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R-diagonal elements and freeness withamalgamationAlexandru Nica �Department of Pure MathematicsUniversity of WaterlooWaterloo, Ontario N2L 3G1, Canadaanica@math.uwaterloo.ca Dimitri Shlyakhtenko yDepartment of MathematicsUniversity of California at Los AngelesLos Angeles, CA 90095-1555, U.S.A.shlyakht@member.ams.orgRoland Speicher zInstitut f�ur Angewandte MathematikUniversit�at HeidelbergD-69120 Heidelberg, Germanyroland.speicher@urz.uni-heidelberg.deAbstractThe concept of R-diagonal element was introduced in [5], and was subsequentlyfound to have applications to several problems in free probability. In this paper wedescribe a new approach to R-diagonality, which relies on freeness with amalgamation.The class of R-diagonal elements is enlarged to contain examples living in non-tracial�-probability spaces, such as the generalized circular elements of [7].1. Introduction and statement of the resultsWe will consider the framework of a �-probability space (A; '); this means that A is aunital �-algebra over C, and that ' : A! C is a linear functional, normalized by '(I) = 1(where I is the unit of A), and selfadjoint, in the sense that '(a�) = '(a) for every a 2 A.An element a 2 A will be occasionally referred to as a \non-commutative random variable",and '(a) will be called \the expectation of a". The �-probability space (A; ') is said to betracial if ' has the trace property ('(ab) = '(ba), for every a; b 2 A).If (A; ') is a �-probability space and if a 2 A, then the expectations of words madewith a and a� will be called �-moments of a. The family of �-moments of a:f '(as1 � � �asn) j n � 1; s1; : : : ; sn 2 f1; �g g; (1.1)�Research supported by a grant from the Natural Sciences and Engineering Research Council, Canada.ySupported in part by a Postdoctoral Fellowship (DMS-9804625) of the National Science Foundation,USA.zSupported by a Heisenberg Fellowship of the DFG, Germany.1



carries signi�cant information about a. For instance, if A is a C�-algebra and if ' ispositive de�nite and faithful on positive elements, then the family (1.1) determines (up toisomorphism) the unital C�-subalgebra of A generated by a and a�; a similar fact is true inthe framework of von Neumann algebras (see e.g. [11], Remark 1.8).If (A; ') and (B;  ) are �-probability spaces, we will say about two elements a 2 A andb 2 B that they are identically �-distributed if their �-moments coincide:'(as1 � � �asn) =  (bs1 � � �bsn) for every n � 1 and s1; : : : ; sn 2 f1; �g: (1.2)A fundamental concept used throughout the paper is the one of freeness for a family ofsubsets of A (where (A; ') is a �-probability space). For the de�nition and basic propertiesof freeness, we refer the reader to [13], Chapter 2.The concept of R-diagonal element was introduced in [5], and was subsequently found toplay an important role in several problems in free probability (see e.g. [6], [2], [3]). Looselyspeaking, the name \R-diagonal" refers to elements which have a factorization of the form:a = up; (1.3)where u is a unitary such that '(un) = 0 for every n � 1, and where the sets fu; u�g andfp; p�g are free. A more formal de�nition of the fact that a is R-diagonal must amountto stating that certain equations are satis�ed by the family of �-moments of a. (Equation(1.3) does this, in an implicit way; i.e., the special properties of the family of �-momentsof a = up are implicitly contained in the equations describing the freeness of fu; u�g fromfp; p�g.)The main goal of this paper is to present a new approach to R-diagonality, relying onfreeness with amalgamation. For basic facts about freeness with amalgamation see e.g. [13]Section 3.8, or [10] (the de�nition of the concept is also reviewed in Section 3 below).Several characterizations of R-diagonality being now available, it is no longer obviouswhich of them is the most suitable to be used as the de�nition of this notion. Since wecould not come to an agreement on this, we just made a list of possible candidates in theTheorem-and-De�nition 1.2 below, thus allowing the readers to choose their own favorite(s).The Theorem 1.2 is at the same time the main result of the paper. The approach toR-diagonality via freeness with amalgamation is given by the characterization 5o in thistheorem. Let us mention that the characterization 1o of Theorem 1.2 is also closely relatedto freeness with amalgamation. The equations in �-moments appearing in 1:2:1o are in somesense just \an explicit spelling" of 1:2:5o; we felt it is worth to point them out, because theycan be used as a very elementary approach to R-diagonality, which is reminiscent of howfreeness itself is de�ned.1.1 Notation. Let (A; ') be a �-probability space, and let a be an element of A. Forevery k � 1 we will denote:8>>><>>>: P11;k(a) = a�(aa�)k�1P12;k(a) = (a�a)k � '( (a�a)k )IP21;k(a) = (aa�)k � '( (aa�)k )IP22;k(a) = a(a�a)k�1: (1.4)2



1.2 Theorem and De�nition. Let (A; ') be a �-probability space, and let a be anelement of A. Then the following �ve conditions on a are equivalent. The element a is saidto be R-diagonal if it satis�es one (hence all) of these conditions.1o (Condition on �-moments). One has'( Pi1i2;k1(a)Pi2i3;k2(a) � � �Pinin+1 ;kn(a) ) = 0; (1.5)for every n � 1, i1; : : : ; in; in+1 2 f1; 2g and k1; : : : ; kn � 1, and where the elementsPij;k(a) 2 A are as de�ned in (1.4).2o (Su�cient invariance condition). There exist an enlargement ( eA; e') of (A; ') and aunitary u 2 eA, such that: (i) fu; u�g is free from fa; a�g; (ii) e'(u) = 0; (iii) a and ua areidentically �-distributed. 13o (Necessary invariance condition). For every enlargement ( eA; e') of (A; ') and everyunitary u 2 eA such that fu; u�g is free from fa; a�g, one has that a and ua are identically�-distributed.4o (Condition on non-crossing cumulants). Consider the family of non-crossing cumu-lants of a and a�, f �(s1;:::;sn)(a; a�) j n � 1; s1; : : : ; sn 2 f1; �g g: (1.6)Then �(s1 ;:::;sn)(a; a�) = 0 whenever (s1; : : : ; sn) is not of the form (1; �; 1; �; : : : ; 1; �) or(�; 1; �; 1; : : : ; �; 1).5o (Condition using freeness with amalgamation). Let M2(A) be the algebra of 2 � 2matrices over A. Consider the unital subalgebras D �M2(CI) �M2(A), where:D := f  �I 00 �I ! j �; � 2 C g; M2(CI) := f  �I �I
I �I ! j �; �; 
; � 2 C g;and consider the conditional expectation E :M2(A)! D given by the formula:E�  a bc d ! � =  '(a)I 00 '(d)I ! ; a; b; c; d 2 A:Then the matrix: A :=  0 aa� 0 ! 2 M2(A) (1.7)is free from M2(CI), with amalgamation over D.1By the fact that ( eA; e') is an enlargement of (A;') we mean that ( eA; e') is a �-probability space, eA � A,and e' j A = '. Note that one can always �nd ( eA; e') and u 2 eA such that (i)+(ii) hold. E.g., one can take( eA; e') to be the free product (A;') ? (L1(T); dz), where dz is the Haar measure on the torus; and one cantake u to be the function z 7! z in L1(T) � eA. The key condition in 1:2:2o is (iii).3



The characterization originally used in [5] to de�ne R-diagonality was the one in termsof non-crossing cumulants, 1:2:4o (the precise de�nition for the family (1.6) of non-crossingcumulants will be reviewed in Section 4 below). A version of the characterizations in 1:2:2o-3o appears in [6], Proposition 4.4. Note however that R-diagonality (and in particularthe equivalence between the characterizations which were already known) was previouslydiscussed only in the framework of a �-probability space which is tracial. Removing thetraciality condition is of relevance, because there exist natural examples of elements whichsatisfy the condition 1:2:3o, but live in a non-tracial framework (see [7], Section 4).We now return to make precise the \free factorization" property mentioned in Equation(1.3). As is customary in the literature on free probability, we will call Haar unitary anelement u in a �-probability space (A; ') such that u is unitary, and such that '(un) = 0for every n � 1.1.3 Theorem. Let (A; ') be a �-probability space. Let u; p 2 A be such that u isunitary and such that fu; u�g is free from fp; p�g. If either(A) '(u) = 0 and '( p(p�p)k�1 ) = 0, for every k � 1;or(B) u is a Haar unitary,then the element a := up 2 A is R-diagonal.There also is another side of the result presented in Theorem 1.3. Namely, given anR-diagonal element b in a �-probability space (B;  ), we can ask: what kind of u and pcan one fabricate (in some (A; ')), such that the hypothesis of 1.3 is satis�ed (in eitherversion (A) or (B)), and such that a := up is identically �-distributed with b? We don'tknow of some special construction working for an arbitrary R-diagonal b { except of coursethe choice having p = b, which is guaranteed by Theorem 1:2:3o. As the next propositionimmediately implies, the free factorization game amounts essentially to �nding a nice p suchthat p�p, pp� have identical moments with b�b, bb�, respectively. An example of how thiscan work is provided by the case of a tracial �-probability space, when selfadjoint choicesof p are available { see Corollary 1.5.1.4 Proposition. Let (A; ') and (B;  ) be �-probability spaces, and let a 2 A, b 2 Bbe R-diagonal elements. Then a and b are identically �-distributed if and only if:8><>: '( (a�a)k ) =  ( (b�b)k );'( (aa�)k ) =  ( (bb�)k ); 8 k � 1: (1.8)1.5 Corollary. Let (B;  ) be a tracial �-probability space, and let b 2 B be an R-diagonal element. Then one can �nd a tracial �-probability space (A; ') and an elementa 2 A which is identically �-distributed with b, and which is obtained in the following way:a = up, where u 2 A is a Haar unitary, p = p� 2 A is such that fu; u�g is free from fpg,and we have '(p2k�1 ) = 0, 8 k � 1.Note that the conditions on u and p appearing in Corollary 1.5 are stronger than eitherthe versions (A) or (B) of the hypothesis of Theorem 1.3. The traciality condition in 1.5 is4



necessary. Indeed, ' is a trace on both the unital algebras generated by fu; u�g and by fpg(these algebras being commutative); but then the freeness of fu; u�g from fpg implies that' is also a trace on the unital algebra generated by fup; (up)�g { see [13], Proposition 2.5.3.We next move to the discussion of the concept of \determining series" for an R-diagonalelement, and to its applications to operations with free R-diagonal elements.1.6 De�nition. Let (A; ') be a �-probability space, and let a 2 A be an R-diagonalelement. Consider the family of non-crossing cumulants of a; a� (denoted as in Equation(1.6) above), and set: 8>>>>>><>>>>>>: �n := �( 1; �; : : : ; 1; �| {z }2n )(a; a�)�n := �( �; 1; : : : ; �; 1| {z }2n )(a; a�); 8n � 1: (1.9)Then the formal power seriesfa(z) := 1Xn=1 �nzn; ga(z) := 1Xn=1 �nzn (1.10)are called the determining series of a.The series fa and ga contain in a concentrated way the information about the �-momentsof the R-diagonal element a; this is because { in view of Theorem 1:2:4o { they determineall the non-crossing cumulants in (1.6) (and the knowledge of the non-crossing cumulantsis equivalent to the one of the �-moments).An example of situation when it is advantageous to use the determining series is providedby the next Corollary 1.7, concerning the addition of two free R-diagonal elements. Thestatement in 1.7 follows directly from the characterization 1:2:4o of R-diagonality, combinedwith the additivity of non-crossing cumulants (as put into evidence in [9]).1.7 Corollary. Let (A; ') be a �-probability space, and let a; b be R-diagonal elementsof A such that fa; a�g is free from fb; b�g. Then a + b is also R-diagonal, and we have therelations in determining series:fa+b = fa + fb; ga+b = ga + gb: (1.11)Turning to the multiplication of free R-diagonal elements, let us record the followingdirect consequence of the characterizations 2o; 3o in Theorem 1.2 (and of the obvious factthat an element is R-diagonal if and only if its adjoint is so).1.8 Corollary. Let (A; ') be a a �-probability space. Let a; b 2 A be such that atleast one of a; b is R-diagonal, and such that fa; a�g is free from fb; b�g. Then ab is alsoR-diagonal. 5



It is then natural to ask: if a; b of Corollary 1.8 are both R-diagonal, then what is theformula for the determining series of ab, in terms of those of a and of b? In order to givesome feeling of what this question is about, let us �rst mention that, in the case when (A; ')is tracial, the answer can be easily read from the considerations of [5]; and the instrumentused for spelling out the answer is a certain operation \ ? " on formal power series. (A briefreview of ? is made in Section 5.1 below.) The extension from the tracial to the generalcase turns out to be really non-trivial. Based on calculations of low-order cumulants, wecan guess what the formula (expressing fab; gab in terms of fa; ga; fb; gb, in the general case)ought to be; but we do not have at this time a proof for it. The di�culty comes from thefact that the formula is very combinatorial, and its proof probably requires some furtherdevelopments in the combinatorial theory of the non-crossing cumulants (a direction whichis not pursued by the present paper). A more detailed discussion of this matter is made inSection 5.1.9 Miscellaneous remarks.1o An immediate consequence of the description in Theorem 1:2:1o is that if a is R-diagonal, then a�a and aa� are free. Indeed, the particular case of Equation (1.5) where thesequence i1; i2; : : : ; in+1 is alternating (i.e. is of the form 1; 2; 1; 2; : : : or 2; 1; 2; 1; : : : ) givesprecisely the freeness of a�a from aa�.2o The concept of determining series of an R-diagonal element was introduced in [5],where however only the case of a tracial (A; ') was considered. In this case fa and ga of(1.10) coincide (which is why in [5] only one determining series is considered, instead oftwo).In the tracial framework one can obtain a simple formula for the determining seriesfa(= ga), by using the factorization presented in Corollary 1.5. More precisely: let (A; ')be a tracial �-probability space, and let a = up 2 A, with u and p as described in Corollary1.5. Then the determining series fa satis�es the equation:fa(z2) = [R(p)](z); (1.12)where R(p) is the R-transform of p. (For a selfadjoint element x 2 A, the R-transform R(x)is a certain formal power series which contains exactly the same information as the familyof moments ( '(xn) )1n=1 { see [13], Section 3.2.) The Equation (1.12) can be used as analternative de�nition of fa, which is however valid only in the tracial framework.3o The Haar unitary is one of the main examples ofR-diagonal elements which motivatedthe work in [5]. This is the only R-diagonal unitary, but let us note that (especially if thetraciality requirement is lifted) one has a larger family of R-diagonal partial isometries. Tobe more precise: for every �; � 2 (0; 1] one can construct an R-diagonal partial isometry vin a �-probability space (A; ') (where it can be arranged that A is a W �-algebra and that' is a faithful normal state of A) such that '(v�v) = �, '(vv�) = �. It makes sense tocall such a v an \(�; �)-Haar partial isometry". It is clear from Proposition 1.4 that all the�-moments of an (�; �)-Haar partial isometry are completely determined by � and �; andalso that every R-diagonal partial isometry in the W �-framework has to be an (�; �)-Haarpartial isometry, for some � and �. 6



In the case when � = 1, a way to construct (1; �)-Haar isometries is by taking the polardecomposition of the \generalized circular elements" considered in [7]. (The generalizedcircular elements are R-diagonal by the Lemma 4.6 of [7]; the fact that their polar partsare also R-diagonal follows by an immediate application of 2o � 3o in Theorem 1.2 above.Some relevant calculations concerning these polar parts appear in the Lemma 4.3 of [7].)For arbitrary � and � in (0; 1], an (�; �)-Haar partial isometry can be obtained as v = v1v�2,where v1 is an (1; �)-Haar isometry, v2 is an (1; �)-Haar isometry, and fv1; v�1g is free fromfv2; v�2g.4o D. Voiculescu has recently shown (see [12], Sections 5.17, 14.4) how the freeness of twosubalgebras A;B, in a tracial non-commutative probability space (M; '), can be describedin terms of a certain derivation �A;B associated to the algebras. We would like to point outthat R-diagonality admits a characterization on similar lines (which seems however to worknicely only in the tracial framework).More precisely: let ChX;X�i denote the unital �-algebra of non-commuting polynomi-als in X and X�. On ChX;X�i 
 ChX;X�i we consider the natural ChX;X�i-bimodulestructure, determined by:P � (S 
 T ) = (PS)
 T; (S 
 T ) �Q = S 
 (TQ); P; Q; S; T 2 ChX;X�i: (1.13)Let � : ChX;X�i ! ChX;X�i 
 ChX;X�i denote the unique linear map which is aderivation (in the sense that �(PQ) = �(P ) �Q+P ��(Q), 8P;Q 2 ChX;X�i ) and whichsatis�es: �(X) = �X 
 1; �(X�) = 1
X�: (1.14)Consider on the other hand a tracial �-probability space (A; '), and an element a 2 A;and consider the linear functional � : ChX;X�i ! C, de�ned by:�(P ) := '( P (a; a�) ); 8P 2 ChX;X�i (1.15)(� is sometimes called the �-distribution of a). Then the following statement is true:a is R-diagonal , (�
 �) �� = 0: (1.16)The equivalence (1.16) can be obtained without much di�culty from the characterizationof R-diagonality in terms of �-moments, which is given in Theorem 1:2:1o.The remaining sections of the paper are organized as follows:{ In Section 2 we collect a sequence of proofs which are \elementary", in the sensethat they only use the condition in �-moments (1.5), and basic facts about freeness. Weobtain here: the equivalences 1o , 2o , 3o of Theorem 1.2, and the proofs of Theorem 1.3,Proposition 1.4, Corollary 1.5.{ In Section 3 we review the de�nition of freeness with amalgamation, and prove theequivalence 1o , 5o of Theorem 1.2.{ In Section 4 we address the relation between R-diagonality and non-crossing cumu-lants. This relation was �rst obtained in [5], via a fairly complicated argument based on thecombinatorial approach to the non-crossing cumulants. A di�erent { and sensibly shorter {7



route is taken in this paper; namely, the equivalence 4o , 5o of Theorem 1.3 is proved byusing the \full Fock space model" approach to non-crossing cumulants (see Sections 4.4, 4.5for details). The idea of our new proof comes from the theory of generalized free creationoperators developed in [8].{ In the �nal Section 5 we brie
y review the operation ?, then we state and make somecomments around our conjectured formula for the determining series of a product of twofree R-diagonal elements.Acknowledgement: We would like to acknowledge the hospitality of the ErwinSchroedinger Institute in Vienna, where we visited in January-February 1999, during the�nal stage of the preparation of this paper.2. Elementary proofsThe correspondence between the sequence of propositions appearing below, and theresults stated in the Introduction, goes as follows: the equivalences 1o , 2o , 3o ofTheorem 1.3 are shown in 2.7; the Theorem 1.3 is covered by 2.3{2.5; the Proposition 1.4is covered by 2.1; the Corollary 1.5 is covered by 2.6.2.1 Proposition. Let (A; ') and (B;  ) be �-probability spaces, and consider twoelements a 2 A, b 2 B. It is given that each of a and b satis�es the condition in �-momentsdescribed in Theorem 1:2:1o. Then a and b are identically �-distributed if and only if:8><>: '( (a�a)k ) =  ( (b�b)k );'( (aa�)k ) =  ( (bb�)k ); 8 k � 1: (2.1)Proof. The implication \)" is trivial, because the equalities in (2.1) are a subset ofthose appearing in (1.2).For \(" we will assume that (2.1) hold, and we will prove by induction on n that:'(ai1ai2 � � �ain) =  (bi1bi2 � � �bin); 8n � 1; 8i1; : : : ; in 2 f1; 2g; (2.2)where we denoted a1 := a, a2 := a�, b1 := b, b2 := b�.For n = 1, (2.2) amounts to showing that '(a) =  (b) and '(a�) =  (b�). This is truebecause all of '(a),  (b), '(a�),  (b�) are equal to 0, by (1.5) ('(a) = '(P22;1(a)) = 0, etc).We consider now an n � 2. We assume that (2.2) is true for 1; 2; : : : ; n� 1 and we proveit for n. Let us �x some indices i1; : : : ; in 2 f1; 2g, about which we want to prove that (2.2)holds.We take the product ai1ai2 � � �ain , and draw a vertical bar between aim and aim+1 forevery 1 � m � n � 1 such that im = im+1. (For instance if ai1ai2 � � �ain were to beaa�aaaa�a�a, then our bars would look like this: aa�a j a j aa� j a�a.) By examining the8



sub-products of ai1ai2 � � �ain which sit between consecutive vertical bars, we �nd that wehave written: ai1ai2 � � �ain = sYr=1(Pjrjr+1 ;kr (a) + �rI) (2.3)for some s � 1, j1; : : : ; js; js+1 2 f1; 2g, k1; : : : ; ks � 1 having k1 + � � � + ks = n, and�1; : : : ; �s 2 C. The number �r, 1 � r � s, is determined as follows: if jr = jr+1, then�r = 0; if jr = 1, jr+1 = 2, then �r = '( (a�a)kr ); and if jr = 2, jr+1 = 1, then�r = '( (aa�)kr ).In a similar way we can write:bi1bi2 � � �bin = sYr=1(Pjrjr+1 ;kr (b) + �rI); (2.4)and moreover, the parameters s, j1; : : : ; js; js+1, k1; : : : ; ks, �1; : : : ; �s appearing in (2.4)coincide with those from (2.3). Indeed, the values of s, j1; : : : ; js+1; k1; : : : ; ks are determinedsolely by how the vertical bars are placed between the bim 's in bi1bi2 � � �bin , and this isidentical to how the vertical bars were placed in ai1ai2 � � �ain . After that, the value of every�r is determined as �jr ;1�jr+1 ;2 ( (b�b)kr ) + �jr ;2�jr+1 ;1 ( (bb�)kr ), which is again the sameas in (2.3) { due to the fact that (2.1) is assumed true.By applying ' on both sides of (2.3) and then by expanding the product on the right-hand side, we obtain:'( ai1ai2 � � �ain ) = '( Pj1j2 ;k1(a) � � �Pjsjs+1 ;ks(a) )+ X;6=S�f1;:::;sg �Yr2S �r� � '� Yr2f1;:::;sgnS Pjrjr+1 ;kr(a) �:The corresponding operations done in (2.4) yield an identical formula, where we have b'sinstead of a's, and  instead of '. But we know from (1.4) that'( Pj1j2;k1(a) � � �Pjsjs+1;ks(a) ) = 0 =  ( Pj1j2;k1(b) � � �Pjsjs+1;ks(b) );while on the other hand the induction hypothesis gives us that:'� Yr2f1;:::;sgnS Pjrjr+1 ;kr(a) � =  � Yr2f1;:::;sgnS Pjrjr+1 ;kr(b) �;for every ; 6= S � f1; : : : ; sg. By combining all these equalities, we obtain (2.2). QED2.2 Remark. The numbers �1; : : : ; �s appearing in Equation (2.3) are all real (asis clear from their explicit description, made following to (2.3)). As a consequence, aninduction argument similar to the one made in the preceding proof shows the following: ifa satis�es the conditions in �-moments from 1:2:1o, then all the �-moments of a are realnumbers.2.3 Proposition. Let (A; ') be a �-probability space. Assume that u; p 2 A satisfythe following conditions: (i) fu; u�g is free from fp; p�g; (ii) u is unitary, with '(u) = 0; (iii)9



'( p(p�p)k�1 ) = 0, for every k � 1. Then the element a := up 2 A satis�es the conditionin �-moments of Theorem 1:2:1o.Proof. The expressions Pij;k(a) de�ned in (1.4) are having here the form:8><>: P11;k(a) = p�(pp�)k�1u�; P12;k(a) = (p�p)k � '( (p�p)k )I;P21;k(a) = u�(pp�)k � '( (pp�)k )I�u�; P22;k(a) = up(p�p)k�1: (2.5)Note that in the expression for P21;k(a) we used the fact that '(u(pp�)ku�) = '( (pp�)k ).This follows from the general formula:'(x0yx00) = '(x0x00)'(y); (2.6)holding for every x0; x00; y 2 A such that fx0; x00g is free from fyg; the Equation (2.6) is inturn a direct consequence of the de�nition of freeness (see [13], Section 2.5).By taking the adjoint in the hypothesis (iii), we also get that '( p�(pp�)k�1 ) = 0, forevery k � 1. Hence if we denote:W = fw 2 Alg(I; p; p�) j '(w) = 0g; (2.7)then p�(pp�)k�1, (p�p)k � '( (p�p)k )I , (pp�)k � '( (pp�)k )I , and p(p�p)k�1 are elementsof W , for every k � 1. >From the Equations (2.5) it thus follows that every Pij;k(a) can beviewed as a word with 1, 2, or 3 letters over the alphabet fu; u�g [ W ; and moreover theletters which form Pij;k(a) always come alternatively from fu; u�g and W .Given any n � 1, i1; : : : ; in; in+1 2 f1; 2g and k1; : : : ; kn � 1, we claim that the product:w := Pi1i2;k1(a)Pi2i3;k2(a) � � �Pinin+1 ;kn(a) (2.8)still has the same alternance property of the letters, when viewed as a word over the alphabetfu; u�g [ W . Indeed, for every 2 � m � n there are two possibilities: either im = 1, inwhich case Pim�1im;km(a) ends with u� and Pimim+1;km+1(a) begins with a letter from W ;or im = 2, in which case Pim�1im;km(a) ends with a letter from W , and Pimim+1 ;km+1(a)begins with u. In both cases, the concatenation of Pim�1im;km(a) and Pimim+1 ;km+1(a) is stillalternating.But if the product w appearing in (2.8) is alternating when viewed as a word with lettersfrom fu; u�g [ W , then the equality '(w) = 0 follows from the de�nition of freeness (sincefu; u�g[W � Ker('), due to hypothesis (ii), and fu; u�g is free from fp; p�g by (i) ). QED2.4 Proposition. Let (A; ') be a �-probability space. Assume that u; p 2 A satisfythe following conditions: (i) fu; u�g is free from fp; p�g; (ii) u is a Haar unitary. Then theelement a := up 2 A satis�es the condition in �-moments of Theorem 1:2:1o.Proposition 2.4 is similar to Proposition 2.3, but its proof requires an additional argu-ment, in order to take care of the fact that now p(p�p)k�1 and p�(pp�)k�1 do not necessarilybelong to W of (2.7). We will use a: 10



2.5 Lemma. Let (A; ') be a �-probability space, and let u 2 A be a Haar unitary. LetC be a unital �-subalgebra of A, which is free from fu; u�g. Then '(w) = 0 for every wordof the form: w = uh0x1uh1 � � �xnuhn 2 A; (2.9)where n � 2, h0; h1; : : : ; hn 2 Z, x1; : : : ; xn 2 C and such that the following conditions hold:(i) hm 6= 0, for every 1 � m � n � 1; (ii) hm�1 � hm � 0, for every 1 � m � n such that'(xm) 6= 0.Proof of Lemma 2.5. By induction on the cardinality of fm j 1 � m � n; '(xm) 6= 0g.If this cardinality is zero, then the equality '(w) = 0 follows from the de�nition of freeness.For the induction step, we pick the smallest index m 2 f1; : : : ; ng such that '(xm) 6= 0, andwe write: '( uh0x1uh1 � � �xnuhn ) ='( uh0x1uh1 � � �xm�1uhm�1( xm � '(xm)I )uhm � � �xnuhn ) (2.10)+ '(xm) � '( uh0x1uh1 � � �xm�1uhm�1+hmxm+1uhm+1 � � �xnuhn ):By direct inspection, one sees that the induction hypothesis applies to both the wordsappearing on the right-hand side of (2.10); hence the quantity in (2.10) is equal to 0 +'(xm) � 0 = 0. QEDProof of Proposition 2.4. We have to show that '(w) = 0, where w is a product ofn factors Pij;k(a), of the special form appearing in Equation (2.8) above. The formulas forthe Pij;k(a)'s are exactly as in Equation (2.5).If n = 1, then the veri�cation of the fact that '(w) = 0 is immediate. (E.g., if w isof the form P11;k(a) = p�(pp�)k�1u�, then '(w) = '( p�(pp�)k�1 ) � '(u�) = 0, where we�rst used that fp; p�g is free from fu; u�g, and then the fact that '(u�) = '(u) = 0.) Sowe will assume that n � 2. In this case the argument given in the proof of Proposition 2.3(paragraph containing Equation (2.8)) shows that we can also write:w = uh0x1uh1 � � �xnuhn 2 A; (2.11)with h1; : : : ; hn�1 2 f�1; 1g, h0; hn 2 f�1; 0; 1g, and where every xm (1 � m � n) is ofone of the forms p�(pp�)k�1, (pp�)k � '( (pp�)k )I , (p�p)k � '( (p�p)k )I , or p(p�p)k�1, forsome k � 1. Let us now make the additional remark, also following from (2.5), (2.8), thatevery xm which is of the form p�(pp�)k�1 \sits between two u�'s"; or more precisely { ifxm is of the form p�(pp�)k�1, then hm = �1 and hm�1 2 f�1; 0g (where in fact hm�1 canbe 0 only if m = 1). Similarly, we remark that every xm in (2.11) which is of the formp(p�p)k�1 \sits between two u's". But then the Lemma 2.4 can be applied to (2.11) (withC = Alg(I; p; p�)), and yields that '(w) = 0, as desired. QED2.6 Proposition. Let (B;  ) be a tracial �-probability space, and let b 2 B be anelement which satis�es the condition in �-moments of Theorem 1:2:1o. Then one can �nda tracial �-probability space (A; ') and an element a 2 A which is identically �-distributedwith b, and which is obtained as a = up, where: u 2 A is a Haar unitary; p = p� 2 A issuch that fu; u�g is free from fpg, and such that '(p2k�1) = 0, 8 k � 1.11



Proof. It is easy to obtain (by using a free product construction like in the footnote toTheorem 1:2:2o) a tracial �-probability space (A; ') and elements u; p 2 A such that: u isa Haar unitary; p = p� is such that fu; u�g is free from fpg; and we have:'(pn) = ( 0; if n odd ( (b�b)n=2 ); if n even. (2.12)The element a := up 2 A is then R-diagonal, by either Proposition 2.3 or Proposition 2.4.For every k � 1 we have: '( (a�a)k ) = '(p2k) =  ( (b�b)k );by (2.12). Due to the traciality of ' and  , it is automatic that we also have '( (aa�)k ) = ( (bb�)k ), for every k � 1, and then Proposition 2.1 implies that a and b are identically�-distributed. QED2.7 Proof of part of Theorem 1.2 (the equivalences 1o , 2o , 3o). It is clear that3o ) 2o (if we also take into account the remark in the footnote to 1:2:2o). So it is su�cientto prove that 2o ) 1o ) 3o.2o ) 1o. Under the hypotheses of 2o we have, for every k � 1:'( a(a�a)k�1 ) = e'( (ua) � ( (ua)�(ua) )k�1 )(because a and ua are identically �-distributed)= e'( u � a(a�a)k�1 ) = e'(u) � '( a(a�a)k�1 ) = 0(where at the last two equalities we made use of the hypotheses (i) and (ii) of 2o, respec-tively). But then the Proposition 2.3 implies that ua satis�es the conditions in �-momentsfrom 1:2:1o. Since a and ua are identically �-distributed, it follows that a satis�es theseconditions, too.1o ) 3o. Let (A; ') be a �-probability space, and let a be an element of A, whichsatis�es the conditions in �-moments from 1:2:1o. Let ( eA; e') be an extension of (A; '), andlet u 2 eA be a unitary such that fa; a�g is free from fu; u�g. We want to show that a andua are identically �-distributed.By replacing ( eA; e') with the larger extension ( eA; e') ? (L1(T); dz), we may assume theexistence of a Haar unitary v 2 eA such that all the three sets fa; a�g, fu; u�g, fv; v�g arefree.We now make the following remarks:(a) a and va are identically �-distributed.Indeed, both a and va satisfy the conditions in �-moments of 1:2:1o (a by hypothesis,va by Proposition 2.4), and we have:e'� ( (va)�(va) )k � = e'� (a�a)k �; e'� ( (va)(va)� )k � = e'� (aa�)k � 8k � 1 (2.13)12



(where in the second equality (2.13) we used the general fact also invoked in Equation (2.6)above). Hence the statement (a) follows from Proposition 2.1.(b) ua and uva are identically �-distributed.Indeed, we have that fu; u�g is free from fa; a�g, but also that fu; u�g is free fromfva; (va)�g, and that a and va are identically �-distributed. This implies thate'( Q(u; u�; a; a�) ) = e'( Q(u; u�; va; (va)�) ); (2.14)for every non-commutative polynomial Q of four variables (see [13], Remark 2.5.2). Thestatement (b) is a direct consequence of (2.14).(c) uva satis�es the condition in �-moments of 1:2:1o.This follows from Proposition 2.3, because: fuv; (uv)�g is free from fa; a�g; e'(uv) =e'(u) e'(v) = 0; and '( a(a�a)k�1 ) = 0, for every k � 1, by the hypothesis on a.(d) ua satis�es the condition in �-moments of 1:2:1o.This is a direct consequence of (b) and (c).(e) a and ua are identically �-distributed.Indeed, the analogue of (2.13) still holds when v is replaced there by u. Since both aand ua satisfy the condition in �-moments from 1:2:1o (a by hypothesis, ua by statement(d)), the Proposition 2.1 implies the statement (e). QED3. The condition in terms of freeness with amalgamationIn this section we will prove the equivalence 1o , 5o of Theorem 1.2. The proof isstraightforward, due to the fact that the equations in �-moments appearing in 1:2:1o reallyare just an explicit spelling of the freeness condition stated in 1:2:5o.Recall (e.g. from [13], Section 3.8) that the de�nition of freeness with amalgamationover a subalgebra is made as follows.3.1 De�nition. Assume thatM is a unital algebra, that B �M is a unital subalgebra,and that E :M! B is a conditional expectation (i.e. E is linear, satis�es E(I) = I , andis such that E(b1xb2) = b1E(x)b2 for every x 2 M, b1; b2 2 B).1o Let (Ms)s2S be a family of subalgebras ofM, such that B �Ms for every s 2 S. Wesay that (Ms)s2S are free with amalgamation over B (and with respect to the conditionalexpectation E) if: E(x1x2 � � �xn) = 0for every n � 1, every s1; s2; : : : ; sn 2 S such that s1 6= s2, s2 6= s3; : : : ; sn�1 6= sn, andevery x1 2 Ms1 ; : : : ; xn 2 Msn such that E(x1) = � � � = E(xn) = 0.2o Let (Xs)s2S be a family of subsets ofM. We say that (Xs)s2S are free with amalga-mation over B if the subalgebras Ms := Alg(Xs [ B), s 2 S, are so.13



Note that the De�nition 3.1 does not require thatM and B are �-algebras (if they are,then the de�nition still makes sense, of course).3.2 Proof of part of Theorem 1.2 (the equivalence 1o , 5o). We consider theframework of Theorem 1.2: (A; ') is a �-probability space, a is an element of A, and wedenote A :=  0 aa� 0 ! 2 M2(A): (3.1)Let the subalgebras D �M2(CI) �M2(A) and the conditional expectation E :M2(A)! Dbe as described in 1:2:5o.For j 2 f1; 2g we will use the notationj := 3� j (3.2)(i.e., j is the element of f1; 2g which is not j).It is immediately seen that Alg(fAg [ D) �M2(A) is linearly spanned by the matricesof the form: (aa�)k 00 0 ! ;  0 a(a�a)k0 0 ! ;  0 0a�(aa�)k 0 ! ;  0 00 (a�a)k ! ; k � 0:This in turn implies the formula:fX 2 Alg(fAg [ D) j E(X) = 0g = spanfZij;k j i; j 2 f1; 2g; k � 1g; (3.3)where for every k � 1 we denote:Z11;k =  P21;k(a) 00 0 ! ; Z12;k =  0 P22;k(a)0 0 ! ; (3.4)Z21;k =  0 0P11;k(a) 0 ! ; Z22;k =  0 00 P12;k(a) ! ;and where the elements Pij;k(a) 2 A are as in Equation (1.4) of Notation 1.1.On the other hand let us denote:V11 =  I 00 0 ! ; V12 =  0 I0 0 ! ; V21 =  0 0I 0 ! ; V22 =  0 00 I ! ; (3.5)it is clear that: fX 2M2(CI) j ED(X) = 0g = spanfV12; V21g: (3.6)>From (3.3) and (3.6) it follows that Alg(fAg [ D) is free from M2(CI) with amalga-mation over D if and only if:8>>><>>>: ED( U 0Zj01j001 ;k1Vi1i1 � � �Vin�1in�1Zj0nj00n ;knU 00 ) = 0;8n � 1; 8j 01; j 001 ; : : : ; j 0n; j 00n; i1; : : : ; in�1 2 f1; 2g;8k1; : : : ; kn � 1; 8U 0; U 00 2 fV11 + V22; V12; V21g: (3.7)14



The matrix product appearing in (3.7) is 0 if it is not true that j 001 = i1, i1 = j 02; : : : ; j 00n�1 =in�1, in�1 = j 0n. And consequently, (3.7) is equivalent to:8>>><>>>: ED( U 0Zi0i1;k1Vi1i1Zi1i2;k2Vi2i2 � � �Vin�1in�1Zin�1in;knU 00 ) = 0;8n � 1; 8i0; i1; : : : ; in 2 f1; 2g;8k1; : : : ; kn � 1; 8U 0; U 00 2 fV11+ V22; V12; V21g: (3.8)But now, by taking (3.4) into account, we see that the matrix product in (3.8) has one entryequal to Pi0i1;k1(a)Pi1i2;k2(a) � � �Pin�1in;kn(a) (which can appear on any of the four possiblepositions, depending on the choices of U 0 and U 00); and has the other three entries equal to0. This makes it immediate that the condition (3.8) is equivalent to the one presented inEquation (1.5) of Theorem 1:2:1o. QED4. The condition in terms of non-crossing cumulantsIn this section we will prove the equivalence 4o , 5o of Theorem 1.2.It will be convenient that we use a version of the framework considered in the Introduc-tion, where there is no �-operation.4.1 De�nitions. 1o By a non-commutative probability space we will understand a pair(A; ') where A is a unital algebra over C, and ' : A ! C is a linear functional, normalizedby '(I) = 1. If a1; a2 2 A, then the numbers in the family:f '(ai1 � � �ain) j n � 1; i1; : : : ; in 2 f1; 2g g; (4.1)are called the joint moments of the pair a1; a2.2o If (A; ') and (B;  ) are non-commutative probability spaces, and if a1; a2 2 A,b1; b2 2 B, we say that the pairs a1; a2 and b1; b2 are identically distributed if:'(ai1 � � �ain) =  (bi1 � � �bin) 8 n � 1; 8 i1; : : : ; in 2 f1; 2g: (4.2)3o Let (A; ') and (Ak; 'k), k � 1, be non-commutative probability spaces; and considerpairs of elements a1; a2 2 A and a1;k; a2;k 2 Ak , k � 1. We say that the pairs a1;k; a2;kconverge in distribution to a1; a2 iflimk!1 'k(ai1;k � � �ain ;k) = '(ai1 � � �ain); 8 n � 1; 8 i1; : : : ; in 2 f1; 2g:The condition described in Theorem 1:2:5o can be adapted to the framework without�-operation, as follows. 15



4.2 De�nition. Let (A; ') be a non-commutative probability space. Consider theunital subalgebras D �M2(CI) �M2(A), where:D := f  �I 00 �I ! j �; � 2 C g; M2(CI) := f  �I �I
I �I ! j �; �; 
; � 2 C g;and consider the conditional expectation E :M2(A)! D given by the formula:E�  a bc d ! � =  '(a)I 00 '(d)I ! ; a; b; c; d 2 A:We say that a pair of elements a1; a2 2 A satisfy the (RDA) condition 2 if the matrixA :=  0 a1a2 0 ! 2 M2(A)is free from M2(CI), with amalgamation over D.4.3 Proposition. Let (A; ') and (B;  ) be non-commutative probability spaces, andlet a1; a2 2 A, b1; b2 2 B be such that the pairs a1; a2 and b1; b2 are identically distributed.If one of the pairs a1; a2 and b1; b2 satis�es (RDA), then the other pair also satis�es (RDA).Proof. The statement of the proposition is an immediate consequence of the equality:E( X0AX1 � � �AXn ) = E( X0BX1 � � �BXn ); (4.3)for n � 1, X0; : : : ; Xn 2M2(CI), and where we denoted:A :=  0 a1a2 0 ! 2 M2(A); B :=  0 b1b2 0 ! 2 M2(B):(The notations in (4.3) were slightly abused, in the respect that \M2(CI)" is a subalgebra ofM2(A) on the left-hand side and is a subalgebra of M2(B) on the right-hand side; similarlywith the meaning of \E".) On the other hand, (4.3) is in turn an immediate consequenceof the fact that the pairs a1; a2 and b1; b2 are identically distributed. QEDWe now turn to the concept of non-crossing cumulants. These were introduced in [9]by combinatorial methods. We will use here an alternative approach, observed in [1], andcalled \modeling on the full Fock space".4.4 Notations. We will denote by T the full Fock space over C2, i.e. the Hilbert spaceT := C � �1n=1( C2 
 � � � 
C2| {z }n ): (4.4)2\RD" and \A" are meant to remind of the words \R-diagonal" and \amalgamation".16



The number 1 in the �rst summand C on the right-hand side of (4.4) is denoted by 
(2 T ), and is called the \vacuum-vector". We will denote by 'vac : B(T ) ! C the linearfunctional de�ned by 'vac(x) := hx
 j 
i; x 2 B(T ):We will denote by l1; l2 2 B(T ) the \left-creation" operators determined by the formula:li(�1 
 � � � 
 �k) = ei 
 �1 
 � � � 
 �k; 8 k � 0; 8 �1; : : : ; �k 2 C2; (4.5)where e1; e2 is the canonical basis of C2. The operators l1; l2 form a family of Cuntzisometries, i.e. they satisfy the the relationsl�i lj = �i;jI; i; j 2 f1; 2g: (4.6)By using (4.6), it is easily seen that every monomial in l1; l�1; l2; l�2 either is equal to 0 or canbe brought to the form { called Wick-ordered form:li1 � � � lipl�j1 � � � l�jq (for some p; q � 0 and i1; : : : ; ip; j1; : : : ; jq 2 f1; 2g): (4.7)The Wick-ordered monomials listed in (4.7) form a linear basis for the sub{�{algebra ofB(T ) generated by l1 and l2. Note that the action of 'vac on this �-algebra is given by theformula: 'vac(li1 � � � lipl�j1 � � � l�jq) = ( 1; if p = q = 00; otherwise. (4.8)4.5 Review of the non-crossing cumulants. Let (A; ') be a non-commutative proba-bility space, and let a1; a2 be a pair of of elements of A. The non-crossing cumulants ofa1; a2 are a family of complex numbers:n �(i1;:::;in)(a1; a2) j n � 1; i1; : : : ; in 2 f1; 2g o; (4.9)which was de�ned by Speicher in [9], via a combinatorial recipe involving lattices of non-crossing partitions. Out of the combinatorial de�nition for the family in (4.9) we will onlyretain the following fact: for every n � 1 and i1; : : : ; in 2 f1; 2g there exist universalpolynomials with integer coe�cients, P;Q (depending on i1; : : : ; in but not on (A; ') anda1; a2), such that:8>>>>>><>>>>>>: '(ai1 � � �ain) = �(i1;:::;in)(a1; a2)+P� f �(j1;:::;jm)(a1; a2) j m < n; j1; : : : ; jm 2 f1; 2g g �;�(i1;:::;in)(a1; a2) = '(ai1 � � �ain)+Q� f '(aj1 � � �ajm) j m < n; j1; : : : ; jm 2 f1; 2g g �: (4.10)In order to compensate for the fact that an explicit characterization for P;Q of (4.10)is not given, we indicate a concrete construction for a pair a1; a2 in (B(T ); 'vac), which hasa prescribed �nitely supported family of non-crossing cumulants. This goes as follows. Let17



N � 1 and a family of complex numbers f 
(i1;:::;in) j n � N , i1; : : : ; in 2 f1; 2g g be given.Consider the operator:x = I + NXn=1 2Xi1;:::;in=1 
(i1;:::;in) lin � � � li1 2 B(T ); (4.11)and set a1 := l�1x; a2 := l�2x (4.12)(where l1; l2 are the left-creation operators from (4.5)). Then the non-crossing cumulantsof the pair a1; a2, in (B(T ); 'vac), are:�(i1;:::;in)(a1; a2) = ( 
(i1;:::;in) if n � N0 if n > N:It is easy to see that the construction described in (4.11-12) can be used (together withthe general fact stated in (4.10)) in order to provide a consistent de�nition of the non-crossing cumulants. The equivalence between this and the original de�nition of Speicherwas shown in [1].>From (4.10) it is immediate that every family f
(i1;:::;in) j n � 1, i1; : : : ; in = 1; 2gcan appear as the family of non-crossing cumulants of a pair of elements in some non-commutative probability space. Moreover, if the family of 
(i1;:::;in)'s has the additionalproperty that: 
(in;:::;i1) = 
(i1;:::;in); 8 n � 1; 8 i1; : : : ; in 2 f1; 2g (4.13)(where we used the convention i := 3 � i, same as in Equation (3.2) of Section 3.2), thenone can �nd a �-probability space (B;  ) and an element b 2 B, such that:�(i1;:::;in)(b; b�) = 
(i1;:::;in); 8 n � 1; 8 i1; : : : ; in 2 f1; 2g:We conclude this review of non-crossing cumulants by stating a fact which follows byelementary considerations when the explicit formulas of P;Q in (4.10) (in terms of non-crossing partitions) are written down { see [5], Section 5.4.6 Proposition. Let (A; ') and (B;  ) be non-commutative probability spaces, andlet a1; a2 2 A, b1; b2 2 B be such that:8><>: '( a1(a2a1)k ) = '( a2(a1a2)k ) = 0 ( b1(b2b1)k ) =  ( b2(b1b2)k ) = 0 ; 8k � 1 (4.14)and such that8>>>>>><>>>>>>: �( 1; 2; : : : ; 1; 2| {z }2k )(a1; a2) = �( 1; 2; : : : ; 1; 2| {z }2k )(b1; b2)�( 2; 1; : : : ; 2; 1| {z }2k )(a1; a2) = �( 2; 1; : : : ; 2; 1| {z }2k )(b1; b2) ; 8k � 1: (4.15)18



Then we also have: 8><>: '( (a1a2)k ) =  ( (b1b2)k )'( (a2a1)k ) =  ( (b2b1)k ) ; 8k � 1: (4.16)The condition on non-crossing cumulants which is of interest in this paper is the follow-ing:4.7 De�nition. Let (A; ') be a non-commutative probability space, and let a1; a2 be apair of elements ofA. We say that a1; a2 satisfy the (RDC) condition 3 if �(i1;:::;in)(a1; a2) = 0whenever (i1; : : : ; in) is not of the form (1; 2; 1; 2; : : : ; 1; 2) or (2; 1; 2; 1; : : : ; 2; 1).4.8 Remark. Our next goal is to prove the implication \(RDC) ) (RDA)", with(RDC) and (RDA) de�ned as in 4.6 and 4.2. It turns out that the proof can be madeby putting together two facts about the left-creation operators l1; l2 2 B(T ) considered inthe Notations 4.4. Roughly speaking, the two facts in question are that: (a) the pair l2; l1satis�es a strengthened form of (RDA); and (b) the pair l2; l1 generates, in a certain sense,all the pairs which satisfy (RDC). The precise statement of the fact (a) will be given in thenext Proposition 4.9, while the fact (b) will appear in the proof of Proposition 4.10. Theidea for this line of proof comes from the general theory of free creation operators developedin [8].4.9 Proposition. Consider the non-commutative probability space (B(T ); 'vac) de-scribed in the Notations 4.4. For this particular space, consider the subalgebras D �M2(CI) � M2(B(T )) and the expectation E : M2(B(T )) ! D, as described in De�nition4.2. Consider moreover the left-creation operators l1; l2 2 B(T ) (as in (4.5)), and form thematrix: L :=  0 l2l1 0 ! 2 M2(B(T )):Then fL; L�g is free from M2(CI), with amalgamation over D.Proof. Let � : D ! D be the automorphism de�ned by:��  �I 00 �I ! � = �  �I 00 �I ! �; �; � 2 C: (4.17)It is immediately veri�ed that:L�AL = �(E(A)); 8A 2M2(CI): (4.18)The desired freeness with amalgamation follows from (4.18), by the virtue of Theorem 2.3in [8]. For the reader's convenience, the next two paragraphs show how this argument goes.3\RD" and \C" are meant to remind of the words \R-diagonal" and \cumulants".19



By using the relation L�DL = �(D), D 2 D (which is a particular case of (4.18) ), wesee that Alg(fL; L�g [ D) is the linear span of the elements of the form:W = D0LD1 � � �LDpL�D01 � � �L�D0q; (4.19)where D0; D1; : : : ; Dp; D01; : : : ; D0q 2 D. Moreover, by also using (4.8) and the formula forthe expectation E, it is easily seen that Alg(fL; L�g [ D)\ Ker(E) is the linear span ofthose words W as in (4.19) for which the non-negative integers p; q (appearing in (4.19))are not both equal to zero. In view of this description of Alg(fL; L�g [ D)\ Ker(E), thestatement of the proposition amounts to showing that:E( A0W1A1 � � �WrAr ) = 0 (4.20)whenever r � 1, A1; : : : ; Ar�1 2 M2(CI)\ Ker(E), each of A0; Ar is either in M2(C()\Ker(E) or is  I 00 I !, and each of W1; : : : ;Wr is as in (4.19), with the corresponding p; qsatisfying p+ q > 0.Finally, (4.20) is proved as follows. Let us denote A0W1A1 � � �WrAr =: X . When eachof W1; : : : ;Wr is replaced (in X) by its form as in (4.19), X gets the expression:X = B0Li1B1 � � �LisBs; (4.21)where s � 1, Li1 ; : : : ; Lis 2 fL; L�g,B0; B1; : : : ; Bs 2M2(CI). If in the sequence Li1 ; : : : ; Listhere is no L� followed by an L, then the fact that E(X) = 0 is an immediate consequenceof (4.8). In the opposite case, let us pick an m, 1 � m � s � 1, such that Lim = L�,Lim+1 = L. It is then immediately checked that the matrix Bm appearing in (4.21) hasE(Bm) = 0. (Indeed, Bm must be of the form Bm = D0AkD00, with 1 � k � r � 1, andwhere Ak is taken from (4.20); hence E(Bm) = D0E(Ak)D00 = 0.) But then (4.18) gives us:L�BmL = �( E(Bm) ) = 0;and it follows that X itself is equal to zero. QED4.10 Proposition. Let (A; ') be a non-commutative probability space and let a1; a2be a pair of elements of A, which satis�es the condition (RDC). Then the pair a1; a2 alsosatis�es the condition (RDA).Proof. We denote:�( 1; 2; : : : ; 1; 2| {z }2n )(a1; a2) =: �n; �( 2; 1; : : : ; 2; 1| {z }2n )(a1; a2) =: �n; 8 n � 1:It is easily veri�ed that both the conditions (RDC) and (RDA) are preserved underconvergence in distribution (as de�ned in 4:1:3o). Due to this fact (and since pairs ofelements can be constructed with truncated families of non-crossing cumulants { cf. Section4.5) we may assume that there exists N � 1 such that �n = 0 = �n for n > N .20



Furthermore, since (RDC) and (RDA) depend only on the joint moments of a1 and a2,we may (and will) assume that (A; ') = (B(T ); 'vac) and that a1; a2 are as described inthe Equations (4.11-12) of Section 4.5:ai = l�i � I + NXn=1 �n(l1l2)n + �n(l2l1)n �; i = 1; 2: (4.22)We can rewrite (4.22) as 8><>: a1 = l�1 +PNn=1 �nl2(l1l2)n�1a2 = l�2 +PNn=1 �nl1(l2l1)n�1;or in matrix form: A = L� + NXn=1 �n 00 �n !L2n�1; (4.23)with A :=  0 a1a2 0 ! ; L :=  0 l2l1 0 ! : (4.24)>From (4.23) it follows thatA 2 Alg(fL; L�g[D), hence thatAlg(fAg[D) � Alg(fL; L�g[D): The latter algebra is free from M2(CI), with amalgamation over D (by Proposition4.9); hence Alg(fAg [ D) is also free from M2(CI), with amalgamation over D. QED4.11 Proof of part of Theorem 1.2 (the equivalence 4o , 5o). The particularizationof Proposition 4.10 to the case of a �-probability space gives the implication 4o ) 5o, sowe only need to discuss 5o ) 4o. We will show that 5o ) 4o actually follows from thecombination of 4o ) 5o with an exhaustion argument.So, let (A; ') be a tracial �-probability space and let a 2 A be an element whichsatis�es the condition 5o. By what was proved in Section 3, we know that a also satis�esthe condition 1o of Theorem 1.2.We denote:�n := �( 1; 2; : : : ; 1; 2| {z }2n )(a; a�); �n := �( 2; 1; : : : ; 2; 1| {z }2n )(a; a�); 8 n � 1: (4.25)Remark that �n; �n 2 R, for every n � 1. Indeed, all the �-moments of a are real numbers(Remark 2.2); hence the non-crossing cumulants of a; a� must also be real numbers, sincethe polynomials P;Q of (4.10) have integer (in particular real) coe�cients.Consider the family of real numbers f
(i1;:::;in) j n � 1, i1; : : : ; in = 1; 2g de�ned asfollows: 
(i1;:::;in) = 8>>>>>>>>><>>>>>>>>>: �k if (i1; : : : ; in) = ( 1; 2; : : : ; 1; 2| {z }2k )�k if (i1; : : : ; in) = ( 2; 1; : : : ; 2; 1| {z }2k )0 otherwise.21



These 
(i1;:::;in)'s clearly satisfy the Equation (4.13) in Section 4.5. Consequently (by theremark made there) one can �nd a �-probability space (B;  ) and an element b 2 B suchthat: �(i1;:::;in)(b; b�) = 
(i1;:::;in); 8n � 1; 8i1; : : : ; in 2 f1; 2g:By construction, the element b 2 B satis�es the condition 4o of Theorem 1.2; hence balso satis�es 1o of 1.2 { because 4o ) 5o , 1o were proved above.We show that a 2 A and b 2 B are identically �-distributed. We �rst observe that, bythe construction of b, we have:8>>>>>><>>>>>>: �( 1; 2; : : : ; 1; 2| {z }2k )(a; a�) = �( 1; 2; : : : ; 1; 2| {z }2k )(b; b�)�( 2; 1; : : : ; 2; 1| {z }2k )(a; a�) = �( 2; 1; : : : ; 2; 1| {z }2k )(b; b�) 8k � 1:But then the Proposition 4.6 implies that:'( (a�a)k ) =  ( (b�b)k ); '( (aa�)k ) =  ( (bb�)k ); 8k � 1(note that the condition (4.14) required in the hypothesis of Proposition 4.6 is automaticallyful�lled, due to the fact that both a and b satisfy 1o of Theorem 1.2). It only remains toinvoke Proposition 2.1; this can be done, again because a and b satisfy 1o of Theorem 1.2,and gives us that a and b are identically �-distributed.But from Equation (4.10) it is clear that if a and b are identically �-distributed, thena; a� and b; b� must have identical non-crossing cumulants. Hence for every n � 1 and every(i1; : : : ; in) 2 f1; 2gn which is not of the form (1; 2; 1; 2; : : : ; 1; 2) or (2; 1; 2; 1; : : : ; 2; 1) weobtain: �(i1;:::;in)(a; a�) = �(i1;:::;in)(b; b�) = 0:This means that a satis�es the condition 4o of Theorem 1.2. QED5. Conjectured formulas for the determining series of a product5.1 Review of the operation ?. Let � denote the set of all formal power series of theform f(z) = P1n=1 �nzn, where �1; �2; �3; : : : 2 C. Then ? is a binary operation on �,determined by the formula: R(a) ? R(b) = R(ab); (5.1)holding whenever a and b are free elements in some non-commutative probability space(A; '). The Equation (5.1) does really de�ne ?, in a coherent way, because:(a) given f; g 2 �, one can always construct a non-commutative probability space (A; ')and two free elements a; b in A, with R-transforms R(a) = f , R(b) = g;(b) if a and b are free in (A; '), then the moments of ab (and hence R(ab) ) are completelydetermined by the moments of a and of b (hence by R(a) and R(b) ) { see [13], Proposition2.5.5. 22



The operation ? can also be given a direct combinatorial de�nition. That is: if f(z) =P1n=1 �nzn, g(z) =P1n=1 �nzn, then the coe�cient of order n of f ? g can be de�ned via acertain summation formula over non-crossing partitions of the set f1; : : : ; ng, which involves�1; : : : ; �n; �1; : : : ; �n. For instance, the formulas for the �rst three coe�cients 
1; 
2; 
3 off ? g come out as: 8>>>>><>>>>>: 
1 = �1�1;
2 = �2�21 + �21�2;
3 = �3�31 + 3�1�2�1�2 + �31�3:We do not insist here on the combinatorics of ?, the interested reader can �nd a detailedpresentation in [4].It is immediate from (5.1) that the operation ? is associative. Less obvious, but never-theless true is that ? is also commutative (see [13], Remark 3.6.2; or Proposition 1.4.2 of[4], in the combinatorial approach to ? ). The series:id(z) := z (5.2)is the unit for ? . Two other important series which appear in the considerations about ?are the Zeta and the Moebius series:8><>: Zeta(z) = P1n=1 znMoeb(z) = P1n=1[(�1)n+1(2n)!=n!(n+ 1)!]zn: (5.3)Moeb and Zeta are inverse to each other with respect to ? (i.e., Moeb ? Zeta = id =Zeta ? Moeb).5.2 Review of a result from [5]. Let (A; ') be a tracial �-probability space. If a 2 Ais R-diagonal, then the determining series fa can be calculated as:fa = R(a�a) ? Moeb (5.4)(see [5], Proposition 1.7). An equivalent way of writing (5.4) is:R(a�a) = fa ? Zeta (5.5)(since Zeta is the inverse of Moeb with respect to ? ).>From (5.4), (5.5), one can easily obtain a formula for fab, where a; b are R-diagonalelements in a tracial �-probability space (A; '), such that fa; a�g is free from fb; b�g. Indeed,note �rst that: R( (ab)�(ab) ) = R(b�a�ab)= R(a�abb�) (because (A; ') is tracial)= R(a�a) ? R(bb�) (by (5.1))= R(a�a) ? R(b�b) (because (A; ') is tracial).23



Therefore one has: fab = R( (ab)�(ab) ) ? Moeb (by (5.4))= R(a�a) ? R(b�b) ? Moeb= (fa ? Zeta) ? (fb ? Zeta) ? Moeb (by (5.5))= fa ? fb ? Zeta: (5.6)We believe that the Equations (5.5) and (5.6) have the following generalizations to thesituation of an arbitrary (not necessarily tracial) �-probability space.5.3 Conjectured formulas. Let (A; ') be a �-probability space.1o Let a 2 A be an R-diagonal element, and assume that '(a�a) 6= 0 6= '(aa�). Thedetermining series fa and ga are then invertible under the operation of composition, \�", forpower series; we denote the inverses of fa and ga (with respect to �) by f<�1>a and g<�1>a ,respectively. Then we have:8><>: R(aa�) = fa � g<�1>a � (ga ? Zeta)R(a�a) = ga � f<�1>a � (fa ? Zeta): (5.7)2o Let a; b 2 A be R-diagonal elements, such that fa; a�g is free from fb; b�g, and suchthat '(a�a) 6= 0 6= '(aa�), '(b�b) 6= 0 6= '(bb�). Then we have:8><>: fab = fa � g<�1>a � (ga ? fb ? Zeta)gab = gb � f<�1>b � (fb ? ga ? Zeta): (5.8)5.4 Remarks. 1o If one wants a version of the Equations (5.8) where the operation? does not appear in an explicit way, then the following can be used. Let (A; ') be a�-probability space, and let a; b 2 A be R-diagonal elements such that fa; a�g is free fromfb; b�g. In an enlargement of (A; ') construct selfadjoint elements p; q such that: fpg is freefrom fa; a�g and R(p) = fb; fqg is free from fb; b�g and R(q) = ga (�nding such p and q isalways possible). Then: fab = R(apa�); gab = R(b�qb): (5.9)The Equation (5.9) can be derived from the conjectures made in 5.3. While less precisethan (5.8), this equation would still provide a \concrete" way of calculating the determiningseries of ab, which only uses the 1-dimensional R-transform.2o Let (A; ') be a a �-probability space, and let a 2 A be an R-diagonal element, suchthat '(a�a) 6= 0 6= '(aa�). The series fa � g<�1>a can be used for measuring \how far is' from being a trace" on the unital �-algebra Alg(I; a; a�) generated by a (at least in thesense that 'jAlg(I; a; a�) is a trace , fa = ga , fa � g<�1>a = id). The Equations(5.8)would imply a \multiplicativity property" for fa � g<�1>a , or more precisely that:fab � g<�1>ab = (fa � g<�1>a ) � (fb � g<�1>b ); (5.10)whenever a; b are R-diagonal, with '(a�a) 6= 0 6= '(aa�), '(b�b) 6= 0 6= '(bb�), and suchthat fa; a�g is free from fb; b�g. The Equation (5.10) is a direct consequence of (5.8) andof the fact that ? is commutative. 24
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