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Abstract: The modified free entropy dimension of certain n-tuples of
self-adjoint operators, satisfying sequential commutation, is shown to be
< 1. In particular the von Neumann algebras of type II; of the groups
SL(n,Z),n > 3 have generators with free entropy dimension < 1.

The free entropy y (X1, ..., X, ) and the modified free entropy dimension do( X1, . . .
of an n-tuple of selfadjoint elements in a II;-factor ([6],[7],[8]) have been the key to
the solution of some old problems on von Neumann algebras ([7],[3],[4],[5])-

The natural generator of a free group factor L(F'(n)) has g equal n, while various
conditions on the II;-factor (property I', existence of Cartan subalgebras) imply dp < 1
for any generator.

Here we prove §p < 1 for n-tuples of selfadjoint elements satisfying certain se-
quential commutation conditions and as a corollary we get that the von Neumann
algebras of type 11y L(SL(n;Z)) (n > 3) have generators with o < 1.

We would like to point out a certain (not yet explained) similarity to an ergodic

theory result in [2], which inspired this note.
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At the end of the paper we formulate, what seems to us, a natural question about
generators of L(SL(n;Z)) in view of the free entropy dimension result.

Throughout, (M, 7) will denote a von Neumann algebra with a faithful normal
trace-state and we refer the reader for the definitions of y, dp and of the sets of

matricial approximants I' to [6] and [7]. In particular,

Xi4eS .. Xy + 250 Sih..u S
50(X17“‘7Xn) :TL—I-hmsupX( 1—|_€ L ? —I_E: 1 )
e—0 |10g5|

where Sy,...,95, are (0,1)-semicircular and {X1,..., X}, {S1},..., {9, } are free.

Theorem 1 Let X; = X7 € M, 1 <j <n. Assume [Xp, Xpy1] =0, 1 <k <n and

assume that the spectral measure of Xp, 1 < k <n has no atoms. Then
do(Xq,..., X,) < 1.

The proof is based on a few lemmas. By M) we will denote the & x k complex
matrices and by | |y the normalized Hilbert-Schmidt norm |A|3 = k~'Tr(A*A).
Further, (epg)1<pq<k Will be the canonical matrix-units in M). The real subspace
of selfadjoint elements will be denoted by M(ﬁ and vol will denote the volume
corresponding to the unnormalized Hilbert-Schmidt norm (i.e., k2|-|3). We shall also

use vol to denote the corresponding volume on (M(ﬁ)\.

Lemma 1 Let A = Y, Ajej; € M{ﬁ where Ay < -+ < A, Assume moreover
that [Ag — M| > 0 if |s — t| > ka where 0 < a < 1. Let

QAse) = {Be M| |Ble < oo, |[B,Alle <¢}

and let Q(A;e,r) be the r-neighborhood {C € M(ﬁ | 3B € Q(A;¢), |B-Cle < V}.
Then if 671 4+ r <1 +r, we have

vol(Q(A; e, 1)) < e((2[ka]+1)E) (147 CFI+D o((k—2[ka] —1)k) (6~ 45 )FE-2lkal=1) 152/2
where ¢(m) = Wm/Q(F(l + m/Z))_l.

PROOF. Let M(ﬁ = Vo @ Ve where Vi = span{ey | |s — t| < ka} and V; =
span{es | |s —t| > ka}. Vi, Vs are invariant subspaces of ad A and |ad A(h)|z > §]h]2
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if h € Vo. Thus, if h = hy @& hy € Q(A;¢) then |hy]s < 1 and |hy|z < ed™'. Hence, if
h=hy@®hy € QA;e,r), then |hy]y < 1T+7, |ha|s < 67! +r. We remark further that

dim Vi < k(2[ka] 4+ 1)
dim Vo < k(k —2[ka] — 1) .

If e67' +r < 1+ r, the volume of Q(A;e,r) can be majorized by the product of
the volumes of a ball of dimension k(2[ka] + 1) and radius (1 + r) and of a ball of
dimension k(k — 2[ka] — 1) and radius 67! + 7. O

Lemma 2 Assume the spectral projections of some A € M(ﬁ satisfy
Tr E(A;(t,t+9)) < ka
for allt € R. Then the conclusion of Lemma 1 about vol(2(A;¢e,r)) holds.

ProoOF. Indeed, A is unitarily equivalent to a diagonal matrix satisfying the

assumptions of Lemma 1. a
We also record as the next lemma an immediate consequence of Fubini’s theorem.

Lemma 3 Let pi; be measures on locally compact spaces X; (1 < 7 < n) and p =
1@ @y, Let further Y C Xy x...x X, be an open set, such that forall1 < j<mn
and £ € pr;Y we have

/«Lj+1(p7“j+1(prjl(§))) <p.
Then
p(Y) < pu(prY)-p" "

Next, we define some sets which will appear in the next lemma.

By v(n;k,e,d,a) we denote the set of n-tuples (Ay,..., A,) € (M{ﬁ)\ such that:
|Agla< 1 (1 <s<n), |[4;, Ajp1]l2 < e and Tr E(A;;[pd, (p+ 1)8]) < 27 ka for all
pEZand 1 <j<n.

If K C (M{r')\ we shall denote by D(K;r) the set of n-tuples (By,...,B,) €
(M{r')\ such that |B; — Ajls < r (1 <j <n) for some (Ay,..., A,) € K.
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Lemma 4 Assume X; (1 < j < n) satisfy the assumptions of Theorem 1 and assume
moreover that || X;|| < 1/2 (1 <j <mn). Let further S; be (0,1)-semicircular, so that
{X1,..., Xu}, {S1},..., {5} are free. Then, given o > 0, 8 > 0, there are ¢ > 0,
m N, g >0, 6 >0 such that 67! < 3 and

Lo( Xy +60S1,..., X, +05,:51,...,5;m,k,e1) C D(y(n; k,e,d,a);20)
for all0 < 6 < 1/2.
PrOOF. Given g3 > 0, for ; > 0 small enough
Lo( X1 +651,..., X, +05,:51,....5 m,k,e1) C D(Ta(Xq,..., Xn;m, k,e2);20) .
Thus it will suffice to prove the lemma with the inclusion at the end, replaced by
Ly( X1, Xuym, k,er) Cy(njk,e,da) .

Given a > 0, the X;’s (1 < j < n) having continuous spectral measures, there is
1 >4 > 0 such that

T(E(Xji((p—1)8,(p+2)8)) <47'a

for all p € Z. We then choose ¢ > 0, such that e§7' < 3. Clearly, if &; > 0 is
small enough and m > 4 the conditions |[4;, Aj41]lz < e (1 < j < n) and |As]s < 1
(1 < s <n) will be satisfied if (Ay,..., A,) € Tu(Xy,..., Xn;m, k).

If peZand [(p—1)d,(p+2)§] C[-5,5], let P,(t) be a real polynomial which is
> 0 for all g € R and so that P,(¢) > 4/5 if t € [pd, (p + 1)d] and 7(P,(X;)) < 47 a,
(1 <j < n). Then choosing ; > 0 small enough and m > deg P, for the finite set of

p considered, we will have
ET'Te(P,(A)) <37 .
This in turn will insure that
sk Te(B(Aj; [po, (p+ 1)d]) < 37'a

which implies

KT Te(E(A; [pd, (p+1)8]) < 270
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PROOF OF THEOREM 1. There is no loss to prove the theorem under the addi-
tional assumption || X;|| < 1/2 (1 < s <n). We shall use Lemma 4 to estimate

N(X1+ 051, X, +0S,:5,...,5,) .
Using 1.3 in [7] this is the same as
Xa( X1 4050, ..., X, +605,:5,...,5,) .
By Lemma 4 we will have to estimate vol(D(v(n;k,e,4,a);20). Lemma 3 gives
vol(D(y(n; k,e,6,a); 20) < c(k?)(1 + 20)% kF/2pn 1

if p is an upper bound for vol(Q(A;¢e,20)) when Tr(E(A;(t,t+90)) < ka forallt € R

(indeed this last condition follows from
Te(E(Aj; [pd, (p 4+ 1)8])) < 27 ka for p € Z).
Further, by Stirling’s formula we have
n~"logc(n) =2 log(2men™") + O(n"' logn) .
By Lemma 1 we can choose p so that
k™% log p < 27 log(2mek™ ) + 2alog(1 + 20) + (1 — 2a) log(8 4 20) + O(k™ " log k) .
Thus we get

X2(X1 —|—051,...,Xn —|—05n : Sl,...,Sn)
< Zlog2me + (2(n — Da+ 1) log(1420) + (1 — 2a)(n — 1)(log(8 + 20)) .

Since o > 0, # > 0 are arbitrary we have
X2 (X140, .. Xu+08,: S1,...,5,) < glog e + (n — 1)log 20 + log(1 + 20) .
Hence

. log20
So( X1,y Xp) < n+(”—1)15i£1|1og0| a




a

For a discrete group G let L((G') denote the von Neumann algebra generated by
the left regular representation A of L(G) on /*() and 7 the von Neumann trace.

If Gis SL(n,Z), (n > 3), then G is generated by the g;; = I +¢;; € My, 1 # j and
since g;; and gr, commute if 7 = k or j = /, we can form a generator g; ;,,...,Gi,j,
of SL(n,Z) such that consecutive elements commute (repetitions are allowed) ([2]).
Since ¢;,;, has infinite order, 7 applied to the spectral measure of A(g,,;,) is Haar
measure on the unit circle. Let log denote the Borel function on the unit circle log
exp(2mif) = 2710 if 0 < 0 < 1 and let by, = (27i) " log M(g;,;,)- Then hy,... h,
generate L(SL(n,Z)), are selfadjoint, have Lebesgue absolutely continuous spectral

measure, and consecutive i, commute. Using Theorem 1 we have proved the following

corollary.

Corollary 1 L(SL(n,Z)), n > 3, has a generator of selfadjoint elements hy ..., h,
such that do(hy ..., hy) < 1.

Since results about dp seem to have corresponding results about the number of
elements of a generator, we formulate below the natural problem suggested by the

preceding corollary.
Problem. Let n > 3. Does L(SL(n,Z)) have for every ¢ > 0 a generator
{X1, Xa} such that X; = X¥ (1 <5 <2) and 7(E(Xy;{0})) > 1 — ¢l
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