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Entropy and asymptotic geometry ofnon-symmetric convex bodies �V.D. Milman A. PajorAbstractWe extend to the general, not necessary centrally symmetric set-ting a number of basic results of Local Theory which were knownbefore for centrally symmetric bodies and were using very essentiallythe symmetry in their proofs. Some of these extensions look surpris-ing. The main additional tool is a study of volume behavior aroundthe centroid of the body.1. IntroductionDuring last decade results of Geometric Functional Analysis of FiniteDimensional Normed Spaces, so called Local Theory, or also AsymptoticTheory, were regularly applied for the study of the global properties of con-vex (centrally-symmetric) bodies in IRn . It was not the original goal of theTheory which traditionally for Functional Analysis studied the structure ofsubspaces, quotient spaces, operators and so on. But the level of sophistica-tion of methods and facts allowed to deduce from the Local structure alsogeneral properties of the whole spaces and convex bodies.However, the Theory was built for needs of the study of normed spaces andstrongly used the central symmetry of convex bodies. This was not anymorea natural condition when the subject of study became a general convex body.Let us note here that it is not necessary obvious (or true) that the same factsas we know them for centrally symmetric bodies will be (essentially) true fornon-symmetric ones. Indeed, let us recall an old and well known example :�This research started while the authors visited IHES. The �rst author was partiallysupported by BSF Grant. 1



let P be a polytope in IRn with f(P ) faces and v(P ) vertices, then from[FLM], for some numerical constant c > 0, log f(P ): log v(P ) � c n if P iscentrally symmetric, but this is completely wrong for non-symmetric as forexample for the simplex.The authors �rst planned to investigate these questions long ago whenit became clear that Convexity theory and Computational Convexity shallneed and may use many of results developped in Local Theory. The attemptwas, in a sense, trivial: to repeat the construction of the whole Theory.But the standard checking through the methods immediately revealedone di�culty : one of the most important technical tools - the Rademacherprojection - estimate of Pisier used symmetry very essentially. So, we decidedto go to the \�nal outcome" of the Theory and, using our knowledge onsymmetric case to build similar not necessary symmetric theory. Of course,many more straightforward results where symmetry was essentially not usedalready in \symmetric" proofs are meantime written and easily available.In section 2, we investigate the role of the barycenter, in particular, weshow that if 0 is the centroid of K, then the volume of K \ (�K) is notmuch smaller than the volume of K. This fact plays an important role in thefollowing study of entropy in Section 3. To understand how di�erent is thetechnique of estimating entropy in non-symmetric case, consider for example,the problem of estimating N(2K;K). We prove a non-symmetric versionof the duality of entropy result of K�onig-Milman [KM] and built groundfor deeper study of entropy connected with M-ellipsoid that we pursue inSection 5.In section 4, we show that \random projection" of a convex body have\bounded volume ratio" (Theorem 8) and prove the so-called (almost) Eu-clidean quotient spaces of subspaces result for non-symmetric body (Theo-rem 9), extending the corresponding result from symmetric case [M4]. Thisbrings us to our main subject, random projection for bodies in special posi-tions and construction of M-ellipsoid for arbitrary (not necessary symmetric)bodies. We prove in Section 5 (Theorem 11 and preceeding remarks) thatfor any convex body K centered at its centroid (and let jKj = jBn2 j whereBn2 is the Euclidean unit ball) there is a \position", that is, T belonging toSLn, such that, setting C = TK,N(C;Bn2 ):N(Bn2 ; C�):N(C�; Bn2 ):N(Bn2 ; C�) < ecnfor some universal constant c. We show also how to apply this information2



for global regularization of K (Theorem 13).Through the paper we consider the space IRn being equipped with itscanonical Euclidean scalar product ( : ; : ) and the corresponding norm j : j.Its unit ball is denoted by Bn2 . The volume of a measurable subset A of IRn isdenoted by jAj. We denote by vn the volume of Bn2 . The standard Gaussianmeasure on IRn with density e�jxj2=2=(2�)n=2 is denoted by 
n.We denote by co(A) the convex hull of a subset A in IRn. For any twosubsets A and B of IRn, and any scalars �; � 2 IR,�A+ �B = f�x+ �y ; x 2 A; y 2 Bgdenotes the Minkowski sum.Let K be convex body in IRn with 0 in its interior, its polar K� is de�nedas usual by K� = fx 2 IRn : (x; y) � 1 for every y 2 Kg:2. The role of the barycenterWe say that a non-negative function  on IRn is log-concave if f > 0gis convex and log is concave on f > 0g.Lemma 1 Let � be a probability on IRn and  2 L1(�) be a non-negativelog-concave function with R  d� > 0. ThenZ  d� �   Z x  (x)R  d� d�(x)! :Proof. Jensen's inequality applied to the convex function t ! t log t onIR+ gives Z  (x) log (x) d�(x) � Z  (x) d�(x) log Z  (x) d�(x):This can be writtenZ log  (x)  (x)R  d�(x) d�(x) � log Z  (x) d�(x):3



The concavity of log on f > 0g implies thatlog   Z x  (x)R  d� d�(x)! � Z log (x)  (x)R  d� d�(x) � log Z  (x) d�(x);which proves the lemma. 2Theorem 2 Let �; � � 0 and � be the measure on IRn with density � exp(��jxj2).Let � 2]0; �=2[ and K, L be convex compact subsets of IRn. Setz = sin ��(K) ZK x d�(x)� cos ��(L) ZL y d�(y)and C(z) = � 1cos � K � sin �cos � z� \ � 1sin � L+ cos �sin � z�:Then we have �(K)�(L) � �((sin �)K + cos � (�L))�(C(z)):Proof. Let f 2 L1(�) be a �-integrable function, possibly vector valuedand set I(f) = ZK�L f(x sin � � y cos �) d�(x) d�(y):For any Y 2 IRn, de�neC(Y ) = � 1cos � K � sin �cos � Y � \ � 1sin � L + cos �sin � Y �:By the change of variable x = X cos � + Y sin � and y = X sin � � Y cos �,X;Y 2 IRn and because of the rotation invariant property of the measure� 
 �, we get I(f) = Z f(Y )�(C(Y )) d�(Y ):Let M = M(�) = (sin �)K + cos � (�L). The function de�ned by  (Y ) =�(C(Y )) for Y 2 IRn is supported byM . Applying the above relation to thefunction f(t) = t for t 2M and 0 elsewhere, we getz = 1�(K)�(L) Z Y �(C(Y )) d�(Y ):4



The same relation applied with f = 1, also gives�(K)�(L)�(M) = ZM �(C(Y )) 1�(M) d�(Y ):Since � has a log-concave density, it follows from [Bo] that the measure islog-concave; this means that for every compact subsets A and B of IRn andevery ! 2 [0; 1], we have�((1 � !)A+ !B) � �(A)1�!�(B)!:We deduce that the function  is log-concave. Applying Lemma 1 with theprobability � = 1M 1�(M) � and to the log-concave function  , the equationz = �(M)�(K)�(L) Z Y  (Y ) d�(Y ) = Z Y  (Y ) d�(Y )= Z  d�yields to �(K)�(L)�(M) �  (z) = �(C(z))and concludes the proof. 2The previous result applies when the measure is the standard Gaussianprobability or in the homogenous case for the Lebesgue measure.Corollary 3 Let K and L be two convex compact subsets of IRn.1) If K and L have the same barycenter with respect to the measure 
n,then 
n(K)� 
n(L) � 
n�K + Lp2 �� 
n(p2(K \ (�L)):In particular if 0 is the Gaussian barycenter of K, then
n(K)2 � 
n�p2K�� 
n(p2(K \ (�K)):2) If K and L have the same centroid, thenjKj � jLj � jK + Lj � jK \ (�L)j: (1)5



In particular if 0 is the centroid of K, thenjK \ (�K)j � 2�n jKj; (2)and jK �KjjK \ (�K)j � 8n: (3)Proof. We apply Theorem 2 with � = �=4. The last inequality combinesthe following result of Rogers and Shephard [RS1]:jK �Kj � �2nn � jKj � 4n jKj: (4)2Remarks. 1. Inequality (1) is well known for symmetric convex bodies (see[RS1]). There is a reverse form in [RS1] which states that for any convexcompact subsets K and L of IRn, we have�2nn � jKj � jLj � jK + Lj � jK \ (�L)j: (5)For our purpose, there will be no essential di�erence in considering K�Kor co(K [ (�K)) when 0 2 K. Indeed, we have co(K [ (�K)) � K �K �2 co(K [ (�K)). An inequality similar to (4) is proved in [RS2], for theconvex hull: let K be a convex compact subset of IRn containing 0, thenjco(K [ (�K))j � 2n jKj: (6)2. Let E � F = IRn be an orthogonal decomposition of IRn and denote byPF (K) the orthogonal projection of K onto F . We havejKjjPF (K)j = ZPF (K) jK \ (x+ E)j 1jPF (K)j dx:Let d�(x) = 1PF (K) 1jPF (K)jdx and  (x) = jK \ (x + E)j. >From Brunn-Minkowski theorem,  is log-concave. Applying lemma 1 we obtain thatjKj � jPF (K)j � jK \ (x0 + E)j6



where x0 = RPF (K) x jK \ (x + E)j 1jKjdx = PF ( 1jKj RK zdz). In particular if 0is the centroid of K, we get the following result of Spingarn [Sp]:jKj � jPF (K)j � jK \ Ej:3. The convolution relationZK j(2x�K) \Kj dxjKj = 2�n jKjgives maxx2K j(2x �K) \Kj=jKj � 2�n (see [Gr] where this ratio is calledKovner-Besicovitch measure of symmetry). It seems reasonable to think thatthe maximum ratio is obtain for the simplex. Concerning the inequality (2),the best previously known estimate for jK \ (�K)j=jKj which is referred in[Gr] when 0 is the centroid of K, was of the order of 1=nn.4. Bourgain-Milman inequality [BM] states that for any convex body C with0 in its interior, cn0v2n � jCj � jC�j (7)where c0 > 0 is a universal constant.Let K be a convex body with 0 in its interior and such that jKj � jK�j �cnv2n for some constant c. So we have: cn0v2n � jK \ �Kj � jco(K� [ �K�)j.Using (6) we arrive atcn0v2n � 2njK \ �Kj � jK�j � 2n jK \ �KjjKj cnv2n;so that 2�n(c0=c)n � jK \ �KjjKj :Unlike inequality (7), Santal�o inequality, jKj � jK�j � v2n is not valid forany position with respect to 0. However, as proved by Santal�o [S], there isalways a shift of K such that it is true. It is satis�ed if 0 is the so-calledSantal�o point of K; the point that minimizes the volume product jKj � jK�jwhen it is taken as origin for polarity [S]. This point is charaterized implicitelyby the fact that it is the centroid of K�. So if 0 is Santal�o point of K, then2�ncn0 � jK\�KjjKj . We were informed by Rudelson that he also received thisinequality. 7



5. Still using Lebesgue measure but with L as a dilation of K, Theorem 2implies that for any convex body K in IRn with 0 as centroid, then for everyt � 0, jK \ (�tK)jjKj � � t1 + t�n :6. Using the method of Theorem 2, inequality (1) may be generalized to morethan 2 bodies. For instance, we get that if K1;K2;K3 are convex bodies withthe same centroid, thenjK1j:jK2j:jK3j � 3�n jK1 \K2 \K3j:j2K1 �K2 �K3j:j2K2 �K1 �K3j:3. Duality of entropyLet A and B be two subsets of IRn, the covering number N(A;B) isde�ned as usual asN(A;B) = minn]� : � � IRn; A � �+ Bo :The packing number P (A;B) is de�ned byP (A;B) = maxn]� : � � A;8x; y 2 �; x 6= y; (x+ int(B)) \ (y + int(B)) = ;owhere int(B) denotes the interior of B.There is an important di�erence between these numbers especially whenB is not centrally symmetric. The following lemma bring together some easyfacts.Lemma 4 Let A and B be convex compact subsets of IRn with 0 is in theirinterior. De�ne � by �n = jA�AjjA\(�A)j thenN(A;B �B) � P (A;B) � jA+BjjBj ; (8)and N(A�A;A \ (�A)) � 3n�n: (9)8



Proof. To prove the �rst inequality, let fx1; : : : ; xPg be a subset of Ppoints of A with P = P (A;B) and satisfying (xi+int(B))\(xj+int(B)) = ;for all 1 � i < j � P . Then for every x 2 A, there exists 1 � j � P , suchthat (x+int(B))\(xj+int(B)) 6= ;. Then x�xj 2 B�B or x 2 xj+(B�B),which means that N(A;B � B) � P . Since [1�i�P (xi + B) � A + B, wehave P jBj � jA+Bj.The second inequality (9) is a consequence of the following well knownfact: if C and D are centrally symmetric then N(C;D) � 3n jCj=jC \Dj� 2Remark. The covering number N(2A;A) depends strongly on the choiceof 0. Estimating this number is trivial in the centrally symmetric case. If 0is the centroid of an n-dimensional convex body A, inequality (1) yieldsN(2A;A) � N(2A;A \ �A) � 10n:It is a long standing and fascinating problem to understand as presicelyas possible the duality of covering numbers (or, shortly, entropy). In thenext statement we extend to a non-symmetric setting the result by K�onigand Milman [KM].Theorem 5 There exist a constant c1 > 0 such that for any integer n � 1and any convex compact subsets A and B of IRn with 0 as centroid, we have1c1 N(B�; A�)1=n � N(A;B)1=n � c1N(B�; A�)1=n:Proof. De�ne � and � by �n = jA�AjjA\(�A)j and �n = jB�BjjB\(�B)j , then using(9) we haveN(co(A [ �A); B \ (�B)) � N(A�A;B \ (�B))� N(A�A;A)N(A;B)N(B;B \ (�B))� N(A�A;A \ (�A))N(A;B)N(B �B;B \ (�B))� (9��)nN(A;B):For centrally symmetric convex bodies, the result on duality from [KM],gives, for some universal constant c2, thatN(co(B� [ �B�); A� \ (�A�)) � cn2 N(co(A [ �A); B \ (�B)):9



Thus we getN(B�; A�) � N(co(B� [ �B�); A� \ (�A�)) � (9��c2)nN(A;B):Since 0 is the common centroid of A and B, inequality (3) gives �; � � 8.This concludes the left-hand inequality.The reverse inequality is proved in the same way. We estimate the num-bers jA� �A�j=jA� \ (�A�)j and jB� �B�j=jB� \ (�B�)j using Santal�o andBourgain-Milman inequalities;jA� �A�jjA� \ (�A�)j � 2n jco(A� [ �A�)jjA� \ (�A�)j � 2n jco(A [ �A)jcn0 jA \ (�A)j � 2n�ncn0where c0 is the numerical constant involved in (7). 2Remark The result of the theorem remains valid if one replace the centroidby the Santal�o point. Indeed what is needed here are upper estimates ofjA�Aj=jA\ (�A)j and jB�Bj=jB \ (�B)j and concerning the polarity, weneed a Santal�o type inequality for A and B: jAj:jA�j � cnv2n.4. Random projectionsThe study of random quotients, subspaces and subspaces of quotientspaces of a given space is the central scheme in the Asymptotic Theory ofNormed Spaces. The culmination point of this study was the QS-Theorem(of [M4]) stating that for any normed space, in a correctly choosen Euclideanstructure, random quotient of subspaces of the space of proportional dimen-sion are close to Euclidean spaces. This was the bridge between Local results(of Functional Analysis nature) and the Global Asymptotic properties of cen-trally symmetric convex sets. We extend in this section this QS-Theorem tothe general convex setting. Surprisingly the Theory of Normed Spaces is notneeded and results are true for arbitrary convex bodies.We denote by IProb the rotation invariant probability measure on theorthogonal group On. We will use the same notation to denote the rotationinvariant probability measure on the Grassmann manifold Gn;k, thought asthe set of orthogonal projection of rank k.10



Lemma 6 Let 1 � k � n and � 2 [0; 1[. Let x 2 IRn and P be an orthogonalprojection on IRn of rank k. Then we have,I(n; k; �) = IProb[T 2 On : jPTxj > �jxj ] < �e (1� �2) � nn� k�n�k2 : (10)Proof: Because ot the rotation invariant property, the estimate can bereduced to the case when P is the canonical projection onto the space ofthe �rst k coordinates. For x in the sphere the mapping T ! Tx maps theHaar measure of On onto the rotation invariant measure on the sphere. Byhomogeneity, we transform this measure into a Gaussian measure. Thus weget I(n; k; �) = 1(2�)n=2 ZPk1 x2i>�2Pn1 x2i e�jxj2=2 dx:Integrating by polar coordinates yieldsI(n; k; �) = kvk (n � k)vn�k(2�)n=2 Z�2>(�2=1��2)r2 �k�1rn�k�1e��2=2e�r2=2 d�dr:The change of variables r = p2st, � = q2s(1� t) givesI(n; k; �) = kvk(n� k)vn�k(2�)n=2 Z 10 � Z 1��20 2n2�2sn2�1e�stn�k2 �1(1� t) k2�1 dt� ds:Thus I(n; k; �) = kvk (n� k)vn�k(2�)n=2 2n2�2�(n2 ) Z 1��20 tn�k2 �1(1� t) k2�1 dt;with vk = �k=2�( k2+1) : Finally we arrive atI(n; k; �) = B�n� k2 ; k2��1 Z 1��20 tn�k2 �1(1 � t) k2�1 dt;where B denotes the Beta function. ThereforeI(n; k; �) � B�n � k2 ; k2��1 2n � k (1� �2)n�k2 ;11



and for any � 2]0; 1[,B�n � k2 ; k2� � 2n � k � n�k2 (1 � �) k2�1:We get I(n; k; �) � (1 � �2)n�k2 =� n�k2 (1 � �) k2�1and we conclude by choosing � = n�kn . 2The deviation inequality (10) allows to construct \large projection" inthe spirit of [LMP].Lemma 7 Let 1 � k < n and � = k=n. Let � > 0 and K a convex compactsubset of IRn such that there exists a subset � � Bn2 satisfying Bn2 � � +Kand ]� � e�n, then there exists an orthogonal projection P on IRn of rank ksuch that c(�; �)P (Bn2 ) � P (K);where c(�; �) = 12e(1 � �)e�2(�+1)=(1��). Moreover, the subset of Gn;k of pro-jections satisfying the above inclusion, has probability larger than 1 � e�n.Proof : De�ne � by �2 = 1� 1��e e� 2(�+1)1�� . >From the deviation inequality(10), we haveI(n; k; �)e�n < �e (1� �2) � nn � k�n�k2 e�n = e�n:Thus there exists an orthogonal projection P of rank k such that for everyx 2 �, one has jPxj � �jxj � �. Moreover the set of rank k orthogonalprojections satisfying this property has a probability measure larger than1� e�n.Now we have P (Bn2 ) � P (�)+P (K) � �P (Bn2 )+P (K). Since 0 � � < 1this clearly implies that (1 � �)P (Bn2 ) � P (K). Indeed, convex sets are or-dered as their support function and the support functions are additive andpositively homogeneous (see lemma 3 in [LMP]). We conclude by observingthat 1� � � (1� �2)=2 = 12e(1� �)e�2(�+1)=(1��). 212



Fix c 2]0; 1[. We say that a property in IRn is satis�ed for \randomorthogonal projection" of rank k, if the set of rank k projections satisfyingthe property has a probability larger than 1� cn in Gn;k. We now show thatrandom projection of a convex set have \bounded volume ratio".Theorem 8 Let 1 � k < n and � = k=n. Let C be a convex compact subsetof IRn with non-empty interior. There exists an a�ne transformation T suchthat in the position where K = T (C), K has 0 as centroid and random rank korthogonal projections satisfyP (Bn2 ) � P (K \ �K) � P (K) and  jP (K)jjP (Bn2 )j!1=k � r(�) = e c41��where c4 is numerical constant.Proof : According to a result of [M1] applied to the centrally symmetricconvex body C �C, there exists an ellipsoid E0 such thatjC � Cj = jE0j and j(C � C) \ E0jjE0j � cn3where c3 is a universal constant. Without changing notation, we translate Cso that 0 is its centroid. Let � = (jC �Cj=jC \ �Cj)1=n, then using (3) and(9), we getN(E0; C \ �C) � N(E0; C � C)N(C � C;C \ �C)� (3�)nN(E0; C � C) � (3 � 8)nN(E0; (C � C) \ E0)� (24 � 3)n jE0jj(C � C) \ E0j � (72=c3)n:Let S � IRn such that ]S = N(E0; C \ �C) and E0 � E0 \ (S + C \ �C):Construct a subset � of E0 by choosing for every x 2 S a point y 2 E0 \ (x+C \ �C) whenever this set is non-empty. Then observe that x+ C \ �C �y + 2(C \ �C). Therefore we have� � E0; ]� � (72=c3)n and E0 � � + 2(C \ �C):Let T be a linear transformation such that T (E0) = Bn2 and set K = T (C).We apply Lemma 7 to the convex set 2(K \ �K) and � = ln(72=c3). We13



obtain that random rank k orthogonal projections P (with probability largerthan 1� e�n) satisfy c(�)P (Bn2 ) � P (K \ �K)where c(�) = c(ln(72=c3); �)=2 is de�ned by the function involved in Lemma7.To estimate the volume of P (K) we use the covering numbers, we haveN(K;Bn2 ) = N(C; E0) � N(C � C; E0) � 3n jC �CjjE0 \ (C � C)j � (3=c3)n:Therefore jP (K)j � (3=c3)k jP (Bn2 )j so thatP (c(�)Bn2 ) � P (K \ �K) and  jP (K)jjP (c(�)Bn2 )j!1=k � 3c3 c(�) = r(�) �We conclude by a new scaling. 2We conclude this section with the non-symmetric statement for the QS-theorem [M4]. It can be obtained from the previous theorem and volumeratio approach of Szarek and Szarek-Tomczak-Jaegermann (see [TJ]).Theorem 9 Let 1 � k < n and � = k=n. Let K be a convex compact subsetof IRn with non-empty interior. There exists a projection P from IRn onto asubspace F of IRn and a subspace E of F and an ellipsoid E in E such thatdim(E) = k and E � P (K) \ E � c(�) Ewhere c(�) depends only on �.5. M-ellipsoids; existence.We consider in this section ellipsoids exclusively centered at 0. Let � > 0and let K be a convex compact subset of IRn with 0 in its interior. We saythat an ellipsoid E of IRn is an M-ellipsoid of K with constant �, or shortlyan M-ellipsoid of K, if setting � = (jKj=jEj)1=n in order that jKj = j� Ej, wehave N(K;� E) � e�n:14



It is proved in [M1] (see also [M2] and [Pi] for simpli�ed proofs) that there ex-ists a universal constant such that for every n, every n-dimensional symmetricconvex body has an M-ellipsoid with respect to this constant. An importantinterest of such ellipsoids, is that they give reverse Brunn-Minkowski inequal-ities. Many interesting properties of centrally symmetric convex bodies andcorresponding normed spaces were revealed using M-ellipsoids. We refer toa survey [M3] and [MS2].In this section we build M-ellipsoid for arbitrary non-symmetric convexbody and we show in this and the next sections that many results known inthe symmetric case can be translated to the general non-symmetric case.We will not take care below of numerical constants, we write for two pos-itive numbers that a � b if the ratio is bounded by two universal constants.Similarly we write a<� b , meaning that a � c b where c > 0 is a universal con-stant. We say for instance that an inequality such as N(K;L)1=n <� c impliesjK \ Lj1=n >� c�1 jKj1=n, if N(K;L)1=n � c implies jK \ Lj1=n � � c�1 jKj1=nfor some universal factor � > 0.Lemma 10 Let K and L be two convex compact subsets of IRn with non-empty interior and with 0 as centroid. Let c > 0, the following properties areequivalent:1) N(K;L)1=n <� c2) jK � Lj1=n <� c jLj1=n3) jK \ Lj1=n >� c�1 jKj1=n4) N(L�;K�)1=n <� c5) jL� �K�j1=n <� c jK�j1=n6) jL� \K�j1=n >� c�1 jL�j1=n:Proof: Clearly, jK � Lj � N(K;L)jL � Lj andN(K;L) � N(K;L\�L) � j2K+L\�Lj=jL\�Lj � 2n jK �Lj=jL\�Lj:Combining with the relation (1) and (4) we get14  jK � LjjLj !1=n � N(K;L)1=n � 4  jK � LjjLj !1=n :15



This shows the equivalence between the two �rst properties.Now the inequalities (1) and (5) imply1 � jK \ LjjKj � jK � LjjLj � 4nand the equivalence between 2) and 3) follows. The equivalence between 1)and 4) is Theorem 5. The other equivalences follow from Santal�o inequalityand its reverse and from the observation that since 0 is centroid of K thenit is Santal�o point of K�, so that Santal�o inequality applies. 2Remarks. 1. The previous lemma gives equivalent characterization of M-ellipsoid. Let K with 0 as centroid and let E be an ellipsoid such thatjKj = jEj. ThenN(K; E)1=n � N(E;K)1=n � (jK � Ej=jEj)1=n � (jK \ Ej=jKj)1=n� N(E�;K�)1=n � (jE� �K�j=jK�j)1=n � (jE� \K�j=jE�j)1=n:We see that if E is an M-ellipsoid for K then E� is an M-ellipsoid for K�.2. The proof of the lemma gives that if K and L are two convex bodieswith 0 as centroid, then(jK � Lj=jLj)1=n � N(K;L)1=n � (jK + Lj=jLj)1=n :This shows in particular that jK \ Lj1=n � jK \ �Lj1=n and jK + Lj1=n �jK � Lj1=n.We now show that every convex body has an M-ellipsoid with some uni-versal constant.Theorem 11 There exists a constant � such that for any convex compactsubset K of IRn with non-empty interior and 0 as centroid, then there existan ellipsoid E of IRn such thatjKj = jEj and N(K; E) � e�n :16



Proof: Following a result from [M1], there exists an M-ellipsoid E for thecentrally symmetric body K � K associated to some universal constant �.Let jEj = jK � Kj so that from Lemma 10 we have N(E;K � K)1=n<� e�.Let � = (jKj=jEj)1=n then � � 1, thereforeN(� E;K)1=n � N(E;K)1=n � N(E;K �K)1=nN(K �K;K)1=n<� e�:Using Lemma 10, we conclude that N(K;� E)1=n <� e�. 2Remark. Let K be a convex body with 0 as centroid. Lemma 10, theremarks following it and the proof of Theorem 11 show that K, K \ �Kand (K � K)=2 have the same family of M-ellipsoids. As written in theintroduction of this section, this means that an M-ellipsoid of one of thesebodies with the parameter � is an M-ellipsoid for the other bodies with anequivalent parameter (that is, as usual, up to a universal factor).6. M-ellipsoids; application to global regularityWe use in this section technique which provides existence of M-ellipsoidsto study global properties of convex sets. The main Theorem 13 was knownin the symmetric setting. But the fact that it can be translated for generalconvex bodies is adding a new 
avor to the theory.Lemma 12 Let � > 0 and let K and K 0 be convex compact subsets of IRnwith 0 as centroid (or as Santal�o point) and such that jKj = jK 0j = jBn2 j andN(K;Bn2 ) � e�n, N(K 0; Bn2 ) � e�n. Then for any T 2 On, we havejK \ T (K 0)j � 2�ne�2�n jBn2 jand jco(K� [ T (K 0)�)j � 8ne2�njBn2 j:Proof: >From the entropy estimate, we deduce that there exist subsets �and �0 of IRn with ]� � e�n and ]�0 � e�n such thatK � T (K 0) � �� T (�0) + 2Bn2 :17



Therefore jK � T (K 0)j � 2ne2�n jBn2 j:Now we observe that K and T (K 0) have the same centroid. We deduce from(1) that jK \ T (K 0)j � jKj:jK 0jjK � T (K 0)j � 2�ne�2�n jBn2 j:Unfortunately, we do not know Santal�o inequality for K \T (K 0) to �nish theproof of the second inequality in an easy way. We proceed di�erently; fromthe reverse Santal�o inequality (7), we havejK�\�T (K 0)�j � cn0 jBn2 j2jco(K [ �T (K 0)j � cn0 jBn2 j2jK � T (K 0)j � 2�ne�2�ncn0 jBn2 j:>From (5), we havejco(K� [ T (K 0)�)j � jK� + T (K 0)�j � 4n jK�j:jT (K 0)�jjK� \ �T (K 0)�j :Now we note that since 0 is the centroid of K, it is the Santal�o point of K�,therefore jK�j � jBn2 j2=jKj = jBn2 j: The same is true for K 0 and observe thatT (K 0)� = T (K 0�). We deduce thatjco(K� [ T (K 0)�)j � 4n2ne2�nc�n0 jBn2 j :The proof follows the same lines if 0 is Santal�o point of K and K 0. 2Theorem 13 Let K and K 0 be convex compact subsets of IRn with non-empty interior and 0 as centroid and such that Bn2 is an M-ellipsoid for Kand K 0. Then there are positive universal constants c, r1 and r2 such thatthe relations(1=r1)Bn2 � co(K [ T (K 0)) and  jco(K [ T (K 0))jj(1=r1)Bn2 j !1=n � cand (1=r1)Bn2 � L \ V (L) � r2Bn2are satis�ed for random rotations T; V 2 On, where L = co(K [ T (K 0)).18



Proof: Let C = K� and C 0 = K 0�; since Bn2 is an M-ellipsoid for K andK 0, by Lemma 10, it is also an M-ellipsoid for C and C 0. To simplify, wesuppose thatjCj = jC 0j = jBn2 j and max(N(C;Bn2 ); N(C 0; Bn2 )) � e�nfor some universal constant �.We claim that there is a universal constant r1 > 0 such that, for randomrotation T , we have C \ T (C 0) � r1Bn2 :Indeed for any r1 > 0, de�neC(r1) = fx 2 C : jxj = r1g and C 0(r1) = fx 2 C 0 : jxj = r1g:There exit nets (xi)1�i�N and (x0i)1�i�N 0 of vectors of norm r1, such thatN;N 0 � e�n andS = [1�i�N (xi +Bn2 ) � C(r1) and S 0 = [1�i�N 0(x0i +Bn2 ) � C 0(r1):For �xed vectors x and y on the unit sphere,IProb[T 2 On : jx� T (y)j � 2=r1] � (c=r1)n�1for some universal constant c (see [MS1]). Thus by homogeneityIProb[T 2 On : 9 1 � i � N; 1 � j � N 0; jxi�T (x0j)j � 2] � N:N 0:(c=r1)n�1:Wemay choose r1 such thatN:N 0:(c=r1)n�1 < e�n. We conclude that randomrotations T satisfy S \ T (S 0) = ; so that C(r1) \ T (C 0(r1)) = ;. To �nish,we observe that if T is a rotation such that C(r1) \ T (C 0(r1)) = ;, thenC \ T (C 0) � r1Bn2 .By duality we obtainco(K [ T (K 0)) = co(C� [ T (C 0)�) � (1=r1)Bn2 :The hypothesis of Lemma 12 are satis�ed, so that we havejco(K [ T (K 0))j � 8ne2�njBn2 j = (8r1)ne2�nj(1=r1)Bn2 j:This achieves the �rst part with c = (8r1)e2�.19



Now let L = co(K[T (K 0)), since jLj1=n � jBn2 j1=n and L � (1=r1)Bn2 , weget N(L;Bn2 )1=n<� e�0 for some numerical constant �0. The same reasonningas before shows that for random rotation V , we have L \ V (L) � r2Bn2 . 2Let us �nish this section with an application, in the spirit of [MS2].Theorem 14 Let K be a convex compact subsets of IRn with non-empty in-terior and 0 as centroid. Assume that Bn2 is an M-ellipsoid for K. Assumefurther that for a given integer m � 1, there are m orthogonal transforma-tions v1; : : : ; vm and real numbers r; c > 0 such thatr Bn2 � L = 1m mXi=1 vi(K) � cr Bn2 :Then there exist c0 and r0 depending only on m and c such that for randomrotations v, we haver0Bn2 � L0 = 12(K + v(K)) � c0r0Bn2 :In other words, L0 is c0-isomorphic to an Euclidean ball.Proof: >From the remark following Theorem 11, we know that Bn2 is anM-ellipsoid for the symmetric body (K �K)=2. We can apply Theorem 3.1from [MS2] to (K �K)=2 and~L = 1m mXi=1 vi((K �K)=2):We obtain the existence of c0 and r0 such that for random rotation v, K�K2 +v(K�K2 ) is c0-isomorphic to an Euclidean ball. Equivalently, K+v(K)2 � K+v(K)2is c0-isomorphic to an Euclidean ball. In particular K+v(K)2 is contained inc0r0Bn2 . From an other side, the global form of Theorem 8 (see [LMP], The-orem 2') tell us that for random rotation u, K+u(K)2 contains an Euclideanball of \constant" radius. Indeed, to simplify, assume that jKj = jBn2 j andapply Theorem 8. Because \random" projections satisfy the conclusion ofthis theorem, there are two orthogonal projections P1 and P2 with rank [n=2]and [(n + 1)=2] respectively, such that Pi(Bn2 ) � c00Pi(K \ �K); for some20



universal constants c00. Denote by I = P1+P2 the identity and u = P1�P2.So P1 = (1=2)(I + u) and P2 = 1=2(I � u). Then u is an orthogonal trans-formation and for any x 2 Bn2 we havex = P1x+P2x 2 (c00=2)[(I+u)(K\�K)+(I�u)(K\�K)]� c00(K+u(K))=2:Thus Bn2 � c00(K + u(K))=2. Choosing now u = v, which is allowed by theprobabilistic argument, achieves the proof. 2Remark. We give an other application, in the spirit of [MS2] (see remarkafter Theorem 3.2).Let K be a convex compact subsets of IRn with non-empty interior and 0 ascentroid. We still assume that Bn2 is an M-ellipsoid for K. Let m � 1 be aninteger. Assume further that there are orthogonal transformations u1; : : : ; umand v1; : : : ; vm and real numbers r; r0; c > 0 such thatr Bn2 � 1m mXi=1 vi(K) � cr Bn2 ;r0Bn2 � 1m mXi=1 ui(K�) � cr0Bn2 :Then there exists c0 depending only on m such that K is c0-isomorphic to anEuclidean ball.The proof is following from the previous statement by choosing u and vso that v = u��1. This is possible from the probabilistic argument and ourde�nition of \random" rotation, meaning with large measure. We get thusthat K+u(K)2 and K�+v(K�)2 are isomorphic to an Euclidean unit ball. Ourchoice v = u��1 implies by duality that K \ u(K) is also isomorphic to anEuclidean unit ball. Therefore K is itself isomorphic to an Euclidean unitball.The M-ellipsoid plays here an essential role. As observed in ([MS2], re-marks after Theorem 3.1), the requirement on the \position" of K (with Bn2as M-ellipsoid) is crucial even in the symmetric case.References 21
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