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Macroscopic Models for Almost ElasticNonlinear Electron-Phonon Interactionin SemiconductorsChristian Schmeiser1Abstract. A semiclassical transport equation for electrons in a semiconduc-tor crystal is considered. It includes a nonlinear scattering operator mod-elling electron-phonon interaction. A formal macroscopic limit under theassumption of a small phonon energy is carried out, leading to the so calledspherical harmonics expansion (SHE-) model for an energy-dependent dis-tribution function with a scattering operator of Fokker-Planck type. By afurther macroscopic limit for electric �elds balancing the inelastic scatter-ing operator, a nonlinear, hyperbolic conservation law for the macroscopicdensity is derived. The 
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1 IntroductionThe behaviour of charged particles under the action of electric �elds and dom-inantly elastic scattering mechanisms receives increasing attention recently.Two important applications are the transport of light particles undergoingcollisions with heavy particles in ionized gases [4], [9], [13] and the trans-port of charge carriers in semiconductor crystals [3], [5], [1], [12], [14]. In akinetic description, the dominance of elastic scattering mechanisms causesthe distribution function to be almost isotropic in terms of the wave vector(respectively the velocity). Models for approximating distribution functionsdepending only on the energy have �rst been derived for particles with rota-tionally symmetric transport properties by an expansion in terms of spheri-cal harmonics (see, e.g., [15]. Although this procedure can be replaced by anasymptotic approach extendable to nonisotropic situations [5], [1], the result-ing models are often called SHE- (spherical harmonics expansion) models.In general, SHE-models contain scattering terms with a tendency to movethe distribution towards equilibrium. Thus, the long time behaviour is de-scribed by macroscopic equations for the parameters in the equilibriumdistri-bution. Of recent interest [2] are macroscopic limits for high �eld situationswhere the ground state is in
uenced by an electric �eld balancing the scat-tering mechanisms.The present work is concerned with the transport of electrons in a semi-conductor crystal subject to acceleration by a prescribed electric �eld and tointeraction with phonons with constant phonon energy. With the assump-tions that a typical energy of the electrons is the thermal energy and thatthe phonon energy is small compared to that, the electron-phonon interac-tion is almost elastic and the framework described above applies. The maindi�erence to earlier work [3], [14], is that a nonlinear scattering operator isconsidered taking into account degeneracy e�ects for high densities.In the following section the kinetic model is presented and nondimension-alized according to the above comments. Some properties of the scatteringoperator are collected in section 3. In section 4 the SHE-model is derivedby a Hilbert expansion (following a standard procedure [5], [1], [14]). Thescattering operator in the SHE-model is a nonlinear di�erential operator ofFokker-Planck type. This part of the present work is an extension of [14] tothe nonlinear and nonisotropic case.The comparison to related models is the subject of section 5. Here dif-2



ferent scaling assumptions are used, following [1], [3]: The phonon energyis assumed of the order of magnitude of the thermal energy (which is validfor, e.g., optical phonons in silicon), and the average electron energy muchlarger than that. The macroscopic limit gives a nonlinear extension of theSHE-model derived in [3]. It can be seen as a submodel of the one derived insection 4. The scattering operator is a �rst order degeneration of the secondorder Fokker-Planck operator.Finally, section 6 is concerned with a macroscopic limit for high �elds ofthe SHE-model derived in section 4. This is a nonlinear (and nonisotropic)extension of a result from [2]. A �rst order continuity equation for the macro-scopic density is derived, containing a conductivity matrix with a nonlineardependence on the density and on the electric �eld. The asymptotic be-haviour for large �elds and the nonlinear structure are studied showing thatcompression shocks are enabled by the nonlinearity.2 The Kinetic ModelWe describe the transport of electrons in a semiconductor crystal by a distri-bution function f(x; k; t) depending on the position x 2 IR3, the wave vectork 2 IR3 and time t 2 IR. The distribution function is a solution of the kineticequation @f@t + 1�hrk"b � rxf � q�hE � rkf = Qphon(f) : (2.1)Here �h and q denote the reduced Planck constant and the elementary charge,respectively. The (given) electric �eld E(x; t) is time and space dependent.The band diagram "b(k), the distribution function (as a function of the wavevector, for �xed x and t) and all other functions of k appearing below areperiodic with period B � IR3, where the Brillouin zone B is a fundamentalcell of the dual of the crystal lattice. In the following, re
ection symmetrywill also be used: The Brillouin zone B is symmetric with respect to theorigin and "b(�k) = "b(k) holds. The collision operatorQphon(f)(x; k; t) = ZB �(x; k; k0)h�(Nphon + 1)�("b � "0b + "phon)+Nphon�("b � "0b � "phon)�f 0(1 � f)3



��(Nphon + 1)�("0b � "b + "phon)+Nphon�("0b � "b � "phon)�f(1 � f 0)idk0 (2.2)with the phonon occupation numberNphon = �exp� "phonkBTL�� 1��1is a model for the interaction of the electrons with phonons with constantenergy "phon. The matrix element � is a symmetric function of k and k0. Inthe following it will be assumed to be bounded away from zero: �(x; k; k0) �� > 0. The Boltzmann constant and the lattice temperature are denoted bykB and TL, respectively. In (2.2), the prime is used as a shorthand notationfor evaluation at k0. The factors 1�f and 1�f 0 account for the Pauli exclusionprinciple and make the collision operator quadratically nonlinear. In lowdensity approximations they are often left out. The distribution functionhas to satisfy the inequalities 0 � f � 1. We point out that (2.1) is a modelequation where other scattering e�ects (like impurity scattering, electron-electron scattering, band-to-band transitions) are ignored.As a degenerate example for the band diagram we mention the parabolicband approximation close to a band diagram minumum"b(k) = �h2jkj22meff ; B = IR3 ; (2.3)with e�ective mass meff . A typical approximation for the matrix element isby a constant: �(x; k; k0) = � :In the following, we shall return to these examples repeatedly.For a nondimensionalization, we introduce as reference energy the thermalenergy " = kBTL. Then a reference wave vector length k is determined byrequiring that the scaled band diagram "bs, satisfying"b(k) = ""bs  kk! ;4



takes moderate values for moderate values of its argument. For the parabolicband approximation (2.3) we choosek = qkBTLmeff�h ; "bs(ks) = jksj22 :The scattering operator is made dimensionless by taking out the typicalscattering frequency Q = � k3Nphon" ;where � is a typical value of the matrix element. As reference time therelaxation time t = Q�1 is chosen. Balancing the terms on the left hand sideof (2.1) then leads to a reference length and a reference �eld strength:x = "t�hk ; E = "qx :Obviously, "=(�hk) is a reference velocity, and x can be interpreted as a meanfree path. Thus, the present scaling is relevant for the observation of micro-scopic e�ects. The dimensionless parameter� = "phonkBTLis the scaled phonon energy.When dimensionless quantities are introduced according tox = xxs ; k = kks ; t = tts ; B = kBs ;E = EEs ; "b(k) = ""bs  kk! ; �(x; k; k0) = ��s  xx; kk ; k0k ! ;the scaled version of the transport equation becomes@f@t +rk"b � rxf � E � rkf = Q�(f) ; (2.4)where the subscripts s have been dropped and the scaled scattering operatoris given byQ�(f) = ZB �h�e��("b � "0b + �) + �("b � "0b � �)�f 0(1 � f)��e��("0b � "b + �) + �("0b � "b � �)�f(1 � f 0)idk0 : (2.5)5



The scaled parabolic band assumption and constant matrix element become"b(k) = jkj22 ; �(x; k; k0) = 1 : (2.6)3 The Collision OperatorFor further reference we recall a basic identity [11], a consequence of thesymmetry of �:ZB Q�(f)g dk = �12 ZB ZB �(1 � f)(1 � f 0)�e�"0b�("0b � "b + �)+e�"b�("b � "0b + �)� f 0e"0b1 � f 0 � fe"b1 � f ! (g0 � g)dk0dk : (3.1)With g = fe"b=(1� f), with the positivity assumption on � and for positive� it immediately implies that Q�(f) = 0 i�f(k) = 11 + exp("b(k)� �("b(k)))for an arbitrary �-periodic function � (see [10], [11]). Note that for constant� this is a Fermi-Dirac distribution with chemical potential �.Our aim is to study the situation when � is small. Expansion of (2.5)around � = 0 for �xed f givesQ�(f) = (1 + �)Q0(f) + �2Q2(f) +O(�3) (3.2)with Q0(f) = 2 ZB ��("b � "0b)(f 0 � f)dk0 ; (3.3)a linear, elastic collision operator. The computation of Q2 is left open at themoment.For expanding the Delta-distributions in (2.5) and (3.3) the coarea for-mula [6] is needed:ZB  (k)dk = Z 1�1 ZS"  (k) dS"(k)jrk"b(k)jd" ;6



with the manifoldsS" = fk 2 B; "b(k) = "g ; " 2 IR ;and the Euclidean surface element dS"(k) on S". We use the notationdN"(k) = dS"(k)=jrk"b(k)j and assume that the density of statesN(") = ZS" dN"exists for every " 2 IR. Of course it is su�cient to only consider " 2 R =f"b(k) : k 2 Bg, since outside of R, N vanishes and S" is empty. Notethat for physically accurate models with a bounded Brillouin zone B, Ris a bounded interval, whereas for the parabolic band approximation (2.6)R = [0;1) and N(") = 4�p2" hold.In the following, some properties of Q0 will be recalled [1]. >From (3.1)with � = 0 and g = f we obtainZBQ0(f)f dk = � ZB ZS"b �(f 0 � f)2dN"b(k0)dk :An immediate consequence isQ0(f) = 0 () f(k) = F ("b(k)) : (3.4)Also, all functions depending on k only through the energy are collisioninvariants: ZB Q0(f)F ("b)dk = 0 ;or, equivalently, ZS" Q0(f)dN" = 0 8 " 2 R :With the positivity assumption on the matrix element the above can bestrengthened [1] to the statement that the conditionZS" g dN" = 0 8 " 2 R (3.5)7



is su�cient for the unique solvability ofQ0(f) = g ; ZS" f dN" = 0 : (3.6)For the example (2.6) of a parabolic band and constant matrix element, thesolution can be given explicitly: f = �g=(8�jkj)As a �nal result of this section we compute some information on theoperator Q2 appearing in (3.2). With F = F ("b(k)) and a test function =  ("b(k)),  2 C10(R), straightforward Taylor expansion in (3.1) gives(using (3.4))ZB Q2(F ) dk = � ZR �0(1� F )2e�" dd" � Fe"1 � F � d d" d" :with �0(x; ") = ZS" ZS" �(x; k; k0)dN"(k0)dN"(k) :For the parabolic band and constant matrix element (2.6) we obtain �0 =32�2". With the identity(1� F )2e�" dd" � Fe"1� F � = dFd" + F (1� F )and an integration by parts,ZB Q2(F ) dk = ZR dd" "�0  dFd" + F (1� F )!# d"follows, implyingZS" Q2(F )dN" = S(F ) := dd" "�0  dFd" + F (1� F )!# (3.7)for all " 2 R.4 A Macroscopic LimitIn (2.4), we introduce the (macroscopic) di�usion scalingE ! �E ; x! x� ; t! t�2 :8



In the resulting transport equation�2@f@t + �rk"b � rxf � �E � rkf = Q�(f) ; (4.1)the limit �! 0 will be carried out in the following by the Hilbert expansionprocedure. The ansatzf = f0 + �f1 + �2f2 +O(�3)is substituted in (4.1) and coe�cients of equal powers of � are compared(using the expansion (3.2) of the scattering operator):�0 : 0 = Q0(f0) ; (4.2)�1 : rk"b � rxf0 � E � rkf0 = Q0(f1) +Q0(f0) ; (4.3)�2 : @f0@t +rk"b � rxf1 � E � rkf1 = Q0(f2) +Q0(f1) +Q2(f0) :(4.4)The �rst equation, (4.2), and (3.4) imply the existence of a function F (x; "; t)such that f0(x; k; t) = F (x; "b(k); t) : (4.5)The higher order equations are needed to specify F . With (4.5), (4.3) be-comes rk"b �  rxF � E @F@" ! = Q0(f1) ;and we can write the general solution asf1 = �� �  rxF � E @F@" !+ F1 ; (4.6)where �(x; k) is the solution of (3.6) with g = �rk"b (satisfying (3.5) bythe re
ection symmetry) and F1 (like F ) depends on the wave vector onlythrough the energy. Now, for �xed " 2 R, (4.4) is integrated over S" aftersubstituting (4.5) and (4.6):N @F@t �  rx � E @@"! � "D  rxF � E @F@" !# = S(F ) ; (4.7)9



where (3.7) has been used for the evaluation of the right hand side, and thedi�usion matrix is given byD(x; ") = ZS" � 
rk"b dN" :Equation (4.7) is a version of the SHE-model (see [1] and the referencestherein) with a Fokker-Planck type di�erential operator as scattering oper-ator. It is a generalized version of the equation derived in [14], where thelow density assumption and the parabolic band approximation have beenused. The domain of the solution of the SHE-equation (4.7) is x 2 IR3," 2 R, t 2 IR. Generically, the di�usion matrix is positive de�nite exceptfor " 2 @R where it vanishes [1]. The same holds for the di�usivity �0 inthe scattering operator. Therefore, (4.7) is a degenerate parabolic equationin IR3�R. As a consequence of the degeneracy, no boundary conditions areneeded along the energy boundary except the natural zero 
ux conditionE trD  �rxF + E @F@" !+ �0  @F@" + F (1� F )! = 0 ; (4.8)(x; ") 2 IR3 � @R :This condition will be satis�ed whenever F does not have too strong singu-larities along the energy boundary.For the parabolic band and the constant matrix element (2.6) the di�u-sivity is isotropic: D = "=3 Id, " > 0.5 An Alternative ScalingIn this section an alternative scaling of the kinetic equation (2.1) is introducedand the corresponding macroscopic limit is carried out. This is motivated bythe fact that the assumption of smallness of the phonon energy compared tothe thermal energy is not valid for optical phonons. Also, when high electric�elds are applied, a reference value for the energy related to the appliedpotential (instead of the lattice temperature) seems more reasonable. Sucha scaling has been introduced in [1] and [5]. The results of this section canbe seen as an extension of [3] to a nonlinear scattering model.We start with the unscaled kinetic model (2.1), (2.2), and introduce a newreference energy (again denoted by) " di�erent from (actually signi�cantly10



larger than) kBTL. Otherwise, the scaling follows the prescription of section2. Then the scaled problem contains the dimensionless parameters� = "phonkBTL ; 
2 = "phon" ;where � has already been introduced in section 2 and is assumed to be O(1)now, whereas 
 is considered small. The scaled kinetic model has the form(2.4) with the scattering operator replaced byQ�;
(f) = ZB �h�e��("b � "0b + 
2) + �("b � "0b � 
2)�f 0(1 � f)��e��("0b � "b + 
2) + �("0b � "b � 
2)�f(1 � f 0)idk0 :(5.1)Taylor expansion givesQ�;
(f) = Q�;0(f) + 
2Q�;1(f) +O(
4) ;with Q�;0(f) = (e� + 1) ZB ��("b � "0b)(f 0 � f)dk0 :Obviously, Q�;0 has the same properties as the operator Q0 discussed insection 3. In particular, its kernel consists of distribution functions dependingonly on the energy (f(k) = F ("b(k))). For such distribution functions wecompute ZS" Q�;1(F )dN" = ~S(F ) := (e� � 1) dd" [�0F (1� f)] :Now we proceed as in section 4: After introducing the di�usion scalingE ! 
E ; x! x
 ; t! t
2 ;the macroscopic limit is carried out. The result is the SHE-equation (4.7)with the scattering term S(F ) replaced by ~S(F ). Since completely di�erentscalings have been used in this and the preceding sections, we compare the11



resulting equations in their unscaled, dimensional forms. The dimensionalversion of the SHE-equation (4.7) is given byN @F@t �  rx � qE @@"! � "D  rxF � qE @F@" !#= "phon @@" "�0  kBTL@F@" + F (1� F )!# ; (5.2)where the additional factor �=(e� � 1) in front of the scattering term hasbeen approximated by 1. If the SHE-model derived in this section is dimen-sionalized, the same equation results with the only di�erence that the termkBTL@F@" in the scattering operator disappears.The equation (5.2) seems to be preferable to its counterpart derived in thepresent section: It is parabolic whereas dropping the term kBTL@F@" producesan equation of mixed type. Also it contains the correct equilibrium (Fermi-Dirac) distributions as steady state, space homogeneous solutions of the �eldfree equation. Of course, it is inaccurate for smaller energies (of the order ofthe thermal energy) if � is not small, but this is true for both models.In [12] a related model has been derived by considering two di�erent scat-tering mechanisms: Phonon scattering with a constant (not small) phononenergy and a dominating elastic scattering. The macroscopic model is againa SHE-equation with the scattering operator in (5.2) replaced by a di�erenceoperator, which can be interpreted as a discretization of the right hand sideof (5.2). The grid spacing is the phonon energy. In a numerical approach,the di�erent models could be combined: A discretization of the scatteringoperator in (5.2) should use the phonon energy as the grid spacing for smallenergies, whereas larger spacings can be used for energies large compared tothe thermal energy. A similar approach is used [7] in models for condensa-tion, where the independent variable is the number of molecules in a dropletinstead of the energy.6 A Further Macroscopic Limit. High FieldsIn this section we shall be concerned with a macroscopic limit of the SHE-equation (4.7). As in the beginning of the previous section a rescaling is12



carried out: x! x� ; t! t� ; (6.1)where the small parameter � is a Knudsen number measuring the ratio be-tween the mean free path relevant for the inelastic contribution to the scat-tering events and a macroscopic length scale. Note that the �eld is notrescaled. Thus, we allow for �eld strengths balancing the inelastic collisione�ects. The rescaled SHE-equation is given by�N @F@t �  �rx � E @@"! � "D  �rxF � E @F@" !# = S(F ) ; (6.2)and the rescaled boundary condition (4.8) byE trD  ��rxF + E @F@" !+ �0  @F@" + F (1� F )! = 0 ; (6.3)(x; ") 2 IR3 � @R :Before proceeding, we shortly discuss the corresponding results for thelow �eld scaling x ! x=�, E ! �E, t ! t=�2 (instead of (6.1)). In thiscase, S(F ) is the dominant term in (4.7). The limiting distribution is aFermi-Dirac distribution with a chemical potential determined by the low�eld drift-di�usion model [8]. The formulas for the transport coe�cientsare, however, di�erent from those in [8], since there the drift-di�usion modelhas been derived directly from a kinetic equation with a di�erent scatteringoperator and without the detour via the SHE-equation.In the limit � ! 0, (6.2) reduces to� @@"  E trDE @F@" ! = @@" "�0  @F@" + F (1� F )!# :The general solution of this equation subject to the limit as � ! 0 of theboundary condition (6.3) isF (x; "; t) =  1 + exp Z "0 �0(x; s)ds�0(x; s) + E(x; t)trD(x; s)E(x; t) � �(x; t)!!�1 ;13



with arbitrary �(x; t). This is compatible with the low �eld result mentionedabove since obviously a Fermi-Dirac distribution with chemical potential � isobtained for E = 0. For the parabolic band approximation and the constantcollision cross section (2.6) we getF =  1 + exp "1 + jEj2=(96�2) � �!!�1 ;i.e., a Fermi-Dirac distribution with elevated temperature. In terms of theoriginal dimensional units, the modi�ed temperature is given byTL0@1 +  jEjEref !21A ; Eref = p96 �E :An equation for the quasi chemical potential � is determined by integrationof (6.2) with respect to ", dividing the resulting equation by � and then goingto the limit � ! 0: @%@t �rx � (�E) = 0 ; (6.4)with the macroscopic density % and the (positive de�nite) conductivitymatrix�, given by % = ZRNF d" ; � = � ZRD@F@" d" :It is easily checked that the relation between % and � is one-to-one and, thus,(6.4) can be seen as an equation for % with a nonlinear dependence of theconductivity matrix on the density.Finally, we discuss some qualitative properties of (6.4). In particular, thebehaviour for large �elds will be analyzed. We have to distinguish betweenthe cases of a bounded Brillouin zone and the parabolic band approximation.For the �rst case, we set E = E! with j!j = 1 and E !1. We easily obtain% � %max1 + e�� ; as E !1 ; (6.5)where %max, the scaled maximal value of the macroscopic density, is equal tothe volume of the scaled Brillouin zone. The asymptotic behaviour of theconductivity matrix is given by� � e��E2(1 + e��)2M ; M = ZR �0D!trD!d" ;14



and with (6.5) we have� � 1E2  1 � %%max! %%maxM :Thus, for a �xed density %, the current density decays like 1=E as E !1:�E � 1E  1� %%max! %%maxM! :Now we turn to the parabolic band model and the constant matrix ele-ment (2.6). We compute% = 4�p2T 3=2E Z 10 ps ds1 + es�� ; TE = 1 + E296�2 ;� = � Id ; � = TE3 ln(e� + 1) ;and d2�d%2 =  d%d�!�3  d2�d�2 d%d� � d�d� d2%d�2!=  d%d�!�3 2�p2T 5=2E e�3(1 + e�)2 Z 10 (1� es)dsps(1 + es��)2 < 0 :This shows genuine nonlinearity of (6.4). Entropy solutions might containshock waves with the density increasing in the 
ow direction �E. For large�elds, � � 2%Ep3� ; as E !1 ;holds. Thus, asymptotically, the equation (6.4) becomes linear with a velocitysaturation e�ect: �E � 2%p3� ! :Velocity saturation has also been observed in the linear model correspondingto (6.4) for parabolic bands and the low density assumption [2].15
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