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Free Entropy Dimension � 1 forSome Generators of Property T Factors of Type II1Dan VoiculescuDepartment of MathematicsUniversity of CaliforniaBerkeley California 94720{3840Abstract: The modi�ed free entropy dimension of certain n-tuples ofself-adjoint operators, satisfying sequential commutation, is shown to be� 1. In particular the von Neumann algebras of type II1 of the groupsSL(n;Z), n � 3 have generators with free entropy dimension � 1.The free entropy �(X1; : : : ;Xn) and the modi�ed free entropy dimension �0(X1; : : : ;Xn)of an n-tuple of selfadjoint elements in a II1-factor ([6],[7],[8]) have been the key tothe solution of some old problems on von Neumann algebras ([7],[3],[4],[5]).The natural generator of a free group factor L(F (n)) has �0 equal n, while variousconditions on the II1-factor (property �, existence of Cartan subalgebras) imply �0 � 1for any generator.Here we prove �0 � 1 for n-tuples of selfadjoint elements satisfying certain se-quential commutation conditions and as a corollary we get that the von Neumannalgebras of type II1 L(SL(n;Z)) (n � 3) have generators with �0 � 1.We would like to point out a certain (not yet explained) similarity to an ergodictheory result in [2], which inspired this note.1



At the end of the paper we formulate, what seems to us, a natural question aboutgenerators of L(SL(n;Z)) in view of the free entropy dimension result.Throughout, (M; � ) will denote a von Neumann algebra with a faithful normaltrace-state and we refer the reader for the de�nitions of �, �0 and of the sets ofmatricial approximants � to [6] and [7]. In particular,�0(X1; : : : ;Xn) = n + lim sup"!0 �(X1 + "S1; : : : ;Xn + "Sn : S1; : : : ; Sn)j log "jwhere S1; : : : ; Sn are (0,1)-semicircular and fX1; : : : ;Xng, fS1g; : : : ; fSng are free.Theorem 1 Let Xj = X�j 2 M , 1 � j � n. Assume [Xk;Xk+1] = 0, 1 � k < n andassume that the spectral measure of Xk, 1 � k < n has no atoms. Then�0(X1; : : : ;Xn) � 1 :The proof is based on a few lemmas. By Mk we will denote the k � k complexmatrices and by j j2 the normalized Hilbert-Schmidt norm jAj22 = k�1Tr(A�A).Further, (epq)1�p;q�k will be the canonical matrix-units in Mk. The real subspaceof selfadjoint elements will be denoted by Msak and vol will denote the volumecorresponding to the unnormalized Hilbert-Schmidt norm (i.e., k 12 j � j2). We shall alsouse vol to denote the corresponding volume on (Msak )n.Lemma 1 Let A = P1�j�k �jejj 2 Msak where �1 � � � � � �k. Assume moreoverthat j�s � �tj � � if js� tj � k� where 0 < � < 1. Let
(A; ") = fB 2 Msak j jBj2 � 1; j[B;A]j2 � "gand let 
(A; "; r) be the r-neighborhood fC 2 Msak j 9B 2 
(A; "); jB � Cj2 < rg.Then if "��1 + r � 1 + r, we havevol(
(A; "; r)) � c((2[k�]+1)k)(1+r)k(2[k�]+1)�c((k�2[k�]�1)k)("��1+r)k(k�2[k�]�1)kk2=2where c(m) = �m=2(�(1 +m=2))�1.Proof. Let Msak = V1 � V2 where V1 = spanfest j js � tj < k�g and V2 =spanfest j js� tj � k�g. V1; V2 are invariant subspaces of ad A and jad A(h)j2 � �jhj22



if h 2 V2. Thus, if h = h1 � h2 2 
(A; ") then jh1j2 � 1 and jh2j2 � "��1. Hence, ifh = h1�h2 2 
(A; "; r), then jh1j2 � 1+ r, jh2j2 � "��1+ r. We remark further thatdim V1 � k(2[k�] + 1)dim V2 � k(k � 2[k�]� 1) :If "��1 + r � 1 + r, the volume of 
(A; "; r) can be majorized by the product ofthe volumes of a ball of dimension k(2[k�] + 1) and radius (1 + r) and of a ball ofdimension k(k � 2[k�]� 1) and radius "��1 + r. 2Lemma 2 Assume the spectral projections of some A 2 Msak satisfyTr E(A; (t; t+ �)) < k�for all t 2 R. Then the conclusion of Lemma 1 about vol(
(A; "; r)) holds.Proof. Indeed, A is unitarily equivalent to a diagonal matrix satisfying theassumptions of Lemma 1. 2We also record as the next lemma an immediate consequence of Fubini's theorem.Lemma 3 Let �j be measures on locally compact spaces Xj (1 � j � n) and � =�1
� � �
�n. Let further Y � X1�: : :�Xn be an open set, such that for all 1 � j � nand � 2 prjY we have �j+1(prj+1(pr�1j (�))) � � :Then �(Y ) � �1(pr1Y ) � �n�1 :Next, we de�ne some sets which will appear in the next lemma.By 
(n; k; "; �; �) we denote the set of n-tuples (A1; : : : ; An)2 (Msak )n such that:jAsj2< 1 (1 � s � n), j[Aj; Aj+1]j2 < " and Tr E(Aj; [p�; (p + 1)�]) < 2�1k� for allp 2Zand 1 � j < n.If K � (Msak )n we shall denote by D(K; r) the set of n-tuples (B1; : : : ; Bn) 2(Msak )n such that jBj �Ajj2 < r (1 � j � n) for some (A1; : : : ; An) 2 K.3



Lemma 4 Assume Xj (1 � j � n) satisfy the assumptions of Theorem 1 and assumemoreover that kXjk < 1=2 (1 � j � n). Let further Sj be (0; 1)-semicircular, so thatfX1; : : : ;Xng, fS1g; : : : ; fSng are free. Then, given � > 0, � > 0, there are " > 0,m 2 N, "1 > 0, � > 0 such that "��1 < � and�2(X1 + �S1; : : : ;Xn + �Sn : S1; : : : ; Sn;m;k; "1) � D(
(n; k; "; �; �); 2�)for all 0 < � < 1=2.Proof. Given "2 > 0, for "1 > 0 small enough�2(X1 + �S1; : : : ;Xn + �Sn : S1; : : : ; Sn;m;k; "1) � D(�4(X1; : : : ;Xn;m;k; "2); 2�) :Thus it will su�ce to prove the lemma with the inclusion at the end, replaced by�4(X1; : : : ;Xn;m;k; "1) � 
(n; k; "; ��) :Given � > 0, the Xj 's (1 � j < n) having continuous spectral measures, there is1 > � > 0 such that � (E(Xj; ((p � 1)�; (p + 2)�)) < 4�1�for all p 2 Z. We then choose " > 0, such that "��1 < �. Clearly, if "1 > 0 issmall enough and m � 4 the conditions j[Aj; Aj+1]j2 < " (1 � j < n) and jAsj2 < 1(1 � s � n) will be satis�ed if (A1; : : : ; An) 2 �4(X1; : : : ;Xn;m;k; "1).If p 2 Zand [(p� 1)�; (p+ 2)�] � [�5; 5], let Pp(t) be a real polynomial which is� 0 for all g 2 R and so that Pp(t) � 4=5 if t 2 [p�; (p + 1)�] and � (Pp(Xj)) < 4�1�,(1 � j < n). Then choosing "1 > 0 small enough and m > deg Pp for the �nite set ofp considered, we will have k�1Tr(Pp(Aj)) < 3�1� :This in turn will insure that45k�1Tr(E(Aj; [p�; (p+ 1)�]) < 3�1�which implies k�1Tr(E(Aj; [p�; (p+ 1)�])) < 2�1� :4



2Proof of Theorem 1. There is no loss to prove the theorem under the addi-tional assumption kXsk < 1=2 (1 � s � n). We shall use Lemma 4 to estimate�(X1 + �S1; : : : ;Xn + �Sn : S1; : : : ; Sn) :Using 1.3 in [7] this is the same as�2(X1 + �S1; : : : ;Xn + �Sn : S1; : : : ; Sn) :By Lemma 4 we will have to estimate vol(D(
(n; k; "; �; �); 2�). Lemma 3 givesvol(D(
(n; k; "; �; �); 2�) � c(k2)(1 + 2�)k2kk2=2�n�1if � is an upper bound for vol(
(A; "; 2�)) when Tr(E(A; (t; t+ �)) < k� for all t 2 R(indeed this last condition follows fromTr(E(Aj; [p�; (p+ 1)�])) < 2�1k� for p 2Z):Further, by Stirling's formula we haven�1 log c(n) = 2�1 log(2�en�1) +O(n�1 log n) :By Lemma 1 we can choose � so thatk�2 log � � 2�1 log(2�ek�1) + 2� log(1 + 2�) + (1 � 2�) log(� + 2�) +O(k�1 log k) :Thus we get �2(X1 + �S1; : : : ;Xn + �Sn : S1; : : : ; Sn)� n2 log 2�e+ (2(n � 1)� + 1) log(1+2�) + (1 � 2�)(n � 1)(log(� + 2�)) :Since � > 0, � > 0 are arbitrary we have�2(X1+�S1; : : : ;Xn+�Sn : S1; : : : ; Sn) � n2 log 2�e+ (n� 1) log 2� + log(1 + 2�) :Hence �0(X1; : : : ;Xn) � n+ (n� 1) lim�#0 log 2�j log �j = 1 :5



2For a discrete group G let L(G) denote the von Neumann algebra generated bythe left regular representation � of L(G) on `2(G) and � the von Neumann trace.If G is SL(n;Z), (n � 3), then G is generated by the gij = I+eij 2 Mn, i 6= j andsince gij and gk` commute if i = k or j = `, we can form a generator gi1j1 ; : : : ; gipjpof SL(n;Z) such that consecutive elements commute (repetitions are allowed) ([2]).Since gikjk has in�nite order, � applied to the spectral measure of �(gikjk ) is Haarmeasure on the unit circle. Let log denote the Borel function on the unit circle logexp(2�i�) = 2�i� if 0 � � < 1 and let hk = (2�i)�1 log �(gikjk ). Then h1; : : : ; hpgenerate L(SL(n;Z)), are selfadjoint, have Lebesgue absolutely continuous spectralmeasure, and consecutive hk commute. Using Theorem 1 we have proved the followingcorollary.Corollary 1 L(SL(n;Z)), n � 3, has a generator of selfadjoint elements h1 : : : ; hpsuch that �0(h1 : : : ; hp) � 1.Since results about �0 seem to have corresponding results about the number ofelements of a generator, we formulate below the natural problem suggested by thepreceding corollary.Problem. Let n � 3. Does L(SL(n;Z)) have for every " > 0 a generatorfX1;X2g such that Xj = X�j (1 � j � 2) and � (E(X2; f0g)) > 1� "?Acknowledgments. Most of this work was done during the author's visit at theErwin Schr�odinger Institute in January 1999. The author gratefully acknowledgespartial suport from NSF Grant DMS 95{00308 and the Schr�odinger Institute.References[1] A.Connes, V.F.R.Jones, Property T for von Neumann algebras, Bull. LondonMath. Soc. 17 (1985), 57{62.[2] D.Gaboriau, Cout des relations d'equivalence et des groupes, preprint ENS Lyon,December 1998. 6



[3] L.Ge, Applications of free entropy to �nite von Neumann algebras, Amer. J.Math. 119 (1997), 467{485.[4] L.Ge, Applications of free entropy to �nite von Neumann algebras, II, Ann. ofMath. 147 (1998), 143{157.[5] L.Ge, S.Popa, On some decomposition properties for factors of type II1, DukeMath. J., to appear.[6] D.Voiculescu, The analogues of entropy and of Fisher's information measure infree probability theory, II, Invent. Math. 118 (1994), 411{440.[7] D.Voiculescu, The analogues of entropy and of Fisher's information measure infree probability theory, III: The absence of Cartan subalgebras, Geom. Funct.Anal. 6 (1996), 172{199.[8] D.Voiculescu, A strengthened asymptotic freeness result for random matriceswith applications to free entropy, Internat. Math. Res. Notices 1998, 41{63.[9] D.Voiculescu, K.J.Dykema, A.Nica, Free Random Variables, CRM MonographSeries, vol. 1, American Mathematical Society, Providence, 1992.
7


