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PITHA { 99/25Group Theoretical Quantization and the Example of aPhase Space S1 � R+Martin Bojowald� and Thomas StroblyInstitut f�ur Theoretische Physik, RWTH-AachenD{52056 Aachen, GermanyAbstractThe group theoretical quantization scheme is reconsidered by means of elementarysystems. Already the quantization of a particle on a circle shows that the standardprocedure has to be supplemented by an additional condition on the admissibilityof group actions. A systematic strategy for �nding admissible group actions forparticular subbundles of cotangent spaces is developed, two{dimensional prototypesof which are T �R+ and S = S1 � R+ (interpreted as restrictions of T �R and T �S1to positive coordinate and momentum, respectively). In this framework (and underan additional, natural condition) an SO"(1; 2){action on S results as the uniqueadmissible group action.For symplectic manifolds which are (speci�c) parts of phase spaces with knownquantum theory a simple \projection method" of quantization is formulated. ForT �R+ and S equivalent results to those of more established (but more involved)quantization schemes are obtained. The approach may be of interest, e.g., in at-tempts to quantize gravity theories where demanding nondegenerate metrics of a�xed signature imposes similar constraints.1 IntroductionTo quantize a classical phase space there are techniques generalizing the standard quan-tization method which is only applicable to simple cotangent bundles. Most prominentare geometric [1] and group theoretical quantization [2, 3]. But since each method ofquantization has its own advantages and disadvantages and gives rise to certain types ofambiguities, none of them can be regarded as a �nal and unique route to a quantum theory.Usually, such a scheme is developed on simple examples so as to reproduce standard results.Studying more complicated systems then can lead to the necessity of further speci�cationswhich are necessary to exclude unphysical results.The present paper is divided into two main parts. In the �rst one, Sec. 2, we reviewthe group theoretical quantization (following Ref. [2]) focussing on some points which,�e-mail: bojowald@physik.rwth-aachen.deye-mail: tstrobl@physik.rwth-aachen.de 1



in our opinion, deserve further study. In this scheme one studies the irreducible unitaryrepresentations of a group which has a transitive, almost e�ective Hamiltonian actionwith a momentum map on the phase space (keeping only those representations which arephysically acceptable). The main ingredients of this method and its application to thesimplest examples (phase space T �R, T �R+, and T �S1) are recalled here. In the courseof this review we will see the necessity of a global generating principle for phase spacefunctions as opposed to a local one, which is already implied by transitivity of the groupaction. Therefore, we have to supplement the rules of group theoretical quantization asoutlined in Ref. [2] by a further condition on the allowed group actions in order to recoverthe results of standard quantizations of T �S1.Thereafter a general strategy for �nding an appropriate group action on particularsubbundles of cotangent bundles is discussed. This extends considerations presented inRef. [2] for actions on cotangent bundles.Sec. 2 is concluded with a proposal (\projection method") for the quantization of certainsubmanifolds P of phase spaces eP, where quantum realizations of eP are known.T �R+ may be used as illustrating example. As a restriction of T �R it �ts into theframework of both of the �nal two subsections of Sec. 2. Standard results are reproducedin this case.In Sec. 3 we will consider the phase space S := S1 � R+ := T �S1jp>0 de�ned as therestriction of the cotangent bundle of S1 to positive momenta, which is maybe the simplestexample for a phase space which is not symplectomorphic to a cotangent bundle. It will befound that SO"(1; 2), the identity component of SO(1; 2), provides an appropriate actionon S for applying group theoretical quantization. To �nd this group action we exploitthe fact that S is a subbundle of T �S1 for which we can apply the methods of Sec. 2described above. It will be seen that the canonical lift of an SO"(1; 2) subgroup of thedi�eomorphism group of S1 to T �S1 provides a transitive and e�ective Hamiltonian actionon the half cylinder S = S1 �R+. Under a further condition we will be able to show thatany such subgroup of the lift of the di�eomorphisms is necessarily isomorphic to a coveringgroup of SO"(1; 2). All e�ective actions of proper covering groups of SO"(1; 2), whichwould be allowed according to the commonly used rules of group theoretical quantization,will be seen to be excluded by the additional condition mentioned above.Applying standard knowledge on the unitary irreducible representations (IRREPs) ofSO"(1; 2) and its covering groups leads to possible quantum realizations of the systemunder consideration. Actually, as any representation of a group is also a representation ofa covering group of that group, it is su�cient to analyze the unitary IRREPs of the universalcovering group fSO"(1; 2) of SO"(1; 2) to obtain the most general possible quantum theory.This in turn amounts to an analysis of the unitary IRREPs of the Lie algebra of so(1; 2) �su(1; 1) � sl(2;R). Selecting appropriate representations which ful�ll the relation p > 0at the quantum level will complete the group theoretical quantization of S, leading to aone{parameter family of inequivalent quantizations given by the positive discrete series Dkof SO"(1; 2){representations, which is labeled by a parameter k 2 R+.These considerations are supplementary to those in Ref. [4], where the group theoretical2



quantization of S has been carried out already. Other recent related work is Ref. [5, 6, 7],where the quantization of a system is discussed the reduced phase space of which (or,rather, its regular part) turns out to be the four{fold copy of our phase space S.By de�nition, S is the restriction of the cotangent bundle T �S1 to positive momenta.The above mentioned projection method may therefore be used as an alternative (andsimple) route to the quantization of S. Equivalence of this quantization with the grouptheoretical one restricts the parameter k to the interval 0 < k � 1 (due to a maximalitycondition in the projection method). This restricted range for k coincides also with whatone expects on general grounds [1] for a phase space with fundamental group �1 = Z(�-angle). In the group theoretical quantization, however, all positive values of k, labeling theinequivalent so(1; 2){representations of the positive discrete series, come out on an equalfooting. (Here, k can be restricted to the interval 0 < k � 1 by regarding representationswith k > 1 as \unphysical" | it is not unusual that not all possible unitary IRREPs arephysically acceptable and thus taken into account. However, here this exclusion cannot bedone \intrinsically" such as, e.g., in terms of an operator condition.) On the other hand,relaxing the maximality condition in the projection method, all the values of k 2 R+ canbe realized also there. This is seen to lead to an apparently novel realization of the positivediscrete series in terms of functions over S1.In the context of the projection method, our phase space can also be viewed as atoy model for imposing similar constraints, e.g., the constraint det e > 0 in a dreibeinformulation of general relativity. This analogy, and some of its limitations, are discussedbrie
y in Subsec. 2.5.A further application of our considerations to a gravitational problem can be found inRef. [4], where it is shown that a suitable periodic identi�cation of the reduced phase spaceof Schwarzschild black holes in an arbitrary spacetime dimension yields the phase space S.2 General remarksIn this section we brie
y recapitulate the group theoretical quantization scheme by means ofsome elementary systems. To reobtain the standard results for the quantization of T �S1, wewill �nd it necessary to reconsider the generating principle: Already this simple exampleillustrates the necessity to require that any function on phase space can be generated(globally) by means of the fundamental observables obtained from the momentum mapof the group action (\strong generating principle"). As shown in Subsec. 2.3, in manycases (such as, e.g., when the group G under discussion is semisimple) it turns out to besu�cient to simply consider the center of the group G (or the center of a group G closelyrelated to G, cf Lemma 1 below) as to the e�ect of excluding a candidate G{action (insteadof explicitly checking the strong generating principle for the respective set of fundamentalobservables).In Subsec. 2.4 we collect some of the remarks of Ref. [2] on group actions on generalcotangent bundles (related to lifts of the di�eomorphism group of the base manifold). Thesituation will be found to simplify considerably when certain subbundles are considered,3



which, in the two{dimensional case, are nothing but T �R+, S, or disjoint unions of thesetwo. This leads to a general strategy of �nding admissible group actions on such subbun-dles, which is then subsequently illustrated for both of the two{dimensional cases.Finally, a projection method is introduced in Subsec. 2.5 which is also applicable to thesetwo{dimensional examples. For higher{dimensional phase spaces it is not applicable to thesubbundles considered in Subsec. 2.4, while, on the other hand, its range of applicabilityis much wider.2.1 Review of the group theoretical quantization schemeThe Heisenberg commutation relations[qi; pj ] = i~�ij (all other commutators vanishing) (1)are at the heart of many introductory textbooks on quantum mechanics. Mathematicallythey are, however, not an adequate starting point for quantization. Firstly, these relationscan certainly be valid only on a dense subspace of the full Hilbert space. But even worse,there exist many inequivalent (and unphysical) representations of these relations on a densesubspace (cf Ref. [8], p. 88 for a simple example), which in part is connected to the fact thatthe commutation relations take into account only local information about the phase space(cf the example in Ref. [2], p. 1131). The \exponentiated" Heisenberg relations, de�ningthe Weyl algebra, on the other hand, are a good starting point for an algebraic approachto quantization. With U(a) := exp(�iajpj) and V (b) := exp(�ibjqj), where a; b 2 Rn (upto respective units), the Weyl algebra has the formU(a)U(a0) = U(a+ a0) ; V (b)V (b0) = V (b+ b0) ; U(a)V (b) = V (b)U(a)ei~ajbj : (2)It is a mathematical fact that (for �nite n and for �xed ~) the irreducible, strongly contin-uous representations of the Weyl algebra are unique (up to unitary equivalence) and equiv-alent to the standard representation of quantum mechanics in a Hilbert space L2(Rn; dnx)with qi being the multiplication operator xi and pi = �i~d=dxi. (Cf e.g. Refs. [9, 8, 2] forfurther details).If the con�guration space is no more an Rn or the phase space even no more a cotangentbundle, quantization is no more that unique and di�erent generalizations or alterations ofthe above approach come into question. E.g. on a con�guration space T n (n-torus) therelations (2) are required to hold for bi 2 Zonly and the space of unitarily inequivalentrepresentations becomes U(1)n (corresponding to the di�erent possibilities of (mutuallycommuting, cf Ref. [10]) self{adjoint extensions of the operators pi = �i~d=dxi on [0; 2�]n).And on a con�guration space R+ it is even no more adequate to consider unitary represen-tations of exp(i�p) (among the other elements in the Weyl algebra); the hermitean operatorp = �i~d=dx has no self{adjoint extensions on R+, exp(i�p) is a translation operator thatdoes not map R+ into itself for all values of �.Geometric quantization is one of the most prominent attempts for a quantization proce-dure applicable to more or less arbitrary phase spaces (cf, e.g., Ref. [1] for an introduction).4



Another method is the group theoretical quantization, which is inspired in part by geo-metric quantization as well as by work of Mackey [11]; cf Ref. [2] for a review. Since thisapproach requires the phase space to be some coset space, it has the drawback that even insome cases of �nite dimensional phase spaces one may be forced to use in�nite dimensionalgroups and their representation theory. However, in many �nite dimensional examples ofphysical interest (cf e.g. Ref. [2]), including the phase space S studied in detail in Sec. 3,this is not the case.In the context of a standard con�guration space Rn, the group theoretical approacharises as follows: Reinterpreting the phase factor in the Weyl algebra (2) as a central ele-ment, the relations (2) may be understood as the multiplication law for a 2n+1{dimensionalLie group. Its Lie algebra is given by the Heisenberg relations (1) with generators qi; pj ,and 1, where the need for the latter generator results from the right-hand side of the com-mutators, 1 denoting a central element of the full Lie algebra. The study of the irreducibleunitary representations of this group (or its universal covering group, the Heisenberg group)yields our standard quantum theory.Let us analyse this situation more carefully so that it allows a generalization to moregeneral phase spaces: The operators U and V in Eq. (2) are translation operators inthe con�guration space and momentum space, respectively. Each of these n{dimensionaltranslation groups has an analogue in the classical phase space P � T �Rn, q ! q + a andp! p+b. Put together, these two transformation groups form the 2n{dimensional abeliangroup1 G = (R2n;+), which acts transitively and e�ectively on P and leaves the symplecticform ! = dqi ^ dpi invariant, i.e. it is a group of canonical transformations. (Transitivitymeans that for any two points in P there is a group element such that its application toone of the points yields the other one, e�ectiveness implies that only the identity of G actstrivially on P). The action of G is Hamiltonian, moreover, i.e. there exist (globally de�ned)functions FA on P, such that the vector �elds VA � f�; FAg generate the group action (theinvariance of ! guarantees only the local existence of functions FA); in the present casewith group (R2n;+) the respective Hamiltonians (or observables) are qi, pi, i = 1; : : : ; n(up to an addition of constants, which drop out from the generating vector �elds VA).In the general case of an (e�ective) action of a group G on a phase space P, the Liebracket of the generating vector �elds VA always mimics the Lie algebra L(G) of the groupG: [VA; VB] = fCAB VC , where fCAB are the structure constants of L(G) (in the above case ofan abelian group G, fCAB � 0). If the action is Hamiltonian, one may conclude from thisin general only that fFA; FBg = �fCAB FC + �(A;B), where � is a constant on P. As afunction on the Lie algebra, � is a two{cocycle (as a consequence of the Jacobi identity forthe Poisson bracket), which changes by a two{coboundary upon rede�ning the functions FAby a constant; thus � 2 H2(L(G);R) (cf e.g. Ref. [1] for more details on this and relatedaspects). In many cases the constants � can be made to vanish upon an appropriatechoice of functions FA in which case the Hamiltonian action is said to allow a momentummap. E.g., this is the case when the group G is semisimple, because then H2(L(G);R) is1This is in contrast to putting together the operators U and V , as seen by the last relation in Eq. (2);we will shortly come back to this di�erence. 5



trivial. However, also any Hamiltonian action of a Lie group on a compact phase space hasa momentum map (independently of the second cohomology of the respective group) or,similarly, any subgroup of the lift of the di�eomorphism group of an arbitrary con�gurationspace.It is obvious from the Poisson brackets fqi; pjg = �ij that the action of (R2n;+) on T �Rndoes not allow a momentum map (clearly the righthand side of these relations cannot beremoved by shifting qi and pj by constants). Although T �Rn is the simplest choice ofa phase space, from the point of view of group theoretical quantization it is rather aninvolved example (due the absence of a momentum map). Instead of G = (R2n;+) one isthen lead to focus on a central extension E of this group, the Lie algebra of which maybe spanned by FA and a central element 1, with the Lie bracket provided by the Poissonbracket between the corresponding functions on P. The unique simply connected choicefor this group E is the Heisenberg group. Note that (R2n;+) is not a subgroup of E, anyabelian subgroup having at most dimension n+1; only the factor group E=R with respectto the central subgroup N = R yields (R2n;+). Also, in contrast to the latter group, Edoes not act e�ectively on P anymore (as N acts trivially on P), while it certainly still istransitive.There is a one{parameter family of weakly continuous unitary2 IRREPs of the Heisen-berg group E. This parameter stems from the unitary representation of the central sub-group N = (R;+). Following Isham, the freedom in this parameter is �xed by nature'svalue of ~. This brings us back to the �rst paragraph of this section with its uniquequantum theory.Preliminarily, we state the following general strategy in the group theoretical approachto a quantum theory for a given phase space P (cf Ref. [2] for further motivation anddetails): First �nd a Hamilonian, transitive, and almost e�ective3 action of a group Gon P. If this action allows a momentum map, the next and �nal step is to study theweakly continuous, unitary IRREPs of G (discarding possibly physically unacceptable rep-resentations). If, on the other hand, there is no momentum map for the action of G, oneagain considers the one{parameter central extension E of G and then studies the weaklycontinuous, unitary IRREPs of E.In general there may be di�erent admissible groups acting on the phase space and eachof these groups may have di�erent, inequivalent actions. Moreover, for any group there maybe various admissible unitary representations. Some of the latter may be excluded uponphysical considerations (such as, e.g., by positivity of a classically positive Hamiltonian),the possible ambiguity in the remaining IRREPs being interpreted as part of the ambiguityin the transition from a classical system to its quantum version.Note that clearly any function on T �Rn is a function of the elementary observablesqi and pi. As will be found below, a similar requirement on the fundamental observables2As a consequence of unitarity, weak continuity implies strong continuity. Alternatively, we may requirestrong continuity and then �nd, although only for speci�c cases such as for the Heisenberg group, that allthe representations are unitary.3I.e., there is only a discrete set of elements of G (which necessarily is an invariant subgroup) actingtrivially on all points of P. 6



FA of the group G has to be asked for also in the general case, leading to an additionalconstraint on the admissibility of group actions. This will be taken up in the followingtwo subsections, after illustrating the above considerations by means of the elementarysystems T �S1 and T �R+. Thereafter we will add some remarks on the quantization ofgeneral cotangent bundles T �Q and subbundles including our example system S.2.2 Application to T �R+ and T �S1To illustrate the quantization scheme reviewed in the previous subsection, we present theexamples T �R+ and T �S1. The second of these examples will lead us to discuss the issueof generating phase space functions in more detail.As T �S1 and T �R+ may be quantized by various established quantization schemes, wepresent the standard results (from several perspectives) �rst before turning to their grouptheoretical quantization.2.2.1 Standard resultsAs remarked already in the preceding subsection, there is a one{parameter family of di�er-ent, but physically acceptable quantum theories of T �S1. This parameter may be viewedas a consequence of the multiple connectedness of the phase space (cf, e.g., the generalstatements on the quantization of multiply connected phase spaces in geometric quantiza-tion in Ref. [1] and our discussion below; cf also Ref. [10]). The resulting Hilbert spacemay be spanned by the wave functions exp i(n + �)', n 2 Z, where ' is a coordinate onthe interval [0; 2�] and � 2 [0; 1] (where � = 0 is to be identi�ed with � = 1) is the �xedparameter mentioned above. Thus the wave functions may be regarded as functions on theinterval [0; 2�] with quasi{periodic boundary conditions (having periodic probability den-sities). The momentum operator p = (~=i) d=d' is self{adjoint and its spectrum obviouslyis of the form f~(n+�); n 2Zg. (The level spacing ~ of the spectrum is �xed by the choice[0; 2�] for the fundamental interval of the angle variable '. In physical applications, it maypossibly be rescaled depending on the realization of '.) The spectra of p di�er for di�erentvalues of � and thus the respective quantum theories cannot be unitarily equivalent. (Notealso that although � provides only an overall shift in the spectrum of p, already for a freeHamiltonian of the form H = p2=2, energy di�erences are a�ected by that parameter.)>From the point of view of geometric quantization (cf, e.g., [1]) wave functions aresections in a line bundle over S1 or better T �S1 = S1 �R. This line bundle is necessarilytrivial. There are, however, several inequivalent connections ~�1� with the same curvature~�1! (! being the symplectic form on T �S1; its Chern class is trivial and so is the bun-dle). Up to gauge transformations � may be brought into the form � = pd'� �d' where� � �+1 as a consequence of the U(1) gauge transformations exp(�i'=~). The di�erencebetween two connections with �xed curvature is a 
at connection; up to gauge transfor-mations this di�erence is an element of H1(M;R)=H1(M;Z)� H1(M;U(1)) (M being thephase space under consideration, hereM = T �S1), di�erent choices correspond to di�erentparallel transporters around nontrivial loops (so the ambiguity may be associated also to7



elements of Hom(�1(M); U(1)). In the above trivialization of the bundle, (polarized) wavefunctions correspond to ordinary functions over S1 and the �{angle enters in the mometumoperator p̂: p̂ = �i~rXp + p = �i~ dd' + � (here Xp = dd' is the Hamiltonian vector �eldcorresponding to p and r denotes the covariant derivative). We may, however, also use anontrivial transition function at ' = 0 to remove � in the expression for the momentumoperator, transferring it simultaneoulsy into the wave functions (so that e�ectively theyare quasiperiodic as above).The quantum system corresponding to T �R+, on the other hand, may be traced backto the one for T �R: Let q > 0 and p 2 R parameterize (T �R+; dq ^ dp). Then in thenew chart (eq := ln q, ep := q p) this symplectic manifold becomes just (T �R; deq ^ d~p). Thequantization of the latter is standard, yielding wave functions e (eq) with measure R deq ifsimultaneously ep = (~=i) d=deq.The resulting quantum system may now be represented also in the original coordinatesq = exp(eq): For the wave functions  (q) = e (ln q) the measure in the inner productbecomes RR+ dq=q and ep = (~=i) q d=dq. Note that, as a consequence of the nontrivialmeasure in q, p = (~=i)pq (d=dq)(1=pq).We can also get rid of the nontrivial measure by rescaling the wavefunctions: b (q) := (q)=pq. Then the measure becomes RR+ dq, while p = (~=i) d=dq and now ep is seen tobecome ep = (qp+ pq)=2.We remark that while ep is (in the above manner by construction) a self{adjoint operator,p is only hermitean, having no self{adjoint extensions (cf Ref. [8] and Ref. [2] for furtherdetails on p).2.2.2 T �R+We next turn to the group theoretical quantization of T �R+. As remarked already above,from the point of view of symplectic manifolds T �R+ = T �R. The observables q > 0 andp on T �R+, however, are certainly di�erent from the observables q and p on T �R, which,for means of clarity, we again denote by eq and ep as in Subsec. 2.2.1 above. The precisecorrespondence between these observables (viewed as observables on one and the samephase space) has been provided already there, too.In the group theoretical approach there are thus at least two admissible groups whichmay be used to quantize T �R+ (or, likewise, to quantize T �R). First, we may just takethe abelian group generated by the Hamiltonian vector �elds corresponding to eq � ln qand ep � qp. In one{to{one correspondence with the quantization of T �R, this action onT �R+ has no momentum map, and the canonical group C becomes the three{dimensionalHeisenberg group. As is evident from the discussion of T �R+ in the preceding Subsec.2.2.1, in this way the correct quantum theory of T �R+ is reproduced. It is identical to thequantum theory of T �R; one just has to take into account the nontrivial correspondenceof observables.Second, in the framework of group theoretical quantization, we may also use the groupgenerated by q and ep � qp. This is easily seen to provide an e�ective and transitive actionon T �R+ of the two{dimensional, nonabelian a�ne group G = R�R+. Since it obviously8



has a momentum map, for the quantization of T �R+ (or, likewise, also of T �R!) one maystudy, as an alternative to the Heisenberg group C, the unitary IRREPs of the a�ne groupG. There are three unitarily inequivalent IRREPs of G (again here we refer to Ref. [2]for further details). In one of them, the operator q has a strictly negative spectrum;clearly, this representation has to be excluded on physical grounds, as classically q isstrictly positive. Furthermore, one of the representations uses a one{dimensional Hilbertspace and thus does not come into question as quantum theory of T �R+, too. The singleremaining representation has the Hilbert space L2(R+; dq=q) with the generator ep beingrepresented by (~=i) q (d=dq). This is in coincidence with what we found above (cf Subsec.2.2.1). In this case the parameter ~ enters on reasons of correct physical dimensions: ep hasthe dimension of an action and the Poisson bracket relation fq; epg = q thus has to turninto the commutator [q; ep] = i~q in the quantum theory.Certainly f�; qg = �d=dp and f�; pg = d=dq do not generate a group on T �R+; d=dqgenerates translations of q, which may leave the positive real axis. This �ts well to theprevious observation that p cannot become a self{adjoint operator.2.2.3 T �S1In the group theoretical approach to quantizing T �S1 one �rst looks for a transitive, almoste�ective Hamiltonian action of a group G on that space. Such a group is provided by thethree{dimensional Euclidean group (in two dimensions) E2 = R2�SO(2). If ' 2 [0; 2�]denotes the con�guration space variable on S1 and p its conjugate momentum,Hamiltoniangenerators of this action are provided by f�; pg, generating rotations along the S1, as wellas by f�; sin'g and f�; cos'g, which generate transformations along the �bers ' = const.Since the Poisson brackets between the respective Hamiltonian functions clearly close, theaction has a momentummap. The action of E2 is easily seen to be e�ective and transitiveon T �S1, moreover. The representation theory of E2 shows that there is a one{parameterfamily of unitary IRREPs (cf Ref. [2] for details). The corresponding parameter � 2 R+is, however, not the �{angle, as we might have expected from our previous considerationof this example. Instead, upon working with dimensionful quantities, it may be seen thatthis parameter has to be identi�ed with ~ again.In the present quantization scheme the �{angle arises only when considering anothergroup action on T �S1. Clearly �1(E2) = �1(SO(2)) = Z. Thus instead of E2 we mayconsider as well the action of its universal covering group, eE2. This action is no moree�ective, but still almost e�ective4 (and the Lie algebra isomorphism between the Poissonalgebra of the generating Hamiltonians and the elements of L(G) is certainly not a�ectedby this change of G). The unravelling of the subgroup SO(2) of E2 to R � eE2 leads toan additional continuous parameter in the unitary representations. This parameter liveson a circle and may be identi�ed readily with the angle �. So, when using G = eE2, the4The elements which act trivially on T �S1 are then just the centerZof eE2 in the kernel of the projectionfrom eE2 to E2. 9



group theoretical quantization scheme reproduces the general results of other establishedapproaches. (The representations obtained from the choice G = E2 correspond to thespecial, but still legitimate, quantum realization with periodic wave functions, � = 0, onthe other hand).2.2.4 SummaryThe two examples discussed above nicely illustrate that there may be several admissiblegroup actions on one and the same phase space P (which will still be the case also afterimposing our additional condition on admissible group actions below).As any covering group bG of an (almost) e�ectively acting group G acts almost e�ectivelyon the phase space, too, and unitary representations of G are also unitary representationsof bG (but not necessarily vice versa), we will always choose the (unique) simply connecteduniversal covering group eG as the group G.We learn from the group theoretical quantization of T �S1 that only then we may expectto obtain the most general quantum realization of the theory with classical phase space P.The example T �R+ (or T �R) demonstrates that di�erent admissible groups need notbe just coverings of one another. Moreover, this example illustrates that not all weaklycontinuous, unitary IRREPs of G need to make sense physically. In part this was concludedfrom a comparison of the range of values of a physically important classical observable(namely q) with its quantum spectrum.The situation in quantizing the phase space S = S1�R+, discussed in detail in Sec. 3,will be quite analogous to the one in quantizing T �S1. The allowed e�ectively acting groupwill be SO"(1; 2). Only by studying the IRREPs of the respective universal covering groupa �{angle, to be expected due to �1(S) = Z, will be obtained. In analogy to the exampleT �R+, on the other hand, not all unitary IRREPs will be seen to make sense \physically"as quantum realizations of S.2.2.5 Other group actions on T �S1Up to now the discussion was in agreement with Ref. [2]. However, in the example of T �S1there are much more group actions which ful�ll the conditions of transitivity, e�ectiveness,and of being Hamiltonian with momentummap: The Lie algebra of E2 is not only providedby the Hamiltonian generators f�; pg, f�; sin'g, and f�; cos'g on T �S1, but also by thecountably in�nite family f�; l�1pg, f�; sin l'g, and f�; cos l'g, l 2 N.5 For �xed l thesevector �elds generate an e�ective action of the l{fold covering group of E2: The vector �eldl�1f�; pg generates the translations ' 7! '+tl�1, t 2 R, which is the identity transformationfor t = 2�l, but not already for t = 2�j, j < l.If we repeat the quantization described in Subsection 2.2.3 for l 6= 1, we have to usethe same representation theory because in any case we use the universal covering groupeE2. However, now we have l�1p in place of p, and this phase space function is quantized to5This example, for which we are grateful to H. Kastrup, provides a simpli�ed version of what will befound for the phase space S by the systematic procedure employed in Sec. 3 (cf Eqs. (10) and (7) below).10



the same operator as p above with discrete spectrum ~(Z+ �). Thus p will be quantized toan operator with spectrum ~l(Z+ �). Note that the interval ' 2 [0; 2�] has not changedand, therefore, the obtained spectrum is not acceptable. A rescaling of ~ to absorb l,furthermore, is not possible because locally we have to preserve canonical conjugacy of pand '.We are thus in the need of excluding the group actions on T �S1 with l 6= 1! To extract ageneral strategy from this example, we now will focus on the question of what kind of phasespace functions may be generated by the fundamental observables of the group action.2.3 Generation by fundamental observablesIn Ref. [2] two di�erent principles for what phase space functions can be generated by thefundamental observables F1; : : : ; Fn 2 C1(P;R) generating the group action on the phasespace were presented:Strong Generating Principle (SGP): For any phase space function f 2 C1(P;R)there is a function �f 2 C1(Rn;R) such that f = �f(F1; : : : ; Fn).Local Generating Principle (LGP): Any s 2 P has a neighborhood Us � P such thatthe condition of the SGP is met on Us.As noted in Ref. [2], the LGP is ful�lled if the group action is transitive. However,transitivity is not su�cient for SGP. E.g., in the example of T �S1 above we found anin�nite family of transitive group actions parameterized by the label l. The SGP is ful�lledonly for l = 1: For l > 1 the functions sin l' and cos l' are not su�cient to generate anarbitrary (smooth) function on the interval 0 � ' < 2�, because any generated functionis 2�l�1{periodic (globally we cannot take the l{th root). Thus, demanding SGP singlesout the only group action which reproduces the results of standard quantizations in thisexample.In Ref. [2] only the need for the LGP was recognized, and incorporated by means oftransitivity of the group action. (Consequently it then was concluded [2], p. 1149: \...in this group theory oriented quantization scheme, we cannot always maintain the stronggenerating principle.") As the above example shows, however, the validity of the SGP isan essential part of group theoretical quantization and must not be ignored.The SGP is a condition on the Hamiltonians of a given group action. For practical ap-plications it may be worthwhile to reformulate it in terms of a property of the group action(analogously to trading in transitivity of the action for the LGP) or even the canonicalgroup G itself. We did not succeed in this attempt in full generality. However, we will nowpresent a necessary condition for the validity of the SGP for a rather large class of groupactions.Let G have an almost e�ective, transitive Hamiltonian action on P and let us, for theabove purpose, assume that this action admits a momentum map (and thus there is noneed for a central extension). An almost e�ective action can always be reduced to ane�ective action by factoring out a discrete subgroup: If G acts almost e�ectively, thenG := G=N , where N is the maximal invariant subgroup of G acting trivially on P, acts11



e�ectively (with all other properties of the action unchanged). The necessary conditionmentioned above may now be formulated as a condition on the remaining center Z(G) ofG.Lemma 1 Let G be a group acting almost e�ectively, transitively, and Hamiltonian with amomentum map on the phase space P and G be the corresponding e�ectively acting group.If G is semisimple and the center Z(G) of G is nontrivial, then the strong generatingprinciple is violated. It is also violated (for a general group G), if Z(G) is nontrivial but�nite.Proof : Let s 2 P, g 2 G, and denote the group action of g by Lg: s 7! gs. By means ofthis action to each X 2 LG a vector �eld eX on P is associated, whose 
ow we denote asexp tX := �t( eX). Its pushforward with Lg acting on a function f on P isLg� eX(f) = ddt����t=0 f � Lg � exp(tX) = ddt����t=0 f � exp(tAdgX) � Lg : (3)If eX = eXH = f�;Hg is a Hamiltonian vector �eld, then we have, furthermore, Lg� eXH =eXH�L�1g because the group action is Hamiltonian. For g = z 2 Z(G) in the center of Gwe have AdgX = X and these equations imply eXH = eXH�L�1z . The generating function Hthus has to ful�ll H � L�1z = H + cz(H) for any z 2 Z(G): (4)Here cz:LG ! R is a linear map from the Lie algebra of G, which we identify usingthe momentum map with its isomorphic Lie algebra of generating functions of the groupaction on P, to R. This map is in fact a 1{cocycle in the cohomology of this Lie algebra:fH � L�1z ; G �L�1z g = fH;Gg � L�1z implies fH + cz(H); G+ cz(G)g = fH;Gg = fH;Gg+cz(fH;Gg) which leads to cz(fH;Gg) = 0. This observation already proves our �rstassertion: If G is semisimple, we have [LG;LG] = LG and cz(LG) = cz([LG;LG]) = 0; czvanishes for any z 2 Z(G). This means that each of the generating functions, and thereforeany generated function, is invariant with respect to the action of Z(G). But the center ofG acts nontrivially, because the group action of G is e�ective, and not any phase spacefunction, which is in general not invariant, can be generated.For groups with [LG;LG] 6= LG (nonperfect groups, cf the remark following this proof)the above argument cannot be used. However, if Z(G) is �nite, there is for each z 2 Z(G)a k 2 N with zk = 1. Due to H = H � L�1zk = H + kcz(H) (This follows from Eq. (4) andcz(H�L�1z0 ) = cz(H) for all z; z0 2 Z(G), which in turn is a consequence of cz(H+c) = cz(H)for any constant function c on the phase space.) we again have cz(H) = 0 for any z 2 Z(G)and H 2 LG.In the above lemma, we could also relax the conditions replacing \semisimple" by\perfect".6 The de�ning property of a perfect Lie group G is [LG;LG] = LG. A prominentexample for a nonsemisimple but perfect Lie group is the Poincar�e group.6We are grateful to D. Giulini for this remark. 12



Note that the center of semisimple Lie groups is discrete, while for perfect Lie groups perse this is not necessarily the case. However, in the present context a continuous center Z(G)is excluded in any case due to the (almost) e�ectiveness of the G{action and the existenceof a momentummap: The phase space function generating the action of the center wouldhave vanishing Poisson brackets with all other generating functions. Therefore, it wouldbe constant, and the center would act trivially.Thus, the only case of a nontrivial center not covered by the lemma is that of a discretebut in�nite center of a nonperfect group.A simple example for this case where, however, the SGP is still violated, may beprovided on T �R. Such an action on T �R ful�lling Isham's axioms can be constructed as alimit l!1 of the action of the l{fold covering group of E2 on T �S1: After the symplectictransformation ('; p) 7! (l'; l�1p) we can take the limit l!1 for the action of the l{foldcovering group of E2. The generating functions p, sin', and cos' are now l{independent,but the l{fold covering group acts on a phase space with '{interval 0 � ' < 2�l. Forl!1 this phase space unwinds to T �R and the action becomes an e�ective and transitiveaction of eE2, which is neither perfect nor has �nite center. The lemma does not apply, butnevertheless the group action has to be rejected because only 2�{periodic functions can begenerated.This example shows that the lemma is not su�cient to decide in all cases whether agroup action is allowed, and it demonstrates even more drastically the necessity of theSGP: Trusting this group action of eE2 would lead us to a discrete spectrum for p in aquantization of T �R! (This discreteness comes in because the fundamental observables areperiodic, which is a global property and cannot be detected by the LGP. A further failureof this group action is that the coordinate q in T �R could not be promoted to an operator,because it cannot be generated by the fundamental observables.)Note that the lemma does not provide any statement about the validity or failure ofthe SGP for the case that Z(G) is trivial. We are, however, not aware of an example withtrivial Z(G) where the SGP is violated.In the paragraph preceding the lemma we made use of the fact that a trivially actingsubgroup of G can always be factored out to arrive at the e�ectively acting group G. If thecenter of the latter group, Z(G), is nontrivial, it can be factored out only at the cost offactoring the phase space, too. This does not change its dimensionality due to discretenessof the center. (To do so, we have to suppose that the action on the phase space of thecenter is properly discontinuous, which is, e.g., ful�lled if the center is �nite.) If the actionof G on this factored phase space is still Hamiltonian, the conclusion of the lemma can beevaded by regarding G as canonical group for this smaller phase space P 0 � P=Z(G) (i.e.although the SGP is violated on P it is not necessarily so on P 0).In the light of this consideration we can understand the wrong p{spectrum obtainedwhen using the action of the l{fold (l > 1) covering group of E2 on T �S1. In this case thecenter is the cyclic group of order l generated by the translation in ' 2 [0; 2�] by 2�l�1. Ifwe want to factor out the center, we have to identify the points ' and '+2�l�1 to obtainan action of E2 (or an almost e�ective action of the l{fold covering). This identi�cation13



e�ects a reduction of the con�guration space to the interval [0; 2�l�1], which explains themultiplication of the p{spectrum by l.2.4 Quantizing cotangent bundles and certain subbundlesWe proceed with some general remarks [2] on the group theoretical approach when appliedto phase spaces which are cotangent bundles, P = T �Q. As discussed in the next section,the phase space S, on the other hand, is de�nitely not a cotangent bundle. However, itwill turn out to be a certain subbundle of a cotangent bundle (speci�ed below). Many ofthe facts applicable to cotangent bundles will be seen to be applicable to those subbundles,too. In a sense, the situation even simpli�es there.2.4.1 A general strategy for determining group actionsOn T �Q, the in�nite dimensional group D := (C1(Q;R)=R)�Di�(Q), which is a subgroupof the full group of canonical transformations, always acts transitively and e�ectively.Here Di�(Q) is the canonical lift of the di�eomorphism group of the con�gurationspace Q. If qi ! eqi(q) denotes the di�eomorphism on Q, this is lifted canonically to asymplectomorphism on T �Q (a so{called \point transformation") when it is accompaniedby pi ! pj @qj=@eqi (where q(eq) denotes the inverse of the function eq(q)). The action ofDi�(Q) is also Hamiltonian and allows a momentummap: If X i(q) d=dqi is the generatingvector �eld of a di�eomorphism of Q (connected to the identity), then X i(q) pi is a Hamil-tonian of its canonical lift, and it is obvious that the Poisson algebra of these functions onT �Q is closed without a central extension.Although in�nite{dimensional, Di�(Q) by itself does not act transitively on T �Q, asthe (dim(Q){dimensional) subspace pi = 0 is mapped into itself. However, when enhancedby C1(Q;R)=R (\di�eomorphisms up the �bers"), the action becomes transitive on T �Q;here C1(Q;R)=R consists of those canonical transformations that are generated by Hamil-tonian vector �elds of the form f�; f(q)g, where f 2 C1(Q;R)=R (R corresponding to theconstants that act trivially and which are thus removed so as to obtain an e�ective action).Quantizing (�nite{dimensional) cotangent bundles, one thus may look for �nite{dimen-sional subgroups G = W�G of D � (C1(Q;R)=R)�Di�(Q) which still act transitively.As a subgroup of D this action is then guaranteed to be Hamiltonian and to act e�ectively.As seen above, moreover, separately, each of the groups Di�(Q) and C1(Q;R)=R allows amomentum map (and thus this follows also for any of their subgroups G and W , respec-tively). However, the full (combined) group D, and thus also G = W�G, may have anobstruction for a momentum map (cf the example Q = Rn reexamined below).2.4.2 The examples revisitedIn the examples discussed above we always used subgroups of D (or their covering groups).For T �R� T �R+ this was G = R,W = R (which is more natural when viewing the phasespace as T �R, the generating observables being q and p in the corresponding chart) or14



G = R+, W = R (more natural when viewing the phase space as T �R+, the generatingobservables being q > 0 and qp in this other chart). In the former case there is an ob-struction to a momentummap and one is lead to the three{dimensinonal Heisenberg group(which is a subgroup of C1(Q;R)�Di�(Q)), in the latter case there was no obstruction toa momentum map for G = W�G. For T �S1, on the other hand, W = R2 and G = SO(2)(the rotations along the S1) or, better, the universal covering group of the latter, G = R.2.4.3 SubbundlesWe noted above that the subspaceP0 = f(p; q) 2 T �Q jpi = 0 8i = 1; : : : ;dim(Q)g (5)of T �Q is left invariant by the action of Di�(Q). On the (connected components of the)complement P� of P0 in T �Q the action is, however, also transitive. More precisely, fordim(Q) = 1 P� has two connected components, which we will denote by P+ and P� forp > 0 and p < 0, respectively. (The phase space S will be found to be of this type withQ = S1 in the following section.) For dim(Q) > 1, on the other hand, P� is alreadyconnected and we have the following small lemma:Lemma 2 For dim(Q) > 1 (dim (Q) = 1) the canonical lift of Di�(Q) (Di�+(Q), thecomponent of Di�(Q) connected to the identity) has a transitive and e�ective action on(the connected components of) P� = T �QnP0 with a momentum map.Proof : According to the invariance of P0 with respect to Di�(Q), the action of Di�(Q)does not lead out of the subbundle P�. For dim(Q) = 1 each of the components of P� isinvariant only with respect to orientation preserving di�eomorphisms (and we thus restrictto Di�+(Q) in this case).The momentum map of the action has been provided already above, furthermore, andits e�ectiveness on P� is obvious. Transitivity on P� (P� for dim(Q) = 1) follows asDi�(Q) (Di�+(Q)) acts �ber transitively on P� � T �Q (i.e., it acts transitively on thespace of �bers), while on the �ber of P� (P�) over the origin qi = 0 of some particularlocal coordinate system of Q the vector �elds f�; qi pjg act transitively.Note that when dealing with P� (P�), it is not only not necessary to add the abovegroup C1(Q;R)=R (or any of its subgroups) to obtain a transitive action, this is even notpossible: Already any one{dimensional subgroup of C1(Q;R)=R moves points in a �berof T �Q into its origin pi = 0, so that no subgroup of C1(Q;R)=R yields a group action onP�.Thus, if we are to quantize a phase space P� (or one of its connected components), wemay �rst search for �nite{dimensional, transitively acting subgroups G of Di�(Q). Suchan action of G then automatically acts e�ectively and now it also has a momentum map,as this is the case for Di�(Q). The quantum realizations of the phase space P� are then to15



be found among the unitary IRREPs of G = eG, where eG is the universal covering groupof G. This sets the strategy for what follows in the next section.There certainly is no guarantee that such a �nite{dimensional group G exists for a given(�nite{dimensional) phase space P� as likewise there need not exist a �nite{dimensional,transitively acting subgroup of D on a cotangent bundle T �Q. In both of these casesthere still could be some other �nite{dimensional subgroup G of the full group of canonicaltransformations on the phase space acting transitively and e�ectively. Moreover, certainlynot any �nite{dimensional cotangent bundle (and likewise not any of its subbundles P�)can be quantized by the group theoretical approach (using �ninte{dimensional groups),even if it is quantizable e.g. in the sense of geometric quantization. In particular, themere existence of a transitive, almost e�ective action of G on a phase space P implies that(topologically) P �= G=H, where H is a subgroup of G (the stabilizer group of some pointin P); clearly not any phase space P (or also cotangent bundle T �Q or its subbundlesP�) has the topology of some coset space of �nite dimensional groups.7 Still, the grouptheoretical quantization scheme, and in particular the above strategy for quantizing T �Qand P�, is general enough to be applicable to a number of physical systems, and, amongothers, this will apply also to the phase space S.2.4.4 T �R+ and T �(R2nf(0; 0)g) as subbundlesThe phase space T �R+ can, after interchanging q and p, be seen as a subbundle P+ of T �R.A transitive action on R+ is generated by the phase space function q, whereas the proofof Lemma 2 suggests to use in addition the generating function qp to obtain a transitiveaction on the phase space. This brings us back to the group G = R�R+ of Subsection 2.2.2.The quantum theory obtained there was de�ned on the Hilbert space L2(R+; dq=q) withqp acting as (~=i) q d=dq, which realizes the unique representation of G having positivespectrum for q.An example for a phase space P� is, again after interchanging coordinates and momenta,the phase space T �(R2nf(0; 0)g). Such a phase space is of relevance in the context of theAharanov Bohm e�ect.The smallest transitively acting subgroup of the di�eomorphism group of R2 (the �bersof this phase space) is the two{dimensional abelian group of translations generated bythe coordinates x and y of R2nf(0; 0)g. According to the proof of Lemma 2 we obtaina transitive action on the phase space if we add the functions xpx, xpy, ypx and ypy asgenerators. However, already the span hx; y; xpx+ypy; xpy�ypxi (the latter two functionsare xpx + ypy = rpr and xpy � ypx = p' in polar coordinates) is closed under Poissonbrackets forming a Lie algebra isomorphic to R2�R2, and we will see that it generates atransitive action on T �(R2nf(0; 0)g).The Hamiltonian vector �elds are easily seen to generate an action of the group G =(R2�SO(2))�R+, the semidirect product of the group of motions of R2 with the group R+of dilatations with composition (~v1; R1; �1)(~v2; R2; �2) = (~v1 + �1R1~v2; R1R2; �1�2). (Here7We are grateful to D. Giulini for pointing out to us that any manifold can be obtained as the cosetspace of appropriate, generically in�nite dimensional groups.16



~v denotes the translation vector and R the two{by{two rotation matrix.) This groupis isomorphic to G �= R2�(SO(2) � R+) �= C�C � with composition (�1; �1)(�2; �2) =(�1+�1�2; �1�2). Using the latter form, the action on T �(R2nf(0; 0)g) can most compactlybe written in terms of the complex coordinates z := x+ iy, p := px+ ipy as (�; �): (z; p) 7!(�z; ��1p + �). (The group G can also be viewed as a subgroup of D in Subsec. 2.4.1,where R2 is a subgroup of C1(Q;R)=R and SO(2) � R+ a subgroup of Di�(Q) withQ = R2nf(0; 0)g. From this point of view one still would have to check the existence of amomentum map, which is immediate from the present perspective of G (cf Lemma 2).)Analogously to the example T �S1 we can also �nd e�ective actions of any coveringgroup of G, but again they are excluded by the SGP. The quantum theory, however, willbe most generally provided by unitary representations of the universal covering G = eG.Using Mackey theory [11], one �nds that the inequivalent (nontrivial) unitary rep-resentations of this (universal covering) group may be presented on the Hilbert spaceH = L2(R+� S1; r drd') according to the unitary action (U(~v; t; �) )(r; ') = � exp(i�t+ir(v1 cos' + v2 sin')) (�r; ' + t) of G, where t 2 R is a parameter in eG covering theSO(2){angle of G. Here � 2 (0; 1] is the �{angle expected due to �1(T �(R2nf(0; 0)g)) =Z,which, in the group theoretical context, may be understood to arise from the unitary rep-resentations of �1(G) =Z, the center of eG. The spectra of the fundamental observables bx,by, crpr, and bp' are R,R, R, andZ+ �, respectively. Note that here (0; 0) is in the spectrumof (bx,by), although classically this point is removed from the con�guration space.2.5 The projection methodBy imposing the restriction to a subbundle at the quantum level we can arrive at thequantum theory of T �R+ also in a di�erent way: Starting from the standard quantizationof T �R on the Hilbert space eH = L2(R; dq) we restrict it, in a second step, to the maximalsubspaceH on which q is quantized to a positive operator (implementation of the restrictionq > 0 at the quantum level as an operator inequality), i.e., we de�ne H through completionof the maximal subspace F � D(q̂) on which RRfqf dq � 0 for all f 2 F (where CD(q̂) isthe domain of de�nition of the multiplication operator q̂). This subspace is easily seen tobe H = L2(R+; dq).Clearly there is a (unique) projector �: eH ! H, which may be used to also transportoperators de�ned in eH to operators on H. (The uniqueness of the projector is a resultof the maximality condition required for the subspace H on which bq > 0. This conditionis necessary to reproduce standard results; in a way, it serves to capture the phase space,here T �R+, globally.)We now propose a more general setting in which the above \projection method" shouldbe applicable.2.5.1 Restricted phase spaces and their Hilbert spacesA phase space P which can be treated using the projection method has to obey the followingproperties: First, P can be characterized as a submanifold of a phase space eP via restriction17



by means of inequalities fi > 0 for a set of functions ffig on eP with mutually vanishingPoisson brackets. We furthermore demand that, for each i, the set on which the oppositeinequality, fi < 0, is ful�lled is nonempty. (This condition is necessary to exclude, e.g.,cases like the restriction of T �R2 to T �(R2nf(0; 0)g) by means of x2+y2 > 0, which cannotbe treated by the method of the present subsection; see the remarks below.) Second,a quantum realization of eP is known in which the functions ffig may be promoted toself{adjoint, simultaneously diagonalizable operators ff̂ig.8For simplicity we assume that the space P, where all conditions fi > 0 are ful�lled, isconnected. Otherwise, we have to quantize each connected component separately and totake eventually the direct sum of the resulting Hilbert spaces as common Hilbert space forthe quantization of P.The general strategy of the projection method to obtain a quantum realization of Pis then as follows: Starting with the Hilbert space eH which quantizes eP we have theself{adjoint operators f̂i. Their spectral families can be used to de�ne the projectorsPi := �(f̂i), where � : R ! R is the step function which is zero for x < 0 and onefor x � 0. Because the operators f̂i are assumed to be simultaneously diagonalizable,their spectral families commute and the common projector P := Qi Pi: eH ! eH can bede�ned unambiguously. Using this projector, the restricted Hilbert space H is de�ned asa subspace of eH according to H := P ( eH). As a Hilbert space of its own, H is regarded asthe Hilbert space of P.Restricting the image of P to H we obtain a map �: eH ! H with adjoint being theinclusion �:H ,! eH of H (which is de�ned as a subspace of eH) in eH. Both these maps arepartial isometries (i.e., they map closed subspaces | H in both cases | isometrically totheir images and annihilate their orthogonal complements). Composing the two maps weobtain � � � = 1IH (the identity on H) and � � � = P (the projector on eH), respectively.In the preceding subsection we presented a general strategy for �nding a group action oncertain subbundles of cotangent bundles appropriate for the group theoretical quantization.For a one{dimensional con�guration space the subbundle is de�ned by an inequality of theform f > 0 where f is the coordinate or its canonical momentum. All the above conditionsof the projection method are ful�lled in this case and it can be used to obtain a quantumrealization of this subbundle as demonstrated by the example T �R+ above.For phase spaces of dimension greater than two the situation is di�erent. Here, thesubbundles P� of the previous subsection are de�ned by inequalities fi 6= 0 removing alower{dimensional submanifold from the phase space and the functions fi do not meetall the conditions required above. They still Poisson commute and for a known quantumrealization of P they correspond to simultaneously diagonalizable operators. Thus, onestill can construct the projector, of course. However, the restriction method may fail: Ifzero is not contained in the discrete part of the spectrum of all the f̂i, then the projectoris the identity on eH, not leading to any restriction (an example for this case is the phasespace T �(R2nf(0; 0)g)). If, on the other hand, zero is contained in the discrete part of the8We remark that in the case of unbounded self{adjoint operators commutativity on a dense domain isnot su�cient for their simultaneous diagonalizability, needed below.18



spectrum for at least one of the f̂i, then the projection leads to a restriction, but the pointzero can be excluded from the spectra of all the f̂i only if it is an isolated point.Although the projection method is not applicable to higher{dimensional phase spaces ofthe form P� in general, the conditions for its applicability as formulated above are ful�lledby a much wider class of systems than those considered in Subsec. 2.4.3. Given a phasespace P one merely has to �nd an appropriate embedding of P within a phase space withknown quantum realization.2.5.2 ObservablesTo complete the quantum theory of P we have to promote a certain class of observables todensely de�ned operators on H. In the quantization of eP we already have such operatorseO acting on eH as quantizations of observables. These can be used to de�ne operators onH by mapping eO: eH ! eH to O:H !H by means of O := � � eO� �. If eO is densily de�nedwith domain D( eO), then O is also densily de�ned with domain D(O) = �(D( eO)).Speci�c properties of eO are, however, not necessarily inherited by O. E.g., a denselyde�ned, self{adjoint operator eO leads, in general, only to a hermitean operator O: Theproduct of adjoints of two densely de�ned operators A:F ! G and B:G ! H betweenHilbert spaces satis�es A�B� � (BA)�, and equality can be concluded, without furtherinformation on A and B, only if B is bounded (de�ned on all of the Hilbert space G andnot just on a dense subset). This condition is ful�lled for the maps � and � in the de�nitionof O, such that we obtain as its adjointO� = (�( eO�))� = ( eO�)��� � �� eO��� = � eO�� :If eO is self{adjoint, eO = eO�, then O is in general only hermitean: O � O�. (Cf also theexample of the momentum operator of T �R+ below.)Similarly, for a unitary operator eO the operator O is isometric (� eO� clearly preservesthe norm on H), but not necessarily also unitary: Its adjoint is given by O� = � eO�� dueto the fact that eO, being unitary, is a bounded operator. Only if eO commutes with P (i.e.if eO preserves the subspace H = P ( eH) as well as its orthogonal complement), we may ingeneral simplify OO� = � eOP eO�� to OO� = �P � = 1IH and likewise conclude O�O = 1IH.An example for a unitary operator with only isometric projection will appear in Subsec.3.2.2.If possible, observables of the classical theory are promoted to self{adjoint operators.(The momentum operator on T �R+ provides an example where this is not possible.) Theoperator O obtained from some self{adjoint operator eO in the above manner is, in general,only hermitean; this is typically the case because the conditions fi > 0 introduce a bound-ary on the phase space P. An operator O projected as above is then de�ned on a densedomain including a speci�cation of boundary conditions. If this operator has self{adjointextensions, each of them can be used as quantization of an observable (possibly introducingan additional ambiguity in de�ning the quantum theory of P).19



The latter scenario may be illustrated by means of a particle on a line of boundedextension. This system may be obtained as a submanifold of T �R by means of f1 = q � aand f2 = b � q for some a; b 2 R with b > a. The domain of de�nition of the momentumoperator projected from the one of T �R is given by absolutely continuous functions on[a; b] which vanish at the boundary. So de�ned, it is only hermitean. However, it has afamily of self{adjoint extensions, parameterized again by a �{angle, de�ned on absolutelycontinuous functions  satisfying  (b) = exp(i�) (a). Each of these extensions may nowbe chosen as a possible quantum observable corresponding to the canonical momentum onT �([a; b]) (cf, e.g., Ref. [8]).Best candidates for operators which project to a self{adjoint one on H correspond tophase space functions adapted to the boundary. This is similar to the situation in grouptheoretical quantization, where the condition that the fundamental observables generatean action on P forces the generating vector �elds to be tangential to the boundary.We �nally illustrate these considerations by means of the quantization of T �R+. TheHilbert space H = L2(R+; dq) was derived at the beginning of this subsection by the pro-jection method. Here the projector � and the inclusion � are de�ned by � e = e jR+ fore 2 L2(R; dq) and (��)(q) = �(q) for q > 0 while (��)(q) = 0 otherwise for � 2 H. Theoperator q̂, whose spectral family was used to restrict the Hilbert space, remains a self{adjoint multiplication operator on H. But the momentum operator eO = p̂ = �i~d=dq,commonly used as the other fundamental observable on eH, projects down to a derivativeO = �i~d=dq on H, which is no longer self{adjoint: The domain of de�nition of O de-�ned by the projection is D(O) = D( eO) \ H = f 2 H :  absolutely continuous,  0 2H and  (0) = 0g. Its adjoint has, however, the larger domain of de�nition D(O�) = f 2H :  absolutely continuous and  0 2 Hg, whereas O�� = O. This shows that O is notessentially self{adjoint, and, even worse, it has no self{adjoint extensions (cf, e.g., Ref. [8]).Being a consequence of the boundary, the latter problem can easily be cured by usingthe self{adjoint operator 12(q̂p̂ + p̂q̂) = �i~(q d=dq + 1=2) (as quantization of qp) insteadof p̂. Due to the presence of q̂, its projection to H no longer needs additional boundaryconditions to be hermitean, and it can easily be shown to be self{adjoint (it generates theunitary transformation  (q) 7! pt (tq)). This is related to the fact that the 
ow of qpis tangential to the boundary. We are again lead to the same fundamental observables aswhen using the group theoretical quantization and we obtain unitarily equivalent quantumtheories.2.5.3 Outlook on possible applicationsThe main advantage of the projection method (within its limited domain of applicability)as opposed to other quantization schemes is the fact that it makes use of the quantizationof the embedding phase space eP. So, parts of the steps in the transition from the classicalto the quantum system are taken from the auxiliary system eP and need not be repeatedfor P. This will become particularly transparent at the example in the subsequent section.At the level of symplectic manifolds there is a related method, known as \symplecticcutting" in the mathematical literature (cf e.g. Ref. [12]). In this approach one is given a20



torus action with momentummap on a phase space eP. By means of this momentummapeP can be cut into pieces one of which is determined by setting the Hamiltonians of thetorus action greater than zero yielding a certain compacti�cation of the subspace P de�nedabove. Note that due to the abelian character of the torus U(1)n these Hamiltonians alwaysPoisson commute.Far more complicated examples for the projection method as those provided in thispaper, for which it can be relevant (when extended appropriately to deal with constrainedsystems), are given by gravitational theories. There, the (symmetric) matrix g�� of thecoe�cients of the metric g in some local chart is required to satisfy det(g) 6= 0 (for allpoints of spacetime) or, more precisely, �det(g) > 0, the sign depending on the signatureof the metric g. E.g., in a dreibein formulation of Hamiltonian general relativity one hasto require det e > 0 for the dreibein components in order to extract the nondegeneratesector. In the context of lattice quantum gravity the implementation of this conditionat the quantum level, as compatible with the general projection method above, has beeninvestigated in Ref. [13].We conclude these considerations with a cautionary remark: In the context of gravitytheories | but also, more generally, of constrained Hamiltonian systems with (additional)\disallowed regions" in phase space | further care is needed when considering the pro-jection method (in addition to the standard problems of the quantization of constrainedsystems). This becomes obvious already classically: First removing disallowed regions fromphase space (degenerate sectors in gravity theories) and then performing the symplecticreduction is in general only equivalent to �rst reducing and then singling out the disallowedequivalence classes (or the equivalence classes without an allowed representative) if the 
owof the constraints does not connect allowed with disallowed regions.This condition is violated in several popular formulations of gravity theories in space-time dimensions four (Ashtekar formulation), three (Chern{Simons formulation), and two(BF{ or, more generally, Poisson Sigma formulation). In all of these cases, equivalencewith the original, metrical formulation can be established only on the nondegenerate sectorof phase space and (in contrast to the original di�eomorphism constraints) the 
ow of theconstraints in the new formulation does indeed enter the degenerate sector.To show that this can be of relevance, we provide a simple example (cf also Ref. [14] fora similar illustration): Consider a particle in R3 with the (original, �rst class) constraintC = x [(x + 2)2 � (px)2 � 1] � 0, declaring the subspace with x � 0 to be \disallowed"(\degenerate sector"). Clearly, the 
ow of C does not leave (or enter) the forbidden regionin phase space. Thus, removing the disallowed subspace and performing the symplecticreduction commute, leading to a reduced phase space (RPS) which is a two{fold coveringof T �R2. On the other hand, within the allowed region of the original phase space theconstraint C may be replaced equivalently by eC � (x + 2)2 � (px)2 � 1 � 0. However,the above condition on the 
ow of the constraint is no more satis�ed in this case. Indeed,while certainly one obtains the same RPS as before when one �rst removes the disallowedregion and only then performs the symplectic reduction (which requires knowledge aboutthe global topology of the orbits), the (simpler) symplectic reduction of the original theory21



T �R3 with respect to eC leads to only a single copy of T �R2 as RPS (each point of whichcontains allowed representatives).Accordingly, given a procedure for solving the constraint of the original system (de�nedin T �R3) at the quantum level, it will yield inequivalent results when performed with respectto the constraints C and eC, even if in a second step the projection method (adaptedappropriately to the context) is applied to take care of x > 0.Explicit examples of gravity theories in two [14] and three [15] spacetime dimensionsshowed that the above mechanism can indeed produce inequivalent factor spaces and,accordingly, also quantum theories. | Note, however, that in this context the failure of theprojection method does not result from its insu�ciency as a quantization scheme; rather,the de�ciency is evident already on the classical level and results from the reformulationof the constraints, equivalence in nondegenerate sectors being, in this context, insu�cientfor full equivalence.3 The phase space S = S1 � R+In this section we present the quantization of the phase space S which is the restrictionof the cotangent bundle T �S1 � S1 � R with canonical symplectic form ! = d' ^ dp topositive values of the momentum variable p. We denote this restriction by S1 � R+, inanalogy to T �R+ � R+�R.As stressed already in the previous section, T �R+ is symplectomorphic to T �R; as asymplecticmanifold there is no di�erence between the phase spaces T �R+ and T �R (there isonly a di�erence between what we call the physical momentumand position). Topologicallywe certainly also have S � S1 �R. So we may ask if possibly S is also symplectomorphicto T �S1. If this were the case, the quantization of S would be immediate, as then we coulduse the quantum theory of T �S1, recapitulated in the previous section.In contrast to T �R and T �R+, S1 � R = T �S1 and S1 � R+ = S are in fact notsymplectomorphic. This may be proved by the following simple consideration: Supposethey were symplectomorphic. Then the di�eomorphism between the two phase spaceshas to map a noncontractible, nonsel�ntersecting loop on S to a likewise loop on T �S1.Each of these loops separates the respective phase space into two disconnected parts. OnS = S1 � R+ one of these two parts has a �nite symplectic volume. Its image on T �S1under the di�eomorphism has an in�nite symplectic volume, on the other hand. This is incontradiction with a symplectomorphism, which leaves symplectic volumes unchanged.3.1 SO"(1; 2) and its actionThus S cannot be a cotangent bundle. However, S is the restriction of a cotangent bun-dle over S1 to positive values of the canonical momentum. Such spaces were considered inSubsec. 2.4 (called P+ there). We thus may apply those considerations to construct a tran-sitive, almost e�ective, and canonical group action on S. In particular, as a consequenceof Lemma 2, it is only necessary to �nd a (�nite{dimensional) subgroup of Di�(S1) with22



a lift acting transitively on S. Its action will then be also e�ective and have a momentummap.3.1.1 Finite-dimensional subgroups of Di�(S1) with transitive actionon S � T �S1The Lie algebra di�(S1) of Di�(S1) may be represented by vector �elds of the form v =f(') d=d', where f is a 2�{periodic function. Thus a dense subalgebra of di�(S1) isspanned byT = dd' ; Sk = sin(k') dd' and Ck = cos(k') dd' with k 2 N � f1; 2; : : :g ; (6)and we will denote it asdi�0(S1) := fb0T +Xk>0(bkCk + b�kSk)jbk 2 R and bk = 0 for almost all kg:As already mentioned, we are interested in �nite{dimensional subgroups of the dif-feomorphism group. They can have an arbitrary dimension as the following constructionshows: To any n 2 N we can choose n vector �elds on the circle which have disjointcompact supports. They generate the n{dimensional abelian subgroup Rn. Clearly, thesesubgroups have �xed points and thus do not act transitively on S1 (and neither do theirlifts to S).To eliminate these and similar subgroups from our consideration we will, in the follow-ing, constrain ourselves to the (still in�nite{dimensional) subalgebra di�0(S1) of di�(S1)generated by �nite linear combinations of T , Sk and Ck in some chart of S1. As subalgebrasof di�(S1) they depend on the coordinate on S1: Subalgebras corresponding to di�erentcoordinates are not identical; however, they are conjugate to one another and are thusisomorphic. The restriction to di�0(S1) will allow us to draw much stronger conclusions,namely we will �nd that all �nite{dimensional subgroups of Di�+(S1) (the component ofDi�(S1) connected to the identity) with Lie algebra lying in di�0(S1) and with transitivelyacting lift to S are covering groups of SO"(1; 2):Theorem 3 Each �nite{dimensional subgroup of Di�+(S1) which is generated by �nitelinear combinations of T , Sk and Ck in some chart of S1 and which has a transitivelyacting lift to S � T ?S1 is isomorphic to a covering group of SO"(1; 2) (the l{fold coveringbeing generated by l�1T , l�1Sl, and l�1Cl).3.1.2 Finite{dimensional subalgebras of the Witt algebraTo prove the theorem we �rst consider �nite{dimensional subalgebras of the complexi�ca-tion of di�0(S1), which is known as the Witt algebraW := fXk2ZakLkjak 2 C and ak = 0 for almost all kgwith generators Lk = �i exp(ik')d=d', k 2Zand relations [Lj; Lk] = (k � j)Lk+j .23



Lemma 4 The �nite{dimensional subalgebras of W are at most (complex) three{dimen-sional, in which case they are isomorphic to sl(2; C ).Proof : Let A be a �nite{dimensional subalgebra of W with at least three generators.Without any restriction these generators can be assumed to be of the form g = L� +cL0 + L+ with L� = PM�k=1 akL�k, L+ = PM+k=1 bkLk, c; ai; bi 2 C and aM� 6= 0 6= bM+.Otherwise they can be brought into this form by appropriate linear combinations. Letgi = L(i)� + c(i)L0 + L(i)+ , i = 1; 2, be two of the generators and M (i)+=� as de�ned above.Then we can reveal the following conditions for A to be �nite{dimensional:(i) M (1)+ = M (2)+ , and analogously M (1)� = M (2)� : Otherwise [g1; g2] would contain acontribution of LM (1)+ +M (2)+ with nonzero coe�cient. By induction, repeated commutatorswould contain contributions from LmM (1)+ +nM (2)+ with arbitrary m;n 2 N. Therefore, thesubalgebra could not be �nite{dimensional.(ii) L(1)+ / L(2)+ , and analogously L(1)� / L(2)� : Otherwise by appropriate linear com-binations we could trade the generators for two new generators not ful�lling condition(i).We conclude that all generators are of the form gi = aiL� + ciL0 + biL+, i.e., thereare only three linearly independent generators fL�; L0; L+g. This proves that a �nite{dimensional subalgebra is at most three{dimensional.We can now determine the form of these subalgebras hL�; L0; L+i: From the commu-tation relations of the Lk it follows that [L0; L+] has to be proportional to L+ in orderfor hL�; L0; L+i to be closed under commutation. This can only be the case if there isan l 2 N such that L+ / Ll. Analogously there must be a j 2 N such that L� / L�j .Now we must have l = j because otherwise hL�; L0; L+i would not be closed. The onlythree{dimensional subalgebras of W are, therefore, given by hL�l; L0; Lli for l 2 N, whichare easily seen to be isomorphic to sl(2; C ).Thus we know all three{dimensional subalgebras of the Witt algebra. We will see nowthat they also include all two{dimensional subalgebras:Lemma 5 Each (complex) two{dimensional subalgebra of W is a subalgebra of one of thesl(2; C ) subalgebras found in the preceding lemma.Proof: A two{dimensional Lie algebra generated by g1 and g2 can, without restriction, beassumed to be of the form [g1; g2] = 0 or [g1; g2] = g2, respectively. In close analogy tothe proof of the preceding lemma, one may show that the former case implies g1 / g2 (incontradiction to the linear independence of g1 and g2) and that the latter case is possibleonly if g1 / L0 and g2 / Ll for an l 2Z.To use the information about W contained in the preceding two lemmas we have totranslate it to the real form di�0(S1). The statements on (now real) dimensionality inLemma 4 and Lemma 5 remain true because otherwise we could construct contradictionsto these lemmas by complexi�cation. 24



3.1.3 SO"(1; 2) and its covering groupsThe sl(2; C ){subalgebras hL�l; L0; Lli <W have the real forms hl�1T; l�1Sl; l�1Cli as sub-algebras of di�0(S1). For any l this is an so(1; 2){algebra shown by the isomorphismTl $ T0 ; Sll $ T1 ; Cll $ T2 : (7)Here the Ti, i = 0; 1; 2 are generators of so(1; 2), satisfying the standard relations [Ti; Tj] ="ijk Tk, where "012 = 1 and indices are raised by means of diag(�1; 1; 1) = �=2, � being theKilling metric. As real forms of sl(2; C ) the above subalgebras are unique by demandingthem to be real subalgebras of the real form di�0(S1) of W.For later use it is worthwhile to exploit the Lie algebra isomorphisms of so(1; 2) tosl(2;R) and su(1; 1). An isomorphism between the former two in terms of their generatorsTi and �+, ��, �3=2, respectively, is given byT0 $ 12(�+ � ��) ; T1 $ 12(�+ + ��) ; T2 $ 12�3; (8)where 2�� = �1 � i�2 and �j, j = 1; 2; 3 denote the standard Pauli matrices. An isomor-phism between so(1; 2) and su(1; 1) is provided byT0 $ � i2�3 ; T1 $ 12�1 ; T2 $ 12�2 : (9)The subgroup of Di�+(S1) generated by l�1T , l�1Sl, and l�1Cl is the l{fold coveringgroup of SO"(1; 2). This is the case because (exp(2�l�1T ))j = exp(2�jl�1d=d') 6= 1 for0 < j < l and (exp(2�l�1T ))l = 1. In the language of SO"(1; 2) (l = 1), T generatesrotations in the (x1; x2){plane of the (2+ 1){dimensional Minkowski space, and S1 and C1generate boosts along the x1{ and x2{direction, respectively.We thus arrived at SO"(1; 2) and its covering groups as maximal �nite{dimensional sub-groups of Di�+(S1) with Lie algebra in di�0(S1). They are maximal �nite{dimensional sub-groups of Di�+(S1) in the sense that there is no �nite{dimensional subgroup of Di�+(S1)which has one of these groups as a subgroup. This follows easily from the fact that theircomplexi�ed Lie algebras contain the element L0.For Theorem 3 to hold the restriction to di�0(S1) is essential: As already noted at thebeginning of this subsection, Di�+(S1) contains �nite{dimensional subgroups of arbitrarydimension. The examples provided there were of no interest in our context, however;for physical applications, moreover, it seems natural to restrict oneself to �nite linearcombinations of trigonometric functions as for the fundamental observables (certainly thisdoes not imply that all the observables are restricted in the same manner, since for themone still is allowed to take in�nite linear combinations, cf also Subsec. 2.3 above).Finally, to prove Theorem 3 we are left to study their possible subgroups.Lemma 6 For any covering group of SO"(1; 2) there are two conjugacy classes of two{dimensional subgroups (both of which are isomorphic to R�R). The Lie algebras of respec-tive representatives are spanned by T2 and T0 � T1.25



Proof : As abelian subalgebras of sl(2;R) are at most one{dimensional (sl(2;R) has rankone), any two{dimensional subalgebra may be spanned by generators �+ and �3 satisfying[�3; �+] = �+. In the complexi�ed Lie algebra sl(2; C ) they span a Borel subalgebra, which isa maximally solvable subalgebra and unique up to conjugation. Thus we know that for anytwo{dimensional subalgebra of sl(2;R) there is, in the fundamental representation of thealgebra, a complex two{by{two matrixM of unit determinant such that �3 =M (�3=2)M�1and �+ = M �+M�1 (and, up to a sign, M is unique). Reality of the matrices �3 and �+implies that M is either real or purely imaginary. In the former case, M 2 SL(2;R) andthe conjugation is compatible with the reality condition leading from sl(2; C ) to sl(2;R).In the latter case, M = fMi�1 where fM 2 SL(2;R). Conjugation with the imaginarypiece i�1 maps (�3; �+) into (��3; ��). The assertion of the lemma then follows upon theisomorphism (8) and exponentiation to group level.To discuss transitivity of group actions on S � T ?S1, we �nally need the lifts of thedi�eomorphisms generated by T , Sl, and Cl. According to Eq. (5) and the remarks inSubsec. 2.4.1, they are generated by the Hamiltonian vector �eldsT ! f�; pg ; Sl ! f�; p sin l'g ; Cl ! f�; p cos l'g; (10)respectively. This also provides a momentum map for the action of SO"(1; 2) on S.We are now in the position to prove our theorem:Proof (Of Theorem 3): According to Lemma 4 the �nite{dimensional subgroups ofDi�+(S1) which are generated by elements of di�0(S1) can be at most three{dimensionalbecause the �nite-dimensional subalgebras ofW, which is the complexi�cation of di�0(S1),are at most three-dimensional.The three-dimensional of these subgroups are isomorphic to l{fold covering groups ofSO"(1; 2) spanned by l�1T , l�1Sl, and l�1Cl. All the two{dimensional subgroups are sub-groups of these three{dimensional ones, moreover. Finally, there are the one{dimensionalsubgroups of Di�+(S1) which are generated by exponentiation of an arbitrary element ofdi�0(S1). We now investigate the action of these subgroups when lifted to S � T �S1.One{dimensional groups cannot have orbits �lling all of the two{dimensional half{cylinder. So they cannot act transitively.According to Lemma 6 and Eq. (7), all two{dimensional subgroups are in one of thetwo conjugacy classes, representatives of which are generated by the vector �elds Cl andT � Sl. Their lifts f�; p cos l'g and f�; p(1 � sin l')g to S �x the �ber over ' = ��=(2l)and therefore the groups cannot act transitively. (The other two{dimensional subgroups,being conjugate to one of these two groups, can just as less act transitively.)The only candidates with transitively acting lift are now the covering groups of SO"(1; 2).That they act indeed transitively can be seen from the following consideration: The liftof the action of an l{fold covering group of SO"(1; 2) is generated by the two vector �eldsgiven in the previous paragraph together with the vector �eld f�; pg. The former two acttransitively in some �bers and the latter one acts �ber transitively. Thus their joint actionis transitive on S. 26



3.1.4 Integrating the group actionsIn this subsection we will derive the �nite action on S generated by T , Sl, and Cl. Thereis a well known SO"(1; 2){action on S1 given by (see, e.g., Ref. [16])z 7! �z + ��z + � ; z = exp i' 2 S1 ; A � � � �� � � 2 SU(1; 1) ; (11)with j�j2� j�j2 = 1. This action on S1 has been written down in terms of SU(1; 1), whichis a two{fold covering of SO"(1; 2) (note that A 2 SU(1; 1) and �A have the same action).(The relation between these two groups can be made explicit by means of the actionX 7! AXAy of A 2 SU(1; 1) on matrices X = Xy satisfying tr(�3X) = 0, where ydenotes transposition of the complex conjugate matrix. This transformation preserves thedeterminant of X, which, in the parametrizationX = � x0 x1 � ix2x1 + ix2 x0 � ; x0; x1; x2 2 R ; (12)is nothing but the bilinear form x20 � x21 � x22; in this way A is seen to generate a (proper)Lorentz (or SO"(1; 2)) transformation on the (2+1){dimensional Minkowski space spannedby (x0; x1; x2).)It is straightforward to verify that the in�nitesimal form of Eq. (11) coincides with theaction generated by the vector �elds T , S1, and C1 (cf Eqs. (5) and (6)). In this waywe may also determine the lift of the (�nite) action (11) to S (cf Subsec. 2.4.1), yieldingp 7! pj�ei' + �j2 in this case.For l > 1 the action (11) on S1 can be generalized by substituting exp il' for z = exp i'.In�nitesimally, this action is readily seen to coincide with the one generated by the vector�elds T , Sl, and Cl. However, taking the l{th root in a continuous manner to arrive at anaction on ' 2 R mod 2� is nontrivial; in particular, for l > 2 it does not lead to an actionon S1 of the group SU(1; 1) itself, but of appropriate covering groups only (contrary towhat is claimed, e.g., in Ref. [16]).Actually, from the discussion preceding Lemma 6, we already know that the groupgenerated by T , Sl, and Cl is an l{fold covering group of SO"(1; 2). Thus, we can seethat it is not possible to express the action in terms of SU(1; 1) for l > 2. Introducingthe parameters 
 := ��1�, j
j < 1 and 0 � ! < 2� by � = j�j exp i! of SU(1; 1) (see,e.g., Ref. [17]), which make explicit the topology of SU(1; 1), the n{fold covering groupof SO"(1; 2) can be parameterized by these parameters taking, however, ! in the range0 � ! < n�. The action (11) on S1 with ' replaced by l' now takes the formexp il' 7! exp(2i!) 
 + exp il'
 exp il'+ 1 : (13)Acting on exp il', 0 � ' < 2�l�1, this action on S1 is an almost e�ective action of then{fold covering group of SO"(1; 2), and n does not need to be identical to l. However, to27



obtain an action on S1, ' has to take values in [0; 2�) where ' and ' + 2�l�1 are not tobe identi�ed.This observation will �x the covering group which acts e�ectively on R mod 2� if wetake the l{th root. To this end it su�ces to consider the action for 
 = 0 because 
 takesvalues in a simply connected domain. The action reduces toexp il' 7! exp(2i!) exp il'which leads to ' 7! '+2l�1! if we use continuity and the fact that we have to obtain theidentity transformation for ! = 0. The last two conditions �x the branch of the l{th rootuniquely. Now ! = n� must give the same result as ! = 0 because we consider the actionof the n{fold covering group of SO"(1; 2). This is possible only if n is an integer multipleof l and an e�ective action is obtained for n = l. Thus we see that Eq. (13) determinesan e�ective action of the l{fold covering group of SO"(1; 2) on S1 (and an almost e�ectiveaction of the lm{fold covering for any m 2 N), but (for l > 2) not an SU(1; 1){action.So, following the strategy for �nding a group action on S as formulated in Subsec. 2.4,we thus arrive at the following action of �nite dimensional groups on S � T �S1:(exp il'; p) 7! �� exp il'+ �� exp il'+ �; pj�eil' + �j2� : (14)This is the lift of the action of the l{fold covering group of SO"(1; 2) presented above. (Wewere searching for subgroups of Di�(S1) which all act e�ectively; therefore, these subgroupsare l{fold coverings and not lm{fold ones (m > 1).) By construction, for any l 2 N, Eq.(14) provides a transitive, e�ective, and Hamiltonian action on S with momentum map.Two more remarks: First, by means of the above action for l = 2 we may identify thephase space S with the coset space SU(1; 1)=N . Here N denotes the nilpotent subgroupappearing in the Iwasawa decomposition of SU(1; 1) (obtained by exponentiating T2 � T0in Eq. (8), cf also Ref. [4] for details). N is the stabilizer group of any point (' = 0; p) 2 S,since obviously its generator f�; p(cos 2'� 1)g vanishes identically on the �ber over ' = 0.Second, the (�nite) action (14) on S may be also obtained as the (e�ective) action ofthe l{fold covering of SO"(1; 2) on the l{fold covering of the future light cone C+ in (2+1){Minkowski space (x0; x1; x2). For l = 1 this is just the fundamental (de�ning) action ofthe (proper) Lorentz group which clearly maps the future light cone C+:x20 � x21 � x22 = 0,x0 > 0, onto itself so that its action on Minkowski space can be restricted to an action onC+. The action (14) with l = 1 is then obtained from the SO"(1; 2){action on C+ uponidentifying x0 with p and the polar angle of the light cone with '. For l > 1 this generalizesto (x0; x1 + ix2)$ (p; pe�il') ; 0 � ' < 2�; p > 0 ; (15)identifying the phase space S with an l{fold covering of C+. To verify the equivalence ofthe actions one only needs to check the in�nitesimal correspondence (7) and (10) (withTi 2 so(1; 2) interpreted as the generators on (the l{fold covering of) C+). Formula (14)may now be obtained also by this approach via X 7! AXAy, where A 2 SU(1; 1) as aboveand X results from combining Eqs. (12) and (15).28



3.1.5 Admissible group actions on SWe have now determined all the lifts of actions of the subgroups of Di�+(S1) found in The-orem 3. The possible e�ectively acting groups are the l{fold covering groups of SO"(1; 2).We are now left only with checking the validity of the SGP for these group actions.As is obvious from Eq. (10), the SGP is violated for l 6= 1. Alternatively we may alsoapply Lemma 1 due to the semisimplicity of SO"(1; 2) and its covering groups: In the caseof Eq. (14) G is identi�ed with the l{fold covering group of SO"(1; 2), which has a trivialcenter only for l = 1.In the present case the use of the Lemma was not essential. However, let us remarkthat this may change drastically when more complicated phase spaces and group actionsare considered (and in particular for in�nite{dimensional phase spaces).This �xes the parameter l in the countable family of (e�ective) group actions to bel = 1 so that we end up with a unique e�ective action of the group SO"(1; 2).Any covering group of SO"(1; 2) is, however, allowed as almost e�ectively acting groupprovided its action projects down to the SO"(1; 2){action (Eq. (14) with l = 1). The mostgeneral almost e�ective action is provided by the universal covering group fSO"(1; 2) ofSO"(1; 2). According to the considerations of Sec. 2 we will thus examine the unitary rep-resentations of fSO"(1; 2) for possible quantum realizations of S in the following subsection(using the momentum map (10) with l = 1 only).3.2 The quantum theoryIn the present subsection we will apply two methods to quantize S. The �rst one completesthe group theoretical quantization by using the group action derived in the precedingsubsection. The second approach employs the projection method of Subsec. 2.5 makinguse of the fact that S is the restriction of T �S1 to positive momentum. Quantizing thisphase space S thereby provides another example for the application of this method with,in contrast to T �R+, a discrete spectrum of the observable p̂ used to project down to therestricted Hilbert space. We will �nd that both quantization procedures are compatible,and that demanding equivalence constrains the quantum realizations obtained within grouptheoretical quantization.3.2.1 Group theoretical quantization of SAccording to the results of the previous subsection, when applying the group theoreticalquantization scheme to S, we are to analyse the (weakly continuous) unitary IRREPs ofthe universal covering group fSO"(1; 2) of SO"(1; 2).Thus we �rst have to look for unitary representations of so(1; 2). Its generators T0,T1, and T2 obey the relations [T0; T1] = T2, [T0; T2] = �T1 and [T1; T2] = �T0. This rankone algebra has the Casimir operator C := T 20 � T 21 � T 22 . As maximal set of commutingalgebra elements we choose f�iT0; Cg, which will be promoted to the maximal set fH;Cgof commuting operators on a representation space.29



The states in irreducible representations can be classi�ed by the eigenvalues � and q ofHand C, respectively. In each irreducible representation, T+ := T1�iT2 and T� := �T1�iT2act as raising and lowering operators, respectively, which can be read o� from the relations[H;T+] = T+ ; [H;T�] = �T� ; [T+; T�] = �2H:On an orthonormal basis f�q�g�2� of a representation characterized by the eigenvalue q ofC and indexed by the eigenvalues of H, the action of H, T+, and T� is given byH�q� = ��q� ; T+�q� = !�+1pq + �(� + 1)�q�+1 ; T��q� = !�pq + �(� � 1)�q��1(16)with arbitrary phase factors !�, which can be chosen to be 1 by a unitary change of thebasis. One can see that the spectra of H in all irreducible representations are equidistantlyspaced by 1.A more detailed analysis [17, 18, 19] of the irreducible unitary representations offSO"(1; 2) reveals that there are | besides the trivial representation | the following threefamilies: irred. rep. � Ccontinuous series Ck;q; 0 � k < 1; q > k(1 � k) k +Z qdiscrete series D�k; k 2 R+ �k � N0 k(1� k)Dk ; k 2 R+ k + N0 k(1� k)We now have to select the appropriate representations from the mathematically possibleones in accordance with the general principles outlined in Sec. 2. This will be done bychecking the classical property p > 0 (in complete analogy with q > 0 for T �R+, cf Subsec.2.2.2). According to Eqs. (7) and (10) this enforces the spectrum � of H to be purelypositive.In the continuous series the spectrum � is unbounded from both sides so that theserepresentations are to be disregarded. The same applies to the negative discrete series,where the spectrum is purely negative. The condition of positive spectrum of H is thusful�lled only in the positive discrete series (for arbitrary parameter k 2 R+). In this casethere is a ground state �q�0, �0 = k, q = k(1 � k), which is annihilated by T�.The choiceDk now already determines the quantum theory of S in the group theoreticalframework. In the following we provide one possible realization of this Hilbert space bymeans of antiholomorphic functions on the unit disc9.For k > 12 a representation on the Hilbert space Hk(D) of antiholomorphic functionson the unit disc D := fz 2 C jzz < 1g with inner product(f; g)k = 2k � 12�i ZD f(z)g(z)(1� zz)2k�2dzdz (17)is given by [19](Dk(
; !)f)(z) = exp(2ik!)(1 � j
j2)k(
z + exp(2i!))�2kf �z + 
 exp(2i!)
z + exp(2i!)� ; (18)9For further realizations we refer to Ref. [4] and to Subsec. 3.2.5 below30



where (
; !) parameterize the universal covering of SU(1; 1) (see Subsec. 3.1.4). Thefactor exp(2ik!) determines for which values of k the representation can be projected to arepresentation of SU(1; 1) or SO"(1; 2).An orthonormal basis of Hk(D) which diagonalizes H = �iT0 is given by the functionsgk;n(z) =s �(2k + n)�(2k)�(n + 1) zn ; n 2 N0: (19)For 0 < k � 12 the Hilbert space Hk(D) can be de�ned by completing the span of theorthonormal basis fgk;ngn�0.By di�erentiating and using Eq. (9), we get the representationsH = k + z ddzT+ = �2kz � z2 ddz (20)T� = � ddzof the generators T0 = iH, T1 = (T+ � T�)=2, and T2 = i(T+ + T�)=2 of SU(1; 1). On theelements gk;n of the orthonormal basis (19) they act asHgk;n = (k + n)gk;nT+gk;n = �p(2k + n)(n+ 1)gk;n+1 (21)T�gk;n = �pn(2k + n� 1)gk;n�1which is identical to Eqs. (16) if we use the relations � = k+n and q = k(1� k), choosingthe phases !k+n to be �1.According to Eq. (7) the spectrum of p in a quantization of S using the SO"(1; 2) actionis given by the spectrum of H. Reintroducing Planck's constant (cf the discussion in Sec.2), we get the following quantization mapp̂ = ~i T0 = ~H ; \(p sin') = ~i T1 ; \(p cos ') = ~i T2: (22)Thus we obtain a one{parameter family of inequivalent quantizations with spectra~(k+N), k 2 R+, of p̂. On the other hand, from the point of view of geometric quantization[1], the ambiguity in di�erent quantum realizations should be parameterized by a parameterliving on a circle (�{angle) (cf our discussion in Sec. 2.2.1). Similarly, application of thealternative quantization scheme using the projection method, which is presented in thesubsequent subsection, will be seen to yield k 2 (0; 1] or, better, k 2 S1.From this we conclude that representations characterized by values of k larger thanone should be regarded as \unphysical" in the group theoretical quantization | similar todiscarding the continuous or negative discrete series of representations. Note, however, that31



within the scheme of group theoretical quantization this cannot be obtained by a naturalcondition such as p > 0, because all values of k are obtained here on an equal footing.(Restriction to representations of e�ectively acting admissible groups, on the other hand,leads to k 2 N only; this merely excludes the �{parameter (obtained from permitting alsoalmost e�ective group actions) and still leaves k unbounded.)3.2.2 Quantum realization via restriction of a Hilbert spaceBy de�nition, our phase space S is the restriction of T �S1 to positive values of the canonicalmomentum p such that it can be treated by using the projection method. QuantizingS � T �S1, we thus proceed as follows: We �rst quantize T �S1, which is standard andwhich we reviewed in Sec. 2 (from various perspectives). Thereafter, in a second step, weimplement the condition p > 0 using the projector to the positive part of the spectrum ofp̂. (Cf Subsec. 2.5 for the strategy in general context.)More precisely, in Sec. 2 we observed that the spectrum of p̂ in the Hilbert space eH�spanned by quasi{periodic functions on S1 characterized by � with inner product (f; g) =(2�)�1 RS1 fgd' is f~(m+ �);m 2Zg. The respective eigenstates f�;m := exp(i(m+ �)'),m 2 Z, form an orthonormal basis of eH�. The condition p̂ > 0 is met on any subspaceH�+mmin of eH� which is spanned by the vectors f�;m with m � mmin 2 N0.According to the general strategy of the projection method in Subsec. 2.5 we have todemand here mmin = 0 to obtain the maximal Hilbert subspace on which p̂ > 0 is ful�lled.As Hilbert spaces of S we will only regard H�, i.e., those with mmin = 0. In the case ofT �R+ the requirement of maximality was necessary so as to reproduce standard results onthe quantization of this phase space (including those of group theoretical quantization).To achieve maximality also in the case of S, on the other hand, forces us to restrict theoutcome of the group theoretical quantization by declaring representations with k > 1 as\unphysical". For mathematical reasons it is, however, instructive in some contexts toleave mmin unspeci�ed and discuss observables on all spaces H�+mmin ; we will do so inSubsecs. 3.2.3 and 3.2.5 below.All in�nite{dimensional, separable Hilbert spaces are isomorphic to one another; addi-tional structures arise only through the representation of some elementary set of observablesin H�+mmin , which is induced by the respective representation in eH�.We choose p and U := exp i' as such a set of elementary functions. Their action on thebasis ff�;m;m � mming ofH�+mmin is provided by p̂f�;m = ~(m+�)f�;m and Ûf�;m = f�;m+1,where Û is the obvious multiplication operator and p̂ = �i~ (d=d'). The Poisson algebrafU; pg = iU is turned correctly into the commutation relations [Û ; p̂] = �~Û .Classically p > 0 and U U � U U = 1. By construction of H�+mmin , p̂ becomes positivealso as an operator, and it remains self{adjoint. On the other hand, Û although unitary ineH�, is only isometric in H�+mmin : one still �nds Û�Û = 1I, Û� denoting the adjoint of Û ,but now, due to the existence of a lowest lying state f�;mmin in H (which can be interpretedas corresponding classically to the boundary p = 0 of S), Û Û� is equal only to the projector1I�Pmmin 6= 1I (where Pmmin is the projector on the state f�;mmin). Such a feature has been32



observed already in the general context in Subsec. 2.5, and one can ask for a substitute ofÛ with improved properties. However, as will be found in the next subsection, the operatorcorresponding to exp i' cannot be made unitary in the group theoretical approach as well.Since unitarity of Û , generating translations in p as a consequence of the commutationrelations, is incompatible with the restriction of the phase space, isometry is the most thatcan be achieved for Û in a quantum theory of S.We �nally remark that over the complex numbers the Poisson algebra of U and p is atwo{dimensional a�ne Lie algebra and indeed H�+mmin provides an irreducible representa-tion of it. However, this representation is not unitary (even in eH�) and it cannot be so as aconsequence of the complex structure constants appearing already in the classical Poissonalgebra.The classical (U ,p){algebra closes over the real numbers only when taking the realand imaginary part of U , cos' and sin', as separate generators. Together with p theythen provide the Lie algebra of E2 and this was precisely the algebra that yielded eH�,the quantum theory for T �S1, and not the present quantum realization in H�+mmin . Thismirrors the fact that f�; cos'g and f�; sin'g cannot be used as generating vector �elds onS � T �S1 (being transversal to the boundary p = 0), so that they do not exponentiate tothe action of a group on S. To apply the group theoretical approach we, therefore, neededto discuss the more involved group actions provided in the previous subsection.3.2.3 Equivalence of the two approachesIf we compare the spectra of p̂ obtained in the approaches above, we see that they arecompatible: With the identi�cation �+mmin = k of the respective parameters labeling theHilbert spaces, the operators p̂ of the two quantizations can be identi�ed. We are thus leadto the following Hilbert space isomorphism betweenH�+mmin and Hk(D): f�;n+mmin 7! gk;n,n 2 N0.The identi�cation of the creation operator Û of Subsec. 3.2.2 with the appropriateoperator in Subsec. 3.2.1 is somewhat more involved. Classically, U = cos'+ i sin'. Thusa �rst ansatz, ignoring factor ordering problems, for de�ning the operator Û in Subsec. 3.2.1could be of the form T+H�1, which has the correct classical limit cos'+ i sin' (using Eq.(22) and the de�nition of T+). Again this is a creation operator. However, it cannotbe identi�ed with Û of Subsec. 3.2.2 as the latter operator respects the norm | beingisometric | while T+ (or likewise T+H�1) does not.The de�ciency of this ansatz can be traced back to the fact that T�T+ 6= H2, althoughthe classical limit of this relation yields an equality, namely p2 sin2 ' + p2 cos2 ' = p2.This is very similar to the di�culties of maintaining the relation cos2 ' + sin2 ' = 1 in aquantum theory of T �S1 discussed in Ref. [2] and we now apply a similar strategy as theone of Isham to cure our problems here. Related issues for S will be discussed in detailalso in the next subsection.Classically, there are certainly various possibilities to express the function U = exp(i')33



on phase space S. One such a possibility is provided byU = p cos '+ ip sin'p(p sin')2 + (p cos')2 : (23)This function on S is readily translated into the operator T+(T�T+)� 12 (again using Eq. (22)).Note that T�T+ is a positive, essentially self{adjoint operator having eigenvalues q+�(�+1)on the states �q� so that this expression is a well{de�ned operator. (The minimal of theseeigenvalues is given by 2k (q = k(1�k) and � � k for the representation Dk in the positivediscrete series). Thus, the operator T+(T�T+)� 12 is well{de�ned only for k > 0, which isconsistent with the fact that only under this condition the representation Dk is unitary.)Using the Hilbert space isomorphism between H�+mmin and Hk(D) it is then easily veri�ed(using Eq. (16)) that Û and T+(T�T+)� 12 act identically on the Hilbert space and thus maybe identi�ed. (There are factor ordering problems in de�ning T+(T�T+)� 12 as a quantiza-tion of the classical expression (23). They are, however, �xed by asking for a quantizationwhich acts isometrically to make possible an identi�cation with Û .)In particular, now the adjoint of T+(T�T+)� 12 is (T�T+)� 12T�, and we have the relationsÛ�Û�q� = (T�T+)� 12T�T+(T�T+)� 12�q� = �q�for all �, and Û Û��q� = T+(T�T+)� 12 (T�T+)� 12T��q� = (1 � ���0)�q�:This demonstrates the already known isometry and nonunitarity of T+(T�T+)� 12 = Û .Up to now we expressed the operator Û obtained in Subsection 3.2.2 in terms of T+and T�. Conversely, we can express T+ and T� in terms of p̂ and Û (cf Eq. (21)):T+ = �~�1p(p̂+ (k � 1)~) (p̂ � k~) bU ; (24)while T� = T �+.The constructions of the present subsection provide appropriate identi�cations of theoperators obtained in the two quantization schemes. These results hold true also for valuesk > 1, if we relax the maximality condition when using the projection method (then mminis not necessarily zero), which will be necessary in Subsect. 3.2.5 to obtain realizations ofthe complete positive discrete series.When quantizing S using the projection method we have, however, to demand mmin =0. If we restrict k to lie in (0; 1] in the group theoretical quantization, the identi�cationsof this subsection prove equivalence of the two approaches. In Subsec. 3.2.5, we will makethis more explicit by studying the isomorphism of the respective Hilbert spaces in termsof function spaces.3.2.4 Ambiguities connected with the parameter kBy comparing two quantizations, namely the group theoretical one and a quantizationusing the projection method, we arrived in the preceding subsections at a one{parameter34



family of inequivalent quantum theories labeled by the parameter k 2 (0; 1]. Such anambiguity has to be expected because of �1(S) =Z(cf our discussion in Sec. 2.2.1).Nevertheless, one could be tempted (as, e.g., the authors of Ref. [6] and Ref. [7]) torestrict this arbitrariness further by demanding that the Casimir operator C = T 20 �T 21 � T 22 , whose eigenvalue q = k(1 � k) determines a particular representation of thepositive discrete series, should be zero (yielding k = 1; note that k > 0 for unitaryrepresentations). The apparently best argument for this step would be provided by thefact that the classical limit of C, p2 � p2(sin2 ' + cos2 '), vanishes identically. However,this reasoning is not compelling: Using the group theoretical quantization, we know thequantum operators corresponding to the generators p, p sin', and p cos ', but we cannotunambigously determine the quantization of, e.g., sin' or cos' (we have to divide by p̂ insome appropriate sense), the sum of whose squares was used as one in the above conclusion.Because of factor ordering ambiguities we have to distinguish between the operators bp[sin'and (\p sin'), for instance, whereas in the classical expression we can simply factor out p.Imposing C = 0 to exclude representations with k 6= 1 is basically the argumentprovided in Ref. [6] (leading to Eq. (3.14) of Ref. [6]). Also in the algebraic quantization,mainly used in that paper, noninteger values of k excluded there arise when factor orderingambiguities are taken into account. The argumentation in Sec. 3.2 of Ref. [7], on the otherhand, would even lead to the trivial representation (all T s vanishing) as the only quantumrealization of S (not only to k = 1 as concluded there).As discussed above, the conditionC = 0 just imposes the relation (\p sin')2+(\p cos')2 =p̂2. However, because of factor ordering ambiguities, this says nothing about the quantumversion of sin2 ' + cos2 ' = 1, which would be used as an argument for imposing it. Wethus do not �nd it convincing to impose C = 0 as a condition for singling out the valuek = 1.To round o� the above discussion, we provide natural quantizations of sin' and cos'inspired by the quantization of U = exp i' in the preceding subsections. As demonstratedthere, it is possible to restrict the freedom in de�ning[sin' and [cos' by demanding thatthe quantization of U � cos'+ i sin' acts isometrically. This leads to10[sin' := � i2 (Û � Û�) = � i2 �T+(T�T+)� 12 � (T�T+)� 12T�� ; (25)[cos' := 12 (Û + Û�) = 12 �T+(T�T+)� 12 + (T�T+)� 12T�� ; (26)which are self{adjoint operators with the correct classical limits. Although these expres-sions may appear rather complicated (as compared to T1 and T2 for p sin' and p cos'),they are seen to come as close to the classical properties of sin' and cos' as possible in10After completing this work we became aware of the fact that a similar strategy has been followed inRef. [20] (for mmin = � = 0 in our notation, i.e., for parameters where the identi�cation with the grouptheoretical quantization breaks down) in the context of quantum optics, where the phase space S plays amajor role (cf Ref. [21]). 35



the present context: First, they satisfy([sin')2 + ([cos')2 = 1 � 12P�0;violating sin2 '+cos2 ' = 1 only in the ground state characterized by � = �0 (P�0 denotesthe projector on that state). Second, also the commutator[[sin';[cos'] = i2P�0is nonvanishing only in the lowest state, whereas the commutators[H;[sin'] = �i[cos' ; [H;[cos'] = i[sin' (27)represent the classical Poisson relations exactly.These are only minor violations of the classical identities, which are, moreover, indepen-dent of the value of k 2 (0; 1]. Note also that there can be no self{adjoint and commutingoperators s and c with [H; s] = �ic, [H; c] = is which also satisfy s2 + c2 = 1 in a quan-tum theory of S. Otherwise, the operator c + is would be a quantization of U = exp i'as a unitary operator generating translations, which is a contradiction according to thediscussion in Subsec. 3.2.2.3.2.5 Di�erent realizations of the positive discrete serieson function spaces over S1By choosing the '{representation of the Hilbert space H�+mmin in Subsections 3.2.2 and3.2.3, we are implicitely provided with a realization of the representationDk (k � �+mmin)on a space of sections of a (trivial) bundle over S1 with a connection characterized by�. On the other hand, by restricting the elements of the representation space Hk(D) ofSubsection 3.2.1 to its boundary values, we obtain a realization ofDk on a space of functionson S1, too. (Similar transitions between di�erent Hilbert spaces have been discussed inmore detail in Ref. [4].) Now we want to compare these two di�erent realizations. Inorder to cover all the inequivalent representations in the positive discrete series (k 2 R+),we drop here the condition k 2 (0; 1] (\physical" representations in the group theoreticalquantization or, respectively, mmin = 0 (maximality in the projection method)).To allow a comparison, we �rst transform the space H�+mmin into a function space overS1 as well (more precisely, we trivialize the bundle, transferring the �{dependence of thetransition function into the momentum operator, cf our discussion in Sec. refStandard).This is done most easily by multiplying the elements f�;m by exp(�ik'), yielding exp(in'),n � m �mmin 2 N0 as the new orthonormal basis elements of a Hilbert space, which isdenoted by H2+: It is the Hardy space of the unit circle (cf Ref. [23] for further detailson this space). Note that the inner product is unaltered by the above transition and stillprovided by (2�)�1 R d' 1(') 2(') =: ( 1;  2)+.36



On H2+ the so(1; 2){generators are then easily seen to take the form (cf Eq. (24)):T0 = dd' + ik ; T+ = � exp(i')s�2k � i dd'� �1� i dd'� ; T� = T �+ : (28)By exponentiation this provides a unitary (irreducible) representation of the universalcovering group of SO"(1; 2), being a concrete realization of Dk on H2+.In the following this realization shall be compared to the one obtained by restrictingelements of Hk(D) to their boundary values on S1 = @D, which leads to a Hilbert spaceHk(S1). Because an antiholomorphic function on D is already determined by its boundaryvalues, the inner product of Hk(S1) is de�ned by anti{analytically continuing two givenfunctions on S1 into D and using the inner product (�; �)k of Hk(D) de�ned in Subsec-tion 3.2.1. In this way an orthonormal basis in Hk(S1) is seen to be provided by (cf Eq.(19)) egk;n(') =s �(2k + n)�(2k)�(n + 1)ein' ; n 2 N0 : (29)Here we used the coordinate ' on S1 in reversed orientation as compared to the standardde�nition. This leads to z = exp(i'), slightly simplifying the following relations.Note that except for k = 1=2 there is no representation of the inner product (�; �)k ofHk(S1) in terms of an integral over S1 for some measure �('), i.e. there is no function �(')such that ( 1;  2)k = R d'�(') 1(') 2(') except for k = 1=2 (in which case � � (2�)�1).This is seen most easily by inserting the orthonormal set of wave functions (29) into suchan ansatz. So (for k > 1=2) the continuation into the disc is an essential ingredient in thede�nition of the inner product of Hk(S1) in terms of an integral.Alternatively, the inner product of Hk(S1) may be represented as an ordinary L2(S1){inner product with an operator{valued metricAk (cf Ref. [22] for further details): ( 1;  2)k =( 1; Ak  2)+. (This observation shows that the Hilbert spaces Hk(S1) used here are iden-tical to the Hilbert spaces H2Ak of Sec. 5.3 in Ref. [4].)In both cases H2+ and Hk(S1) we are regarding wave functions of the form  (') =Pn�0 an exp(in'). However, because the Hilbert spaces are completions in di�erent innerproducts the function spaces are di�erent: the Hardy space H2+ consists of all functions (') withPn�0 janj2 <1, whereas inHk(S1) the functions have to obeyPn�0 janj2�(2k+n)�1�(2k)�(n + 1) <1. It follows immediately that as function spaces Hk(S1) � H2+ fork < 1=2, Hk(S1) = H2+ for k = 1=2, and H2+ � Hk(S1) for k > 1=2. While H2+ is asubspace (and thus also a subset) of L2(S1; d'), Hk(S1) is a subset (but not a subspacefor k < 1=2) of L2(S1; d') for k � 1=2 (and only for k � 1=2).The action of the so(1; 2){generators in Hk(S1) is derived from Eq. (20) using z =exp(i') and zd=dz = �id=d':T0 = dd' + ik ; T+ = exp(i')��2k + i dd'� ; T� = T �+ ; (30)where now the adjoint is to be taken with respect to the inner product inHk(S1), certainly.37



Clearly, this presentation of the so(1; 2){generators as operators on wave functions overS1 is di�erent from the one obtained before in Eq. (28), except for k = 1=2 where alsoHk(S1) = H2+. Eq. (28) constitutes, to the best of our knowledge, a novel realization ofthe positive discrete series on a space of wave functions over S1 (namely the Hardy space).In the standard realization on wave functions over S1, the operators have a rather simpleaction (provided by Eq. (30)); however, the corresponding, k{dependent Hilbert spaceHk(S1) carries a rather complicated and k{dependent inner product (cf the discussionabove). In contrast, in the other realization the Hilbert space is simply a Hardy space withstandard L2{inner product, independently of the value of k. The price to be paid for thissimpli�cation of the Hilbert space is the appearance of roots of di�erential operators in therepresentation of the so(1; 2){generators (cf Eq. (28)).Note that despite the (k{dependent) subset relations between H2+ and Hk(S1), theso(1; 2){representation is certainly still irreducible in each of the respective Hilbert spaces(as is obvious from the Hilbert space isomorphism of Subsection 3.2.3); the di�erence inthe spaces is compensated by the di�erent action of the group generators.4 DiscussionIn Sec. 2 of this article we �rst motivated and recalled the basic rules for group theoreticalquantization as outlined in Ref. [2]. At the example of T �S1 it became obvious that thestrong generating principle (SGP) is an essential property to be ful�lled by the fundamentalobservables of the group action. Otherwise apparently admissible group actions can beprovided which, however, were seen to yield an unacceptable spectrum of the momentumoperator.Checking the SGP requires the study of completeness properties of the fundamentalobservables generating the group action, which may be a cumbersome task for more in-volved phase spaces. Here Lemma 1 may be of assistance: Triviality of the center of thee�ectively acting projection of the canonical group was found as a necessary condition forthe validity of the SGP in a wide range of cases.We then pointed out that the lift of the di�eomorphism group of a manifold Q toP = T �Q has a transitive action on (the connected parts of) P� which results from P uponremoval of the points of vanishing canonical momenta. Since, by construction, this actionis also e�ective and Hamiltonian with momentum map (cf Lemma 2), �nite{dimensionalsubgroups of Di�(Q) are good candidates for the use in a group theoretical quantizationof such subbundles. This strategy was applied in Sec. 3 to construct the SO"(1; 2){actionon S = T �S1jp>0 as the lift of the respective di�eomorphism group of S1. Other e�ectiveactions of covering groups of SO"(1; 2), found in this way as well, could be excluded by theSGP (cf also Lemma 1). In an appropriate sense (cf Theorem 3) the SO"(1; 2){action onS was found to be the unique admissible group action for quantization of the phase spaceS. In Subsec. 2.5 we proposed a projection method for quantizing phase spaces which areappropriate submanifolds of phase spaces with known quantum realization. Examples for38



such submanifolds are T �R+ and S: The quantum theory for the phase space T �R+ (S) isobtained from the standard quantum theory of T �R (T �S1) with its Hilbert space eH uponrestriction to the maximal subspace H on which the operator inequality q̂ > 0 (p̂ > 0) issatis�ed. The corresponding (unique) projection operator from eH to H may then be usedalso to obtain operators de�ned originally only within eH.We outlined some of the prerequisites for the applicability of the projection method ofquantization as well as its basic rules. It may well be that the study of further exampleswill lead to an adjustment and re�nement of these ideas. Interesting in this context wouldbe also a comparison of the projection method to the one of symplectic cuts [12] on theirjoint range of applicability.As a possible arena for its application we discussed issues in quantum gravity, wherenondegeneracy of the metric has to be imposed. In this context we remarked that thepresence of constraints may lead to subtleties (in addition to the well{known problems ofthe quantization of constrained systems).For T �R+ the quantum theory resulting from the projection method is equivalent to thestandard one for this phase space. For S it coincides with the quantum theory obtainedfrom group theoretical quantization, if in addition to the negative discrete and the contin-uous series of the so(1; 2){representations (cf. Subsec. 3.1 and Ref. [4]) also representationsof the positive discrete series Dk with k > 1 are discarded. Within the (present{day)scheme of group theoretical quantization this may be justi�ed only by declaring them tobe unphysical representations. In lack of a truely physical realization of the phase space S,the above \unphysical" is not to be taken too literally. However, the resulting restriction,leaving only Dk for 0 < k � 1 as possible Hilbert spaces for S, agrees also with what onewould expect on general grounds in the context of geometric quantization. The projectionmethod yields a one{to{one relation between the �{angle of the quantum theories of Sand T �S1. Thus, agreement with other approaches to the quantization of S forces us totruncate the range of allowed values of k in the group theoretical one.Within this paper we always tried to keep track of possible ambiguities in the transitionfrom the classical to the quantum system. In the group theoretical approach this lead usto always consider representations of the universal covering of the group with admissibleaction. Note, however, that in all the examples studied the fundamental group of the phasespace was at most Z. The situation may become more involved for the case of nonabelianfundamental groups [10].AcknowledgementWe are grateful to H. Kastrup for several critical remarks and questions which helpedimproving the material of this paper. We are also particularly indebted to D. Giulini for acritical reading of the manuscript and his remarks. We �nally mention fruitful discussionswith A. Alekseev, N. D�uchting and F. Schramm.This work was concluded during a visit of the second author at the Erwin Schr�odingerInstitut (ESI) in Vienna; the support of ESI is kindly acknowledged.39
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