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THE NEGATIVE DISCRETE SPECTRUM OF ACLASS OF TWO-DIMENTIONAL SCHR�ODINGEROPERATORS WITH MAGNETIC FIELDSbyA. Laptev and O. SafronovAbstract. We obtain an asymptotic formula for the number of negative eigenvaluesof a class of two-dimensional Schr�odinger operators with small magnetic �elds. Thisnumber increases as a coupling constant of the magnetic �eld tends to zero.1.Introduction and Notations. Let us consider a selfadjoint Schr�odinger oper-ator in L2(R2) formally written as(1.1) H� = (ir+ �A)2 � V; � > 0:Here the electric potential V = V (x), x 2 R2, is a nonnegative function andA = A(x) = (A1(x); A2(x)) is a vector potential. The precise de�nition of theoperator H� can be given via the corresponding quadratic form(1.2) h[u] = ZR2�jiru+ � Auj2 � V juj2� dx; u 2 H1(R2):Under certain conditions on V and A the form (1.2) is closed on the Sobolev spaceH1(R2) and generates the selfadjoint operatorH� in L2(R2). We shall study a classof operators whose discrete negative spectrum is in�nite when � = 0 and �nite when� > 0. The number of the negative eigenvalues of the operatorH�, � > 0 is denotedby N(�) = N(H�) = N(�; h) depending on what is more convenient. In this paperwe obtain an asymptotic formula for the value N(�), as � ! 0 and therefore givea quantative description of how a magnetic �eld \lifts up" the spectrum of theoperator H�. This setting becomes possible because the spectral point zero is theresonance state for a two-dimensional Schr�odinger operator and is thus sensitive toperturbations either by electric or vector potentials.In order to formulate the main result we consider a gauge transformation whichannihilates the radial component of the vector potential A (see [T, Section 8.4.2])and which sometimes is called by the transversal (or Poincar�e) gauge. The lat-ter corresponds to a unitary transformation of the original operator and does notchange its spectrum. Most of our discussions will be described in polar coordinates1991 Mathematics Subject Classi�cation. 35P15, 35P20.The �rst author was supported by the Swedish Natural Sciences Research Council, GrantM-AA/MA 09364-320. Typeset by AMS-TEX1



2 BY A. LAPTEV AND O. SAFRONOV(r; �) 2 [0;1) � T at x 2 R2, where T = fx 2 R2 : jxj = 1g. We denote byer = x=r the radial unit vector and by e� the unit vector which completes er up tothe oriented orthonormal basis at x 6= 0. Proposition 3.1 shows that if A is smoothenough, then one can gauge away the radial component of the vector potential Aor �nd real functions  and a, such that(1.3) A+r = a(x)e� :Then (1.2) transfers into a more convenient form for which we use the same notation(1.4) h[u] = Z 10 Z 2�0 �ju0rj2 + jir�1u0� + � auj2 � V juj2) r d�dr:In the next section we formulate our main result (Theorem 2.1) concerning theasymptotics of the value N(�) as � ! 0 and give its proof in Section 4. Theorem2.1 deals with the special behaviour of the vector and electric potentials near in�nityand covers the important applications including Aharonov-Casher magnetic �elds.If � = 0 then the in�nite number of the negative eigenvalues is prescribed by thebehaviour of V at 1. In particular, our result shows that a compactly supportedmagnetic �eld with a small coupling constant � (the case � = 0 in Theorem 2.1)makes the negative spectrum �nite (an immediate in
uence at 1) and gives therate of increase of the number of negative eigenvalues as the coupling constant �turns to zero.We show in Section 5 that similar e�ects hold true if a has some prescribed as-ymptotic properties at x0 2 R2 and �nally we apply our results to vector potentialscorresponding to the Aharonov-Bohm e�ect in Section 6.The result of Theorem 2.1 can be easily generalized to the case when Condition(2) (see Section 2) is satis�ed only asymptotically as r ! 1. In fact a similarresult holds true for a much wider class of magnetic Schr�odinger operators with-out a prescribed asymptotic behavior at in�nity, but involving some cumbersomequantative assumptions on the mean values of V and a over T. Finally we decidedto consider here a simple case covering, however, the most important applications.Denote by < �; � > the real scalar product of vectors in R2. LetB(p; q) = Z 10 tp�1(1 � t)q�1 dtbe the Beta function. An open ball with its center at x 2 R2 and radius r > 0is denoted by B(x; r); R+ := (0;1), N and Zare sets of positive and all integersrespectively. For the scalar product in L2(T) we use (�; �)T. The class of functionsu 2 Lp(R2), 1 � p � 1, whose distributional derivatives belong to Lp(R2), isdenoted by W 1;p(R2). The corresponding local class of functions is W 1;ploc (R2). Letus also agree that the number of negative eigenvalues corresponding to a quadraticform will sometimes be denoted by its reference number, say N(�; h) = N(�; (1:2)).Let G be a function of � and G(�)!1, as � ! 0. In a similar way we shall denotethe functionals(1.5) �G(h) = �G((1:2)) = lim sup�!0 N(�; h)=G(�)and �G(h) = �G((1:2)) = lim inf�!0 N(�; h)=G(�):



THE NEGATIVE DISCRETE SPECTRUM OF SCHR�ODINGER OPERATORS 32. Assumptions and Results. It is now convenient to formulate our main as-sumptions in terms of the function a introduced in (1.3) (see also Proposition 3.1).Introduce the mean values �a and �V of the functions a and V over T(2.1) �a = 12� Z 2�0 a(r; �) d� and �V = 12� Z 2�0 V (r; �) d�:We assume now that the following four conditions are satis�ed:There exist constants C1; C2 > 0, a function 	 2 L1(T) and r0 > 1 such that(1) C1r2(log r)� � V (r) � C2r2(log r)� ; r � r0; 0 < � < 2;(2) a(r; �) = 	(�)r(log r)�=2 r � r0; 0 � � < �;Suppose also that there is a constant C > 0, such that for any r1; r2 > r0"(3)"(1)j�a�2(r1) �V (r1) � �a�2(r2) �V (r2)j� Cj log(r1r�12 )j(min(log r1; log r2) + 1)�1��+� :In order to characterize the behaviour of V; a for r < r0 we will suppose that(1) a; V 2 L1(R2):Conditions (1) and (3) follow from the corresponding conditions in TheoremXIII.82 [RS] applied to the e�ective potential � given in (4.9). If Conditions (1)-(4) are satis�ed, then the quadratic form (1.4) is semi-bounded, closed on H1(R2)and therefore de�nes the selfadjoint operator H�.Note that for the mean value of 	 we have�	 = r(log r)�=2 �a; r > r0:Therem 2.1. Let the functions V and a satisfy the conditions (1)-(4), �	 6= 0 and0 � � < � < 2. Then the number of the negative eigenvalues N(H�) of the operator(1.1) satis�es the asymptotic formula(2.2) lim�!0N(H�)=G(�) = 1;where G(�) = 12�2 ZR2� �V (jxj) � �2 �a2�1=2+ dxjxj :Remark 2.1. If a bounded potential V (x) � cjxj�2 log�� jxj as jxj ! 1 and � > 0,c > 0, then the Schr�odinger operator ���V in L2(Rd), d � 3 has �nite number ofnegative eigenvalues (see [BS] and [L]). However, if d = 2 and 0 < � < 2, then thisfact is no longer true and the negative spectrum of the operator ���V is in�nitedue to the lack of the Hardy inequality (see [BL], [Sol]). Theorem 1.1 shows thata nontrivial magnetic �eld \lifts" the negative spectrum up and gives quantativecharacteristics of this lifting in terms of asymptotics with respect to a small couplingconstant at the vector potential.



4 BY A. LAPTEV AND O. SAFRONOVRemark 2.2. The asymptotic formula (2.2) depends only on the mean values of thepotentials V and a over T and, for example, holds true even when the supports ofthese functions do not intersect.Remark 2.3. The value �a appearing in Theorem 2.1 is invariant with respect togauge transformations. Indeed, for any � � 0 and r > r0 by the Stocks formula we�nd(2.3) �a = 12� r�1 Z 2�0 r a(r; �) d� = 12� r�1 ZB(0;r)(@x1A2 � @x2A1) dx:Remark 2.4. If � = 0, then the magnetic �eld B = curlA = 0 for r > r0. Thus The-orem 2.1 establishes the following phenomena: A small perturbation by a compactlysupported magnetic �eld can make the in�nite negative spectrum of a Schr�odingeroperator �nite. The number of its negative eigenvalues satis�es the asymptoticformula (2.2), as the coupling constant � ! 0.In some special cases the formula (2.2) can be simpli�ed.Corollary 2.2. Let Conditions (2) and (4) be satis�ed. Assume also thatV (r; �) = �(�)r2(log r)� ; r � r0; 0 < � < 2:Thenlim�!0�{N(H�) = c�;� ��({+1)=2 �	�{;where c�;� = ��1(�� �)�1B�{2 ; 32�; { = 2� ��� � :3. Preliminary Results. We shall show here that under some assumptions ofsmoothness of the vector potential A, its radial component can be gauged away.Proposition 3.1. Let A : R2 ! R2 be a vector potential in R2 and assume thatits radial component Arad =< A; er > satisfy the following conditionsr�1Arad 2 L1loc(R2) and 1r @Arad@� 2 L1loc(R2):Then there exists a real function  2W 1;1loc (R2), such thatA(x) +r (x) = a(x)e� ; a.e.where(3.1) a(x) = a(r; �) =< A; e� > � r�1 @@� Z r0 Arad(�; �) d�:Proof. Let  (r; �) = � R r0 Arad(�; �) d� (for almost all � this function is de�ned forfor all r > 0). Then  2W 1;1loc andr =  0rer + r�1 0�e� = � < A; er > er � r�1� @@� Z r0 Arad(�; �) d�� e�;



THE NEGATIVE DISCRETE SPECTRUM OF SCHR�ODINGER OPERATORS 5and thus < A +r ; er >= 0; < A+r ; e� >= a a.e.The proof is completed. �Remark 3.1. Proposition 3.1 can be easily generalized into a corresponding state-mentfor vector potentials in Rd for any d � 2.We shall see later that the asymptotics does not change if we change the poten-tials a and V on a compact set. Therefore we assume that the function a is smoothfor jxj < r0.When studying the quadratic form (1.4) we use spectral properties of the self-adjoint di�erential operator K�;r de�ned by(3.2) (K�;r ')(�) = i @@�'(�) + � r a(r; �)'(�); 0 � � < 2�; ' 2 H1(T)and depending on r and � as parameters. The spectrum of this operator is discreteand its eigenvalues f�kgk2Z and the complete orthonormal system of eigenfunctionsf'kgk2Z are given by the expressions:(3.3) �k = �k(�; r) = k + � r �a(r); k 2Z;and(3.4) 'k = 'k(�; r; �) = 1p2� e�i(� �k(�;r)�� r R �0 a(r;�)d�); k 2Z:In particular, �k and 'k are di�erentiable with respect to r and we also alwayshave(3.5) ('k; ('k)0r)T= 0; r > r0; k 2Z:Condition (2) also gives us that for r > r0(3.6) !(r) = 1�2 Z 2�0 j('0)0rj2 d�= 12� Z 2�0 ��� Z �0 (r(a � �a))0r d� ���2 d�= 12� ��� �log��=2 r�0r ���2 Z 2�0 ��� Z �0 (	(� ) � �	) d� ���2 d�= o(r�2(log r)�� ); as r !1:We introduce now the following decomposition(3.7) u = z + g; u 2 L2(R2);where(3.8) z = z(�; r; �) = (u;'0)T'0(�; r; �)= '0(�; r; �)Z 2�0 u(r; � )'0(�; r; � ) d�; r-a.e.;



6 BY A. LAPTEV AND O. SAFRONOVand(3.9) g = u� z:Obviously (g; '0)T= Z 2�0 g(�; r; �)'0(�; r; �) d� = 0for almost all r. Therefore the equations (3.7)-(3.9) induce the corresponding or-thogonaldecomposition of the Hilbert space L2(R2). They also give a direct (not nec-essary orthogonal) decomposition of the space H1(R2). Using the property '0 2W 1;1(R2) we �nd that v(r)'0(r; �) 2 H1(R2) if and only if v 2 H1(R+). This factwill be important for us when we study the restriction of the form h on the classof functions (3.8).The decomposition (3.7) is not invariant with respect to the action of the operatorH�. We show, however, that there is an \asymptotic invariance" as � ! 0, whichallows us to compute the asymptotic formulae (2.2) and (2.3).4. Proof of Theorem 2.1. We shall now discuss two side estimates for thequadratic form (1.4) employing the above mentioned asymptotic invariance of thisform restricted on the functions (3.8) and (3.9).Upper spectral estimate. In order to obtain an upper estimate for the negativespectrum of the operator (1.1) we begin by estimating the form (1.4) from below(4.1) h[u] = h[z + g]= Z 10 Z 2�0 �j(z + g)0r)j2) + ji r�1(z + g)0� + � a(z + g)j2 � V (r; �)jz + gj2� r d�dr:Let 0 < " < 1. Applying the Cauchy inequality we obtain(4.2) h[u] � h1[z] + h2[g];where(4.3) h1[z] = Z 10 Z 2�0 �(1 � ")jz0rj2 + ji r�1z0� � � a zj2 � (1 + ")V jzj2� r d�drand(4.4) h2[g] = Z 10 Z 2�0 �(1�"�1)jg0rj2+ ji r�1g0��� a gj2� (1+"�1)V )jgj2� r d�dr:Since (g; '0)T= 0 we �ndZ 2�0 ji r�1g0� � � a gj2 d� � r�2�21(�; r)Z 2�0 jgj2 d�;where �1 is de�ned in (3.3) (k = 1). It is now easy to see that there exists �0 > 0,such that the operator generated by the form (4.4) has a �nite number of negative



THE NEGATIVE DISCRETE SPECTRUM OF SCHR�ODINGER OPERATORS 7eigenvalues uniformly with respect to � < �0. Indeed, from (3.3) and Condition(3) we observe that if �0 �	 < 1=2 and r > r0, then for any � < �0 we have�1(�; r) > 1=2. Since the potential V is a bounded function satisfying V (r; �) =o(r�2), r ! 1, we conclude that [(2r)�2 � (1 + "�1)V ]� is a bounded functionwhose support is a compact set and thus the negative spectrum of the form h2 is�nite.Let us study the form h1[z]. By substituting z(r; �) = v(r)'0(r; �) and using(3.5) we obtain(4.5) h1[z] = Z 10 Z 2�0 �(1� ")j(v'0)0rj2+ r�2�20(�; r)jvj2j'0j2 � (1 + ")V jvj2j'0j2� r d�dr(4.6) = Z 10 �(1� ")jv0j2 + �(1 � ")�2 ! + �2�a2 � (1 + ") �V )�jvj2� r dr;where ! is de�ned in (3.6). Note that in order to obtain a lower estimate for theform (4.6), we can omit the term with !, since this function is positive.Let us �x an arbitrary r1 > 0. Using rather standard variational arguments wecan reduce the study of the upper estimate for the value N(�; (4:6)) to that of theupper estimate for N(�; (4:7)), where(4.7) Z 1r1 �(1 � ")jv0j2 + ��2�a2 � (1 + ") �V )�jvj2� r dr; v 2 C10 (r1;1):so the term with the function ! is omitted and we take the integration over theinterval (r1;1). Without loss of generality we can assume thata(r; �) = 	(�) r�1(log r)��=2for any r > r1 i.e. a is substituted by its behavior valid for r > r0. In order toprove this fact it is su�cient to note that the number of the negative spectrum ofthe form Z r10 ((1 � ")jv0j2 � (1 + ") �V jvj2) r dris �nite and independent of �. Thus by the splitting principle, the asymptoticsfor N(�; (4:6)) does not change if we change the function a on a compact set andintegrate in (4.6) from r1 to 1.Returning to the study of the quadratic form (4.7) we introduce the substitution(4.8) y(t) = (log r)��=4v(r); r = exp(((2 � �)t=2) 22�� ):We also put(4.9) �(t) = �V (e((2��)t=2) 22�� )=�a2(e((2��)t=2) 22�� ) ;and choose r1 = exp(((2 � �)=2) 22�� ):



8 BY A. LAPTEV AND O. SAFRONOVThen we �nd that N(�; (4:7)) = N(�; (4:10)), where(4.10) Z 11 �(1 � ")jy0j2 + (1� ")ct�2 + ��2 � (1 + ")�(t)� �	2 jyj2� dt;y 2 C10 (1;1);with some constant c > 0 which can be precisely calculated. Applying TheoremXIII.82 [RS] to the operator generated by the form (4.10), we arrive at(4.11) �G(h1) � �G((4:10))= lim sup�!0 (G(�))�1 1�p1� " Z 11 ��	2 ((1 + ")� � �2 ) + (1� ")ct�2�1=2+ dt= lim sup�!0 (G(�))�1 1�p1� " Z 10 �(1 + ") �V � �2�a2�1=2+ dr:Let us show that " appearing in the right hand side of (4.11) can be substitutedby 0. Indeed, using the inequality p(a + b)+ �pa+ �pb+ and Condition (1) wehavelim sup�!0 �(G(�))�1 Z �(1 + ") �V � �2�a2�1=2+ dr � 1�� p" lim sup�!0 (G(�))�1 Z(1+")�V��2�a2 �V 1=2 dr � Cp";where C = C( �V ; �a). Since " is arbitrary this implies �G(h1) � 1 which is equivalentto the inequality lim sup�!0 (G(�))�1N(H�) � 1:Lower spectral estimate. The proof of the estimate of the value N(H�) from belowcoincides with the corresponding proof of the upper estimate. We only need towrite the opposite inequalities, change " by �" and use the functional �G instead of�G. MOreover, we should not ignore the term containing ~'0 but use the estimate(3.6). This gives us lim sup�!0 (G(�))�1N(H�) � 1:The theorem is proved. �5. Local singularities. Let us now consider the problem generated by the form(1.4), where a and V have compact supports and satisfy the following local condi-tions at x = 0:There exist constants C1; C2 > 0, a function 	 2 L1(T) and a number r0 < 1such that(1*) C1r2(log r)� � V (r) � C2r2(log r)� ; r � r0; 0 < � < 2;(2*) a(r; �) = 	(�)r(log r)�=2 r � r0; 0 � � < �;



THE NEGATIVE DISCRETE SPECTRUM OF SCHR�ODINGER OPERATORS 9Suppose also that there is a constant C > 0, such that for any 0 < r1; r2 < r0(3*)j�a�2(r1) �V (r1) � �a�2(r2) �V (r2)j� Cj log(r1r�12 )j(min(log r1; log r2) + 1)�1��+� :(4*) the functions a and V are compactly supported anda; V 2 L1(R2 nB(0; r0)):If Conditions (1*)-(4*) are satis�ed, then the quadratic form (1.4) is semi-bounded on C10 (R2 n f0g), therefore its closure generates the selfadjoint operator(1.1) for which we use the same notation H�.Nothing new is needed in order to obtain the following result:Therem 5.1. Let the functions V and a satisfy Conditions (1*)-(4*), �	 6= 0 and0 � � < � < 2 then the asymptotic formula (2.2) is ful�lled.Obviously we can also consider a combined problem where the functions a andV are singular both at in�nity and at zero (or at any other (several) point(s)). Inorder to prove the corresponding results one needs to use the splitting argumentstogether with Theorems 2.1 and 5.1.6. Aharonov-Bohm-type magnetic �elds. Finally we would like to discuss aspecial case, where(6.1) a(r; �) = 	(�)r ; 	 2 L1(T):The corresponding magnetic �eld is zero everywhere except x = 0. In this casethe exponential change of variables (4.8) applied to the whole R+ leads to a studyof the number of the negative eigenvalues of a Schr�odinger operator on R and weobtain:Theorem 6.1. Let a be de�ned by (6.1). Assume that there is 0 < � < 2 such thatr2(1 + j log rj�)V (r; �) 2 L1(R2)and eitherlim infr!1 r2(log r)� �V (r; �) > 0; or lim supr!0 r2j log rj� �V (r; �) > 0:Suppose also that there is a constant C > 0, such that for any r1; r2 2 R+jr21 �V (r1) � r22 �V (r2)j � Cj log(r1r�12 )j(min(log r1; log r2) + 1)�1��:If now �	 6= 0, then lim�!0N(H�)=G(�) = 1;
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