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CHAOS IN TRAVELING WAVES OF LATTICESYSTEMS OF UNBOUNDED MEDIAD. R. ORENDOVICI, YA. B. PESINAbstract. We describe coupled map lattices (CML) of unboundedmedia corresponding to some well-known evolution partial di�er-ential equations (including reaction-di�usion equation, Kuramoto-Sivashinsky, Swift-Hohenberg and Ginzburg-Landau equation). Fol-lowing Kaneko we view CML also as phenomenological models ofthe medium and present the dynamical system approach to studythe global behavior of solutions of CML. In particular, we establishspatio-temporal chaos associated with the set of traveling wave so-lutions of CML as well as describe the dynamics of the evolutionoperator on this set. Several examples are given to illustrate theappearance of Smale horseshoes and the presence of the dynamicsof Morse-Smale type. IntroductionIn this paper we deal with lattice dynamical systems of an un-bounded medium. They are also called coupled map lattices (orbrie
y CML) and are described by the equation of the formuj(n + 1) = f(uj(n)) + "gj(fui(n)gji�jj�s):(0.1)Here n 2Zis the discrete time coordinate, j = (jk); k = 1; : : : ; d is thediscrete space coordinate, and u(j; n) = uj(n) is a characteristic of themedium (for example, its density, or distribution of the temperature,etc.). Furthermore, f : Rd ! Rd and g : (Rd)2s+1 ! Rd are smoothfunctions; f is called the local map and g the interaction of �nitesize s. Finally, " is a parameter which is assumed to be su�cientlysmall.Date: Dec. 1 1997.1991 Mathematics Subject Classi�cation. Primary: 34C35, 58F39, 35K57, Sec-ondary: 58F14, 58F09.Key words and phrases. traveling wave, reaction-di�usion equation, hyperbolicset, Morse-Smale-system.This research was partially supported by the National Science Foundation grantDMS9704564. 1



2 D. R. ORENDOVICI, YA. B. PESINA natural source of CML are discrete versions of partial di�eren-tial equations of evolution type. They arise while modeling partialdi�erential equations by a computer. In Section 1 we discuss someexamples of partial di�erential equations and their discrete versions asCML. Intensive study of this topic representing various points of viewon the subject can be found in [2], [3], [4], [6], [7], [14]. In general,no information on the global behavior of solutions of a partial di�er-ential equation can be derived from the study of its discrete versionseven when steps of discretization are small. However, we believe thatsome methods of studying spatio-temporal chaos in CML, described inthis paper can be applied (perhaps with some modi�cations) to partialdi�erential equations.In [18], [24], [25], Kaneko, etc. developed a new point of view on CMLas phenomenological models to be used to describe the behavior of me-dia with high level of energy pumping (corresponding to large Reynoldsnumbers). They observed appearance of particle-like localized struc-tures i.e., distinct spatial structures obeying individual dynamics andinteracting with nearest neighbors. Moreover, if the medium is space-homogeneous the individual dynamics are identical. Thus, the behaviorof the medium obeys Equation (0.1) (with the local map f representingthe individual dynamics). The discovery by Kaneko, etc. drew atten-tion of many physicists and mathematicians to CML and exposed agreat interest to this area. CML have now become a popular subjectof study in both pure and applied mathematics.The dynamical system approach to the study of CML was originatedby Bunimovich and Sinai (see [14]) and since that has become a coretechnique in the theory (see, for example, [3], [4], [6], [7], [8], [9], [10],[23], [27], [38]).The main achievement of this approach is the description of theglobal behavior of solutions of Equation (0.1) for a broad class of lo-cal maps exhibiting greater or lesser degree of hyperbolicity. Let uspoint out that in order to solve Equation (0.1) one should �x initialand boundary conditions. The initial condition is uniquely determinedby �xing a point (uj(0)). Since the medium is unbounded the bound-ary conditions are given by �xing the rate of increase (or decrease) ofsolutions at in�nity.In this paper we consider the case when solutions grow at in�nitywith an exponential rate. The corresponding in�nite-dimensional dy-namical system which governs the behavior of solutions of Equation(0.1) (i.e., the group of time translations generated by the evolutionoperator) is described in Section 2. Since the medium is unboundedone can introduce the group of space translations. We assume that they



3commute with the evolution operator (this depends on the interactionand is always the case when the CML is obtained as a discretization of apartial di�erential equation). This leads to an action of theZp+1-latticeon the in�nite-dimensional phase space by time and space translations.The main objective of this paper is to describe hyperbolic, topological,and ergodic properties of this action.In particular, we reveal the mechanism for appearance of �nite-dimensional spatial and/or temporal chaos associated with various spe-cial classes of solutions (including steady-state, spatio-homogeneous,and traveling wave solutions; see Section 3). Although the chaotic be-havior occurs only on a \tiny" �nite-dimensional subset it may (andoften do) in
uence the behavior of a physically observable set of so-lutions of the CML, i.e., solutions which are typical in a sense. Inparticular, we establish spatial-temporal chaos associated with travel-ing wave solutions of the CML (see Section 4). This class of solutionswas studied �rst by Afraimovich and Pesin in [6] and provides the onlyknown class of solutions that may generate �nite-dimensional spatial-temporal chaos. The dynamics of the evolution operator restricted totraveling wave solutions is completely determined by the traveling wavemap. In Sections 5 and 6 we present all the known results describinghyperbolic, topological, and ergodic properties of this map as well asconsider some interesting examples.1. Lattice Dynamical Systems as Discretizations ofPartial Differential EquationsThere are many partial di�erential equations of evolution type whosediscrete versions are lattice dynamical systems of the form (0.1).Among them we consider some nonlinear reaction-di�usion equa-tion as well as Swift-Hohenberg, Kuramoto-Sivashinsky, and Ginzburg-Landau equations.1.1. The nonlinear reaction-di�usion equation is a partial dif-ferential equation of the form:@u@t = h(u) + �A�u;(1.1)where u = u(x; t) is a function of two variables (the space coordi-nate x and time t) with values in the d-dimensional Euclidean spaceRd (d = 1; 2; 3); A is the matrix of coupling and � is the di�usioncoe�cient. Equation (1.1) describes a large variety of phenomena indi�erent �elds. For example, heat conductivity in physics, chemical



4 D. R. ORENDOVICI, YA. B. PESINdi�usion processes in chemistry, kinetics of enzyme in biology, propa-gation of voltage impulse through a nerve axon in neurophysiology (see[29] and [32] for more applications).One can obtain a number of well-known particular cases of reaction-di�usion equation (1.1) by appropriate choice of the nonlinear term h.Among them most known are:1.1.1. Kolmogorov-Petrovsky-Piskunov (KPP) equation for whichthe nonlinear term is a quadratic polynomial,h(u) = �u(1� u);where � > 0 is a parameter. This equation appeared in genetics as amodel for the spread of an advantageous gene through a population.The solution u(x; t) measures the proportion of the population possess-ing this gene during the evolution of the system (the so-called Fishermodel), see [11], [21], [28], and [32].1.1.2. Huxley equation with the nonlinear term to be a cubic poly-nomial, h(u) = �u(1� u)(u� a);where 0 < a < 1 and � > 0 are parameters.1.1.3. FitzHugh-Nagumo equation where the nonlinear term is atwo-dimensional map of the plane,h(u; v) = (d'(u)� av; bu� cv)):Here '(u) is a cubic polynomial, '(u) = u(u� �)(1�u) with � 2 (0; 1)and a; b; c; d > 0 are real parameters.The Huxley equation and FitzHugh-Nagumo equation are used tomodel the propagation of voltage impulse through a nerve axon (see[29]).1.2. Swift-Hohenberg equation is a partial di�erential equation ofthe form @u@t = �u � (1 + @2x)2u� u3= (� � 1)u� u3 � @4u@x4 � 2@2u@x2 ;



5where u is a real function and � a real parameter. For some physicalphenomena to which this equation is a model see [22] and [36]; for anextensive mathematical study of Swift-Hohenberg equation see [15].1.3. Kuramoto-Sivashinsky equation has been introduced by Ku-ramoto in space dimension 1 for the study of phase turbulence in theBelousov-Zhabotinsky reactions. A two-dimensional space extensionof this equation has been later used by Sivashinsky in studying thepropagation of 
ame fronts in the case of mild combustion (see [17]and [22]). We will consider only the one-dimensional version which isa partial di�erential equation of the form@u@t = ��u� @2u@x2 � @4u@x4 � u@u@x;where u is a real function and � a real parameter.1.4. Ginzburg-Landau (amplitude) equation is a one-dimensionalpartial di�erential equation of the form@u@t = h(u) + (�+ i�)@2u@x2 ;where h(u) = (�+ i�)ujuj2� 
u and �, �, �, 
, � are real parameters.The complex-valued function u(x; t) is de�ned on 
 � R+ where 
 isan open domain in Rd.This equation governs the �nite amplitude evolution of instabil-ity waves in a large variety of dissipative systems. Various forms ofthis equation arise in hydrodynamic instability theory. For example,one can use it to describe the nonlinear growth of convection rolls inRayleigh-B�enard problem or appearance of Taylor vortices in the 
owbetween counter rotating circular cylinders (see [37]).In this paper we will deal with the real version of Ginzburg-Landau equation @u@t = h(u) + @2u@x2 ;(1.2)where h(u) = u(
 � �u2), (u 2 R), and 
, � are real parameters.When 
 = � = 1 this equation becomes the nonlinear heat equa-tion.



6 D. R. ORENDOVICI, YA. B. PESIN1.5. Discretizations. One can obtain discrete versions of the abovepartial di�erential equations replacing derivatives by appropriate dif-ferences.For the time derivative we assume the following discretization:@u@t �! [(u(x; t+�t)� u(x; t)]=�t;where �t is the discretization step. Thus, we obtain the following localmaps:1. for the Kolmogorov-Petrovsky-Piskunov equation,f(u) = u+�th(u) = u+ �u(1 � u);is a quadratic polynomial, where � = ��t is a parameter;2. for the Huxley equation,f(u) = u+�th(u) = u+ �u(1� u)(u� a)is a cubic polynomial, where � = ��t is a parameter;3. for the FitzHugh-Nagumo equation,f(u; v) = (u+A'(u)� �v; �u+ 
v)is a two-dimensionalmap, whereA = d�t, � = a�t, � = b�t, � = c�t,and 
 = 1 � � are positive numbers and 0 < � < 1;4. for the Swift-Hohenberg equation,f(u) = (1 + �)u� �u3is a cubic polynomial, where � = (1��)]�t and � = �t are parameters.5. for the Kuramoto-Sivashinsky equation,f(u) = �uis a linear function, where � = (1 � �)�t is the parameter;6. for the (real) version of the Ginzburg-Landau equation,f(u) = u+�th(u) = u+ �u(1� qu2);is a quadratic polynomial, where � = 
�t and q = (�=
)�t are param-eters;



71.6. For the space derivatives we allow any discretization scheme in-volving arbitrary number of points. For example, we choose the fol-lowing discretizations:@u@x �! [u(x+�x; t)� u(x; t)]=�x;@2u@x2 �! [u(x+�x; t)� 2u(x; t) + u(x��x; t)]=(�x)2;@4u@x4 �! [u(x+ 2�x; t)� 4u(x+�x; t) + 6u(x; t)�4u(x��x; t) + u(x� 2�x; t)]=(�x)4;where �x is the discretization step. Respectively we obtain that theinteraction g is a function of 2s+ 1 variables, wheres = 1 for Kolmogorov-Petrovsky-Piskunov equation;Huxley equation;FitzHugh-Nagumo equation;Ginzburg-Landau equation;s = 2 for Swift-Hohenberg equation;Kuramoto-Sivashinsky equation:2. Lattice Systems as Infinite-Dimensional DynamicalSystemsWe provide a formal mathematical description of lattice systems interms of dynamical systems. Consider the direct product of �nite-dimensional Euclidean spaces R = NZpRd = (Rd)Zp. We introducea special norm called norm with weights. Namely, given q1 =(q1;i); q2 = (q2;i) with q1;i > 1; q2;i > 1; i = 1; : : : ; p and u = (uj) 2R; j 2Zp, we setkukq1;q2 =Xj1 � � �Xjp ju(j)jq(j1) � � � q(jp) ;(2.1)where j = (ji) and q(ji) = (q1;i)ji if ji � 0 and q(ji) = (q2;i)ji if ji < 0.The norms with weights were used by Sattinger in [35] to study thestability of traveling waves for some partial di�erential equations andby Afraimovich and Pesin in [6] to study space-time chaos in travelingwaves for some lattice systems.



8 D. R. ORENDOVICI, YA. B. PESINThe lattice dynamical system (0.1) can now be described as thein�nite-dimensional dynamical system (Mq1;q2;�) with the underlyingphase space Mq1;q2 = fu = (uj) : kukq1;q2 <1g(2.2)and the non-linear evolution operator � = �"(�u)j(n+ 1) = f(uj(n)) + "gj(fui(n)gji�jj�s):(2.3)Let us point out that the dynamical system (Mq1;q2;�) corresponds tosolutions of the CML which satisfy the initial condition (uj(0)) 2Mq1;q2and boundary condition kukq1;q2 < 1 (i.e., the solution may grow atin�nity with exponential rate).We observe that Mq1;q2 is a Banach space with respect to the metrick � kq1;q2. Moreover, the operator � has a special form � = F + "Gwhere F = NZp f is the direct product of copies of the local mapf and G = (gj)j2Zp. F is called the uncoupled map and G thecoupling or interaction. If " is su�ciently small the operator � is asmall perturbation of the map F .We assume that the following main assumptions hold:A1. there exists K > 0 such that for l = 1; 2:supx2RdkDlfxk � K;(2.4) sup1�i�2s+1 supx2Rd2s+1 k @lg@xilk � K;(2.5)A2. for any x = (xi) 2 (Rd)2s+1det�@g(x)@x1 � 6= 0;(2.6)and supx2Rd2s+1 det�@g(x)@x1 ��1 <1:(2.7)We emphasize that we do not require that the maps f and g bebounded but only their �rst and second derivatives. Under assumptionsA1 and A2 the dynamical system (Mq1;q2;�) is correctly de�ned. Moreprecisely the following statement holds.Proposition 2.1. (see [6]) Under Assumptions A1 and A2 for anyq1 = (q1;i); q2 = (q2;i) as above the operator � maps Mq1;q2 into itself.



9Let us stress that the operator � is not di�erentiable in the senseof Frech�et but in the sense of Gâteaux (the latter means that it isdi�erentiable only along �nite-dimensional subspaces). One can showthat the Gâteaux di�erential of � is given by the following linear map:du�(�)j = f 0(uj)�j + Xji�jj�s ai � �i;(2.8)where u = (uj); � = (�j) 2Mq1;q2 and ai = @g@ui (fuigji�jj�s).The space Mq1;q2 admits spatial translations (or shifts) Sk :Mq1;q2 !Mq1;q2 given by Sk(u)i = ui+k;(2.9)where i = (ij); k = (kj) 2Zp.We now assume that the following condition holds:A3. the maps �l and Sk commute for any l 2Zand k 2Zp.Let us note that if the interaction gj does not depend on j the as-sumptionA3 holds. This is the case when the lattice system is obtainedas a discretization of a partial di�erential equation.Under assumption A3 the maps f(�l; Sk) : l 2 Z; k 2 Zpg generatean action of the Zp+1-lattice on Mq1;q2. The main goal of this paperis to describe topological, hyperbolic, and ergodic properties of thisaction.3. Types of Chaotic Behavior in Lattice Systems3.1. In [33], Pesin and Sinai discussed the following types of chaoticbehavior in lattice systems corresponding to actions of temporal and/orspatial translations. A lattice dynamical system is said to display:1) temporal chaos if there exists a measure � invariant under theZ1-action f�lg which is mixing;2) spatial chaos if there exists a measure � invariant under theZp-action fSkg which is mixing;3) spatio-temporal chaos if there exists a measure � invariantunder the Zp+1-action f�l; Skg which is mixing.In many cases the chaotic behavior of lattice systems is essentially�nite-dimensional. This means that there exists a �nite-dimensional(often smooth) submanifold in the in�nite-dimensional phase space



10 D. R. ORENDOVICI, YA. B. PESINwhich is invariant with respect to time translations or space trans-lations or both and which supports an invariant mixing measure. Suchsubmanifolds are usually associated with special classes of solutions.It may also happen that such a submanifold is stable in the in�nite-dimensional phase space, i.e., solutions which start in a small neigh-borhood of this submanifold approach it with time.In this case chaotic behavior is persistent and thus is physicallyobservable. Otherwise, chaotic behavior occurs on a \tiny" �nite-dimensional submanifold and is \invisible". In some cases the invari-ant submanifold is stable in a weaker sense: it possesses an in�nite-dimensional separatrix which is everywhere dense in the phase space.In this case the chaotic behavior should also be considered as physicallyobservable. However, it is essentially unstable (with respect to smallperturbations of initial data) and hence, is signi�cantly more di�cultto study.3.2. One can observe temporal chaos in the space of solutions whichare spatially-homogeneous, i.e., do not depend on the spatial coor-dinate, uj(n) = u(n). We assume that the coupling gj(x1 : : : ; x2s+1)does not depend on j, i.e., gj = g. It is easy to see that the functionu(n) should satisfy the following equation:u(n+ 1) = f(u(n)) + "g(u(n); : : : ; u(n)| {z }2s+1 ):(3.1)This equation reproduces orbits of the map H" : Rd ! Rd given byH"(x) = f(x)+"bg(x) where bg(u) = g(u; : : : ; u| {z }2s+1 ). The map H" is a smallperturbation of the local map f and completely determines the behaviorof the evolution operator �" on the space of spatially-homogeneoussolutions. To illustrate this let us introduce the embedding map � :Rd!Mq1;q2, where �(x) = (uj) with uj = x for any j 2Zp. Obviously,this map is linear.Proposition 3.1. 1. The space of spatially-homogeneous solutionsH = �(Rd) is a d-dimensional linear subspace of the Banach spaceMq1;q2.2. H is invariant under both space and time translations, i.e. underthe Zp+1-action (�l"; Sk).3. The action of the evolution operator on the space of spatially-homogeneous solutions, �"jH, is linearly conjugate to the mapH", i.e. the following diagram is commutative:



11Rd ����! H �Mq1;q2H"??y ??y�"Rd ����! H �Mq1;q2D1. Embedding of Spatially-homogeneous SolutionsProof. The �rst statement follows immediately from the fact that themap � is linear. Since every point in H is spatially-homogeneous His invariant under space translations. The invariance of H under timetranslations and commutativity of the diagram follows from the de�ni-tions of H and H".As an immediate consequence of Proposition 3.1 we obtain that if� is an invariant mixing measure for the map H" then the measure��� (de�ned by ��� = � � �) is an invariant mixing measure for theevolution operator �"jMq1;q2. Thus, the latter displays the temporalchaos.The problem of �nding an invariant mixing measure for H" is pure�nite-dimensional and can be solved within the classical perturbationtheory. For example, if the local map is hyperbolic (i.e, possesses ahyperbolic invariant set) then so is the map H" for su�ciently small ".This guarantees the existence of mixing measures (see a more detaileddescription of hyperbolic sets in Section 5 below; see also Appendix).It is unknown whether the space H is stable in Mq1;q2, in the abovementioned sense, and therefore, whether the associated temporal chaosis physically observable.3.3. In order to demonstrate the spatial chaos phenomenon we con-sider the space of steady-state (stationary) solutions, i.e., solutionswhich do not depend on time: uj(n) = uj. It is easy to see that thesesolutions form a �nite-dimensional linear subspace of the phase spaceMq1;q2. We have the following equation for uj:uj = f( j) + "gj(fuigji�jj�s):(3.2)Steady-state solutions were studied by many authors. For example,in [2], Afraimovich and Chow considered the case of one-dimensionallattice (p = 1) and assumed that g = g(u1; u2; u3) = u1 � 2u2 + u3(this form of function g corresponds to the space discretization of the



12 D. R. ORENDOVICI, YA. B. PESINreaction-di�usion equation described above). In this case Equation(3.2) becomes: h(uj) + a(uj�1 � 2uj + uj+1) = 0(3.3)with j to be an integer. Solving it with respect to uj+1 yieldsuj+1 = �1ah(uj) + 2uj � uj�1:(3.4)Solutions of this equations are determined by the map Ga : R2d !R2d given by Ga(x; y) = (y; �1ah(y) + 2y � x);where x; y 2 Rd.Proposition 3.2. There exists an embedding � : R2d ! Mq1;q2 suchthat1. the space of steady-state solutions S = �(R2d) is a smooth 2d-dimensional submanifold of Mq1;q2;2. the space S is invariant under both space and time translations;3. the action of the evolution operator on the space of steady-statesolutions, �"jS, is conjugated to the map Ga, i.e., the followingdiagram is commutative:R2d ����! S �Mq1;q2Ga??y ??ySjR2d ����! S �Mq1;q2D2. Embedding of Steady-state SolutionsProof. For any (x; y) 2 R2d, set �(x; y) = (uj), whereuj = 8<: (Gna)1(x; y) for n > 0x for n = 0((G�1a )�n)1(x; y) for n < 0and G�1a (x; y) = (� 1ah(x)+2x�y; x) (here we use the index 1 to denotethe �rst component of the maps Ga and G�1a , i.e. the correspondingprojection to Rd). First statement now follows. By the de�nition ofsteady-state solutions every point in S is �xed under time translations.The invariance of S under space translations Sj and the commutativityof the diagram follow from the de�nitions of Ga and �.



13In [2], Afraimovich and Chow studied topological properties of steady-state solutions. A solution u� = fu�jg of equation (3.4) is said to be ahomoclinic point for the space translations on S if there exists u0 2 Rdsuch that limjjj!1u�j = u0:(3.5)One can show that u0 2 S. In [2], the authors studied the problemof existence of a homoclinic point with bounded l2 (or l1)-norm. Ifsuch a point exists the map Ga possesses a locally maximal hyperbolicset and hence, has many invariant mixing measures (see Appendix).They also discussed the stability of the homoclinic points with respectto small linear perturbations.4. Traveling Wave SolutionsWe describe another class of solutions known as traveling wave solu-tions. We shall show that traveling wave solutions running with a givenvelocity form a �nite-dimensional smooth submanifold in the in�nite-dimensional phase space which is invariant under both time and spacetranslations. We also observe �nite-dimensional spatial-temporal chaosassociated with traveling waves.Let m be an integer and l = (li) 2 Zp an integer p-tuple. Forj = (ji); k = (ki) 2 Zp, we set (j; k) = Ppi=1 jiki. A traveling wavesolution of Equation (0.1) is a solution of the form:u(j; n) =  ((l; j) +mn);(4.1)where  :Z! Rd is a function. The numbers m and li determine thevelocity of the wave. From now on we assume that1. the numbers li are relatively prime (i.e., their least common divisoris 1);2. m > sPpi=1 li.The last condition means that the velocity of the wave is large.For simplicity we consider only the case of one-dimensional lattices(i.e., p = 1; for the general case we refer the reader to [6] and [7]).In this case the norm in the phase space Mq1;q2 is determined by twonumbers q1 > 1 and q2 > 1 in the following waykukq1;q2 =Xj<0 jujjq1�j +Xj"0 jujjq2j :(4.2)We �xm; l 2Zwhich satisfy Conditions 1 and 2, i.e. m; l are relativelyprime numbers and m > ls+ 1.



14 D. R. ORENDOVICI, YA. B. PESINWe also assume that the coupling gj(x1 : : : ; x2s+1) does not dependon j, i.e., gj = g.The function  must satisfy the following traveling wave equa-tion:  (k) = f( (k �m)) + "g(f (k �m+ li)gjij�s);(4.3)where k = lj +mn+m is called the traveling coordinate.Denote by 	 = 	("; q1; q2;m; l; s) the set of solutions of the travelingwave equation which is a subset in (Rd)Z. In view of our assumptionson m and l, Equation (4.3) is an equation with delay argument (i.e.,k � m + ls � k � 1 < k). Therefore, a traveling wave is uniquelydetermined by the values:xp =  (�m� ls+ p + 1) for p = 1; : : : ; ls+m:(4.4)These relations de�ne a (non-linear) map � : (Rd)ls+m ! 	.The dynamics on the set 	 of traveling waves is given by the shiftmap Q" de�ned by Q"( )(k) =  (k + 1). In [6], the authors demon-strated that this dynamics is �nite-dimensional and is governed by thetraveling wave map F" : (Rd)ls+m ! (Rd)ls+m given byF"(x1; : : : ; xls+m) = (x2; : : : ; xls+m; f(xls+1) + "g(xp(i))si=�s);(4.5)where p(i) = l(s+ i) + 1.Theorem 4.1 (see [6]). There exist q(0)1 > 1, q(0)2 > 1 such that forany q1 � q(0)1 , q2 � q(0)2 we have:1. the map � is a smooth embedding of (Rd)ls+m into Mq1;q2; theimage 	q1;q2 = �((Rd)ls+m) is a smooth submanifold of dimensiond(ls+m);2. for any x 2 (Rd)ls+m and � 2 (Rd)ls+m the di�erential dx� isgiven by (dx�(�))(k) = df( (k �m))(dx�(�))(k �m)+ " sXi=�s ai((dx�(�))(k �m+ li));(4.6)where ai = @g@ui ( (k �m+ li)jij�s); moreover,supx2(Rd)ls+m kdx�kq1:q2 <1;(4.7)3. the shift map Q" and the traveling wave map F" are smoothlyconjugated via the embedding map �, i.e., � � F" = Q" � �; inother words the following diagram is commutative:



15Rdls+m ����! 	q1;q2F"??y ??yQ"Rdls+m ����! 	q1;q2D3. Embedding of Travelling Wave Solutions, IEvery solution  of the traveling wave equation (4.3) determines asolution u = u = u ;j(n) of the lattice system (0.1) whose values attime n = 0 are given as u ;j(0) =  (lj):(4.8)It follows that u ;j(n) =  (lj +mn) =  (k �m) for every time n. Inparticular, we obtain that every traveling wave is uniquely determinedby its values at countably many points of the form lj with j 2Z.The equation (4.8) de�nes the linear map �( ) = u on 	q1;q2.Theorem 4.2 (see [6]). For any q1 � q(0)1 and q2 � q(0)2 (see Theorem4.1) we have:1. � is a smooth linear embedding of 	q1;q2 into Mql1;ql2; the imageAq1;q2 = �(	q1;q2) is a smooth submanifold of dimension d(ls+m);2. the map Qm" and the restriction of the evolution operator �" toAq1;q2 are conjugated via the map �, i.e. � �Qm" = �" ��; in otherwords, the following diagram is commutative:	q1;q2 ����! Aq1;q2 �Mql1;ql2Qm" ??y ??y�"	q1;q2 ����! Aq1;q2 �Mql1;ql2D4. Embedding of Travelling Wave Solutions, IICombining the above two diagrams together we obtain that the dy-namics of the evolution operator �" on the set of traveling wave solu-tions with a given velocity m=l is completely determined by the trav-eling wave map F". Namely, the following diagram is commutative:



16 D. R. ORENDOVICI, YA. B. PESIN(Rd)ls+m ����! Aq1;q2 �Mql1;ql2Fm" ??y ??y�"(Rd)ls+m ����! Aq1;q2 �Mql1;ql2D5. Embedding of Travelling Wave Solutions, IIIwhere � = � � � is the (non-linear) conjugacy map.It is immediate to check that the submanifold Aq1;q2 is preservedunder space translations Sk and hence, is invariant with respect toboth time and space translations. We call it the traveling wavesubmanifold. We will sometimes use a more explicit notation for it,Al;mq1;q2, to indicate that it consists of traveling wave solutions runningwith the velocity m=l.As an immediate consequence of the diagram D5 we obtain that if �is an invariant mixing measure for the map F" then the measure ��� isan invariant mixing measure for the evolution operator �"jAq1;q2 (seeAppendix).Below, we shall study topological and ergodic properties of the travel-ing wave map and in particular, describe situations where the existenceof mixing measures is guaranteed. We now show that the submanifoldAm;lq1;q2 of traveling waves solutions is stable in some weak sense.As we noticed above the traveling wave equation is an equation withdelay argument and therefore, the dynamics on the set of the travelingwave solutions is a \drift". Such systems were studied in [5] and [6]. Wefollow the approach suggested in [6] to construct an in�nite-dimensionalstable manifold for Aq1;q2.Consider the non-linear operator Q̂" :Mq1;q2 !Mq1;q2 given byQ̂"((wk)) = (f(wk�m) + "g(fwk�m+ligjij�s)):(4.9)It is easy to see that the restriction of this operator to the set of trav-eling waves 	q1;q2 � Mq1;q2 coincide with the shift map Q". For any�xed  2 	q1;q2, we setV kq1;q2( ) = fw = (wk) 2Mq1;q2 : wi =  i for i � kg:(4.10)It is easy to check that for every  2 	q1;q2 the subspaces V kq1;q2( )are linear and form a �ltration, i.e., V k+1q1;q2( ) � V kq1;q2( ) for every k.



17Moreover, the linear subspaceVq1;q2( ) = [k2ZV kq1;q2( )(4.11)is everywhere dense in Mq1;q2. One can also prove the following state-ments:1. The subspaces V kq1;q2( ) are invariant under the operator Q̂", moreprecisely, Q̂"(V kq1 ;q2( )) � V k+m�lsq1;q2 ( );2. If q1 � q(0)1 and q2 � q(0)2 then for every k the subspace V kq1;q2( ) isstable, i.e. there are constants C = C(k; q1; q2) > 0 and 0 < 
 < 1such that for any w 2 V kq1;q2( )kQ̂n" (w) � Q̂n" ( )kq1;q2 � C
nkw �  kq1;q2;(4.12)moreover the subspace V kq1;q2( ) is transversal to 	q1;q2 at  .We now describe the embedding of the subspaces V kq1;q2( ) into thespace of solutions of the lattice system. Consider the map �̂ on Mq1;q2which associates to every w = (wj) the solution u = (uj(n)) = �̂(w)such that uj(0) = wlj. It is clear that the restriction of �̂ to 	q1;q2coincides with �. Moreover, the following statement holds.Proposition 4.3 (see [6]). �̂ is a linear bounded operator from Mq1;q2to Mql1;ql2 which establishes the conjugacy between Q̂m" and the evolutionoperator; more precisely the following diagram is commutative:Mq1;q2 �̂���! Mql1;ql2Q̂m" ??y ??y�"Mq1;q2 �̂���! Mql1;ql2D6. Embedding of Stable ManifoldsFor any traveling wave solution u = �( ) 2 Yq1 ;q2, where  2 	q1;q2we set W kq1;q2(u) = �̂(V kq1;q2( )); Wq1;q2(u) = �̂(Vq1;q2( )):(4.13)Clearly, Wq1;q2(u) = [k2ZW kq1;q2(u):(4.14)
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19
M

A

A

A

W

W

q  q

q  q

q  q

q  q

q  q

l  m

l  m

l  m

1   2

1   2

1     1

1   2

2     2

1   2

1   2
3     3

q  q
1   2

Wq  q1   2

Figure 2. Coexistence of Countably Many Trav-eling Wave SubmanifoldsTherefore, for every integer m � ls + 1 such that m and l are rel-atively prime, Theorem 4.2 applies and provides a smooth d(ls +m)-dimensional submanifold Am;l~q1;~q2 �Mq1;q2. It has an in�nite-dimensionaleverywhere dense separatrix W (Am;l~q1;~q2).Therefore, one has countably many submanifolds Am;l~q1;~q2 correspond-ing to traveling waves running with velocities m=l, such that ~ql1 = q1and ~ql2 = q2. Each of these submanifolds possesses an everywhere denseseparatrix. This indicates that there is no stability in the space Mq1;q2in a strict sense but only in a weak one (along the stable separatrices).For values of l other than mentioned above such that q(0)1 < ~q1 < q1and q(0)2 < ~q2 < q2 for some ~q1 and ~q2, the stable separatrices W (Am;l~q1;~q2)are nowhere dense in Mq1;q2.There is an analogy between submanifolds Am;lq1;q2 and inertial man-ifolds for di�erential equations u0 = F (u) in a Hilbert space. Recallthat an inertial manifold for the semigroup fS(t)gt�0 associated tosuch an equation is a �nite-dimensional smooth submanifoldM whichsatis�es the following properties:(1) S(t)M�M, i.e. M is positively invariant for the semigroup.



20 D. R. ORENDOVICI, YA. B. PESIN(2) M attracts exponentially all the orbits of the system.While the �rst property obviously holds for the submanifolds Am;lq1;q2,the second property holds only in a weak sense, i.e., along their stablemanifolds.5. Dynamics of the Traveling Wave Map: the case ofhyperbolic local mapAs we saw above the dynamics of the evolution operator on the setof traveling wave solutions running with a given velocity is completelydetermined by the traveling wave map (4.5). In this section we describehyperbolic properties of this map, i.e ., properties which characterizeinstability of trajectories. Our goal is to illustrate that for su�cientlysmall interactions these properties are dominated by the hyperbolicbehavior of the local map f . In particular, we show that if the localmap is hyperbolic in a strong sense (i.e., it possesses a hyperbolic set;every trajectory in this set is highly unstable; see below) then so are thetraveling wave map and the restrictions of space and time translationsto the submanifold of traveling wave solutions. This implies that theCML displays chaotic behavior of the highest degree, i.e., there exists ameasure invariant under space and time translations which is supportedon the set of traveling wave solutions and has ergodic properties ofhigher order (in other words, it is equivalent to the Bernoulli measurein the classical probability theory).We begin by considering a map F" : (Rd)n ! (Rd)n of the form:F"(x1; : : : ; xk; : : : ; xn) = (x2; : : : ; xk+1; : : : ; f(xk) + "g(xi)ni=1)(5.1)which is a generalization of the traveling wave map. Here xi 2 Rd; i =1; : : : ; n and 1 � k < n. Furthermore, f : Rd! Rd is a di�eomorphismand g : (Rd)n ! Rd is a smooth map. We assume that f and gsatisfy conditions A1 and A2. This implies that the map F" is a localdi�eomorphism, i.e., its di�erential dxF" is non-degenerate for everyx 2 (Rd)n. In particular, F" is locally one-to-one but it may not beglobally one-to-one.5.1. One can view the map F" as a small perturbation of the map F0:F0(x1; : : : ; xk; : : : ; xn) = (x2; : : : ; xk+1; : : : ; f(xk)):(5.2)



21Let us notice that the map F0 is an endomorphism and its di�erentialdxF0 is degenerate for every x 2 (Rd)n. Therefore, in studying topo-logical and ergodic properties of the map F" for su�ciently small " theclassical perturbation theory may not be applied directly and may needsigni�cant modi�cations.We provide a useful description of F0. Set m = n � k + 1 < n andconsider the map G : (Rd)m ! (Rd)mG(x1; : : : ; xm�1; xm) = (x2; : : : ; xm; f(x1)):(5.3)This map is a di�eomorphism and its inverse is given by:G�1(x1; x2; : : : ; xm) = (f�1(xm); x1; : : : ; xm�1):(5.4)It is easy to see that F0 is a suspension overG, i.e., we have the followingcommutative diagram: (Rd)n ����! (Rd)mF0??y ??yG(Rd)n ����! (Rd)mD7. The Suspension of the Endomorphism F0 by theDi�eomorphism Gwhere � : (Rd)n ! (Rd)m is the natural projection to the last md-dimensional components of (Rd)n.5.2. We consider the case when the local map f possesses a locallymaximal hyperbolic set �. Recall that a compact invariant set � iscalled hyperbolic if for every x 2 � there exists a splitting of thetangent space TxM at x into two subspaces Es(x) and Eu(x); TM� =Es(x)� Eu(x) such that:1. the splitting is invariant under the di�erential df , i.e.,df(Es(x)) = Es(f(x)); df(Eu(x)) = Eu(f(x));2. the subspaces Es(x) and Eu(x) are respectively stable and un-stable for the di�erential df , i.e.,jdfxnvj � c�njvjfor every v 2 Es(x) andjdfnx vj � c�1��njvj



22 D. R. ORENDOVICI, YA. B. PESINfor every v 2 Eu(x), where c > 0 and 0 < � < 1 are constantsindependent of x and v.A hyperbolic set � is said to be locally maximal if there exists anopen neighborhood V of � such that� = 1\n=�1 fn(V ):(5.5)For every point x 2 � one can construct local stable and unstablemanifolds. We denote them by W sloc(x; f) and W uloc(x; f) respectively.The local stable manifold consists of those points y whose forward tra-jectories follow the trajectory of x within the distance " for su�cientlysmall ". The local unstable manifold is characterized in a similar wayby reversing the time.Assume that � is a locally maximal hyperbolic set for the local mapf . Consider the set ~�0 = Nni=1�i, where �i are copies of �; i =1; : : : ; n. We have that F0(~�0) � ~�0 and ~�0 is hyperbolic.The set ~� may not survive under small perturbations of F0 (even forlocal di�eomorphisms). Therefore, we introduce the set�0 =\j�0F0j ~�0:It is invariant under F0, i.e., F0(~�0) = ~�0. It is locally maximal andhyperbolic and admits the following characterization.Lemma 5.1 (see [6]). For any y 2 �0 there exists a sequence yk 2 �0such that y0 = y and F0(yk) = yk+1 for k 2Z.In the case of endomorphisms for every point x in a locally maximalhyperbolic set one can construct a local stable manifold. It is uniquelyde�ned and consists of those points y whose forward trajectories followthe trajectory of x within the distance " for su�ciently small ". On theother hand there are many local unstable manifolds, each correspondsto a branch of preimages of x. We will specify later the choice ofunstable manifolds.For the endomorphism F0, the local stable manifold at a point x =(xi) 2 �0 is given byW sloc(x; F0) = k�1Yi=1 B(xi; ")� nYi=kW sloc(xi; f);(5.6)where " > 0 is su�ciently small. We will de�ne the local unstablemanifold at x by



23W uloc(x; F0) = k�1Yi=1fxig � nYi=kW uloc(xi; f):(5.7)In [6], the authors studied hyperbolic properties of the map F" forsu�ciently small " using a modi�cation of the classical perturbationtheorem for hyperbolic sets.Theorem 5.2 (see [6]). There exists "0 > 0 such that for any 0 < " <"0 there is an invariant locally maximal hyperbolic set �" for F".5.3. We consider the traveling wave map F". By Theorem 5.2, forsu�ciently small " there exists a locally maximal hyperbolic set �" forF". Let � be an invariant mixing measure on �". Using the map � wecan push this measure on Aq1;q2 (see Diagram D5). Hence, we obtainthe measure �q1;q2 = ���.Theorem 5.3 (see [6]). The measure �q1;q2 is invariant under timeand space translations and is mixing.Therefore, the lattice dynamical system displays spatio-temporalchaos.5.4. In this section we show that the local map corresponding to theFitzHugh-Nagumo equation possesses a locally maximal hyperbolic set.The FitzHugh-Nagumo equation is the only example known to theauthors of a partial di�erential equation whose local map is hyperbolic.Consider the map f : R2! R2 de�ned byf(x; y) = (x+Ah(x)� �y; �x+ 
y);(5.8)where h(x) = x(x � �)(1 � x), A, 0 < 
; � < 1 and �, � are positivenumbers. Let R = [�; 1] � [r; s] be a rectangle, where r and s arepositive numbers.Proposition 5.4 (see [31]). Assume that numbers �; �; 
 and � satisfythe following conditions:
 < 13 ; 1� �� < ��1� 
 ; 
 < 1 � �2 :(5.9)Then for all su�ciently large A there exists a rectangle R = [�; 1]�[r; s]such that the intersection R \ f(R) consists of two connected compo-nents R1 and R2 (see Figure 3).



24 D. R. ORENDOVICI, YA. B. PESIN
x

y
y =     x

β
χ

V
O

R

f(R)

1θ

vFigure 3. The Horseshoe for the Local Map ofthe FitzHugh-Nagumo EquationBased on Proposition 5.4 one can now develop a \horseshoe-typeconstruction" to obtain an invariant subset � for f . One can then usethe standard \cone technique" to show that � is hyperbolic (see [31]for more details). More precisely, the following statement holds.Proposition 5.5 (see [31]). The set� = 1\n=�1 fn(R)is a locally maximal hyperbolic set for f .6. Dynamics of the Traveling Wave Map: the case of thelocal map of Morse-Smale type6.1. In this section we consider the case when the local map f is aMorse-Smale di�eomorphism. It was studied in [30]. Morse-Smale dif-feomorphisms are hyperbolic in a weak sense: there exist �nitely manyhyperbolic periodic points which determine the behavior of all otherorbits (the formal de�nition is given below). These systems are notchaotic, in fact, the behavior of every single trajectory is well under-stood: all of them (except hyperbolic periodic points) move towards



25attracting periodic points as time increases and towards repelling peri-odic points as time decreasing. Our goal in this section is to show thatfor su�ciently small interactions the traveling wave map F" is also ofMorse-Smale type and so are space and time translations restricted tothe set of traveling wave solutions. Thus, the topological behavior ofCML is completely understood and is not chaotic. We show that thecompacti�cation of the local map associated to some partial di�erentialequations considered in Section 1 is Morse-Smale.We �rst provide some necessary background.LetM be a smooth compact Riemannian manifold and F :M !Ma C1-di�eomorphism. A point x 2 M is called nonwandering if forany neighborhood U of x there exists a positive integer n such thatFn(U)\U 6= ;. 
(F) denotes the set of all nonwandering points of F .A point x 2 M is periodic if Fp(x) = x for some positive integer p.The set of all periodic points of F is denoted by Per(F). A periodicpoint x is hyperbolic if dxFp is a hyperbolic linear map (i.e., j�j 6= 1for any eigenvalue �). If x is a hyperbolic periodic point for F one canconstruct the local stable and unstable manifolds W sloc(x) and W uloc(x)as well as the global stable and unstable manifolds W s(x) and W u(x).A di�eomorphism F is called a Morse-Smale di�eomorphism ifit satis�es the following properties:1. 
(F) = Per(F);2. every periodic point is hyperbolic;3. the global stable and unstable manifolds of periodic points inter-sect transversally.We now consider the case when F is an endomorphism. Given a hy-perbolic periodic point x one can construct the local stable and unstablemanifolds as well as the global unstable manifold while the global sta-ble manifold may not be constructed (see [12]). Therefore, we modifythe above de�nition in the following way.An endomorphism F is called Morse-Smale if it satis�es the fol-lowing properties:1. 
(F) = Per(F);2. every periodic point is hyperbolic;3. the local stable and global unstable manifolds of periodic pointsintersect transversally.We point out that an invertible Morse-Smale endomorphism is aMorse-Smale di�eomorphism and so is its inverse.6.2. We assume that the following conditions hold:



26 D. R. ORENDOVICI, YA. B. PESINMS1: the local map f has1 as a repelling or attracting �xed point;one can de�ne the compacti�cation map ~f : Sd ! Sd by ~f =P � f � P�1, where P : Sd n fNg ! Rd is the stereographic projectionand N \the North Pole" of Sd;MS2: the map ~f is a C1 Morse-Smale di�eomorphism;MS3: the map g and all its �rst order derivatives \vanish at in�nity",i.e. for any � > 0 there exists a ball B(0;R) � Rdn centered atO of some radius R such that kg(x)k; k(gxi(x))k < � for every x =2B(0;R) and i = 1; : : : ; n (here (gxi) denotes the d�d matrix of partialderivatives of g with respect to xij, i = 1; : : : ; n, j = 1; : : : ; d).Let us remark that the map g corresponding to a space discretizationof a partial di�erential equation is linear (see Section 1). Therefore,it can be changed outside a large ball in (Rd)n to satisfy AssumptionMS3. Below we will show that the local maps arising from our list ofexamples satisfy Assumptions MS1 and MS2.It is easy to check that under Assumptions MS1-MS3 for " � 0, themap F" induces a map ~F" : (Sd)n ! (Sd)n where (Sd)n is the compact-i�cation of (Rd)n \along each d-dimensional component". AssumptionMS3 assures that the map ~F" is as smooth as the map F" and is a smallperturbation of ~F0 in the C1-topology.Let us also notice that, if instead of the component-wise compacti�-cation of (Rd)n we would use the standard one-point compacti�cation,the induced map ~F0 need not be continuous.The following result describes the dynamics of the compacti�cationof the traveling wave map in the case when the local map is a Morse-Smale di�eomorphism. It was proved in [30].Theorem 6.1. Under Assumptions MS1-MS3 there exists "0 > 0 suchthat for any 0 � " < "0 the map ~F" is a Morse-Smale endomorphism.Moreover, ~F" is a local di�eomorphism for 0 < " < "0.Although the traveling map F" is de�ned on (Rd)n which is not com-pact, using Theorem 6.1 and the standard stereographic projection weconclude that F" is of Morse-Smale type. More precisely it has �nitelymany periodic orbits, all being hyperbolic, say Per(F"). They con-stitute the non-wandering set. Furthermore if a trajectory remainsbounded then its �- and !-limit sets is a subset of Per(F").As we saw in Section 4 the dynamics of the evolution operator onthe set of traveling wave solutions is conjugated to the dynamics of thetraveling wave map F". Hence, it is also of a Morse-Smale type.
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0Figure 4. The Local Map for Huxley Equation(� < 0)6.3. We illustrate that local maps for some CML from our list (seeSection 1) are of Morse Smale type.6.3.1. Kuramoto-Sivashinsky equation. The local map is linear,f(u) = �u. For � di�erent from 0 and 1 it is a di�eomorphism of Rwhich has O the only �xed hyperbolic.Theorem 6.2. The compacti�cation map ~f is a Morse-Smale di�eo-morphism of S1 with two hyperbolic �xed points corresponding to 0 and1 (one of them is attracting and the other one is repelling).6.3.2. Huxley equation. Recall that the local map is a cubic poly-nomial, f(u) = u+ �u(1� u)(u� �).Since 0 < � < 1 the map f has three �xed points 0, �, and 1. Itis easy to check that if � < 0 is su�ciently small they are hyperbolic(the derivatives are f 0(0) = 1� �� > 1, f 0(�) = 1� �(�2 � �) < 1, andf 0(1) = 1� �(1 � �) > 1).It is also easy to see that for every u 2 R the derivative of f is,f 0(u) = �3�u2 + 2�(� + 1)u + (1 � ��), strictly positive. Hence, fis strictly increasing and therefore, does not have any other periodicpoint. It also follows that f is a di�eomorphism of Rwith1 a repellingpoint.Therefore, f satis�es Assumptions MS1-MS2.
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1 AFigure 5. The Change of the Local Map for theKPP EquationTheorem 6.3. For �1 < � < 0 and 0 < � < 1 the compacti�cationmap ~f is a Morse-Smale di�eomorphism of S1 with 4 �xed points.Similar arguments apply to show that Swift-Hohenberg and Ginzburg-Landau equations (whose local maps are also cubic polynomial) havelocal maps of Morse-Smale type in some range of parameters.6.3.3. KPP equation. The local map is a quadratic polynomial f(u) =u+ �u(1� u). It has two �xed points 0 and 1.The derivative of f is f 0(u) = 1 + �(1 � 2u). It is easy to see thatthere exists �0 > 0 such that f 0(u) > 0 for all 0 < � < �0 andu < (1=2)(1 + 1=�0). We change f for u > A = 1=(2�0) such thatf 0 > 0 and the new map f has one more hyperbolic �xed point p > A(see Figure 4).The new map is a di�eomorphism of R with 4 �xed points: 0 isrepelling (f 0(0) = 1 + � > 1), 1 attracting (f 0(1) = 1 � � < 1); prepelling and 1 attracting.Theorem 6.4. For 0 < � < �0 the compacti�cation map ~f is a Morse-Smale di�eomorphism of S1 with 4 hyperbolic �xed points.Let us point out that the number of �xed points of a Morse-Smaledi�eomorphism of S1 is even, alternating attractors and repellers.We consider now the KPP equation for su�ciently large values ofthe parameter. Set u0 = (1 + �)=� (� is �xed). It is clear that f(0) =0 = f(u0) and f(u0=2) > u0 for � > 1. Since f 0(u) = 1 + � � 2�u for
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ΛFigure 6. Expanding Local Map for the KPP Equationevery u 2 [0; u0] we obtain that f 0(u) = 0 for u = u0=2, f 0(u) = 1 foru1 = 1=2, and f 0(u) = �1 for u2 = (2 + �)=(2�). One also has thatf(u1) = f(u2) > u0 if � > 1 +p5.In this case one can �nd two intervals U1 = [0; u1] and U2 = [u2; u0]such that for every u 2 U = U1 [ U2 the derivative of f is expanding,i.e. jf 0(u)j � � > 1 for some � which does not depend on u (see Figure6).De�ne � to be the set of all points u 2 I whose positive orbit remainsin I, i.e. � = Ti�0 f(I). The set � is a Cantor-like subset of U onwhich f is conjugated to the full shift on the space of one-sided in�nitesequences. It is well known that this system is mixing. We therefore.pose the following conjecture.Conjecture. For � > 1 + p5 the map F" (for su�ciently small" > 0) has an invariant mixing measure.6.3.4. FitzHugh-Nagumo equation. We follow [31].Consider the following vector �eld:X(x; y) = (dh(x)� ay; bx� cy):(6.1)



30 D. R. ORENDOVICI, YA. B. PESINLet Xt be the 
ow generated by X. A rectangle R is called invariantunder Xt if for every x 2 @R the vector X(x) is pointed inside R.Proposition 6.5 (see [31]). There exists a rectangle R � R2 of theform R = [�x0; x0]� [�y0; y0] with x0; y0 > 0, such that for any r � 1,the rectangle rR is invariant.It follows from Proposition 6.5 that for every t > 0 the di�eomor-phisms Xt admits the compacti�cation map ~Xt : S2 ! S2 (see Section6.2). The latter is a di�eomorphism with the North Pole (correspond-ing to 1) to be repelling point.Denote � = (ab)=(cd). One can show that if(� � 1)2 < 4�(6.2)then the vector �eld X has the origin O as the only critical point whichis attracting and if (� � 1)2 > 4�(6.3)then there are three critical points O and Pi(xi; yi) for i = 1; 2, wherexi = � + 1 �p(� � 1)2 � 4� and yi = (b=c)xi. The points O and P2are attracting and P1 is a saddle point.It is proven in [31] that the 
ow Xt does not have any closed orbitsand hence, the nonwandering set consists only of the critical points O,P1 and P2 which are all hyperbolic.One can also show that the stable (unstable) manifolds of thesepoints are transversal. We conclude with the following result:Theorem 6.6 (see [31]). ~Xt is a gradient-like Morse-Smale 
ow onthe sphere S2.Recall that a 
ow ~Xt is a gradient-like Morse-Smale 
ow if it has noperiodic orbits, the set of critical points is �nite (therefore it coincidewith the set of nonwandering points), every critical point is hyperbolic,and their stable (unstable) manifolds intersect transversally.For every real number h we de�ne the Euler map 'h : R2 ! R2generated by the 
ow Xt by'h = Id+ hX;(6.4)It is easy to see that'h(u; v) = (u+A'(u)� �v; �u+ 
v);(6.5)and hence, coincides with the local map for the FitzHugh-Nagumoequation with A = dh, � = ah, � = bh and � = ch.For h small 'h is close to the identity map and is a di�eomorphismof R2. Moreover 'h maps each rectangle rR into its interior and hence,
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(b) (a)Figure 7. The Phase Portraits for the FitzHugh-Nagumo Equation: a) the local map has two �xedpoints (O is attracting, 1 is repelling); b) thelocal map has four �xed points (O and P2 areattracting, P1 is saddle, and 1 is repelling).admits a compacti�cation di�eomorphism ~'h : S2 ! S2 with the NorthPole to be a repelling �xed point.Following the proof of Palis-Smale theorem of structural stability forMorse-Smale systems one can prove the following result (see [31] fordetails).Theorem 6.7. There exists h0 > 0 such that for any h, jhj < h0 themap ~'h is topologically conjugated to ~Xh.Theorem 6.8. For su�ciently small A, �, �, and 
 the compacti�ca-tion map is a Morse-Smale di�eomorphism of the sphere S2. It has two�xed points (one attracting and one repelling) if Condition (6.2) holdsand four �xed points (two attracting, one saddle, and one repelling) ifCondition (6.3) holds. The repelling point corresponds to 1.6.4. Bifurcations. As we saw the local map for the FitzHugh-Nagumoequation is Morse-Smale in some domain in the parameter space andhas a hyperbolic set in some other domain in the parameter space. Infact one can pass from the �rst domain to the second one by varyingparameters A (and perhaps �) and observe a sequence of bifurcations.We belive that a \typical" sequence of bifurcations consist of perioddoubling. On Figure 8 we present the bifurcation diagram whichwas obtained using the program \Dynamics" by J. A. Yorke and H. E.
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Figure 8. The Bifurcation Diagram for the localmap for FitzHugh-Nagumo EquationNusse addapted for Unix/X11 systems by Eric J Kostelich and BrianR. Hunt (see [39]). We wish to thank Brian Hunt for providing us withthe second version of the program.Explanation to Figure 8: Clearely seen period doubling bifurca-tions appears when � = 0:1, � = 0:2, � = 0:4 (and hence, 
 = 1�� =0:6), � = 0:5 while parameter A varies from 0:5 to 8. The �rst se-quence of period doubling starts at point O while the second one fromthe point P2 (see Figure 7b).7. ConclusionWe brie
y summarize here some important aspects of our discussionin the paper.1. If the local map of a CML is hyperbolic in a strong sense (i.e.,it possesses a locally maximal hyperbolic set) then so is the travelingwave map F" (for su�ciently small ") and in turn, space and timetranslations considered on the set of traveling wave solutions. In thiscase the dynamics of the CML is chaotic on a �nite-dimensional smooth



33submanifold in the in�nite-dimensional phase space Mq1;q2 (endowedwith the metric k � kq1;q2. An example is the two-dimensional local mapfor the FitzHugh-Nagumo equation in some range of parameters.If the local map of a CML is Morse-Smale (i.e., it is hyperbolic ina weak sense) then so are the traveling wave map F" (for su�cientlysmall ") and space and time translations restricted to the set of trav-eling wave solutions. In this case the dynamics of the CML is notchaotic and the topological behavior of individual trajectories can becompletely described. Examples include one-dimensional local mapsfor Kuramoto-Sivashinsky equation, Huxley equation, and KPP equa-tion as well as two-dimensional local map for the FitzHugh-Nagumoequation (in some range of parameters).2. The chaotic behavior in the in�nite-dimensional phase spaceMq1;q2 associated with traveling wave solutions is not stable in a strongsense with respect to initial data: a small change in the initial conditionmay cause the corresponding trajectory to diverge from the initial one.However, there is stability in a weak sense: every submanifold Am;lq1;q2(which consists of traveling wave solutions running with the velocitym=l) possesses a stable everywhere dense separatrix.The global instability is due to the metric structure of the phasespace Mq1;q2 and ultimately is determined by the boundary conditionswe have speci�ed (we allow solutions which can grow at in�nity in spacecoordinate with exponential rate). This instability is associated withthe \pathological" behavior of the metric k � kq1;q2 over q1 and q2; moreprecisely, the space Mq1;q2 is nowhere dense in Mq01;q02 if q1 � q01 andq2 � q02 and at least one of these inequalities is strict.Let us note that \in practice" one can never deal with in�nite spaceand therefore, cannot distinguish between metrics k � kq1;q2 with di�er-ent q1 and q2. From this point of view the space of solutions whichare bounded in space coordinate at in�nity (i.e., solutions for whichthe norm kuk = supj2Zjujj) is more \practical". Let us point out thatthe traveling wave solutions that lie in the hyperbolic set for the evolu-tion operator (assuming that the local map is hyperbolic) are indeed,bounded in space. More generally, any subset which is invariant underthe traveling wave map and its inverse and is bounded corresponds toa set of traveling wave solutions of CML which are bounded along thespace coordinate. It is unknown whether the set of all traveling wavesolutions running with a given velocity forms a smooth submanifoldand whether this submanifold is stable in the strong sense.3. In this paper we considered three special classes of solutions:steady-state solutions, space-homogeneous solutions, and traveling wave



34 D. R. ORENDOVICI, YA. B. PESINsolutions. It is interesting to �nd other classes of solutions where CMLmay display temporal or/and spatial chaos.4. The local maps associated with most of the partial di�erentialequations that we have considered in this paper are one-dimensionalof Morse-Smale type (except for KPP equation in some range of theparameter). The only two-dimensional example we have observed isprovided by the local map associated with FitzHugh-Nagumo equa-tion. In this case one can �nd both hyperbolic sets and Morse-Smaletype behavior. It is a challenging problem in the area to study hyper-bolic (and respectively ergodic) properties of multi-dimensional localmaps associated with other well-known partial di�erential equations orarising in other models.5. In this paper we considered only CML which correspond to partialdi�erential equations of evolution type. Little is known about CMLwhich correspond to the wave equation. In particular, it would be ofa great importance to understand dynamics on the space of travelingwave solutions. It is quite likely that this solutions are stable in thestrong sence.Appendix A. Equilibrium states and mixing propertyFor the sake of reader's convenience we collect here some basic no-tions from statistical physics and ergodic theory which were used in thispaper. Let T : X ! X be an invertible map and � a Borel probabilitymeasure invariant under T , i.e., �(A) = �(T (A)) for any measurableset A � X. � is said to be1. ergodic if any invariant set A � X has measure either 0 or 1.2. mixing if for any two measurable sets A;B � Xlimn!1 �(T�n(A) \B) = �(A)�(B):(A.1)It is well known that any mixing measure is ergodic.Let X be a compact metric space, T : X ! X a continuous map,and ' a continuous function on X. An invariant measure � = �' iscalled an equilibrium measure corresponding to ' ifsup� (h�(T ) + Z 'd�) = h�'(T ) + Z 'd�';(A.2)where h�(T ) is the metric entropy of T with respect to � and thesupremum is taken over all T -invariant measures.Theorem A.1 (Corollary 20.3.8 in [26]). Let M be a compact smoothRiemannian manifold, T : M ! M a topologically transitive C1-di�eomorphism possessing a locally maximal hyperbolic set �. Then
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