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ABSTRACT. We obtain an asymptotic formula for the number of negative eigenvalues
of a class of two-dimensional Schrodinger operators with small magnetic fields. This
number increases as a coupling constant of the magnetic field tends to zero.

1.Introduction and Notations. Let us consider a selfadjoint Schrédinger oper-
ator in L?(R?) formally written as

(1.1) Hp = (iV+BA? -V,  3>0.

Here the electric potential V = V(z), * € R? is a nonnegative function and
A = A(z) = (A1(x), Az2(x)) is a vector potential. The precise definition of the
operator Hg can be given via the corresponding quadratic form

(1.2) hlu] = /]1@2 <|zVu + B Au|* — V|u|2> de, wu € H'(R?).

Under certain conditions on V and A the form (1.2) is closed on the Sobolev space
H'(R?) and generates the selfadjoint operator Hg in L?(R?). We shall study a class
of operators whose discrete negative spectrum is infinite when # = 0 and finite when
3 > 0. The number of the negative eigenvalues of the operator Hg, 3 > 0 is denoted
by N(8) = N(Hg) = N(5,h) depending on what is more convenient. In this paper
we obtain an asymptotic formula for the value N(f3), as  — 0 and therefore give
a quantative description of how a magnetic field “lifts up” the spectrum of the
operator Hg. This setting becomes possible because the spectral point zero is the
resonance state for a two-dimensional Schrodinger operator and is thus sensitive to
perturbations either by electric or vector potentials.

In order to formulate the main result we consider a gauge transformation which
annihilates the radial component of the vector potential A (see [T, Section 8.4.2])
and which sometimes is called by the transversal (or Poincaré) gauge. The lat-
ter corresponds to a unitary transformation of the original operator and does not
change its spectrum. Most of our discussions will be described in polar coordinates
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(r,0) € [0,00) x T at * € R% where T = {z € R? : |z] = 1}. We denote by
e, = x/r the radial unit vector and by eg the unit vector which completes e, up to
the oriented orthonormal basis at @ # 0. Proposition 3.1 shows that if A is smooth
enough, then one can gauge away the radial component of the vector potential A
or find real functions ¢ and a, such that

(1.3) A+ Vip =a(x)es.

Then (1.2) transfers into a more convenient form for which we use the same notation

e} 27
(1.4) hlu] = / / <|u’,,|2 + [ir Yl + Baul® — Viul?) r dodr.
o Jo

In the next section we formulate our main result (Theorem 2.1) concerning the
asymptotics of the value N(3) as f — 0 and give its proof in Section 4. Theorem
2.1 deals with the special behaviour of the vector and electric potentials near infinity
and covers the important applications including Aharonov-Casher magnetic fields.
If 8 = 0 then the infinite number of the negative eigenvalues is prescribed by the
behaviour of V' at oo. In particular, our result shows that a compactly supported
magnetic field with a small coupling constant 3 (the case v = 0 in Theorem 2.1)
makes the negative spectrum finite (an immediate influence at oo) and gives the
rate of increase of the number of negative eigenvalues as the coupling constant 3
turns to zero.

We show in Section 5 that similar effects hold true if @ has some prescribed as-
ymptotic properties at zo € R? and finally we apply our results to vector potentials
corresponding to the Aharonov-Bohm effect in Section 6.

The result of Theorem 2.1 can be easily generalized to the case when Condition
(2) (see Section 2) is satisfied only asymptotically as r — oo. In fact a similar
result holds true for a much wider class of magnetic Schrodinger operators with-
out a prescribed asymptotic behavior at infinity, but involving some cumbersome
quantative assumptions on the mean values of V and a over T. Finally we decided
to consider here a simple case covering, however, the most important applications.

Denote by < -,- > the real scalar product of vectors in R?. Let

1
Blp.gy= [ i1t ar
0

be the Beta function. An open ball with its center at » € R? and radius r > 0
is denoted by B(x,r); Ry := (0,00), N and Z are sets of positive and all integers
respectively. For the scalar product in L?(T) we use (-,-),. The class of functions
u € LP(R?), 1 < p < oo, whose distributional derivatives belong to LP(R?), is
denoted by W1?(R?). The corresponding local class of functions is T/Vli’cp(Rz). Let
us also agree that the number of negative eigenvalues corresponding to a quadratic
form will sometimes be denoted by its reference number, say N(3,h) = N(3,(1.2)).
Let G be a function of # and G() — oo, as # — 0. In a similar way we shall denote
the functionals

(1.5)  Ag(h) = Aa((1.2)) = limsup N(5,5)/G(5)

B—0

and b6 (h) = da((1.2)) = liminf N(3.0)/G(3)
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2. Assumptions and Results. It is now convenient to formulate our main as-
sumptions in terms of the function a introduced in (1.3) (see also Proposition 3.1).
Introduce the mean values @ and V' of the functions ¢ and V over T
1 27 1 27

a(r,0)do and V=_— Vi(r,8)do.

2.1 a=
(2.1) a o |

27 Jo

We assume now that the following four conditions are satisfied:
There exist constants Cy,Cy > 0, a function ¥ € L*°(T) and r¢o > 1 such that

(1) = < V() <

r?(log ryr r 2 To, 0< H < 27

Co
r2(logr)#>
_ v
(2) a(r, 9) = Togr)¥/? r>ro, 0<v<up,
Suppose also that there is a constant C' > 0, such that for any rqy,ry > 79

" (80

@™ (r)V (r1) —a " (r2)V(ra)]
< C| log(rlrz_l)|(min(log r1,logry) + 1)_1_“""”.

In order to characterize the behaviour of V, a for r < rg we will suppose that

(1) a,V € L®(R?).

Conditions (1) and (3) follow from the corresponding conditions in Theorem
XIII.82 [RS] applied to the effective potential ® given in (4.9). If Conditions (1)-
(4) are satisfied, then the quadratic form (1.4) is semi-bounded, closed on H'(R?)
and therefore defines the selfadjoint operator Hg.

Note that for the mean value of ¥ we have

U =r(logr)"’?a, r>ro.

Therem 2.1. Let the functions V and a satisfy the conditions (1)-(4), ¥ # 0 and
0 <v < p<2. Then the number of the negative eigenvalues N(Hg) of the operator
(1.1) satisfies the asymptotic formula

(22 lim N(H5)/G(3) = 1,

where

69) = 5 [ (Ve - )

+ |zl

Remark 2.1. If a bounded potential V(z) ~ c|z|~? log™" |z| as |z| = oo and p > 0,
¢ > 0, then the Schrédinger operator —A —V in L2(R?), d > 3 has finite number of
negative eigenvalues (see [BS] and [L]). However, if d = 2 and 0 < p < 2, then this
fact 1s no longer true and the negative spectrum of the operator —A —V is infinite
due to the lack of the Hardy inequality (see [BL], [Sol]). Theorem 1.1 shows that
a nontrivial magnetic field “lifts” the negative spectrum up and gives quantative
characteristics of this lifting in terms of asymptotics with respect to a small coupling
constant at the vector potential.
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Remark 2.2. The asymptotic formula (2.2) depends only on the mean values of the
potentials V and a over T and, for example, holds true even when the supports of
these functions do not intersect.

Remark 2.3. The value a appearing in Theorem 2.1 is invariant with respect to
gauge transformations. Indeed, for any v > 0 and r > rg by the Stocks formula we

find

_ [T 1
(2.3) a=__r /0 ra(r,d)dé = 5" /B(W)(axlAz — Oy, Ay) da.
Remark 2.4. If v = 0, then the magnetic field B = curl A = 0 for r > rg. Thus The-
orem 2.1 establishes the following phenomena: A small perturbation by a compactly
supported magnetic field can make the infinite negative spectrum of a Schrodinger
operator finite. The number of its negative eigenvalues satisfies the asymptotic
formula (2.2), as the coupling constant 5 — 0.

In some special cases the formula (2.2) can be simplified.

Corollary 2.2. Let Conditions (2) and (4) be satisfied. Assume also that

1(9)

0= g e

, r>rg, 0<pu<2.

Then

lim 37N (Hg) = ¢, YD/ 2g=>

B—0

3 2 —
where ¢, =7 1 (u — 1/)_18<z, —>, = i
’ 22 W=

3. Preliminary Results. We shall show here that under some assumptions of
smoothness of the vector potential A, its radial component can be gauged away.

Proposition 3.1. Let A : R? — R? be a vector potential in R? and assume that
its radial component Ar.q =< A, e, > satisfy the following conditions

1 aArad
r 00

r ! Araa € L (R?) and c Li, . (R?).

Then there exists a real function i € Wl’l(Rz), such that

loc

A(z) + Vip(z) = a(x)eq, a.e.

where

a r
(3.1) a(x) = a(r,0) =< A,ep > —T_l%/ Arad(p, 8) dp.
0

Proof. Let (r,0) = — [ Araa(p,0) dp (for almost all § this function is defined for

0

for all r > 0). Then ¢ € Wit and

loc

a T
Vip =tple, +r hpeg = — < Ajep > e, —1r7 ! <%/ Arad(p, 9) d,o> g,
0
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and thus
<A+ Vi, e >=0, <A+ Ve >=a a.e.

The proof is completed. O
Remark 3.1. Proposition 3.1 can be easily generalized into a corresponding state-

ment
for vector potentials in R? for any d > 2.

We shall see later that the asymptotics does not change if we change the poten-
tials @ and V' on a compact set. Therefore we assume that the function a is smooth
for |z| < rg.

When studying the quadratic form (1.4) we use spectral properties of the self-
adjoint differential operator K, , defined by

(3.2) (Ksrp)(l) = ié%cpw) +Bra(r,d)p(d), 0<60<2r, @< HY(T)

and depending on r and (3 as parameters. The spectrum of this operator is discrete
and its eigenvalues {\j }rez and the complete orthonormal system of eigenfunctions
{¢k }rez are given by the expressions:

(3.3) Ae = A\i(B,r) =k + Bra(r), ke Z,

and

1 : 6
(34) S‘Qk = Spk(ﬁ7r7 9) — _e—l(eAk(ﬁ,r)—ﬁr fo a(r,r) d7’)7 k c Z
V2

In particular, \; and ¢ are differentiable with respect to r and we also always
have

(35) (S‘ka (S‘Qk)/r)jr = 07 T > To, ke Z.

Condition (2) also gives us that for r > rg

1 m 112
3:6) wlr) = / (o) d6

1 27 4 2
= / (r(a —a)).dr | dé
27 Jo 0
1 9 , 2 2 [ -~ 2
_ __‘ (log™"/* 1) b/‘ t/‘(@(r)—-Q)dT do
27 r 0 0
= o(r?*(logr)™"), as 1 — 00.

We introduce now the following decomposition
(3.7) u=z+g, u€L}R?,
where
(3.8) z=2z(8,r0) = (u,00): po(I,1,0)
27

= ¢olf.r.0) / u(r7)palBir Ty dr,  r-ac.,

0
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and
(3.9) g=u—z.

Obviously
27
(gopo)e = | 9l 850 r 1 d8 = 0
0

for almost all r. Therefore the equations (3.7)-(3.9) induce the corresponding or-
thogonal

decomposition of the Hilbert space L*(R?). They also give a direct (not nec-
essary orthogonal) decomposition of the space H'(R?). Using the property ¢q €
W1 (R?) we find that v(r)po(r,8) € H'(R?) if and only if v € H!'(R4). This fact
will be important for us when we study the restriction of the form § on the class
of functions (3.8).

The decomposition (3.7) is not invariant with respect to the action of the operator
Hsz. We show, however, that there is an “asymptotic invariance” as  — 0, which
allows us to compute the asymptotic formulae (2.2) and (2.3).

4. Proof of Theorem 2.1. We shall now discuss two side estimates for the

quadratic form (1.4) employing the above mentioned asymptotic invariance of this
form restricted on the functions (3.8) and (3.9).

Upper spectral estimate. In order to obtain an upper estimate for the negative
spectrum of the operator (1.1) we begin by estimating the form (1.4) from below

(4.1) =blz +4]
-/ / @) i 0y + Bal +g)* — V(r.6)|z +af) r d6dr.
Let 0 < ¢ < 1. Applying the Cauchy inequality we obtain

(4.2) blu] = b1lz] 4 h2[g],

where

43) = [ [ (-l i s — (VR ey

and

o) 2m
@) bl = [ [ (=gl i gy = gl = (1 Vo) o

Since (g, po); = 0 we find

27

2
/0 lir~tgy — Bag|*dd zr‘zAf(ﬂﬂ/ lg|* a8,

0

where A is defined in (3.3) (k = 1). It is now easy to see that there exists 3y > 0,
such that the operator generated by the form (4.4) has a finite number of negative
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eigenvalues uniformly with respect to § < fy. Indeed, from (3.3) and Condition
(3) we observe that if 3o¥ < 1/2 and r > 7, then for any 3 < [y we have
A1(B,7r) > 1/2. Since the potential V is a bounded function satisfying V(r,0) =
o(r=%), r — oo, we conclude that [(2r)~? — (1 + ¢~ 1)V]_ is a bounded function
whose support is a compact set and thus the negative spectrum of the form f, is
finite.

Let us study the form hi[z]. By substituting z(r,6) = v(r)eo(r,0) and using
(3.5) we obtain

a5 ml= [ [ (a-oleenr
+r 88, 7)o Plvol® = (1+ )V o Plgo?) r dodr

(4.6) = /Ooo<(1 — [+ (1= 2) 32w+ B2a? = (14 &) V) ol ) rdr,

where w is defined in (3.6). Note that in order to obtain a lower estimate for the
form (4.6), we can omit the term with w, since this function is positive.

Let us fix an arbitrary r; > 0. Using rather standard variational arguments we
can reduce the study of the upper estimate for the value N(«,(4.6)) to that of the
upper estimate for N(a, (4.7)), where

(4.7) /roo ((1 — )2+ (8% — (1+ 5)V)>|v|2> rdr, o€ C&(r,00).

so the term with the function w is omitted and we take the integration over the
interval (r1,00). Without loss of generality we can assume that

a(r,0) = U(6) r~(logr)~"/?

for any r > ry i.e. a is substituted by its behavior valid for r > rg. In order to
prove this fact it is sufficient to note that the number of the negative spectrum of
the form

/0’“1((1 —)['* = (L4 e)V o) rdr

is finite and independent of 3. Thus by the splitting principle, the asymptotics
for N (o, (4.6)) does not change if we change the function ¢ on a compact set and
integrate in (4.6) from ry to oo.

Returning to the study of the quadratic form (4.7) we introduce the substitution

(4.8) y(t) = (logr)~"/*v(r), r=exp(((2 — y)t/g)%)_
We also put
(4.9) B(t) = V(e(@—V)t/?)%)/@2(6((2—@”2)%) 7

and choose

r = exp(((2 — v)/2)77).
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Then we find that N(«,(4.7)) = N(a, (4.10)), where

(4.10) /loo<(1 — oy [P+ (L= 2)et™ 4 (57 = (14 )@(1) * |y*) dt
y € C57(1,00),

with some constant ¢ > 0 which can be precisely calculated. Applying Theorem
XIII.82 [RS] to the operator generated by the form (4.10), we arrive at

(4.11) Ag(hr) < Ag((4.10))

= lir;_s;z)lp (G(B)~ Fm/

— lir;jlolp(G(ﬁ)) m/

Let us show that ¢ appearing in the right hand side of (4.11) can be substituted
by 0. Indeed, using the inequality v/(a + b)+ — /ax < /by and Condition (1) we

have

lim sup <(G(ﬁ))_1 /((1 +e)V — [32&2>1/2dr >

B—0

(L+2)@ —B2) + (1 —e)et™?)* at

(1+2)V — %)\ dr.

B—0

< VZ limsup (G(8))™ / V12 gr < €V,
(1+¢)V>p32a2

where C' = C(V,a). Since ¢ is arbitrary this implies Ag(h;) < 1 which is equivalent
to the inequality
limsup(G(8)) ™' N(H;) < 1

B—0

Lower spectral estimate. The proof of the estimate of the value N(Hg) from below
coincides with the corresponding proof of the upper estimate. We only need to
write the opposite inequalities, change ¢ by —e and use the functional ¢ instead of
Ag. MOreover, we should not ignore the term containing ¢ but use the estimate
(3.6). This gives us

limsup(G(8)) ™' N(Hz) > 1

B—0

The theorem is proved. 0O

5. Local singularities. Let us now consider the problem generated by the form
(1.4), where a and V have compact supports and satisfy the following local condi-
tions at « = 0:

There exist constants Cy,Cy > 0, a function ¥ € L>®(T) and a number ry < 1
such that

(1%)

, r<ry, 0<pu<2,

(2%)

r<rg, 0<v<uyu,
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Suppose also that there is a constant C' > 0, such that for any 0 < r1,7r2 < rg

(3%)

a7 (r1)V(r1) —a ™ (r2)V(ra)]
< C| log(rlrz_l)|(min(log r1,logry) + 1)_1_“""”.

(4*) the functions @ and V are compactly supported and

a,V € LOO(]R2 \ B(0,719)).

If Conditions (1*)-(4*) are satisfied, then the quadratic form (1.4) is semi-
bounded on C§°(R? \ {0}), therefore its closure generates the selfadjoint operator
(1.1) for which we use the same notation Hg.

Nothing new is needed in order to obtain the following result:

Therem 5.1. Let the functions V and a satisfy Conditions (1%)-(4*), ¥ # 0 and
0 <v < u<2 then the asymptotic formula (2.2) is fulfilled.

Obviously we can also consider a combined problem where the functions a and
V are singular both at infinity and at zero (or at any other (several) point(s)). In
order to prove the corresponding results one needs to use the splitting arguments
together with Theorems 2.1 and 5.1.

6. Aharonov-Bohm-type magnetic fields. Finally we would like to discuss a
special case, where

(6.1) a(r,0) = YO g e ey,

7

The corresponding magnetic field is zero everywhere except x = 0. In this case
the exponential change of variables (4.8) applied to the whole Ry leads to a study
of the number of the negative eigenvalues of a Schrodinger operator on R and we
obtain:

Theorem 6.1. Let a be defined by (6.1). Assume that there 1s 0 < p < 2 such that
r2(1 + |logr|")V(r,6) € L=(R?)
and either

liminf r?(logr)*V(r,8) >0, or limsupr?|logr|*V(r,6) > 0.

T—00 r—0
Suppose also that there s a constant C' > 0, such that for any ri,r2 € Ry
P2V (r1) — 73V (r2)| < C|log(riry 1) |(min(logry,logry) + 1)1 ¢,

If now ¥ #£ 0, then
lim N(#,)/G(9) = 1,
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where
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1 _ U2 \1/2 dg
G =55 [ (Ve =5 1 5)

+ x|
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