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IntroductionSome of the perturbative proofs [1, 2, 3] of the vanishing of the � functionfor Chern-Simons theory rely on two essential steps. The �rst is the use of alocal, non integrated version of the Callan-Symanzik equation, where the �functions are associated to strictly BRST invariant terms, the second is thefact that the Chern-Simons term is gauge, respectively BRST invariant, onlyup to a total divergence.This article is motivated by the desire to understand this non renormal-ization mechanism independently of the gauge �xation and of power countingrestrictions, so that they can be applied to e�ective �eld theories [4, 5]. Itsaim is to derive general conditions under which the above mechanism can beextended to generic theories with arbitary non trivial global or local symme-tries. This is done on the one hand by using the extended anti�eld formalismwith the corresponding BRST di�erential to control the renormalization ofthe symmetries and, on the other hand, by implementing a local version ofthe Callan-Symanzik equation through an anticanonical transformation.The article is organized as follows. In the �rst section, we review thequantum action principles, which will allow us to control the renormalizationaspects of the problem.The second section summarizes the results on the extended anti�eld for-malism and the corresponding BRST cohomology.A �rst application in section 3 concerns the derivation of the general formof the anomalous extended Zinn-Justin equation. More precisely, it is shownthat by choosing suitable BRST breaking �nite counterterms at each order,the anomalous insertion at the next order is characterized by the cohomologyof the extended BRST di�erential in ghost number 1.In the main section, power counting is implemented by a canonical trans-formation in the antibracket. For simplicity, the case where there are nodimensionful couplig constants and the theory is dilatation invariant is dis-cussed next. The general form of the integrated Callan-Symanzik equationis given. Then a local form is derived toghether with su�cient conditionsfor the above mentioned non renormalization mechanism. As a direct ap-plication, Chern-Simons theory is discussed. In the next part, the analysisis generalized to the case where dilatation invariance is broken through thepresence of dimensionful coupling constants.In the conclusion, we comment on possible extensions for this approach.1



Finally, the appendix contains three technical points needed in the main text.1 Quantum action principleIn order to deal with the renormalization aspects of the problem, we willuse the quantum action principles [6] as pioneered in [7] and elaborated forinstance in [8, 9]. Let S be the classical action of the theory. If � denotesthe renormalized generating functional for one particle irreducible vertices,one has � = S +O(�h): (1)Similarily, if � ��, respectively �(x) ��, denotes the renormalized insertionof an (integrated) local polynomial into �, one has� � � = �+O(�h): (2)Let g be a parameter of S, �(x) the source for the 1PI vertex functionsand �(x) an external source coupling to a polynomial in the �elds and theirderivatives. We will use the quantum action principle in the following forms:(non linear) �eld variations :����(x) ����(x) = �00(x) � �;�00(x) � � = �S��(x) �S��(x) +O(�h): (3)coupling constants : @�@g = � � �;� � � = @S@g +O(�h): (4)This is the only input from renormalization theory that will be used in thefollowing. 2



2 Extended anti�eld formalismThe Batalin-Vilkovisky formalism [10, 11, 12, 13] is a tool to control gaugesymmetries under renormalization for generic gauge theories. A well de�nedquantum theory requires the introduction of a non minimal sector followedby an anticanonical transformation to a gauge �xed basis. The anti�elds arenot set to zero, but kept as external sources, since their presence in the gauge�xed theory allows to control the renormalization of the gauge or the globalsymmetry. Although it is always understood in intermediate computations,we will not make the passage to the gauge �xed basis explicitly, because theconsiderations below rely only on the BRST cohomology of the theory. Thiscohomology does not depend on the non minimal sector [14] and is invariantunder anticanonical transformations.The formalism can be extended so as to include (non linear) global sym-metries (see [15] and references therein), which is achieved by coupling theBRST cohomology classes in negative ghost numbers with constant ghosts.There is a further extension [16] to include the BRST cohomology classes inall the ghost numbers, which allows to take into account in a systematic wayall higher order cohomological constraints due to the antibracket maps [17].Let us brie
y summarize the results of [16] needed in the following. Theextended formalism is obtained by �rst computing a basis for the local BRSTcohomology classes, containing as a subset those classes that can be obtainedfrom the solution S of the master equation by di�erentiation of S with re-spect to an essential coupling constant1. The additional classes are thencoupled with the help of new independent coupling constants to the solutionof the master equation. This action can then be extended by terms of higherorders in the new couplings in such a way that, if we denote by �A both theessential couplings and the new ones, the corresponding action S(�) satis�esthe extended master equation12(S(�); S(�)) + �cS(�) = 0: (5)The BRST di�erential associated to the solution of the extended master1A set of coupling constants gi is essential if �i@S=@gi = (S;�) for some local functional� implies �i = 0. A parametric dependence on inessential couplings related for exampleto gauge �xation is always understood in the following. More details on the dependenceof the theory on inessential couplings will be given elsewhere.3



equation is �s = (S(�); �) + �c; (6)where �c = (�)AfA(�) @L@�A is at least quadratic in the new couplings and sat-is�es �2c = 0. Since it does not depend on the �elds and the anti�elds, it alsosatis�es �c(A;B) = (�cA;B)+ (�)A+1(A;�cB). The local BRST cohomol-ogy classes contain the generators of all the generalized non trivial symmetriesof the theory in negative ghost number, the generalized observables in ghostnumber zero, and the anomalies (and anomalies for anomalies) in positiveghost number. This is the reason why the extended master equation encodesthe invariance of the original action under all the non trivial gauge and localsymmetries, their commutator algebra as well as the antibracket algebra ofall the local BRST cohomology classes.The cohomology of �s in the space F of � dependent local functionals inthe �elds, the anti�elds and their derivatives, over the functions in the �A, isisomorphic to the cohomology ofsQ = [ @R�@�AfA(�); �] (7)in the space of graded derivations @R�=@�A�A(�), with �A a function of �alone. If @R�=@�B�B(�) is a sQ cocycle, the corresponding �s cocycle is givenby @RS(�)=@�B�B(�). Furthermore, the general solution to the equations8<: @RS(�)@�B �B(�) + �sC(�) = 0;sQ @R�@�B�B(�) = 0; (8)is 8<: C(�) = �sD(�) + @RS(�)@�B �B(�);@R�@�B�B(�) = sQ @R�@�B �B(�): (9)A crucial property of the extended anti�eld formalism is that it is sta-ble, in the sense that every in�nitesimal deformation of the solution of theextended master equation, characterized by H0;n(�sjd), can be extended to acomplete deformation without any obstructions. This makes it an appropri-ate starting point for a quantum theory.4



3 Anomalies to all ordersIn the following, we will omit from the notation the dependence on the cou-plings �A. The action principle applied to (5) gives12(�;�) + �c� = �hA � �; (10)where � is the renormalized generating functional for 1PI vertices associatedto the solution S of the extended master equation and the local functional Ais an element of F in ghost number 1. Applying (�; �) +�c to (10), the l.h.svanishes identically because of the graded Jacobi identity for the antibracketand the properties of �c, so that one gets the consistency condition (�;A ��) + �cA � � = 0. To lowest order in �h, this gives �sA = 0, the generalsolution of which can be writen asA = @RS@�A �A1 + �s�1; (11)with sQ@R � =@�A�A1 = 0. If one now de�nes S1 = S��h�1, the correspondinggenerating functional admits the expansion �1 = � � �h�1 + O(�h2). Thisimplies that 12(�1;�1) + �c�1 = �h@R�1=@�A�A1 +O(�h2). On the other hand,the quantum action principle applied to 12(S1; S1) + �cS1 = O(�h) implies12(�1;�1) + �c�1 = �h �A � �1, for a local functional �A. Comparing the twoexpressions, we deduce that12(�1;�1) + �c�1 = �h@R�1@�A �A1 + �h2A0 � �1 (12)for a local functional A0.Applying now (�1; �) + �c, one gets as consistency condition@R@�A [@R�1@�B �B1 + �hA0 � �1]�A1 + (�1;A0 � �1) + �cA0 � �1 = 0; (13)giving to lowest order @RS@�A 1=2[�1; �1]A + �sA0 = 0; (14)5



where @R � =@�A[�1; �1]A = [@R � =@�A�A1 ; @R � =@�B�B1 ], and is a sQ cocyclebecause of the graded Jacobi identity for the graded commutator. Accordingto the previous section, the general solution to this equation is@R�@�A [�1; �1]A = [ @R�@�A fA; @R�@�B �B2 ]; (15)A0 = �s�2 + @RS@�B �B2 : (16)The rede�nition S2 = S1 � �h2�2 then allows to achieve12(�2;�2) + �c�2 = @R�2@�A (�h�A1 + �h2�A2 ) + �h3A00 � �2; (17)for a local functional A00. The reasoning can be pushed recursively to allorders with the result12(�1;�1) + �c�1 = @R�1@�A �A; (18)where �1 is associated to the action S1 = S��k=1�hk�k and �A = �k=1�hk�ksatis�es sQ @R�@�A�A = 0.This result agrees with the one deduced in [18, 19] without the �c oper-ator and the associated sQ cohomology and the one in [16] in the context ofdimensional regularisation. It answers the questions raised in [20] on higherorder consistency conditions on the anomalies and the quantum BRST co-homology (see also [21]).In the case where H1(�s) ' H1(sQ) = 0, we see that we can achieve (10)without any anomalous insertion:12(�1;�1) + �c�1 = 0: (19)If this equation holds, we say that the non trivial symmetries encoded in thedi�erential �s are non anomalous. 6



4 Integrated and local Callan-Symanzik equa-tions4.1 Power countingIn the anti�eld formalism, power counting can be implemented canonicallythrough the operatorS� = Z dnx L� = Z dnx ��a(d(a) + x�@�)�a; (20)where �a is a collective notation for the original �elds and the local ghostsassociated to the gauge symmetries, while d(a) is the canonical dimension of�a in units of inverse length. The bracket around the index a means thatthere is no additional summation. We have (�a(x); S�) = (d(a) + x�@�)�a(x)and (��a(x); S�) = (n� d(a)+ x�@�)��a(x), so that the canonical dimension ofthe anti�elds is choosen to be n � d(a). It is then straightforward to verifythat for any monomialM(x) in the �elds, the anti�elds and their derivativesof homogeneous dimension dM ,(M(x); S�) = (dM + x�@�)M(x): (21)4.2 No dimensionful coupling constantsFor simplicity, we assume in a �rst stage that the coupling constants �Aas well as the inessential coupling constants all have dimension 0. In thissection, we also assume that there are no anomalies, eq (19).4.2.1 Integrated form of Callan-Symanzik equationBecause there are non dimensionful parameters, all the terms of the La-grangian L of the solution of the extended master equation have dimensionn. Hence, (L;S�) = (n+ x�@�)L = @�(x�L): (22)Upon integration, we get (S; S�) = 0: (23)7



Furthermore, �cS� = 0 because S� does not depend on �A. We have(S1; S�) = O(�h), so that the quantum action principle gives(�1; S�) = �hB � �1; (24)with B an element of F of ghost number 0.Applying (�1; �) +�c, using the graded Jacobi identity and (19), we getthe consistency condition (�1;B � �1) + �cB � �1 = 0, which implies, tolowest order in �h, �sB = 0 and henceB = @RS@�A �A1 + �s�1: (25)According to the quantum action principle, we can replace @RS@�A �A1 ��1 by@R�1@�A �A1 and the di�erence will be the insertion of a local functional of order�h. As shown in lemma 1 of the appendix, by adapting a reasoning of [22, 23]to the present context of algebraic renormalization, the insertion [�s�1] � �1can be replaced by (�1;�1 � �1) +�c�1 � �1, and the di�erence will againbe the insertion of a local functional of order �h.We thus get(�1; [S� � �h�1 � �1]) + �c[S� � �h�1 � �1]= �h@R�1@�A �A1 + �h2B0 � �1: (26)Acting with (�1; �) + �c on (26), using (19) and sQ@R�=@�A�A1 = 0, weget the consistency condition (�1;B0 � �1) + �cB0 � �1 = 0 so that thereasoning can be pushed to all orders:(�1; [S� � � � �1]) + �c[S� � � � �1] = @R�1@�A �A; (27)with � = �n=1�hn�n and �A = �n=1�hn�An .DigressionLet us consider for a moment the following particular case.(i) All the antibracket maps encoded in fA are zero so that �c = 0,�s = s = (S(�); �). This happens for instance if the Kluberg-Stern and Zuber8



conjecture [22] holds and the BRST cohomology can be described indepen-dently of the anti�elds.(ii) The only possibility (for instance for power counting reasons) for �n is�n = �
n R dnx ��a�a, so that �n is linear in the quantum �elds and [s�n]� �1can be replaced, according to the quantum action principle, at each stage in�h by (�1;�n) up to the insertion of a local polynomial of higher order in�h. Equation (27) then takes the more familiar form of the Callan-Symanzikequations in the massless case with anomalous dimension 
 = �k=1�hk
k forthe �elds and the anti�elds [24]:(�1; S1� ) = @�1@�A �A; (28)with S1� = R dnx ��a(d(a) + 
 + x � @)�a, or explicitlyZ dnxh �R�1��a(x)(d(a) + 
 + x � @)�a(x)+ �R�1���a(x)(n� d(a) � 
 + x � @)��a(x)i = @R�1@�A �A: (29)Remarks on explicit x dependence.Note that S� is the generator of the dilatation symmetry of the theory. Ifit corresponds to a non trivial element of H�1;n(sjd), the question ariseswhether it should be coupled with a constant ghost in the extended solutionS(�) as in [25, 26]. This depends on whether or not we allow for explicit xdependence in the local functionals and the cohomology classes of s we areinitially computing and then coupling to the solution of the master equation.In the previous section, we have supposed that there is no explicit xdependence in these functionals and cohomology classes, because if we as-sume the absence of dimensionful couplings, we cannot control translationinvariance through a corresponding cohomology class, its generator S� =R dnx ��@�� being of dimension 1.We will assume here that one can apply the quantum action principles inthe case of an explicit x dependence of the variation as in (24), at the price ofallowing a priori for an explicit x dependence of the inserted local functionalB. This assumption needs to be checked by a more careful analysis of the9



renormalization properties of the model which is beyond the scope of thispaper.In order to prove then that B in eq (24) does not depend explicitly onx, we use translation invariance: classical translation invariance is expressedthrough (S; S�) = 0 with quantum version (�1; S�) = �hD� � �1, where thedimension of D� is 1, because there are no dimensionful parameters in thetheory. Applying (�; S�) to (24), using the graded Jacobi identity for theantibracket, the commutation relation (S�; S�) = �S� and the result on thedimension of D�, i.e., the relation (D�; S�) = D�, one �nds to lowest order(B; S�) = 0. This means that (@� � @=@x�)B = 0, and since @�B = 0, itwhich shows that B does not depend explicitly on x.In the general case where we allow for dimensionful couplings consideredbelow, we will assume that the theory is translation invariant and that thegenerator S� is coupled through the constant translation ghosts ��. One canthen show that the local cohomology of the BRST operator in form degre nfor the extended theory can be choosen to be independent of both x� and ��[27]. In the same way, Lorentz invariance can then be controled inside theformalism by coupling the appropriate generator.4.2.2 Local form of Callan-Symanzik equationIn order to get non renormalization results for couplings associated to termswhich are invariant only up to boundaries, we need a local version of theCallan-Symanzik equation. This is easily obtained from (22) by integrationsby parts, giving (S;L�) = @�J�� ; (30)where we will refer to J�� as the Callan-Symanzik current in the following.The quantum action principle gives(�1; L�) = @�[J�� � �1] + �hb� � �1; (31)where b� is a non integrated local polynomial. We need to know how J�� ��1behaves under the quantum BRST transformations. The classical descentequations obtained by applying �s to (30) imply the existence of K [��]� suchthat �sJ�� = @�K [��]� : (32)10



Using lemma 1 of the appendix, we get(�1; J�� � �1) + �cJ�� � �1 = @� [K [��]� � �1] + �hb�� � �1; (33)where b�� is a non integrated local polynomial. The consistency condition for(31) is then (�1; b� � �1) + �cb� � �1 + @�[b�� � �1] = 0; (34)giving to lowest order �sb� + @�b�� = 0. We want to derive conditions underwhich, by appropriately modifying L�, J�� and K [��]� , this equation reducesto (�1; b� � �1) + �cb� � �1 = 0; (35)so that to lowest order the cocycle condition is rather �sb� = 0.(i) A �rst possibility would be the absence of non trivial BRST anomaliesin the renormalization of the Callan-Symanzik current, i.e., the existence oflocal, �nite, BRST breaking counterterms ��k and �[��]k such that, if J1�� =J�� � �k=1�hk��k and K1[��]� = K [��]� � �k=1�hk�[��]k , we have(�1; J1�� � �1) + �cJ1�� � �1 = @�[K1[��]� � �1]: (36)A su�cient condition for this to occur is H1+k;n�1�k(�sjd) = 0, for k =0; : : : ; n � 1. This follows from an analysis of the quantum descent equa-tions as in [9]. Indeed, the classical descent equations are�sJn�1�k� + dJn�1�k�1� = 0; (37)for k = 0; : : : n�1 with J�1� = 0, where we can assume Jn�1�k� 2 Hk;n�1�k(�sjd).The quantum version of the descent equations are(�1; Jn�1�k� � �1) + �cJn�1�k� � �1 + d[Jn�1�k�1� � �1]= �hbn�1�k� � �1: (38)Applying (�1; �) +�c, we get the consistency condition (�1; bn�1�k� ��1) +�cbn�1�k� � �1 + d[bn�1�k�1� � �1] = 0, giving to lowest order �sbn�1�k� +11



dbn�1�k�1� = 0, and thus, because of the assumption on the vanishing of therelevant cohomology classes, bn�1�k� = �s�n�1�k�1 + d�n�1�k�1�1 , so that(�1; [Jn�1�k� � �h�n�1�k�1 ] � �1) + �c([Jn�1�k� � �h�n�1�k�1 )] � �1)+d([Jn�1�k�1� � �h�n�1�k�1�1 ] � �1)= �h2b0n�1�k� � �1; (39)and the reasoning can be continued recursively to higher orders, so that wecan achieve (36). If we now replace J�� by J1�� in (31) at the expense ofmodifying b� appropriately, we get the desired consistency condition (35).However, the vanishing of the cohomology groups assumed here is toorestrictive to be of use. Indeed, our aim is to �nd conditions for the vanishingof the � functions associated to BRST cohomology goups with a non trivialdescent. As shown in the appendix, the local BRST cohomology groupsadmit the decomposition H0;n(�sjd) ' lH1;n�1(�sjd)�rH0;n(�s), where the �rstgroup is isomorphic to the local BRST cohomology groups with a non trivialdescent, H0;nnd (�sjd). But lH1;n�1(�sjd) � H1;n�1(�sjd). But by assumption, thislast group vanishes, so that the assumptions unfortunately imply the absenceof the terms whose non renormalization properties we wanted to show.(ii) A second, non trivial case is when the Callan-Symanzik current is\covariantizable", i.e., when there exists J��c = J�� +�sK�� +@�M [��]� such that�sJ��c = 02. The quantum version of this equation is (�1; J��c � �1) +�cJ��c ��1 = �hb�� ��1 and a su�cient condition for the absence of anomalies for thecovariant Callan-Symanzik current, i.e., the existence of �nite countertermsto J��c ! J�1�c such that(�1; J�1�c � �1) + �cJ�1�c � �1 = 0; (40)is now the vanishing of the strict cohomology groups H1;n�1(�s) = 0 withoutmodulo d terms, which is of course a much less restrictive assumption.Replacing L� by L��@�K�� , we get �s(L��@�K�� ) = @�J��c and the quantumversion (�1; L� � (@�K�� ) � �1) + �c[L� � (@�K�� ) � �1]= @�[J�1�c ] � �1 + �hb� � �1; (41)2As shown in [28], this question can again be formulated as a question of local BRSTcohomology. 12



with the desired consistency condition (35).From �sb� = 0, it follows that b� = ~�jcj + �s�1 where cj is a basis forH0;n(�s). There is however a subtlety here, since there might be elements ofH0;n(�s), which become trivial if one allows for total divergences and couldbe absorbed by modifying at the same time L� and the current. In order todeal with this aspect, we need a decomposition of strict BRST cohomologycocycles analogous to that of modulo d ones given in the appendix: Hg;k(�s) =rHg;k(�s) � T g;k, where the space T g;k is de�ned by this equation. In otherwords, we split the solutions of the cocycle condition �sk = 0 into k = b �Ak �A+�sl+dm, where k �A are a basis of rHg;k(�s), and �sm+dn = 0. In this equation,we can assume that m 2 lHg;k�1(�sjd), since a trivial solution to this equationcan be absorbed by a rede�nition of l, and by assumption, m can be liftedto give a part of the BRST cocycle k.Thus, we take b� = ��j1 locc�j + �s�1 + @�m�1 , so that the rede�nition L� �@�K�� ! L1� = L� � @�K�� � �h�1 allows to rewrite (41) as(�1; L1� � �1) + �cL1� � �1 = @�[J1��c + �hm�1 ] � �1+�h��j1 locc�j � �1 + �h2b0� � �1: (42)In order to continue to higher orders, we need to know how the insertionsm�1��1; ��j1 locc�j��1 behave under quantum BRST transformations. Becausem�1 2 lH0;n�1(�sjd) ' H�1;n�1(�sjd) which represents the non trivial globalcurrents of the theory [29], we assume that those that can appear on theright hand are covariantizable, as we did for the dilatation current. Hence,we can replacem�1 bym�1c at the expense of modifying L1� by terms of order atleast �h. The further assumption H1;n�1(�s) = 0 then guarantees the existenceof counterterms such that (�1;m1�1c ��1) +�cm1�c ��1 = 0. From lemma2 of the appendix, it follows that there exist �nite counterterms c�j ! c1�jsuch that (�1; c1�j � �1) + �cc1�j � �1 = �hai�jk1i � �1; (43)where ki 2 H1;n(�s).We now replace in (42) m�1 by m1�1c and c�j by c1�j and modify L1� aswell as b0� accordingly. The consistency condition then gives to lowest order��j1 locai1�jki = �sb0� so that ��j1 locai1�j = 0 = �sb0�.Going on recursively to higher orders, we �nd �nally(�1; L1� � �1) + �cL1� � �1 = @�[J1��c �m1�c ] � �1 + ��jlocc1�j � �1; (44)13



where m1�c = �n=1�hnm1�nc and ��jloc = �n=1�hn��jn loc and the classical approx-imation of L1� � �1 is L� � @�K�� . We can now integrate to get(�1; S1� � �1) + �cS1� � �1 = �h��jloc Z dnx c1�j � �1; (45)where the classical approximation for S1� ��1 is the generator S� of dilatationinvariance. Comparing with (27), we thus see that the � functions of theelements of Hg;nnd (�sjd) vanish and only those associated to rHg;n(�s) may benon vanishing.Theorem 1 Suppose a theory contains only dimensionless coupling con-stants. If (i) the extended BRST symmetry �s is non anomalous, (ii) theCallan-Symanzik current and all the non trivial global conserved currentsthat can mix with it under renormalization are covariantizable, and (iii) therenormalization does not introduce BRST anomalies for these currents, thenthe � functions of cohomology classes of �s with a non trivial descent vanishto all orders. A su�cient condition for (i) to hold is H1;n(�sjd) = 0, while asu�cient condition for (iii) to hold is H1;n�1(�s) = 0.4.2.3 Application: Pure semi-simple Chern-Simons theoryConsider semi-simple Chern-Simons theory without matter couplings, in agauge without a dimensionful parameter as for instance the Landau gauge.The minimal solution to the master equation isS = Z d3x ����gij [Ai�@j�A� + 13f jklAi�Ak�Al�] +A��i D�C i + 12C�i f ijkCjCk: (46)The local BRST cohomology has been worked out for instance in [30]. Inghost number 0, it contains only the Chern-Simons terms associated to thedi�erent simple factors, and all of them involve a non trivial descent. Theremaining local BRST cohomology classes are at least of ghost number 3 anddo not involve the anti�elds in a non trivial way. This means that �c vanishesand there is no need to couple di�erent local BRST cohomology classes tothe solution of the master equation to ensure stability. Thus, we can takethe usual BRST di�erential associated to the standard solution of the masterequation s = (S; �). Condition (i) is satis�ed because H1;n(sjd) = 0. It is14



straightforward to verify that J�c = 0, the Callan-Symanzik current is trivial.This follows fromS� = Z d3x A��i (1 + x � @)Ai� + C�i x � @C i = (S;M�) + @�N�� ; (47)with M� = 1=4A��i A��m gimx����� + C�i x�Ai� and N�� = A��i x�Ai�.It is a consequence of the fact that the local BRST cohomology in negativeghost number is empty, and this both in the space of x dependent and xindependent local functionals. There thus are no non nontrivial conservedcurrents, so that both assumptions (ii) and (iii) are satis�ed. Hence, thevanishing of the � functions in pure semi-simple Chern-Simons theory canbe traced back completely to the structure of the local BRST cohomology ofthe theory.4.3 General broken case4.3.1 Integrated form of Callan-Symanzik equationAgain, we assume that there are non anomalies, eq. (19). We will now allowfor coupling constants �A of all possible dimensions d(A) in the theory, whichcould be negative in the case of e�ective �eld theories. We have(L;S�) + @RL@�A d(A)�A = @�(x�L): (48)Integrating, one gets CS = 0; (49)with C = (�; S�)+ @R�@�Ad(A)�A. Using (5), we get sQ@R � =@�Ad(A)�A = [�s; C] = 0.The quantum version of (49) isC�1 = �hB � �1: (50)and, applying (�1; �)+�c, the consistency condition to lowest order implies�sB = 0. We can then get as in the previous section the general form of theintegrated Callan-Symanzik equation:(�1; [S� � � � �1]) + �c[S� � � � �1] = @R�1@�A (�A � d(A)�A); (51)15



with � = �n=1�hn�n and �A = �n=1�hn�An .In the derivation above, we have neglected the fact that there could beother dimensionful parameters �i in the theory, besides the essential onesdiscussed so far. They could for instance come from the gauge �xation of thetheory. Di�erentiation of the extended master equation and of s2Q = 0 withrespect to �i and using (8), (9) implies@RS@�i = �s�i + @RS@�A �Ai ; (52)with @R�@�A @RfA@�i = sQ @R�@�A�Ai : (53)If di is the dimension of �i, we have to add the term @RS=@�id(i)�i in (49).Using (52) and �cS� = 0, (49) becomes�s(S� + �id(i)�i) + @RS@�A (d(A)�A + �Ai d(i)�i) = 0: (54)Together with (19) this equation can again be used to prove thatsQ@R�=@�A(d(A)�A + �Ai d(i)�i) = 0: (55)The quantum analysis then proceeds exactly as before, and we get as quan-tum equation (51) with S� replaced by S� +�id(i)�i and d(A)�A by d(A)�A +�Ai d(i)�i.4.3.2 Local form of Callan-Symanzik equationTo get a local Callan-Symanzik equation, we integrate the �rst term in (48)by parts: (S;L�) + @RL@�A d(A)�A = @�J�� : (56)[Again, dimensionful inessential parameters can be incorporated by the sub-stitutions (S;L�)! �s(L� + �id(i)�i), d(A)�A ! d(A)�A + �Ai d(i)�i and �nallyJ�� ! J�� � j�i d(i)�i, where@RL@�i = �s�i + @RL@�A �Ai + @�j�i :]16



Let us now assume that there exists K�� , M [��]� such that ifJ��c = J�� + �sK�� + @�M [��]� ; (57)then �sJ��c = 0: (58)The assumption on the Callan-Symanzik current J�� implies, by acting with�s, �s@RL@�A d(A)�A = 0: (59)This is a strong restriction on the terms of the (extended) Lagrangian coupledwith dimensionful couplings: di�erentiation with respect to �B and puttingthe �'s to zero requires all these terms to be strictly BRST invariant. Thismeans that the non renormalization theorem to be derived holds only if theterms that are invariant up to boundaries are all of dimension n.Equation (56) becomes�s[L� � @�K�� ] + @RL@�A d(A)�A = @�J��c: (60)The quantum version of this equation is[(�1; �) + �c][L� � @�K�� ] � �1 + @RL@�A d(A)�A � �1= @�[J��c � �1] + �hb� � �1: (61)If the Callan-Symanzik current and @RL@�A d(A)�A renormalizewithout anoma-lies, i.e., if there exist counterterms such that(�1; J1��c � �1) + �cJ1��c � �1 = 0 (62)respectively(�1; [@RL@�A d(A)�A]1 � �1) + �c[@RL@�A d(A)�A]1 � �1 = 0; (63)17



which is guaranteed if both H1;n�1(�s) and H1;n(�s) vanish, we can replace J��cby J1��c and [@RL=@�Ad(A)�A] by [@RL=@�Ad(A)�A]1 in (61) at the expenseof modifying b� appropriately. The consistency condition obtained by actingwith (�1; �)+�c is then the same as in the previous section, (�1; b� ��1)+�cb� � �1 = 0 and we are back to the situation studied before.The �nal result is(�1; L1� � �1) + �cL1� � �1 + [@RL@�A d(A)�A]1 � �1= @�[J1��c �m1�c ] � �1 + ��jlocc1�j � �1; (64)where again m1�c = �n=1�hnm1�nc and ��jloc = �n=1�hn��jn loc and the classicalapproximation of L1� � �1 is L� � @�K�� . Integration gives to(�1; S1� � �1) + �cS1� � �1 + Z dnx[@RL@�A d(A)�A]1 � �1= �h��jloc Z dnx c1�j � �1: (65)As before, the classical approximation for S1� � �1 is the generator S� ofdilatation invariance, while the one for R dnx[@RL@�A d(A)�A]1 ��1 is @RS@�A d(A)�A.Comparing with (27), we see again that the � functions of the elements ofHg;nnd (�sjd) vanish and only those associated to rHg;n(�s) may be non vanishing.Theorem 2 If (i) the extended BRST symmetry �s is non anomalous andthe insertion @RL=@�Ad(A)�A � �1 renormalizes without anomaly, (ii) theCallan-Symanzik current and all the non trivial global conserved currentsthat can mix with it under renormalization are covariantizable, and (iii) therenormalization does not introduce BRST anomalies for these currents, thenthe � functions of cohomology classes of �s with a non trivial descent vanishto all orders. A su�cient condition for (i) to hold is H1;n(�sjd) = 0, while asu�cient condition for (iii) to hold is H1;n�1(�s) = 0.4.3.3 Application: Semi-simple Chern-Simons theory coupled tomatterWe take as a starting point Chern-Simons theory based on a semi-simpleLie algebra to which are coupled matter �elds. The minimal solution to the18



master equation is given bySCSM = S + Z d3x LM(ym;DT� ym; : : : ;DT�1 : : :DT�kym) + C i(Tiy)my�m; (66)with S as in (46). The matter �eld Lagrangian is supposed to be gaugeinvariant, but the whole theory does not admit additional local symmetries.In particular, it is not restricted to be power counting renormalizable. Thematter �eld Lagrangian admits the decomposition LM = Lkin+kAKA, wherethe KA are strictly gauge invariant polynomials and the kA some couplingconstants.The local BRST cohomology [30] in ghost number 0 is exhausted by theChern-Simons terms associated to the various simple factors and the di�erentinvariant matter �eld polynomials. The latter are strictly invariant, whilethe former involve a non trivial descent. Neither depend on the anti�eldsin a non trivial way. The theory itself is thus stable. The only anti�elddependent cohomology classes are in ghost number �1 and are related tothe global symmetries of the theory. Since we are not interested here incontroling them, we will not couple the corresponding generators. Hence, wecan assume �c = 0 and �s = s. We have furthermore:(i) the terms with dimensionful couplings are all strictly invariant,(ii) the theory is anomaly free because H1;n(sjd) = 0,(iii) there is no anomaly in the renormalization of the invariant termssince H1;n(s) = 0,(iv) all the non trivial conserved currents are covariantizable [28] andH1;n�1(s) = 0.Thus, the only thing left to check is that the Callan-Symanzik current iscovariantizable. Because it is not the current of a symmetry of the theory,we need to modify the reasoning of [28] in order to do so. Let us decomposeSCSM = S0 + R d3x k�K�, where S0 is the solution of the master equationwhere all the dimensionful k� of the kA have been set to zero. We have(S0; L�) = @�J�0�, withL� = A��i (1 + x � @)Ai� + C�i x � @C i + y�m(d(m) + x � @)ym; (67)so that dilatation is a true global symmetry of the theory. It follows from[28] that both the generator and its current can be covariantized. Explicitly,19



if M = C�i x�Ai� and N� = A��i x�Ai� , we haveLc� = L� � (S0;M)� @�N�= A��i x�F i�� + y�md(m)ym + y�mx�DT� ym; (68)with (S0; L�c) = @�J�0�c and (S0; J�0�c) = 0.On the other hand, we have (SCSM ; L�)+K�d(�)k� = @�J�� . Furthermore,L� � (SCSM ;M) � @�N� = Lc� because (R d3x k�K�;M) = 0. This meansthat (SCSM ; Lc�) +K�d(�)k� = @�[J�� � (SCSM ; N�)]. As explained in [28], itfollows that one can replace J�� � (SCSM ; N�) by J��c with (SCSM ; J��c) = 0.This proves the vanishing of the � functions associated to the Chern-Simons terms for this power counting non renormalizable model, indepen-dently of the choice of the gauge �xing fermion. Note that invariant termscontaining covariant derivatives of the Yang-Mills �eld strength, which are allcohomologically trivially can be incorporated by coupling them with inessen-tial parameters as discussed in detail in [31]. The covariant version of thegenerator of dilatation is also crucial in [3], where it has been obtained byusing the trace of the improved energy-momentum tensor.ConclusionTo summarize, the main idea of the paper is that the terms associated to the� functions can be considered as anomalies for (broken) dilatation invarianceand as such, they have to satisfy consistency conditions. It is possible toformulate a local version of the Callan-Symanzik equation, where, undersuitable assumptions, these conditions require the dilatation anomalies to bestrictly invariant, and not only invariant up to a total divergence, as followsfrom the usual integrated Callan-Symanzik equation.The general conditions for the validity of the non renormalization theo-rem given here can of course be checked in a straightforwrd way for other(topological) models than Chern-Simons theory, as soon as the local BRSTcohomology of the theory is known.The main assumption for the non renormalization mechanism given hereis the non anomalous renormalization of the Callan-Symanzik current. Ifthis current is not covariantizable, i.e., if it does not admit a representativewhich has no non trivial descent, the anomalies in the renormalization of this20



current are characterized by H1;n�1(�sjd) and this group will not be vanishingif there are terms of ghost number 0 and form degree n involving a non trivialdescent.Trying to understand the non renormalization theorems for the axial orthe non abelian anomaly or the ones in supersymmetric theories by similarcohomological techniques will be the object of future investigations.AcknowledgementsThe author wants to thank F. Brandt, J. Gomis, P.A. Grassi, M. Henneaux,T. Hurth, O. Piguet, S.P. Sorella, A. Wilch and S. Wolf for useful discus-sions. He acknowledges the hospitality of the Erwin Schr�odinger Interna-tional Institute for Mathematical Physics in Vienna and of the Departmentfor Theoretical Physics of the University of Valencia, where this work hasbeen completed.AppendixLemma 1 In the anomaly free case de�ned by (19), the equation[�s�] � �1 = (�1;� � �1) + �c[� � �1] + �hD � �1 (69)holds, for local functionals D and �.Proof. Consider S� = S1 + ��. Then 12(S�; S�) + �cS� = �s�� +O(�h) + O(�2). The quantum action principle applied to this equation gives12(��;��) + �c�� = D(�) � ��. Putting � to zero and using (19), we getD(0) = 0, so that D(�) = D0(�)�. If we now di�erentiate with respect to �and set � to zero, we get (�1;� ��1) +�c[� ��1] = �0(0) ��1. To lowestorder in �h, we �nd �0(0) = �s�.A di�erent proof of this lemma can be obtained by using the so calledextended BRST technique [32, 31].Decomposition of BRST modulo d cohomology classes: [33]A BRST cocycle modulo d is given by a k-form b of ghost number gsatisfying �sb + dc = 0 for some c. The equivalence classes [b] under the21



equivalence relation b � b+�sf+dg are the elements ofHg;k(�sjd). The descentequations, following from the triviality of the cohomology of d in form degreeless than n, imply that �sc + de = 0 for some e, so that [c] 2 Hg+1;n�1(sjd).Consider the map D : Hg;n(�sjd) �! Hg+1;n�1(�sjd) de�ned by D[b] = [c].It is straightforward to verify that (i) this map is well de�ned, i.e., it doesnot depend on the choice of representatives, (ii) Ker D is determined by [b]with �sb = 0; this space will be denoted by rHg;k(�s) and corresponds to thoseelements ofHg;k(�s) which remain non trivial under the more general �smodulod coboundary condition, and (iii) Im D is given by those elements [c] 2Hg+1;k�1(�sjd), which can be lifted; we denote the corresponding subspace bylHg+1;k�1(�sjd).We thus have the direct sum decomposition Hg;k(�sjd) = rHg;k(�s) �Hg;knd (�sjd), where Hg;knd (�sjd) ' lHg+1;n�1(�sjd). The subspace Hg;knd (�sjd) is thesubspace of cohomology classes with a non trivial descent.Lemma 2 In the anomaly free case de�ned by (19), any integrated BRSTcohomology class K� = R dnx k� in ghost number g�, k� 2 Hg�;n(�sjd), thereexist counterterms K� ! K1� such that(�1;K1� � �1) + �cK1� � �1 = �ha��K1� � �1; (70)where k� 2 Hg�+1;n(�sjd) and a��a
� = 0 as a power series in �h.The same result holds for non integrated strict BRST cohomology classesk� 2 Hg�;k(�s).Proof. We have �sK� = 0 so that according to lemma 1, (�1;K� ��1) +�cK� ��1 = �hA� ��1. The consistency implies to lowest order thatA� = a��1K�+�s�1 �, with k� 2 Hg�+1;n(�sjd). Hence, through the rede�nitionK1� = K� � �h�1�, we can achieve(�1;K1� � �1) + �cK1� � �1 = �ha��1K1� � �1 + �h2A0� � �1: (71)To lowest order, the consistency condition for this equation gives a��1a
�1K
 =�sA0�, implying a��1a
�1 = 0 = �sA0�. The reasoning can be pushed recursivelyto higher orders in �h, with the announced result. The proof for the strictcohomology classes proceeds in the same way.22
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