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Perturbing Topological Field TheoriesVitor E.R. Lemes, Cesar A. Linhares,Silvio P. Sorella, Luiz Claudio Q.VilarInstituto de F��sica,Universidade do Estado do Rio de JaneiroRua S~ao Francisco Xavier, 52420550-013, Maracan~a, Rio de JaneiroandD. G. G. SasakiCentro Brasileiro de Pesquisas F��sicasRua Xavier Sigaud 150, 22290-180 UrcaRio de Janeiro, BrazilUERJ-DFT/01/99 PACS: 11.10.GhMarch 26, 1999AbstractThe abelian Chern{Simons theory is perturbed by introducing lo-cal gauge-invariant interaction terms depending on the curvature. Thecomputation of the correlation function DH
1 dx�A� H
2 dy�A�E for twosmooth closed nonintersecting curves 
1, 
2 is reported up to four loopsand is shown to be una�ected by radiative corrections. This result en-sures the stability of the linking number of 
1 and 
2 with respectto the local perturbations which may be added to the Chern{Simonsaction.



1 IntroductionSince their introduction [1], topological �eld theories have been responsi-ble for many applications [2] and are object of continuous investigations.Nowadays they represent an important chapter of quantum �eld theory. Theoriginal motivation was related to the possibility of describing topologicalinvariants by means of standard �eld-theory techniques [1, 3].In order to give an idea of this framework, let us brie
y present here the�eld-theory characterization of one of the most simple and familiar topolog-ical invariants, namely, the linking number �(
1; 
2) of two nonintersectingsmooth closed oriented curves in R3 [3, 4]:
Figure 1:As is well known, the linking number �(
1; 
2) is an integer which countsthe number of times that one curve winds around the other. It is independentfrom the shape of the curves and can be represented by the Gauss integral�(
1; 
2) = 14� I
1 dx� I
2 dy�"��� (x� y)�jx� yj3 : (1)1



Expression (1) is in fact easily seen to be an integer by use of the Stokes'theorem [3, 4]. Taking a �eld theory point of view, the linking number�(
1; 
2) may be obtained by introducing the topological abelian Chern{Simons action [1] SCS(A) = 12 Z d3x"���A�@�A� ; (2)and by evaluating the correlation function of two loop variables H
 dx�A�,i..e., �I
1 dx�A� I
2 dy�A��SCS : (3)That expression (3) reproduces the linking number follows from the obser-vation that the propagator of the gauge �eld A� obtained from the Chern{Simons action (2) upon quantization in the Landau gauge is precisely thekernel of the Gauss integral (1), i.e.,hA�(x)A�(y)iSCS = 14�"��� (x� y)�jx� yj3 : (4)The correlator (3) may thus be regarded as a �eld-theory description ofthe linking �(
1; 
2): The action (2) can be suitably extended to higherdimensions, providing a �eld-theory characterization of the generalizationsof the linking number [4]. Moreover, the nonabelian version of the three-dimensional Chern{Simons action (2) has been proven to play a very relevantrole in knot theory [1, 3].Although the topological �eld theories possess their own interests andapplications, it is worth underlining here that topological terms appear fre-quently as parts of more general e�ective actions useful for the theoreticaldescription of a large number of phenomena in di�erent space-time dimen-sions. For instance, the e�ective action corresponding to the bosonization [5]of relativistic three-dimensional massive fermionic systems at T = 0 can bewritten as the sum of the Chern-Simons term (2) and of an in�nite series ofhigher-order terms in the curvature F�� and its derivatives, i.e.,SCS(A) + S(F ); (5)with S(F ) being a combination of terms of the typeZ d3xF 2; Z d3xF 4; Z d3xF 6; : : : (6)2



This kind of action turns out to be useful in order to study several three-dimensional phenomena such as the Fermi{Bose transmutation [6, 7] and thequantum Hall e�ect [8].A second interesting example is provided by the �ve-dimensional gener-alization of (5), obtained from the AdS/CFT correspondence [9, 10], whichrelates the conformal N = 4 super-Yang-Mills theory to type-IIB superstringon AdS5�S5. In fact, in the conformal case, the dual supergravity on AdS5possesses a Chern{Simons term obtained from a SL(2;Z) doublet of two-forms BRR�� ; BNS�� . In this case, the relevant e�ective action for BRR�� ; BNS��looks like [10] ZAdS5 d5x"�����BRR�� @�BNS�� + S(dB) ; (7)where the term S(dB) collects all the higher-order terms in the curvaturesdBRR; dBNS. The correlation function (3) generalizes now to�Z�1 d���BRR�� Z�2 d���BNS�� � ; (8)where �1; �2 are appropriate two-surfaces.In view of these applications, it seems natural to ask ourselves what is theresponse of a correlator of the type (3) when the corresponding topological�eld theory is perturbed by the introduction of a nontopological interactionterm depending on the curvature.This is the aim of the present paper. More precisely, we shall report onthe four-loop computation of the correlator�I
1 dx�A� I
2 dy�A��Se� ; (9)when the three-dimensional Chern{Simons action (2) is perturbed by a non-topological interaction term of the kind R F 4; namely, expression (9) will beevaluated with an e�ective action Se� given bySe� = 12 Z d3x"���A�@�A� + �4! Z d3x eF � eF� eF � eF� ; (10)with eF � = 12"���F�� and � being an arbitrary parameter with negative massdimension, re
ecting the power-counting nonrenormalizability of the pertur-bation. 3



In particular, we shall be able to prove that the correlation function (9)turns out to be independent from � , yielding the linking number �(
1; 
2) ofthe two curves 
1, 
2: Although the loop analysis will be worked out only upto the fourth order, this conclusion holds to all orders of perturbation theoryand may be easily generalized to any local nontopological interaction termcontaining arbitrary powers of the curvature F�� as well as to the higher-dimensional cases [11] as, for instance, the e�ective action of eq.(7).This result means that the loop correlator (9) is stable with respect to theperturbations which can be added to the starting topological action. In otherwords, the expression (9) will give the linking number of the two curves 
1,
2, regardless of any F -dependent perturbation term that can be introducedand of their power-counting nonrenormalizability character.Two remarks are now in order. First, we will limit here ourselves onlyto e�ective actions which are abelian. Second, we shall consider only F -dependent terms which can be treated as true perturbations. Therefore, weshall avoid in the e�ective action (10) the inclusion of a term of the Maxwelltype SMax = 14m Z d3xF ��F�� ; (11)where m is a mass parameter. The presence of this term would completelymodify the original properties of the model. In fact, being expression (11)quadratic in the gauge �elds, it cannot be considered as a perturbation term,as it will be responsible for the presence of massive excitations in the spec-trum of the theory [12]. Rather, the presence of the Maxwell term in thee�ective action (10) will give rise to the existence of two distinct regimescorresponding to the long and short distance behaviours, respectively. Fordistances larger than the inverse of the mass parameter m (i.e., the low-energy regime ), the topological term will prevail, while the Maxwell termwill become the relevant one at short distances (i.e., the high-energy regime).It is worth mentioning here that these two regimes can be accessed in a verysimple way by means of suitable gauge-invariant �eld rede�nitions of thegauge connection A� [13]. However, their full understanding is a di�cultand delicate task, which is beyond the aim of the present paper, being underinvestigation.We should also underline here that, in the abelian case, the loop vari-able H
 dx�A� is gauge invariant for closed curves, and so there is no needto take into account its exponentiation eiH
 dx�A� , as it would be required in4



the nonabelian case. This feature has a useful consequence. It allows indeedto avoid the case in which the double-line integral (9) has to be taken alongthe same curve. This case, usually referred to as the self-linking, would beautomatically generated by the perturbative Taylor expansion of the expo-nential eiH
 dx�A� . In other words, as far as the abelian case is concerned, theloop variables in eq.(9) do not need to be exponentiated. Therefore, the twocurves 
1 and 
2 will always refer to two distinct curves which do not inter-sect each other. As we shall see in the following, this point will be relevant inorder to establish the independence from the parameter � of the expression(9).2 Perturbative expansion and Feynman dia-gramsIn order to discuss the perturbative expansion of the loop correlator (9), letus �rst de�ne the gauge-�xed version of the e�ective action which shall beused throughout the present article, namely,Se� = 12 Z d3x"���A�@�A� + Z d3x b@A+ �4! Z d3x : eF � eF� eF � eF� : ; (12)where the Lagrange multiplier b has been introduced in order to implementthe Landau gauge. Notice that we have Wick-ordered the quartic interactionterm, which will allow to rule out tadpole diagrams.1As usual in this kind of problem, we shall make use of the con�gurationspace rather than the momentum space. Let us now give the elementaryWick contractions which shall be needed for the evaluation of the Feynmandiagrams. Recalling that@2 1jx� yj = �4��3(x� y) ; (13)from eq.(4) one obtainsDA�(x) eF�(y)E = g���3(x� y) + @�@� 14� jx� yj ; (14)1We remind the reader that, in the present abelian case, the normal-ordering pre-scription is compatible with the requirement of gauge invariance. This follows from theobservation that the positive and negative-frequency parts F (+)�� and F (�)�� of the �eldstrength F�� are each gauge invariant. 5



and D eF�(x) eF�(y)E = �"���@��3(x� y) : (15)Concerning now the perturbative loop expansion, it is easily checked thatthe �rst Feynman diagram which contributes to the correlation function (9)is of two-loop order and can be drawn as follows:
Figure 2: Two-loop contributionIn the above �gure, the wavy and dashed lines refer respectively to theWick contractions DA eFE and D eF eFE.The Feynman integrals corresponding to the diagram of Fig.2 are easilywritten down by means of eqs.(14), (15). However, before computing them,let us spend a few words on the mechanism which is responsible for theindependence on the parameter � of expression (9). From the structure ofthe diagram of Fig.2, we observe that the gauge �elds A�(x) and A�(y)lying on the two curves 
1 and 
2will be always contracted with the eF 'spresent in the interaction term of the expression (12). Therefore, besidescontractions of the type D eF eFE, the corresponding Feynman integrals willalways contain two contractions of the kind DA eFE. However, one shouldremark in the second term of eq.(14) that one of the Lorentz indices of thetwo space-time derivatives corresponds to the vector index of a gauge �eld6



lying on either 
1 or 
2: It thus refers to a total derivative with respectto the variable running along one of the closed loops, implying a vanishingcontribution. In other words, the second term of eq.(14) may be neglected.As a consequence, all the Wick contractions entering the Feynman integralswill basically lead to a product of delta functions. After the introduction ofa suitable regularization, the latter can be integrated out, �nally resultingin a �3(x� y), where, we remind, x and y run along each of the two curves,respectively. As these variables never coincide, the whole expression vanishesidentically, ensuring the independence from the parameter � of the correlator(9). The same mechanism can be seen to occur at higher loop orders, as itwill be explicitly shown later on.Apart from an irrelevant global symmetry coe�cient, the diagram of Fig.2therefore corresponds to the following integral:I(2) = I
1 dx� I
2 dy� Z d3z1 d3z2 DA�(x) ~F�(z1)EDA�(y) ~F
(z2)ED ~F�(z1) ~F�(z2)E� h4D ~F �(z1) ~F �(z2)ED ~F �(z1) ~F 
(z2)E+ 2D ~F �(z1) ~F 
(z2)ED ~F �(z1) ~F �(z2)Ei :(16)Let us analyse the �rst term of the above expression. Making use of thepropagators (14) and (15), we obtain�4I
1 dx� I
2 dy� Z d3z1 d3z2� �g���3(x� z1) + @�@� 14� jx� z1j� �g�
�3(y � z2) + @�@
 14� jy � z2j�� �"���@��3(z1 � z2)� �"���@��3(z1 � z2)� �"�
�@��3(z1 � z2)� : (17)As previously mentioned, the terms containing the derivatives @� and @�do not contribute, as they correspond to total derivatives on closed curves.Expression (17) then becomes4I
1 dx� I
2 dy� Z d3z1 d3z2 �3(x� z1)�3(y � z2)� �"���@��3(z1 � z2)� �"���@��3(z1 � z2)� �"���@��3(z1 � z2)� :(18)In spite of the presence of products of delta functions with the same argu-ments, the above expression is easily seen to vanish. Let us show this claim7



in two ways. First, we observe that there is always a possible order of takingthe integrations over the delta functions such that we end up with productsof �3(x � y) and not of �3(0). In the present case, this would amount tointegrate out �rst the two delta functions with arguments x� z1 and y � z2,which would lead to4I
1 dx� I
2 dy� �"���@��3(x� y)� �"���@��3(x� y)� �"���@��3(x� y)� = 0 ;(19)since x� y never vanishes. It is worth remarking that this possibility exists,in fact, for the higher-order diagrams, as will be shown below.Second, we can adopt a more rigorous treatment by regularizing the deltafunctions with coinciding arguments through the point-splitting procedurealready used by Polyakov [6]:�"(z1 � z2) = 1(2�")3=2e�(z1�z2)2=2" ; (20)lim"!0 �"(z1 � z2) = �3(z1 � z2) :More precisely, whenever a product of n delta functions with coinciding ar-guments occurs, it will be understood as��3(z1 � z2)�n = [�"(z1 � z2)]n�1 �3(z1 � z2) ;where the limit " ! 0 is meant to be taken at the end of all calculations.Accordingly, expression (18) will be replaced by its regularized version,lim"!0 4I
1 dx� I
2 dy� �3(x� z1)�3(y � z2)� �"���@��"(z1 � z2)� ["���@��"(z1 � z2)] �"���@��3(z1 � z2)� : (21)Whatever the order of integration, we get, before taking the limit, an expres-sion containing �3(x� y), which leads to a null result.The second term of (16) follows analogously, so that the two-loop diagramof Fig.2 does not contribute to the correlator (9).Concerning the higher-order contributions in the perturbation theory, theresults are of a similar nature. The topologically distinct diagrams contribut-ing to the 3- and 4-loop are given in Fig.3 and in Figs.4 and 5.8



Figure 3: Three-loop contribution
Figure 4: Four-loop contribution, �rst type9



Figure 5: Four-loop contribution, second typeIt is su�cient to present here just one typical term of each order. Anotational simpli�cation is convenient. We de�ne the transverse derivativeoperator ~@�� � "���@�:For instance, a typical contraction from Fig.3 is proportional toI(3) = I
1 dx� I
2 dy� Z d3z1 d3z2d3z3 g���3(x� z1)g�
�3(y � z2)� h~@�
�3(z1 � z2)i h~@���3(z1 � z3)i h~@���3(z1 � z3)i� h~@���3(z2 � z3)ih~@���3(z2 � z3)i= I
1 dx� I
2 dy� Z d3z3 h~@���3(x� y)i� h~@���"(x� z3)i h~@���3(x� z3)ih~@���"(y � z3)i h~@���3(y � z3)i ;(22)while the diagram of Fig.4 givesI(4) = I
1 dx� I
2 dy� Z d3z1 � � � d3z4 g���3(x� z1)g�
�3(y � z2)10



� h~@�
�3(z1 � z2)i h~@���3(z1 � z3)i h~@���3(z1 � z4)i� h~@���3(z2 � z4)i h~@���3(z2 � z3)ih~@'!�3(z3 � z4)i� h~@'!�3(z3 � z4)i= I
1 dx� I
2 dy� Z d3z3 d3z4 h~@���3(x� y)i� h~@���3(x� z3)i h~@���3(x� z4)i h~@���3(y � z4)i� h~@���3(y � z3)ih~@'!�"(z3 � z4)i h~@'!�3(z3 � z4)i : (23)In order to obtain the above expressions we have followed the same prescrip-tion established before for regularizing the delta functions with identical ar-guments. Notice also that we have integrated out �rst the two �-functionswhose arguments depend on the points x and y of the two curves.All terms in all possible diagrams may then be seen to be proportional to�3(x�y) (or its derivatives). One may easily convince oneself that this mech-anism also applies to any order in perturbation theory. As we always havex 6= y, these diagrams all amount to a null correction to the basic diagram,so that the correlation function (9) for two closed smooth nonintersectingcurves 
1; 
2 gives their linking number to all orders:hA�(x)A�(y)iSe� = �(
1; 
2): (24)3 ConclusionsWe have been able to show, in the present article, that the correlation func-tion (9) is una�ected by the radiative corrections, provided 
1; 
2 are twononintersecting closed curves. Although we have given explicit expressionsfor the R ~F 4 perturbation, the same result may be achieved for any localinteraction term of the type R ~F n.We may interpret this result as a kind of nonrenormalization property ofthe linking number, re
ecting its stability with respect to any local gaugeinvariant perturbation of the starting Chern-Simons action.Further generalizations to higher dimensions as well as to the nonabeliancase are under investigation [11]. 11
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