), the vanishing of the first derivative means that on 7=*(p) we
have 0 = ¢,(a,a) = 2({,a,a) = 2(bowv,a) = —4 (ab,v) for all v € V by (16), i.e.

ab =0, (34)

while the vanishing of the second derivatives implies that the differential of (34) vanishes,

which by (6) yields
(bowv)b+a(2a’®+¢ Idy)v=0 forallveV, (35)
where ¢ = ¢ + 2(a,a). Utilizing (4), we obtain
(bov)b=—-3(b,v)b+ (bob)v,
so that (35) is equivalent to
—3(b,v)b + (bob)v+a(2a’ +cldy)v =0 forallveV, (36)

As it turns out, it is convenient to distinguish the following types of solutions of (34) and

(36).

Definition 5.1 A pair (a,b) € h &V with b # 0 which satisfies (34) and (36) is called

degenerate. A degenerate pair is said to be of
type 1 if ¢ #£ 0.
type 2ifc =0 and bob #0, or rk(h) = 1.
type 3ifc =0, bob =0 and rk(h) > 2.

Let us choose a Cartan decomposition of k

h=ts ..

aEA

Then we obtain the following result.

Lemma 5.2 Let (a,b) € h & V be a degenerate pair. Then we may replace (a,b) by an
element in its H-orbit such that the following hold:
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1. a=ay+a, witha; €,
beViand0#bobent, orbe Vs andbob =0,
agh =a;b =0,

RN

ao(2ag +eldy) =0, (37)

5. if ¢ # 0 then [ag,ay] =0 and ag € t.

Proof. Let a = a; + a, be the Jordan decomposition of a into its semi-simple and nilpotent
part such that [as,a,] = 0. After replacing a by an element in its H-orbit, we may assume
that a, € t and a, € @+ Do

Also, from (11) we have the decomposition a = a; + ag + a_ with a;, € n’. Comparing
this with the Jordan decompositions yields that a_ = 0, which is the first assertion.

Let b=>" b, with b, € V, be the decomposition of b € V.

Substitute v = vy € V5 into (36). Since alV3 C Vi and (b ob)Vs C Vi & Vj, the
V_s-component of this equation reads —3(b_s,v;)b_3 = 0, whence b_3 = 0 and thus,
(b,vy) = 0. Thus, the vanishing of the Vj-component implies that (b o b)vy C Vi, i.e.
bob € n’®nt by Lemma 4.1.

Next, substitute v € V] into (36). By the above, both a and bob preserve Vi & V35, whence
the vanishing of the V_;-component of (36) implies =3 (b_;,v) b_; = 0 for all v € V], whence
b_; = 0 so that b € V; @ V5. The second assertion follows from Proposition 4.8 since N*
preserves the decomposition of a.

The third assertion follows from the second and the decomposition of 0 = ab = agb+a,b
into its Vj- and V3-components.

For v € V,, r = 1,3, the vanishing of the V,-component of (36) implies that ag(2a3 +
cldy)v =0 for all v € Vi & V3, and since ag(2a2 + cldy)V; C V; for all 7, this implies (37).

Finally, note that 0 = [a,,a] = [a,,a0] + [a,,a;] and since a, € t and [t,n’] C n', this
implies that [ag, as] = 0. If € # 0 then ag is semisimple by (37), hence so is ag — a;. On the
other hand, ag —a; = a, —a, € @aeAJr b, is nilpotent. Therefore, ag = a, and a, = a,
which implies the last statement. |

5.1 Degenerate pairs of type 1

Proposition 5.3 Let (a,b) € h &V be a degenerate pair of type 1. Then we can choose the
Cartan decomposition of ) such that b € V\, where A € ® is a short weight, and a = apg + a
with ag € t and

Mag) =0, bob=2ea,, and (b,v)b=(2aj+cldy)a,v foralveV. (38)
In particular, degenerate pairs of type 1 exist only for those holonomies §) which have short

roots, i.e. for h = sp(3,F), h = sl(2,R) S s0(2p+ 1,2¢) and h = s((2,C) & so(2n 4+ 1,C).
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Proof. By Lemma 5.2, we may assume that b€ V; & V3 and bob € nt, a =ag + a; with
ag € t,a; € nt and [ag,a;] = 0. Using (37) we get

a(2a’ +¢ldy) = a,(6a] + cldy) + 6aga’ + 2a’. (39)

Let r := MXo(ag). Then by (37), 2r? € {0,—c}. Applying (36) with v_ € V_5, the V_;-
component reads (b o b)v_ + (6r? 4+ ¢)ayv_ = 0 and since 6r* 4+ ¢ € {¢, —2¢}, Lemma 4.1
implies that

bob = kcéa;, where ke {2,—1}. (40)

Suppose that bob = 0. Then by (40), a; = 0, i.e. a = a, and hence by (37),
a(2a* + ¢ldy) = 0. But then (36) reads —3(b,v)b = 0 for all v € V, implying that b = 0
which was excluded.

Thus, bob # 0, hence by Lemma 5.2 we may assume that b € Vj. Then the V3-component
of (36) with v = v_ € V_3 reads 2alv_ = 0, thus a; and hence b o b are degenerate. In
particular, Corollary 4.7 implies that (b o b)? = 0 and hence, a} = 0. Thus, (36), (39) and
(40) imply

—3(b,v)b + (6a3 + (k+ 1)cldy)a,v =0 for allv € V, where k € {2, —1}. (41)
Next, multiplying (41) by ag and using (37) and agh = 0 by Lemma 5.2 we get
(k —2)eagay = 0.

If K = —1 this would imply agay = 0, and hence by (41), =3 (b,v)b =0 for all v € V,
thus, b = 0 which is impossible. Thus, we have k = 2, and (40) and (41) yield the last two
equations of (38).

Let V.= Wy & W, & W_, be the decomposition of V' into the ay-Figenspaces. Since ag
preserves ( , ), it follows that (Wo, W,) = (W,,W,) = (W_,,W_,) = 0; since [ag,a;] = 0 it
follows that a; preserves this decomposition, and rk(a|w, ) = rk(at|w_,). Moreover, from
b € Wy and (38) we obtain a; (W) = b.

Thus, rk(a;) = 2rk(ay|w,) + 1 is odd, and hence, by (40), so is the rank of b o b. But
then, since b o b is degenerate, Corollary 4.7 implies that b o b lies in the orbit of h, where
a € A is a long root such that the set

S={xed|(\a)=1}

contains an odd number of elements. Note, however, that there is an involution o : 5 — 5,
o(A) := a — X which has at most one fixed point A = %oz. That is to say, S contains an odd
number of elements iff %oz € ®. In particular, ® contains short weights.

Replacing b by an element in its P-orbit, we may assume that b is in its normal form

(19). Since (bob)? =0 and by Proposition 3.4,6. this means that
200 =01+ s+ as =01 + az + 2\

and

b = b/\o—al + b/\o—a2 = b/\-l-ﬁ + b/\—ﬁv
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where 3 = £(a; — a3). Since Vi C V4 by Proposition 3.4,2, \g— A € Ay, and (Ag— A, o2) = 1,
whence = Ao — A —ay € A.

Let Hs := exp((hs,h-p5)). Then Hpz = SL(2,C) and since (5,Xo) = 0 it follows that
Hs C P. Moreover, since agb = 0, we have 3(ag) = A(ag) = 0 so that Hp leaves a, invariant,
while it acts on Viyg @ Vi @ Vi_g via the irreducible 3-dimensional representation. Thus,
the Hg-orbit of b either contains an element in Vy;3 or an element in V). Since bob # 0,

the latter is the case, and this completes the proof. |

From this explicit description of the degenerate pairs we also get the following result by
a straightforward calculation which we omit.

Corollary 5.4 Let (a,b) € h &V be a degenerate pair of type 1. Then the image of Ra :
A’V — b generates all of §.

Proposition 5.5 Let (a,b) € h &V be a degenerate pair of type 1, and let a = a; + ag be
the Jordan decomposition of a where ag is semi-simple and ay is nilpotent. Let b_ € V be
such that agb_ = 0 and (b,b_) = 1. Then the linear map 7 : V — § given by

9 _
7(v):==bo(aw)+b_o (% (b,v)b_ — (2a3 + E]dv)v>
c
satisfies the identity

pola+b) =& mat+b)=0 foralveV. (42)

Moreover, if we let [ := stab(a,b) C b then there is no l-equivariant map 7 : V — b which
satisfies (42).

Proof. We may assume that (a,b) = (ay 4 ag, b) is the pair from Proposition 5.3 and thus
satisfies (38). Then we may assume that b_ € V_, and hence, bo b_ € t. We begin by
showing the identities

(bob_)by = Fby and b=rca;b_. (43)

Here we use the notational convention that b, = b.
The second of these equations follows from the last identity in (38) with v := b_ since
agb_ = 0. The second identity in (38) and (4) implies 2b = (bob)b_ = (bob_)b + 3b,
whence (bob_)b = —b. Also, b_ € V_, is an eigenvector of bob_ € t,and ((bob_)b_,b) =
{(bob_)bb_) = —1 from which (43) follows.
By (6), we obtain
pu(@) = bou—[r(0),al,

po(b) = (2a®+¢ldy)v —7(v)b (44)

Now [a,b o agv] = b o (aagv) = b o (a3v) + b o (ayagv). But the second summand equals
L(azb_) o (apasv) = =[ag, [at,[ar, b o v]]], by (43) and a% = 0. Since ay € by and 2 is

%
a long root, [ay,[ay,h]] C hay and [ag, hay] = 0, so that this term vanishes and we get

[a,b o agv] = bo (ajv).
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Next, [a,b_o((2af+¢ldy)v)] = tbo((2aj+¢ldy)v)+b_o((b,v)b) by (37), (38) and (43).
Finally, [a,b_ ob_] = 2b o b_ by (43), and putting all of these together, p,(a) = 0 follows.

For the second part, we have (bo (agv))b = (bob)agv = 2¢éa;agv by (4) since (b, agv) =
— (agb,v) = 0 and by (38). Also, (b_ob_)b = (b_ob)b_ —3b_ = —2b_ by (4) and (43).
Finally, again by (4), (b_ o (2a3 4+ ¢ldy)v)b = (b o b_)(2a2 + cldy)v — (2a; + cldy)v —
2¢(b,v)b_ —¢(b_,v)b. Now,

2(bob_)(2a +¢ldy)v = ¢€lay,b_ob_](2a3 +ecldy)v by (43)
= ¢(a(2a +¢ldy)(b_ob_)v
—(b_ob_)a,(2a3 +¢ldy)v) since[ag,b_ob_|=0
= ¢((b,(b_ob_)v)b
—(b_ob_)(b,v)b) by (38)
= 2¢({(b_,v)b + (b,v)b_) since (b_ob_)b = —2b_

Putting these together, p,(b) = 0 follows.

Finally, if o : V' — b is another map satisfying (42) then o := o — 7 has values in [. Then
(ayo)(b) = [a;,0(b)] — o(arb) = [ay,—cbob_ + a(b)] —0 = —=b o b + [a;,a(b)]. But
since [at,[] = 0, we get (a;o)(b) = —bob, ie aio #0.

Theorem 5.6 Let (a,b) C h &V be a degenerate pair of type 1. Then there is a G-
invariant symplectic connection on the total space of the homogeneous vector bundle F —
G/ Lo from Table 1 corresponding to holonomy group H whose curvature at any point p € FE\0
is represented by (a,b). Moreover, the homogeneous space E\O = G/ L is not reductive, and
the momentum map p : G/ L — g* is a double covering of a coadjoint orbit.

Proof. Using (7) from Theorem 3.6, it follows that the Lie algebra g of infinitesimal sym-
metries is given by

g = {pv = f’u-l—T(’U) | v E V} D [, (45)
where [ := {p,:=& | x €h,x-(a,b) =0} is the stabilizer of (a,b), and there is a G-

invariant symplectic connection on G/L whose curvature is represented by (a,b). Thus,
Corollary 5.4 and the Ambrose-Singer Holonomy theorem [AS] imply that the holonomy of
this connection equals all of H, and Propositions 2.7 and 5.5 imply that this space is not
reductive.

In order to identify g and [, it suffices to consider the complex case, as the investigation of
the corresponding real forms is standard. As before, we assume that (a,b) is the degenerate
pair given in Proposition 5.3. We are given the explicit formulae for the vector fields p,, in
Proposition 5.5, and their Lie brackets in (6). First, we compute that there is a Lie algebra
isomorphism between s[(2,C) = ©*C* and s, := span(pp, cpp_ + 229, a4 ), given by

1 2
2 2
E'Ob — e1e9, pn_ + an —— €], —day «— €3,

with a basis e, eo € C* with det(ey, e2) = 1.
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Let p € ® be a weight with (¢, A) > 0, 4 # X and v, € V,,. Then one calculates that

[Pbs o] = —Cpts A)po, s

so that these vectors lie in the —1-eigenspace or the 0-eigenspace of ad(%pb).

If h = sp(3,C) then we let 55 be the semisimple part of [. One calculates that sy =
s[(2,C). Moreover, there are two short weights +u € ® with (u,A\) = 0 and r := u(ag) # 0
where 2r? + ¢ = 0. For these, we have 65 - V4, = 0. A calculation then shows that s3 :=
span(ag, Vi, ) = sl(2,C) with an explicit isomorphism given by

%a PN 2 2
~a0 €163, U_, > €], U, > €3,
where vy, € Vi, are such that (ag,v, ov_,) = 1. Also, [s;,5;] = 0 for ¢ # j. Finally,
for all long weights v € ® with (v,A) > 0, V,, lies in the —l-eigenspace of %pb, in the
+1-eigenspace of the diagonal element of 55 and in the £2-eigenspace of 2ag. Thus, we have
the decomposition

g = 51 D ss D ssD ‘/17172 = 50(4,@) @50(3,@) D (C4 X CS)

For weight reasons, [V 12, Vi1,2] C 5182 @83 and it is easy to verify that [V 12, Vi12] # 0.
Thus, this is the symmetric pair corresponding to the Grassmannian SO(7,C)/(SO(4,C) -
SO(3,C)) which shows that g = so(7,C). Also, we have the explicit description of [ C g

which yields the assertion.

In the case h = s((2,C) & so(2n + 1,C), the semisimple component of [ is sl(n,C) and
every weight ;1 € ® with p # A satisfies (A, ) # 0. On the weight vectors v, with (A, ) =1,
sl(n,C) acts as on V & V* with V = C". But %ao commutes with s; @ sl(n,C) and has V
and V* as its +1-eigenspaces.

Therefore, we get the decomposition

g250(2,C) Dgl(n,C) B (C* @ (Va V).

Again, for representation theoretic reasons, [C* @ (V & V*),C* @ (V & V*)] C sl(2,C) &
gl(n,C) and a calculation shows that this bracket does not vanish. Therefore, we obtain the
symmetric pair corresponding to the “Grassmannian” SL(n + 2, C)/(S(GL(2,C) - GL(n,C))
which shows that g = sl(n 4 2,C).

From the explicit calculations, we find that [ C [y is the stabilizer of the maximal weight of
the representation of Ly on W where [j is the Lie algebra of Ly and £ = G XTI, W — G/Lg is
the homogeneous vector bundle corresponding to holonomy group H from Table 1. Whence,
G/L is equivalent to F\0. That ¢ : G/L — g* is a double covering of a coadjoint orbit
follows from another explicit calculation which we omit. |

Of course, Corollary 2.6 already implies that (G /L) C g* must be a coadjoint orbit since
H'(g,g") = 0 for simple g by the Whitehead Lemma [HS].
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5.2 Degenerate pairs of type 2 or 3
Lemma 5.7 [f(a,b) € h BV is a degenerate pair of type 2 or 3 for some special symplectic
holonomy algebra by then b o b is degenerate.

Proof. Suppose there is a solution of (34) and (36) with ¢ = 0. Using the decomposition of
a from Lemma 5.2, we may assume that b € V; & 15 and bob € nt and that ag is nilpotent.
Since Vis are Eigenspaces for ay, it follows that agVyis = 0. Then the V_;-component of (36)
with v = v_ € V_3 yields

0= (bob)v_ +2ala,v_ = ((bob) + 2[ag, [ag, a;]])v_,

and hence by Lemma 4.1, bo b = —2[ag, [ag, a,]] = —2(ada, — 2asa,ay + aa?). But now,
expanding (bob)? and using a3 = 0 from (37) and agVi3 = 0, it follows that (bob)?*v_ = 0,

i.e. b ob is degenerate as claimed.

Proposition 5.8 Let h C End(V) be a complex symplectic holonomy algebra and fix a
decomposition of V and by as in (8) and (11). Let vy € Vis be such that (vy,v_) =1 and
define S. C nt as in (22). Fiz an element ay € S% C nt, e

3
ajv_ = 70+ (46)

and let Py C P, po Cp, ng, Cn™ and W_y C V_y as defined in (27), (28) and (29).
Then (a,b) € h &V is a degenerate pair of type 2 or 3 iff the H-orbit of (a,b) contains
a pair of the form (a; +ag +a_, vy —2a_ajv_) where ag € po and a_ € n,, are such that

iag) = —3(a-) (47)

with 1,7 from (30).

Proof. Suppose that (a,b) satisfies (34) and (36) with ¢ = 0. By Lemma 5.7 and Proposi-
tions 4.8 we may change (a,b) to an element in its H-orbit such that

b=uv,+ i(b ob)u_.
Also, we decompose a according to (11) as
a=4a,+ay+a_ with a, e n™,a, en’,
Now, the V3-component of (36) with v = v_ reads
—3vy +2av_ =0,

and thus, by (46) and Corollary 4.9, we may replace (a,b) by an element in its P-orbit and
assume that
ap = ay.
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Then one verifies easily that (34) implies agVs = 0 so that ag € p and a_vt + ia+(b o
b)v_ = 0. Moreover, 0 = [a,b o b] = [a;,bob] + [ag,bob]+[a_,bob]. But by (11),
[a;,bob] € nt,nf] =0, [a_,bob] € [n7,n"] Cng and [ag, b o b] € [ng,n*] C n', so that
we obtain

1
ao €p, [az,bob]=[ag,bob]=0, a_vt + Za+(b ob)v_ =0. (48)
Since aya_Vs C V3, there is an r € C with
aja_vy =rvy and a_ajv_ =ro_, (49)

because (a_ajyv_,vy) = (v_,aja_v;). Now, decomposing (36) with v = v_ into its V,-

components and using that aguv_ =a_v_ = 0 and (46) yields:
0 = 0,
2(ayapay +apaljv. = 0, (50)
(H(bob) +2(ray +a_al +ajay))jv. = 0,
2a_agajv-. = 0.
Since ag € p we have aga;v_ = [ag,a;]v_ and agalv_ = 2ay[ag,a;|v_ by (21) so that the
second equation in (50) implies
ailag,ar]v_ =0.
But now, since ay is non-degenerate, Corollary 4.10 implies that [ag,ay]v_, and thus, by
Lemma 4.1, [ag,a;] = 0, i.e. ag € po. But then, (48) implies that aga_vy = —tagai(b o
b)u_ = —1ay(bob)agv_ = 0, hence [ag,a_]vy = 0, so that, by Lemma 4.1,
[a07a:|:] =0, ag € po. (51)
With this, (50) yields
1
a_ajv_ = — <§(b ob)+ ra+> v_. (52)
Next, note that (ad(nt))?*(n™) =0 by (11), so that
0 =[ay,[ag,[ay,a_]]]=ala_ —3ala_a; +3aja_al —a_aj. (53)
Thus, we get
0 = (aja_ —3aja_a; +3aja_al —a_al)v_
= 0—3ralv_ —3ay (L(bob)+ray)v_ —2a_vy by (46), (49) and (52)
= —6raju_ by (48).

This means that » = 0, and with (29), this means that
aja_Viz=a a;Viz =0 and a_ €n,,. (54)

Moreover, 8[ay, [ay,a_]jv_ = 8(ala_ —2aja_ay +a_a’)v_ = —(bob)v_ by (52) and
(54), and since [ay, [ay,a_]],bob € n*, Lemma 4.1 implies that

bob=—8[a;,[a;,a]], b=wv;—2a alv_. (55)
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Using (55) and decomposing (36) with v € V_; into its V,-components yields

—6(aja_ —3ajya_a; +a_al)v+bajav = 0
2(a + 3apa_ay)v = 0 (56)
2a’a,v = 0.

The last equation together with Corollary 4.10 implies that a? V; = 0 and hence, (a_v;, V}) =
(vi,a2Vi) =0, ie a’ =0.

On the other hand, [a_,[a_,a]Jv; = (a’a; —2a_aja_ + a,a®)v, = 0 by the above
and (54) and hence by Lemma 4.1, [a_,[a_,a.]] =0, i.e.

a’ =a_aja_ = 0. (57)
Since aZv € V4, it follows that a%v = (alv,v_)vy = —o(v,arv_)vy with 0 = o,
from (26) and thus, a_a%v = —o(v,ajv_)a_vy = —20(v,av_)aga_alv_ by (48) and (55).

Substituting this into the first equation of (56) yields
—6a;((aya_ —3a_a; —aj)v — 20(v,ajv_)a_alv_) =0
for all v € V_1, and since a, is non-degenerate, Corollary 4.10 yields

agv = (aya_ —3a_a;)v — 20(v,ayv_)a_ajo_ forall v e V.. (58)

Note that the o-orthogonal projection 7 : V_; — W_y is given by m(v) = v+20 (v, ajv_)a v_,
and from there it is straightforward to verify that (58) is equivalent to (47).

Conversely, suppose the orbit of (a, b) contains an element of the form (ay +ag+a_, vy —
2a_a’v_) with ap € po and a_ € n,, such that J(a3) = —3u(a_). By (29) we have also (55).

If a_ # 0 then h = sp(3,C) and po = s1(2,C) by Proposition 4.12, and a_ € ng, lies
in the orbit of the maximal weight vector. From there, one sees easily that a2 = 0 and
[ag,a_] = 0. Thus, we may assume the latter equations for any b.

By (46), (53) and (54) we get 0 = (aja_—3aja_a;+3aia_aj—a_a’)v_ = 3aja_ajv_—
%a_m_, and from this, ab = 0 follows.

A straightforward calculation then shows that (36) follows from (46), (55), the identities

a’ =0 and [ag,a_] = 0, and (47) which is equivalent to (58). i
Therefore, Propositions 4.12 and 5.8 immediately yield the following

Theorem 5.9 Let H C Aut(V) be a complex symplectic holonomy group with holonomy
algebra by. Choose vy € Vis with (vy,v_) =1 and a non-degenerate a; € nt with av_ =
2vy and define po C p as in (27). Then (a,b) € h &V is a degenerate pair of type 3 iff one
of the following holds.

1. h =2 5l(2,C) & so(n,C) and the H-orbit of (a,b) contains a pair (a; + ag,v;) where
ag € Po is such that a3 = 0. The Py = SO(n — 3,C)-orbit of ag € po with a = 0 is
determined by the rank of ag which can be any even integer < ”2;3 Thus, there are

exactly "] such orbils.
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12

s((2,C), h = 5p(3,C) or h = sl(6,C) and (a,b) lies in the H-orbit of the pair
+5U4).

2.4
(a

3. b = spin(12,C) or h = % and (a, b) lies in the H-orbit of the pair (ay +ag, v, ), where
either ag = 0 or ag is a long root vector of pg.

Moreover, (a,b) € h &V is a degenerate pair of type 2 iff h = s((2,C) and (a,b) lies
in the H-orbit of the pair (a;,vy), orh = sp(3,C) and (a,b) lies in the H-orbit of the pair
(ay +ag+a_,vy —2a_av_) where ag € pg = 51(2,C) is a root vector and a_ is uniquely

_l_
determined by (47).

Corollary 5.10 Let HC Aut(V) be a real symplectic holonomy algebra.

1. There are no degenerate pairs of type 2 or type 3 if C = 0, i.e. for those holonomy
groups listed in Lemma 4.13.

2. If H satisfies C # () then there is a one-to-one correspondence between H-orbits of
degenerate pairs of type 2 and type 3, and Py-orbits of solutions of (31) for a fized
vy € C and a; € S%. In particular, the number of such orbits is the one specified
in Table 8 on page 29. Moreover, for both H = SL(2,R) and H = Sp(3,R), there is
exactly one H-orbit of degenerate pairs of type 2.

Proof. In the proof, we use the notational conventions of section 4.2.

If (a,b) € h &V C ho & Ve is a degenerate pair of type 3 then [b] € C, hence the first
part follows from Lemma 4.13. Moreover, by Lemma 4.14, we may assume that b = vy € V3
for some fixed decomposition of V' and h as in (33), and a = a; + ap with ay € S% and
J(a3) = 0. Any two such pairs (a, vy) lie in the same H-orbit iff they lie in the same P-orbit,
and the statement then follows from Proposition 4.16.

If (a,b) € h BV C ho @ Vi is a degenerate pair of type 2 then, by Theorem 5.9 we must
have H = Sp(3,R), hence C # (). Again Lemma 4.14 and Proposition 4.16 apply. |

Proposition 5.11 Let H C Aut(V) be a (real or complex) special symplectic holonomy
group. If (a,b) € h &V is a symmetric pair of type 2 or type 3 then the image of R, :
A%V — b generales all of b.

Proof. Clearly, it suffices to show the assertion in the case where H is complex. By The-
orem 5.9 we may assume that a = a; + a; + a_ with a; € n‘, a, non-degenerate and
[ax,ap] = 0. Again, we fix elements vy € Vis such that (vy,v_) = 1.

We let h C b be the Lie algebra generated by the image of R,. Let v € V_;. Then
vowv_ =0 by (11), thus, 0 = [a;,v0v_] = (ayv) o v_ + v o (agv_). Moreover, (v,v_) = 0.
Therefore, Ry(v,v_) = vo(ayv_)—v_o(ayv) = —2v_oasv, again by (11). By Corollary 4.10,
this means that h D V; o V_3. But each w € V} can be written as w = zvy for some z € n™,
so that wowv_ = [z, v, 0 v_] = —2z by (14), so that n~ C h.
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Now, Ra(vy,v_) =2a+wvio(ajv_)—v_o(a_vy)=2a+[a;,vyov_|—[a_,vpov_]=
2a + 2ay + 2a_ by (14), i.e. 2ay + ag € . But then, [2a; + ag,n™] = [ay,n7] mod n~ so
that [ay,n"] C . Also, [2a, + ao, [ay,n7]] = 2[a;,[ar, n7]] + [as, [ag, n7]] and since the
second summand lies in [ay,n~] C b, it follows that [ai,[a;,n~]] C b, hence nt C b by
Corollary 4.10. - - -

It remains to show that n™ and n~ generate all of . Let a € Ay, and let A € & be
a weight for which (A, «) # 0. By Proposition 3.4, A = Ay — o3 for some ay € Ay, and
since (A, ) = 0 by definition of Ay, it follows that (o, ;) # 0. Choose ¢ = +1 such

that (. := a + €ay is a root. Moreover, we let f_. := —ea;. Evidently, §141 € A1y and
o = 1+ f_1. Therefore, b, = [hg,,hs_,] C [nT,n7] C b, so that h contains all root spaces
ho and hence, h = b as claimed. |

5.2.1 Degenerate pairs of type 2

If H is a special symplectic holonomy group then by Theorem 5.9, degenerate pairs of type 2
may exist only if (the complexification of) H equals SL(2,C) or Sp(3,C), i.e. H = SL(2,F)
or H=Sp(3,F) for F =R or C, and V = ©°F* or V = (A3F®),, respectively.

The case where H = SL(2, F) has been treated in [Brl, S1]. It follows that there is exactly
one degenerate pair of type 2 which represents the curvature of a homogeneous symplectic
connection on the coadjoint orbit specified in Table 2. This homogeneous space is known to
be reductive [S1].

Thus, we shall concentrate on the case where H = Sp(3,F). We fix a basis ex;, i = 1,2, 3
of F® such that the symplectic form w =Y ¢; A e_; is H-invariant, and the symplectic form
(, ) on V is determined by the equation

—6aAB=(a,p)w® foralla,3eV.

To convenience our notation, we let a5 := €; A e; A e and 3; := e; A (e; N e_j — e A e_y)
where (|, 7,k) is an even permutation of (1,2,3). Evidently, 3; € V spans the weight space
of weight 6; while a1, spans the weight space of weight 8, +0; + 0, if {|7|, |5|, |k|} = {1,2,3}.

We let vy := ai14243 so that (vy,v_) = 1, and set Vis = span{vi} and Vi, =
span{ayg; x5 | 1,7,k = 1,2,3}} NV, Then (8), (10), (11) and (12) are satisfied if we let
nt = span{eyies; | 1,7 =1,2,3} and n° = span{e;e_; | 1,7 = 1,2,3}, viewing n' C 0*(V) =
H. Evidently, n° = gl(3,F) so that p = p, = sl(3,F).

By Theorem 5.9, the (unique) H-orbit of a degenerate pair of type 2 contains the element
(ay +ap + a_,vy —2a_alv_) with a; = cg(e] + eze3) for some constant ¢y and a, =
2e1e_y — e_je3. Moreover, (47) implies that then a_ = —2¢%,, and a; € S% iff ¢ = —%.

Consider the transformation ¢ € End(F°) with ¢(e;) = & where

(61 — 26_2) éz = (62 — 26_1) 63 = €3
(€2 +2e_4) €y = i(€1 + 2e_3) €_3 = €-3

€1 = —

R
DO | b =

c_1 = —

One verifies that ¢ € H and hence the H-orbit of any degenerate pair (a,b) of type 2 contains
the element

qb_l(a, b) = (—263 + €_1€3, 263) (59)
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The infinitesimal stabilizer of this pair is the Lie subalgebra

[ — [0 @ [1,
where
lo = span{ei,, ere_s} = sl(2,F),
[ = span{esses, 3, o7 (a)}.
Evidently, [l;, ;] C l;+;. Also, one calculates that the linear map 7 : V' — h given by
T(B1) = —2¢i, 7(8-1) = dese_s
T(as1423) = 0 __ __ 12
T(Oé_1¢2,_3) = —deqqe s 7'(53) = deyes, 7'(5—3) = deje_3 + 26-1
T(o142-3) = €_1€49 7(Bea) = —deress
satisfies the identity
po(a+b):=E&;w(at+b)=0 forallveV. (60)

If there was a l-equivariant map o : V' — b satisfying (60) then 0 = 7+¢ with 6 : V — [. But
then, since af; = 0, we would have 0 = [a, o(33)] = [a,4e1e3+(33)] = —4ei +[a, d(53)], and
since [a, §(/33)] € [a,[] = 0 this yields a contradiction. Thus, there cannot be a [-equivariant
map 7 : V — b satisfying (60), i.e. the corresponding homogeneous space is not reductive
by Proposition 2.7.

Next, one verifies that the map

2 2
Po_y 461627 PBi+3a S €3, Pp_y &7 €]

vields a Lie algebra morphism between s := span{ps_,, ps,+3a, Ps_, } and sl(2,F) = ©*F?.
Decomposing the symmetry algebra g = (& {p, | v € V} as a s & lp = sl(2,F) & s((2,F)-
module, one obtains

g=s5Dlod Va1 D Vi D Vop.
Moreover, 0 # [Va1,V51] C 5 @ lp, and from there it follows that s & lp & Va1 = gq, and

Vii @ Voo is the (unique) non-trivial 7-dimensional gx-module. Finally, one verifies that
Vi1 @ Vi 1s abelian, so that in conclusion we have

g’ xRT fF=R

12

g« C7 ifF=C,

where 93’3 stands for the (unique) non-compact real form of the exceptional Lie algebra g5.
Another calculation then yields that the element € g* determined by

1

n(o~(a)) = —n(pp,) = 3 n(pa) =0, all weights A # 31, n([I,[]) =0

satisfies the identity (3). Therefore, the homogeneous space G/L is the coadjoint G-orbit of
G - n C g* with its canonical symplectic form by Corollary 2.6, and its holonomy is all of H
by Corollary 5.11. In conclusion, we have the following
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Theorem 5.12 Let (a,b) C h &V be a degenerate pair of type 2. Then there exists a Lie
group G and a coadjoint orbit ¥ := G -n C g* for some n € g* with its canonical symplectic
structure and a G-invariant symplectic connection on ¥ whose holonomy is conjugate to
H and whose curvature is represented by (a,b). This homogeneous space is reductive if
rk(H) = 1 and not reductive otherwise. The possible choices for n € g* are listed in Table 2.

5.2.2 Degenerate pairs of type 3

By Theorem 5.9 and Corollary 5.10, we may assume that a degenerate pair of type 3 is of
the form (a,b) = (ay + ag,vy) with vy € V3, a4 € Sa C nt and ag € p satisfying a2l = 0.
First of all, we determine the stabilizer algebra [ := {x € § | [z,a] =z -b = 0}.

Lemma 5.13 Let (a,b) = (a; + ag,vy) € h &V be the degenerate pair of type 3 from
Theorem 5.9. Then [ =1, @ [y where

[ = l(n_),
lo == [N po={no € po|[no,a] =0},
and with the map
[(n_):=[ay,[ay —ag,n_]] foralln_ e n". (61)

Moreover, [lo, ;] Cl; for1 € {0,1}, and [ : n~ — 1 is an lg-equivariant isomorphism.

Proof. It is straightforward to verify that [o,l[; C [, [lo, ;] C ; and [ is [g-equivariant by
direct verification.

By Corollary 4.10 it follows that [ is injective, thus an isomorphism onto its image [y,
and that [p N[} = 0. Finally, let @ € [. Since zvy = 0, we have v = x4 + 2o with
ry € nt and z¢ € p, and by Corollary 4.10, z; = [a;,[a;,z_]] for some z_ € n~. Thus,
x—Il(x_) € INp =l which shows that [ = [y & [4. |

For n_,m_ € n; , we define ¢1(n_,m_) € n;, and og(n_,m_) € C by the equation

a4y’ a4
n_m_vy = ¢1(n_,m_)alv_ + oo(n_,m_)av_. (62)

Clearly, ¢4 : ®2n;+ — n,, and oo : ®2n;+ — C are linear and pp-equivariant. Indeed, the
relation of og and o = o4, from (26) is determined by og(n_,m_) = —2c(n_m_vy,av_) =

—% <a3_v_, n_m_v_|_>.

Furthermore, we shall also need the following maps.
Lemma 5.14 The following identities yield well defined po-equivariant linear maps.

qbz : ®2n;+ — [0,
Qb?(n—v m—) = [[a-l-v n—]v [aov [a-l-v m—]]] + [[a-l-v m—]v [aov [a-l-v n—]]]

b5 APz, —s b,
¢3(n—7 m—) = [[a-l-v [aov n—]]v [a-l-v [aov m—]]]
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Proof. It is evident that ¢;(n_,m_) € n® and that ¢; is po-equivariant for i = 2,3. To see
that ¢;(n_,m_) € lo, note that [a;,n;, Jv, = agvy = 0, thus ¢;(n_,m_)vy = 0.

Also, [ao, [ao, [at,ng, ]| = [a4,[a0, [a0, g, ]]] = 0 since [ag, [ag, n;,]] = 0 which implies
that [ag, ¢;(n—,m_)] = 0.

Finally, one calculates that ¢;(n_, m_)ayv_ = 0 which implies that [ay, ¢;(n_,m_)] =0
by Lemma 4.1. |

Proposition 5.15 Let (a,b) = (ay +ag,vy) € h BV be a degenerate pair of type 3. Then
the linear map 7 : V. — b given by

T(vy) 0
T(n_vy) = 0 foralln_ € n”
T(npv_) = —[ny,(@lv_)ov_] +2[ag,n_] where ny € n*, ny = ad(ag)*n_
T(v_) = —(alv_)ouw_.
satisfies the identity
po(a+b) =& w(at+b)=0 foralveV. (63)

Moreover, if we let [ := stab(a,b) C b then there is no l-equivariant map 7 : V — b which
satisfies (63).

Proof. Again, we have to show that (44) holds. We have b = v, and thus, vy o (Vi@ Vs) =0
and a*(V; & V3) = 0 which implies (44) for all v € V; & V.

For v = v_, we calculate

ar(0)] = —[a(ales)ov]
— [ (A2 )or ]
= —viov_=—bowv_ by (15),
and ((a%v_)owv_)vy = ((alv_) ovy)v_ —2alv_ = —2ajv_ = —2a’v_ by (4) and since

(atv_)owvy € V4o V5 =0. This shows (44) for v € V_.

Next, for v € V_y, i.e. for v = nyv_, some ny € nt, we calculate — using (14) repeatedly

[av T(U)] = [av [n-l-v T(U—)] + 2[&0, n—]]
= [n-l-v [av T(U—)H + [[av n-l—]v T U—)] + 2[&, [aov n—]]
= _[n-l-vv-l- OU—] + [[ao,n+],r U—)] —I_Z[a-l-v[aovn—]]
— oy 0 (ngvo) + [0, [, m(0-)]] + 2. [ap 0] since [ag, 7(v-)] = 0
—bouw + [aov [[a-l-v [a-l-v n—]]v T(U—)] + 2[a+7 n—]]v

and

([, [ay, n-]], 7(v-)] [[ay, n-], [ay, 7(0-)]]

[a-l-v [[a-l-v n—]v T(U—)H
[a-l-v [[a-l-v n—]v T(U—)
g [ags (0] since [ay,n_] € n
_[a-l-v [U-I- oV, n—]

_2[a+7n—]

0
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so that [a,7(v)] = —b o v as claimed. Finally, 7(niv_)b = ([ny,7(v_)] + 2[ag, n_])vy =
2npaiv_ 4 2agn_vy = 2ainiv_ + dagayniv_ = 2atnju_.

We shall demonstrate the last assertion about the non-existence of an [-equivariant map
oV — b satisfying (63) only for the case where ag = 0 as the general case works analogously
but with further calculations. Suppose therefore that such an [-equivariant map o exists, so
that § : 7 — o takes values in [ C n® & nt.

Since 7({(n_)v_) = [[(n_), 7(v-)] it follows that §(I(n_)v_) = [l(n-),d(v_)] € nt, hence
§(V_1) C nt. Likewise, é(arl(n_)v_) = [ay, 7(l(n-)v_)] + [as, (I(n-)v_)] = —2{(n_) since
lay,d(l(n_)v_)] € [nT,nt] =0, ie.

olagniv_) = —2ny forall ny € nt. (64)

Now let n_,m_ € ng,, set (ny,my) = ad(ay)?*(n_,m_). Define ¢c € F and = € nf, by the
identity nymiv_ = aj(ca; + a)v_. Then

[Ny, o(myv_)] = [ng, 7(myvl)] since [ny,d(myv_)] € [nt,nt] =0
—(a%v_) o (nymyv_) since ny,my € nf,
—(a%v_) o (cajv_ 4 zajv_)
= —c(alv_)o(ajv_)
e, @0 ) o (v

= deay +x by (14) and (15),
while o(nymyv_) = —=2(cay+x) by (64). Thus, (nyo)(miv_) = 6ecay+3x = 0iff ngmyv_ =
0. Hence, we must have (n}, )>»_ = 0 which is a contradiction.

Now let us determine the structure of the symmetry algebra g from (45) for these exam-
ples.

Theorem 5.16 Let (a,b) € h &V be the degenerate pair of type 3 from Theorem 5.9, let g
be the symmetry algebra from (45), G be a Lie group with Lie algebra g and L C G be the
Lie subgroup corresponding to the Lie subalgebra | C g.

Then there is a G-invariant connection with special symplectic holonomy H on the ho-
mogeneous space G/ L whose curvature at any point is represented by (a,b).

Moreover, we have

g = 5sl(2,F) & o B Viegr & Vigr & Vigy, (65)

where the last three summands are modules of the first two, and where F = R or C. Here, 1
denotes the trivial representation of either summand, v denotes the standard representation
of s1(2,F) and X the representation of ly on n,,

The bracket relations of these modules is given as follows:

[67 ] = 0,

[67 ] = 0,

[ f®n ] = _36<€7f> [ao,n_],

[€® n—vf @ m_ ] = 18(600([a0,n_],m_)€f— (66)
(e, [) (d1(n—,m_) + 200(n_,m_)ag + 4dz(n_, m-_))),

[6 @n_, m—] = _300(n )6 —I_ € ® (¢1([ao, ) 1T — ) %¢1(n_, [aov m—]))v

[n—vm—] = —¢1([ao, —]7 _)‘|‘¢1([ao, ]7” )
—80’0([&0,71_],771_)&0 +4¢3(n m-— )
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where, e, f € F*, n_,m_ € n,, and where (, ) denotes the determinant of F*.

Proof. We proceed similarly as in the proof of Theorem 5.6. Namely, we are given the
explicit formulae for the vector fields p,, in Proposition 5.15, and their Lie brackets in (6).
First, we calculate that there is a Lie algebra isomorphism between sl(2,F) = @*F* and
51 1= Span(,oaw_,pafiv_ + bay + ag, p,_), given by

Payu_ ¢ 3er€a, 2p,_ > 97, Q(pagrv_ —ba, —ag) < 33,

with a basis e, e; € F? with (e, e5) = 1. Obviously, [s1, [o] = 0 so that g contains s; & [y as
a subalgebra.

Next, one verifies that the following yield s, & [p-equivariant embeddings of V, 51 & Vg B
Vigy into g:

% | da, + 2a0) an_afiv_ — e @n_
a a —
Pa% v_ + 0 €1 3(pn_v+ + %p[ao,n_]a2 _— 4l(n_)) — ey P n_

90,, +— +
Pus €2 Prvy — %P[ao,n_]aiv— +2l(n_) +— n_

The asserted bracket relations are then shown by a cumbersome but straightforward calcu-
lation. i

From the description of the Lie algebra g in Theorem 5.16 one can now give an explicit
description of g by a case-by-case investigation. To get a flavour of the arguments involved,
we discuss the case h = s((2,C) & so(n, C) in some more detail below.

If h = sl(2,C) & so(n,C) and rk(ag) = 2k < 222, then one verifies easily that [, =
sp(k,C)dso(n—4k—3) BV, 0, P Vazgr Vi and A = Vig, ®2V,, 51 & Vi where vy, u denote
the standard representations of sp(k, C) and so(n—4k—3, C), respectively, and A, denotes the
second fundamental representation of sp(k, C). Since ¢ : ®2n;+ — n,, and @3 : ®2n;+ — [y
are [p-equivariant, this decomposition implies that ¢;(2V,,g.,,01) = 0 and thus, by (66),
0 # 2Vienen 2Viene] C sl(2,C) @ sp(k,C). Thus, (sl(2,C) & sp(k,C), Vi, au,e1) is a
symmetric pair, whence sl(2,C) & sp(k,C) & Vi, 01,01 = sp(k + 1,C).

From (65) we then get the decomposition g = sp(k+1,C) B so(n —4k—-3,C)DV,,, 0. D
View® Vazgr @2V, 01 ®2V1, and from (66) we get the bracket relations described in Table 3.

Proposition 5.17 The homogeneous spaces G/ L from Theorem 5.16 are not reductive and
are not equivalent to a coadjoint orbit in g*, i.e. there is no n € g* which satisfies (3).

Proof. The non-reductivity follows from Propositions 2.7 and 5.15. Next, from (66) one
calculates that n € g* satisfies (3) iff 5 satisfies the following conditions:

on sl(2,F): n(e3) = ¢ nlel) = 77( erer) =0
on lo: n(a) =3, nle(ng,)) = n([lo, lo]) = 0
on V,: n(er) = =1, nlez) =0

(Ve @ Vigr) = 0.
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Thus, such an n € g= exists iff ag ¢ ¢2(©*ng, ) + [lo, lo]-

In particular, ag # 0 and thus, by Theorem 5.9, hc must be spin(12,C), ¢% or sl(2,C) ®
so(n, C).

In the first two cases, ag lies in the orbit of a long root in pg, say a. Let § be a
root of po with (a,3) = 1. Then the root spaces (po)s, (Po)a—p C lo, thus, ag € (Po)a =
[(10) 3, (Po)a—p] C [lo, lo], so in these cases, there cannot exists n € g* satisfying (3).

Next, let us suppose that hc = sl(2,C) & so(n,C) and rk(ag) = 2k > 0, so that n;, =
Vien @ 2V, 01 & V1 as a sp(k) & so(n — 4k — 3)-module. Using the definitions it is then
easy to calculate that ¢9(2V,, 91,2V, 01) = sp(k) @& Va2g & V1 and ag € V4. So in this case,

ag € do(O*ny

ag

) and there cannot be an n € g* satisfying (3) either. i

6 Proofs of the main results

As before, we let (M, Q, V) be a symplectic manifold with a connection of special symplectic
holonomy and let 7 : ' — M be its holonomy bundle and p :=a+b: F — h & V be the
map from Theorem 3.6. Throughout this section, we define Fy C F' and My C M by

Fo:={p€ F|b(p) =0}, My:=mr(Fp).

Since Fgy is H-invariant, it follows that the restriction = : Fy — My is again a principal

H-bundle, and My is the set of symmetric points, i.e. of those p € M with (VR), = 0.
Suppose that My = M, i.e. b = 0. Then it follows that VR = 0, i.e. V is locally

symmetric. Thus, the curvature tensor R, must be invariant under the holonomy group

at p € M. But Proposition 3.3 implies that there are no non-trivial H-invariant curvature

tensors which means that the holonomy must be a proper subgroup of H which is excluded.
Thus, My C M and Fy C F' are proper closed subsets.

Proof of Theorem 1.1. The constancy of the symplectic scalar curvature and Definition 5.1
implies that p(F\ Fy) consists of degenerate pairs. Note that for degenerate pairs (a,b) of
type 2 or 3, a is nilpotent and hence, (a,a) = 0. Thus, by the non-vanishing of the symplectic
scalar curvature, p(F'\ Fy) must consist of degenerate pairs of type 1.

Define p; : ' — h by p; :=a — zigb o b. Since p; is analytic by Theorem 3.6,3, (37) and
(38) imply that ps(2p% 4+ €ldy) = 0 and ps(p) is the semisimple part of a(p) for all p € F.
In particular, the image of p, consists of a single H-orbit of a semi-simple element of .

Fix a; € ps(F), let Ly C H be the stabilizer of a, and [y C § be the Lie algebra of Ly.
Let

F,:=p;'(a,) C F, whence F=F, x1,, H. (67)

Then the H-equivariance of ps implies that 7 : Fy — M is a principal Lo-bundle. Moreover,
by Lemma 5.2,3 the restriction b|r, takes values in W := ker(a;) C V. For v € W we have
£,(b) = cv by (6) where &, € X(F) is the vector field determined by 0(¢,) = v, w(&,) = 0.
Thus, b : Fs — W is an Lg-equivariant local submersion.

Let us assume that Fy is simply connected. For all p € Fy, ker(d(b|Fs),) = ker(dp,) by
(38), whence by Theorem 3.6,5 there is a (g & lp)-equivariant immersion ¢ : Fy, — G x W
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such that b = pry o with the projection pro : G x W — W. By (67), ¢ extends to an
(g @ lp)-equivariant immersion

j:F—>G><LO(W><H)::FmM.

The (g lp)-equivariance of ¢ implies that the connection coframe and the curvature map
extend to F,,.., i.e. there is a G-invariant ) & V-valued coframe 0 + & on F,,,, such that
j*(é + @) = 0 + w and a g-invariant function p : F.; — h & V such that y*(p) = p. Thus,
(é,c&) and p = a -+ b also satisfy (6).

All of this implies now that the principal H-bundle 7 : Fy0p — G X W =: E is an
H-structure with a symplectic connection of special symmetric holonomy H with constant
non-zero symplectic scalar curvature, and there is a connection preserving G-equivariant
immersion ) : M — G X1, W. Thus, every manifold with a symplectic connection of
non-zero symplectic scalar curvature is locally equivalent to the G-invariant connection on
E.

We shall now show the asserted properties of the connection on £ and omit the super-
scripts ". Thus, ' = G XL, (WxH)and F; = GxW,b: F; — W is the canonical projection
and a = a, + 2¢b o b. Moreover, 5 = G XL, ({0} x H) and Ey C FE is the 0-section.

Let v € a,(V). By (6), &a.u(ps) = 0, thus the vectors &,., are tangent to Fy N Fy =
G x {0} = G. In fact, Fy = m(Fo N Fs) and 7.(€a.v) = T Ey, whence FEy is totally geodesic
and the connection restricts to the symmetric connection on FEy = G/Lg.

Moreover, for v € W = kera, we have &,(ps) = 0 by (6), whence ¢, is tangent to Fy for
all v € W. We claim that o @ {{, | v € W} spans the tangent spaces of Lo x W C F;. This
is evident on the set Lo x {0}, while on its complement, it follows from Proposition 5.5, since
T(v) € [p for all v € W.

Thus, the fibers of £ — G/Lg are totally geodesic, and since the horizontal distribution
H on E induced by the symmetric connection on G/Lg is spanned by {m.(é..) | v € V}, it
follows that H is symplectically orthogonal to the fibers as claimed.

Proof of Theorem 1.2. (1) = (2): Since My C M is invariant under the local symmetry
group, the local homogeneity implies that My C M and Iy C F' is open. Since M, is also
closed and My is a proper subset of M, we must have My = (), i.e. M contains no symmetric
points. Since the symplectic scalar curvature is preserved by the symmetry group, it must
be constant.

(2) = (3): Trivial

(3) = (1): Let p € F'\ Fy such that scal — scal(m(p)) vanishes of order at least 3. Thus,
the first and second order derivatives of (a,a) vanish at p whence p(p) is degenerate by
Definition 5.1. Thus, the local homogeneity of V follows from Theorem 3.6,4. together with
Theorems 5.6, 5.12 and 5.16. i

Proof of Theorem 1.3. Let (M,,V) be a manifold with a symplectic connection with
vanishing symplectic scalar curvature and let 7 : F' — M as before. Suppose that Fy # ()
and fix p € Fy. Then by (36) we have p(p) = (a,0) with a®> = 0. If we have a* = 0 then by
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(6), g, = V & lp whence the connection is locally homogeneous and thus, b = 0. However,
this was already excluded. Thus, we must have a? # 0.

If rk(h) = 1 then any nilpotent element of a € § satisfies a®> # 0 or a = 0. Thus, if
rk(h) = 1 then M cannot contain any symmetric points, hence must be homogeneous by
Theorem 1.2. Therefore, the homogeneous examples in Table 2 for h = s((2,F) are maximal.

We assume from now on that rk(h) > 2. Let v € C, i.e. v € V with vowv =0, and let
£, be the vector field on F' with 0(&,) = v, w({,) = 0. We assert that the trajectory v of &,
with (0) = p satisfies

p(3(1)) = (a + 2(a’v) 0 v, 2ta’v) = (a(1), b(1)) (63)

for all . Namely, (av,v) = —1(a,vov) = 0 by (16) and vov = 0; also, (a’v,v) = — (av,av) =
0, (a*v,av) = —(a’v,v) = 0. All of this and (4) implies that ((a’v) o v)v = (vowv)a*v = 0
and ((a’v) o v)av = (av o v)a*v = 1[a,v o v]a’v = 0. Thus, it follows that a(¢)’v = a’v for
all ¢, whence p(y(1))" = (b(t) o v,2a(t)?v) which by (6) implies that p(v()) = dp(&u)qe) as
claimed.

Next, we have 0 = [a,vov] = 2(av) o v, whence 0 = [a, (av) o v] = (a?v) o v + (av) o (av).
Therefore, since a® = 0, (a*v) o (a?v) = [a, [a, (a*v) o v]] = —[a, [a, (av) o (a 2
(a?v), whence (a%v) o (a*v) = 0.

Since V has constant symplectic scalar curvature, we must have C # () by Corollary 5.10,1.
Thus, we can choose v € C such that a?v # 0. Therefore, the trajectory (a(t),b(?)) from
(68) satisfies 0 # b(t) € C for all t # 0. Since V has constant symplectic scalar curvature,
(a(t),b(t)) must be degenerate for all ¢ # 0. Thus, b(t) € C implies that (a(¢),b(t)) is

of type 3. Therefore, if V has constant scalar symplectic curvature and p(F') contains a

—~
(4
Pt

|
|
DO
—
V]

degenerate pair of type 2 then M cannot contain any symmetric points and thus must be
locally homogeneous by Theorem 1.2. In particular, the homogeneous connections in Table 2
are maximal.

Finally, if (a; + ag,v4) is a degenerate pair of type 3 then one can show that there is
a decomposition a; = a; + a, with a; € nt, [ag,a;] = 0, a? = 0 and a; = 0. For the
complex holonomies and the split forms, this follows from the normal form (17), while in the
remaining cases one has to perform a direct investigation.

Let v := ajv_ € V;. Then vowv = [ay,[a;,v_ov_]] =0, whence v € C. Moreover, since
[a;,a;] € [nt,nt] = 0, we have %aiv_ = 3a;ajv_ = 3ajv. Thus, the trajectory v of &,
passing through a point p € F' with p(p) = (ay + ao, 0) satisfies p(y(1)) = (ay + ag, v4) by
(68). In other words, any maximal manifold with a symplectic connection for which p(F')
contains a degenerate pair of type 3 must also contain symmetric points and, in particular,
cannot be locally homogeneous by Theorem 1.2. Thus, the homogeneous spaces in Table 3
are not maximal. i
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