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A left-handed simplicial action for euclideangeneral relativityMichael P. ReisenbergerErwin Schr�odinger InternationalInstitute for Mathematical PhysicsBoltzmanngasse 9, A-1090, Wien, AustriaandCenter for Gravitational Physics and GeometryThe Pennsylvania State UniversityUniversity Park, PA 16802, USASeptember 16, 1996AbstractAn action for simplicial euclidean general relativity involving onlyleft-handed �elds is presented. The simplicial theory is shown to con-verge to continuum general relativity in the Plebanski formulation asthe simplicial complex is re�ned.An entirely analogous hypercubic lattice theory, which approxi-mates Plebanski's form of general relativity is also presented.1 IntroductionIt has been known for some time that in general relativity (GR) the gravita-tional �eld can be represented entirely by left-handed �elds, i.e. connectionsand tensors that transform only under the left-handed, or self-dual subgroupof the frame rotation group.11In euclidean GR the frame rotation group is SO(4) which can be written as the productSU (2)R 
 SU (2)L=Z2. Left handed tensors are transform only under the SU (2)L factor.1



The present paper presents a simplicial model of GR with an internalSU(2) gauge symmetry which, at least in the continuum limit, corresponds tothe left handed frame rotation group. The gravitational �eld is represented byspin 2 and spin 1 SU(2) tensors, and SU(2) parallel propagators, associatedwith the 4-simplices, and with 2-cells and edges constructed from the 4-simplices, respectively.This is meant to provide a step in the construction of a covariant path in-tegral, or sum over histories, formulation of loop quantized GR. In Ashtekar'sreformulation of classical canonical GR [Ash86], [Ash87] the canonical vari-ables are the left handed part of the spin connection on space and, conjugateto it, the densitized dreibein. The connection can thus be taken as the con-�guration variables, opening the door to a loop quantization of GR [GT86],[RS88], [RS90], [ALMMT95]. In loop quantization one supposes that thestate can be written as a power series in the spatial Wilson loops of theconnection (which coordinatize the connections up to gauge), so the fun-damental excitations are loops created by the Wilson loop operators. Thekinematics of loop quantized canonical GR requires that geometrical observ-ables measuring lengths [Thi96b], areas [RS95] [AL96a], and volumes [RS95],[AL96b], [Lew96], [Thi96a] have discrete spectra and �nite, Plank scale low-est non-zero eigenvalues, suggesting that GR thus quantized has a naturalUV cuto�. One would therefore expect that a path integral formulation ofthis theory would have, in addition to manifest covariance, also reasonableUV behaviour.A step toward such a path integral formulation is the construction of theanalogous formulation in a simplicial approximation to GR. Loop quantiza-tion can be applied to any spacetime lattice2 theory in which the boundarydata is a connection on the boundary.3 Moreover, for such theories it hasbeen shown [Rei94] that the evolution operator can be written as a sum overthe worldsheets of the loop excitations,4 that is, as a path integral. All thatExamples are left handed spinors and self-dual antisymmetric tensors, i.e. tensors a thatsatisfy a[IJ ] = �IJKLaKL.2The lattice need not be hypercubic or regular in any way.3When the boundary is compact (a �nite lattice), and all the irreducible representationsof the group are �nite polynomials of the fundamental representation (as is the case inSU (2)) then any regular, gauge invariant function of the connection (i.e. of the parallelpropagators on the links) on the boundary can be written as a power series in the Wilsonloops.4The proof is given for theories whose actions are functions of the connection only. How-2



is needed for a path integral formulation of loop quantized GR is a latticeaction for GR in terms of the left handed part of the spin connection, andother �elds, such that the connection is the boundary data.Plebanski [Ple77] found precisely such an action in the continuum. 5 Herea simplicial lattice analogue of this action is presented. The correspondingpath integral formulation of loop quantized simplicial GR will appear in aforthcoming paper.The present work might also be useful in numerical relativity, since asimple modi�cation of the new simplicial lattice action yields a hypercubiclattice action for GR.In section 2 the simplicial model is presented. Field equations and bound-ary terms are discussed in section 3. The continuum limit is taken in section4. Finally section 5 contains some comments on the results, and also statesthe hypercubic action. Appendix A gives a metrical interpretation of thesimplicial �eld es, and in appendix B some lemmas used to establish thecontinuum limit are proved.2 The modelPlebanski gave the following action for general relativity (GR) in terms ofleft-handed �elds [Ple77][CDJM91]:6IP = Z �i ^ F i � 12�ij�i ^ �j (1)(The euclidean theory is obtained when all �elds are real). This action hasinternal gauge group SU(2), with � a 2-form and an SU(2) vector (spin 1),ever, if the connection is the only boundary datum then all other �elds can be integratedout to obtain a local action in terms of only the connection.5The left handed part of the spin connection is also the boundary data of the GR actionof Samuel [Sam87], and Jacobson and Smolin [JS87], [JS88]. However we shall not try tobuild a lattice analogue of that action here.6The de�nition of exterior multiplication used here is [a ^ b]�1:::�m�1:::�n =a[�1:::�mb�1:::�n], where spacetime indices are labeled by lower case greek lettersf�; �; 
; :::g. Forms are integrated according to RA a = RA �u1:::umau1:::um dm� whereA is an m dimensional manifold, �u are coordinates on A, the indices ui run from 1 tom, and �u1:::um is the m dimensional Levi-Civita symbol (�12:::m = 1 and � is totallyantisymmetric). 3



F the curvature of an SU(2) connection A, and � a spacetime scalar and spin2 SU(2) tensor. The action is written in terms of the components of these�elds in the adjoint, or SO(3), representation of SU(2). (Indices in thisrepresentation run over f1; 2; 3g and will be indicated by lowercase romanletters fi; j; k; l; :::g). � is thus represented by a traceless symmetric matrix�ij.On non-degenerate7 solutions these �elds can be expressed in terms ofmore conventional variables. � is the self-dual part of the vierbein wedgedwith itself:8 �i = 2[e ^ e]+0i � e0 ^ ei + 12�ijkej ^ ek; (2)which transforms as a spin 1 vector under SU(2)L, the left-handed subgroupof the frame rotation group SO(4) = SU(2)R 
 SU(2)L=Z2, and as a scalarunder SU(2)R. A is the self-dual (SU(2)L) part of the spin connection, and �turns out to be the left-handed Weyl curvature spinor. The non-degeneratesolutions correspond in this way exactly to the set of solutions to Einstein'sequations with non-degenerate spacetime metric.Ashtekar's canonical variables are just the purely spatial parts of A and� (the dual of the spatial part of � is the densitized triad), and, in thenon-degenerate sector, the canonical theory derived from (1) is identicalto Ashtekar's [CDJM91][Rei95]. Since this is precisely the sector of non-degenerate spatial metric it is of course also equivalent to the ADM theory[ADM62]. However, when the metric is degenerate the canonical theory dif-fers from Ashtekar's [Rei95]. Since Plebanski's theory de�nes an extension ofGR to degenerate geometries, and this extension is not the only one possible,I will refer to this theory as Plebanski's theory.The approximate model of GR presented here makes use of a somewhatintricate cellular spacetime structure. (See Fig. 1). Spacetime is representedby an orientable simplicial complex �.9 For any simplex � one may de�nea center C� as the average of its vertices (using any of the family of linearcoordinates de�ned by the a�ne structure of the simplex). For a given 4-7�k ^�k 6= 08Note that upstairs and downstairs SO(3) indices are the same.9We shall always assume that the simplicial complex is a combinatorial manifold, so ithas every nice property that one would expect a simplicial representation of spacetime tohave. See [SW93] for details. 4



simplex � and 2-simplex � < �10 there are two 3-simplices �1; �2 < � whichshare �. In the de�nition of the model a central role will be played by theplane quadrilateral s(��) formed by the centers of �, �1, �, and �2.11s(�; �) will be called a \wedge" and will often be denoted by just s or ��.4-simplices will be denoted by �, with some additional subscripts or markingsto distinguish di�erent 4-simplices. 3-simplices will similarly be denoted by� , and 2-simplices by �. 1-simplices i.e. vertices, will be denoted by latincapitals P;Q;R; :::.The 4-simplices will be given a uniform orientation throughout �, andthe orientation of each wedge s(��) will be determined by the orientationsof � and � through the requirement that a positively oriented basis on �concatenated with a positively oriented basis on s forms a positively orientedbasis on �.In our model of GR we associate to each wedge s(��) an SU(2) spin1 vector es i, which will more or less play the role of Plebanski's �i �eld.12The role of A is played by SU(2) parallel propagators along the edges of thes(��). Speci�cally, there is an hl 2 SU(2) for each edge l(�� ) from the centerof 4-simplex � to that of 3-simplex � < �, and there is a kr 2 SU(2) for eachedge r(��) from the center of 3-simplex � to that of 2-simplex � 2 � .Finally, a spin 2 SU(2) tensor '� (represnted by a symmetric, tracelessmatrix, 'ij� ) is associated with each 4-simplex. 'ij� plays the role of �ij.The action for the model isI� = X�<�[Xs<� es i�is � 160'ij� Xs;�s<� es ie�s jsgn(s; �s)]: (3)�is is a measure of the curvature on s. It is a function of the SU(2) parallelpropagators via �is = tr[J ig@s]; (4)10� < � denotes that � is a subcell of �. This means that � can be a subsimplex of �,which can be a simplex or simplicial complex, or the restriction to � of a cell of the dualsimplicial complex, which will be de�ned shortly.11That s is plane can be seen as follows. Think of the simplices in terms of their vertices:� = PQR, �1 = PQRS, � = PQRST , and �2 = PQRT , and take C� = 1=3(P +Q + R)to be the origin. Then C�1 = 1=4 S, C�2 = 1=4 T , so C� = 1=5(T + S) is in the span ofC�1 and C�2 , proving that s is a plane.12We de�ne e�� to reverse sign when the orientation of � is reversed.5
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Figure 1: Panel a) illustrates the de�nitions of s(��) and the edges l(�� )and r(��). In the middle lies the center of a 2-simplex �. The corners arethe centers of all the 4-simplices �; � 0; ::: that share �. The curve C�C�1C�0connecting C� and C�0 is a realization of the edge � �1 in the cellular complex�� dual to �, which is dual to �1. Similarly [�s(��) is a realization of the2-cell �� < �� dual to �. One may think of s(��) as the wedge of �� in �:s(��) = �� \ �. Likewise, l(�� ) = � � \ � and the radial edge r(��) = �� \ � .Panel b) shows the analogous structure in a 3-dimensional complex witha 3-simplex playing the role of �, 2-simplices as �1 and �2, and a 1-simplexas �.
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where g@s the holonomy around @s, and the Ji are 1=2 the Pauli sigmamatrices13 g@s and �s may be written in terms of a rotation vector �i asg@s = ei��J = cos j�j2 1+ 2i sin j�j2 �̂ � J (6)�s = 2 sin j�j2 �̂ (7)(�̂ = �=j�j). The rotation vector is essentially the curvature on the wedges, and, when the holonomy is close to one, i.e. the curvature is small, �sapproximates the rotation vector.14sgn(s; �s) � sgn(�; ��) is essentially the sign of the oriented 4-volumespanned by the 2-simplices � and �� associated with s and �s: If � and ��share only one vertex (the minimum number when both belong to the same4-simplex), then the orientations of � and �� de�ne an orientation for �,namely the orientation of the basis produced by concatenating positively ori-ented bases of � and ��. If this orientation matches that already chosen for� then sgn(s; �s) = 1. If it is the opposite sgn(s; �s) = �1. If � and �� share 2or 3 vertices they lie in the same 3-plane and span no 4-volume. In this casesgn(s; �s) = 0.A nice, very explicit, formula can be given for the sum in the second term(3). If the vertices of the 4-simplex are numbered 1, 2, 3, 4, 5, so that 12,13, 14, 15 form a positively oriented basis thenXs;�s<� es ie�s jsgn(s; �s) = 14 XP;Q;R;S;T2f1;2;3;4;5gePQRiePST j�PQRST ; (8)where ePQR = es(PQR;�), and PQR indicates the 2-simplex with positivelyordered vertices P , Q, R.13 J1 = 12 � 0 11 0 � J2 = 12 � 0 �ii 0 � J3 = 12 � 1 00 �1 � : (5)14Note that �s reverses sign when the orientation of s reverses because the direction ofthe boundary @s reverses, which, in turn, means that g@s ! g�1@s , �s ! ��s, and, �nally,�s !��s. 7



3 Field equations and boundary termsExtremization of (3) with respect to hl(�;�) is most easily carried out byparametrizing variations of hl via hl + �hl = hlexp[i�l � J ]. Thenitr[hlJi@I�@hl ] = @I�@�il j�l=0: (9)On the other hand l(�; � ) � @s(�; �) when � < � , so such a variation ofhl induces g@�� ! g@��ei�l�J : (10)(Here we have oriented each � < � to match @� and � to match @�, with thee�ect that l is positively oriented in @s(�; �)). Thus��i = �jl 2tr[JjJ ig@s] (11)and �I� = agl �X�<� w�� ; (12)with ws j = 2tr[JjJ ig@s]es i = cos j�j2 es j + 2 sin j�j2 [�̂� es]j (13)Extremization with respect to hl(��) thus requires150 = itr[hlJi@I�@hl ] = X�<� w�� i (14)Similarly, extremization with respect to kr(��) requiresu��1 = u��2 (15)where �1 and �2 are the two 4-simplices sharing � , andu��1 i = U (1)[kr(��)hl(�1�)]ijw��1 j: (16)(U (1)(g) is the spin 1 representation of g 2 SU(2)). In general u�� is w��parallel transported from C� along the boundary @s(��) in a positive sense16to C�. (See Fig. 2). us is thus, like ws, e multiplied by a factor which goes8
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Figure 2: The dual 2-cell �� < �� is shown with its uniform orientationindicated by an arrow circling in a positive sense. The routes by which thew��n are parallel transported from C�n to C� to form the u��n are indicatedby bold lines.to one as the group elements hl and kr approach 1. Note that (15) impliesthat all u�� for a given 2-simplex � have a common value u�.Extremization with respect to 'ij� yields@I�@'ij� = 160 Xs;�s<� es ie�s jsgn(s; �s) / �ij (17)(since 'ij� is traceless).Finally, extremization with respect to �es implies@I�@es i = �is � 130'ij� X�s<� e�s jsgn(s; �s) = 0: (18)What about boundary terms? Suppose the simplicial complex has aboundary @� which doesn't cut through any 4-simplex, so it is itself a 3dimensional simplicial complex. No boundary term needs to be added to theaction (3), If the connection is held �xed at that boundary. That is to say, ifthe group elements kr on the edges r(�; �), on the boundary are held �xed.15If � = PQRST , � = PQRS then P�<� ws(��) = �wPQR + wQRS �wRSP + wSPQ.16�1, �2 are numbered with index increasing in a positive sense around @��. Note thatthe de�nition of the orientation of s(�; �) in terms of that of � and � de�nes a uniformorientation on ��, since the orientations of the 4-simplices is uniform in the complex �.9



(r(��) is is the intersection of � and the 1-cell in [@�]�, the complex dual to@�, dual to �).Another natural �eld to hold �xed is u� for � < @� (since it lives onthe boundary, unlike e�� and w�� which live in the internal space at C�, andthus always o� the boundary). This corresponds more closely to what isusually done in Regge calculus [Reg61], that is, holding the lengths of theedges �xed on the boundary, because e��, and therefore u�, is essentially themetrical �eld variable in our simplicial model. (See Appendix A for more onthe relation of e�� and u� to metric geometry). In this case the action mustbe modi�ed: In the modi�ed action the �s for s abutting the boundary areevaluated with kr replaced by 1 8r < @� (but the de�nition of u�, (16), isunchanged).4 The continuum limitThe form of the action (3) is clearly analogous to that of the Plebanski action(1). Plebanski's �eld equations�IP��ij = 12�i ^ �j / �ij (19)�IP�Ai = D ^ �i = 0 (20)�IP��i = F i � �ij�j = 0 (21)resemble simplicial �eld equations (17), (14), and (18) respectively. We shallsee that in the continuum limit these resemblances become exact. The sim-plicial �eld equation (15) has no continuum analogue, it is an identity in thecontinuum limit we will de�ne.In order to take the continuum limit of the simplicial theory we de�nebelow a map 
� of continuum �elds on a spacetime manifold M into simpli-cial �elds on a simplicial decomposition � of M , which allows us to representcontinuum �eld histories by simplicial ones, and a class of sequences f�ng1n=0of simplicial decompositions of spacetime which become in�nitely �ne every-where in a nice way as n !1. Any continuum �eld history (A;�; �) thende�nes a sequence of increasingly faithful images 
n(A;�; �) = (h; k; e; ')n10



on the complexes �n, and corresponding evaluations In(A;�; �) of the sim-plicial action.The continuum limit of the simplicial theory is de�ned by letting itssolutions be just those continuum �eld con�gurations for which the variations�In of the simplicial action under variations �A, ��, �� of the continuum�elds vanish to �rst order as n!1. In this section it will be demonstratedthat the continuum limit, in this sense, of the theory de�ned by (3) is exactlyPlebanski's theory (1).Roughly speaking, the claim is that in the continuum limit the simpli-cial �eld equations agree with the Plebanski �eld equations. More preciselyit is that the Plebanski �eld equations, integrated against the continuum�eld variations (�A; ��; ��) are the limits of the simplicial �eld equationsintegrated against the variations (�h; �k; �e; �')n which are the images of(�A; ��; ��), and are thus, as n!1, smooth in a certain sense.It will also be shown that the action of the simplicial theory convergesto that of the Plebanski theory in the continuum limit. That is, as n !1In(A;�; �)! IP (A;�; �). This result almost implies the convergence of the�eld equations claimed above:�IP = �In + ��In (22)where �In = IP � In. If limn!1 ��In = 0 then limn!1 �In = �IP at �xed(A;�; �), so in the limit, the zeros - the solutions, agree. Now limn!1�In =0 so, unless �In has a more and more undulatory dependence on A, �, � asn ! 1 limn!1 ��In = 0. Nevertheless, the convergence of the �eld equa-tions will be proved independently in the following, because it is interestingto see how the continuum �eld equations emerge from the simplicial ones.One might hope to show that the Plebanski theory is the continuum limitof the simplicial theory in a stronger sense than has been claimed, namelythat the solutions of Plebanski's theory are exactly the limit points as n!1of continuum �elds A, �, � corresponding to solutions of the simplicial theoryin some reasonable topology on the space of continuum �eld con�gurations.A proof of this will not be attempted here.However, if the simplicial and Plebanski theories can be approximatedby the same theories with a spacetime cuto� (larger than the scale of thesimplices), that is, by versions in which the actions are only depend on modesof the �elds A, �, � which have local wavelength everywhere larger than a11



local cuto� length,17 then our results show that the simplicial and Plebanskitheories approximate each other as n ! 1. In the cuto� theories only the�eld equations required by extremization with respect to �eld modes allowedby the cuto� appear, and these we know to be the same in the simplicial andPlebanski theories when n!1.Furthermore, if such cut o� versions of the theories can be used to de�nea path integral quantization, then, by the equality of the actions as n!1(and assuming corresponding integration measures are chosen), the quantumtheories agree as n!1.Now to the details.De�nition 1: The map 
� : (A;�; �) 7! (h; k; e; ') of continuum �eldson M to simplicial �elds on the simplicial decomposition � of M is de�nedby hl = PeiRl A�J (23)kr = PeiRr A�J (24)u�� i = Z� v(C�; x)ij�j(x) (25)'ij� = �ij(C�) (26)with e�� de�ned from u� via (16) and (13), 18P denotes path ordering, and v(C�; x) = U (1)(PeiR xC� A�J ) is the parallelpropagator of spin 1 SU(2) vectors along a straight line from x to C� (ac-cording to the a�ne structure of �).This de�nition of 
� is not the only one possible. Other maps also leadto equivalence of the continuum limit of the simplicial theory and the Ple-banski theory. For instance maps such that h, k, e, ' converge to thoseof De�nition 1 as the simplicial complex is re�ned are viable alternatives.However the 
� chosen here seems to lead to the cleanest proofs.17This is always what is assumed when, as is usually done, a �eld theory is de�ned asthe limit of UV regulated theories.18The map (13) which de�nes ws in terms of es is invertible except when the trace ofthe holonomy around @s vanishes. However, when the connection A is continous we may,by choosing a su�ciently �ne simplicial complex make all holonomies around wedges closeto one. 12



Before I de�ne the simplicial complexes to be used note that we will beconcerned with compact spacetimes or compact pieces of spacetimes, whichalways admit �nite simplicial decompositions19As the sequence of progressively �ner simplicial decompositions we willuse uniformly re�ning sequences, which are de�ned as follows.De�nition 2: f�ng1n=0 is a uniformly re�ning sequence of simplicial de-compositions of a compact manifold M if1) �0 is a �nite simplicial decomposition of M ,2) �n+1 is a �nite re�nement of �n,and, in a �xed positive de�nite metric g0 which is constant on each � < �0(in linear coordinates on �),3) rn, the maximum of the radii r� of the 4-simplices � < �n approacheszero as n!1, and4) r4� divided by the 4-volume of � is uniformly bounded for all 4-simplices� < �n as n!1.In Appendix B it is proven that conditions 3) and 4) are independent ofthe particular metric chosen.The following lemma, also proven in Appendix B, will be usefulLemma 1: If h is a continous d-form on a compact manifold M , f�ng1n=0is a uniformly re�ning sequence of simplicial decompositions of M , and g0 isa positive de�nite metric constant on each � < �0, then 8� > 0 N can bechosen su�ciently large so that for any d-subcell c of a 4-simplex � < �Nj Zc h� Zc hC� j < �rd� ; (27)where hC� is the constant d-form (in linear coordinates on �) which agreeswith h at C� , and r� is the g0 radius of �.19This follows from the arguments on p. 488 of [SW93].13



Lemma 1 can be conveniently restated in terms of the characteristic tensorof c, which can be de�ned in linear coordinates x� on � byt�1:::�dc = Zc dx�1 ^ ::: ^ dx�d: (28)tc might be called the coordinate volume tensor of c, it is the d-dimensionalgeneralization of the coordinate length vector of an edge and the coordinatearea bivector of a 2-cell. When c is a d-simplex with vertices P1; :::; Pd+1t�1:::�dc = (P1P2)[�1:::(P1Pd+1)�d]. Using tc equation (27) in Lemma 1 can bewritten as Zc h = Z h(C�)�1:::�2t�1:::�2c +O(�rd�); (29)where O(�rd�) denotes a quantity Qc that vanishes faster than rd� as n!1,that is, maxfQc=rd� jc < � < �ng ! 0 as n!1.Now we are ready to prove that the simplicial action (3) converges to thePlebanski action in the continuum limit.Theorem 1: If f�ng1n=0 is a uniformly re�ning sequence of simplicial de-composition of an orientable, compact 4-manifold M , A, �, � are Plebanski�elds on M with � and � continous and A contiously di�erentiable, andIn(A;�; �) is the evaluation of the simplicial action (3) on the simplicial�elds (h; k; e; ')n = 
�n(A;�; �) de�ned on �n by (23) - (26), thenlimn!1In(A;�; �) = IP (A;�; �): (30)Proof: Choose a positive de�nite metric g0 awhich is constant on each � < �0.By several applications of Lemma 1 one shows that 8� > 0 N may be chosenlarge enough so that j�i�� � F (C�)i��t��s(��)j < �r2� (31)je�� i � �(C�)�� it��� j < �r2� (32)8� < � < �n. ThusIN = X�<�N [�i��F i
�jC� X�<� t��� t
�s(�;�)� 160�ij�i ���j 
�jC� X�;��<� t��� t
��� sgn(�; ��) + �IN�]; (33)14



where the error term �IN� is bounded byj�IN�j < �r4� [10jjF jj+ (10 + 12 jj�jj)(jj�jj+ �)]jC� (34)(Here the norm jjT jj of a tensor T i1:::im�1:::agn is jjT jj = (T i1:::im�1:::agnT j1:::jm�1:::bgn�i1j1:::g�1�10 :::) 12 ).Since F , �, and � are continous on the compact manifold M they arebounded, so j�IN�j < �r4�� with � a �nite constant.The ratio of r4� to the 4-volume V� of � is uniformly bounded. Let thisbound be R then r4� < RV� implying that j�IN�j < ��RV� . Therefore thesum of the errors is bounded byj X�<�N �IN�j < ��RVM ; (35)where VM is the g0 volume of M , a �nite number.Straightforward calculations showX�;��<� t��� t
��� sgn(�; ��) = 30t��
�� (36)X�<� t��� t
�s(��) = t��
�� : (37)Thus, putting everything together, we getIN = [X� (�i ��F i
� � 12�ij�i ���j 
�)jC� t��
�� ] + �IN (38)�!N!1 ZM �i ^ F i � 12�ij�i ^ �j = IP (A;�; �): (39)To prove the equivalence of the continuum limit of the simplicial modelwith Plebanski's theory at the level of �eld equations we �rst show that theEuler-Lagrange (E-L) functions, i.e. the variational derivatives of the actionwith respect to the �elds, are just the integrals of the Euler-Lagrange d-formsof the Plebanski theory over certain d-cells, modulo corrections which becomenegligible as the simplicial complex is re�ned.The precise statement isLemma 2: For any simplicial �eld history corresponding to a continuum15



�eld history via (23) - (26) (and under the other hypothesies of Theorem 1).1) The simplicial �eld equation (15) tr[Jikr @In@kr ] = 0 holds identically for all n.2) 8� < �n; s; l < � @In@�ij� = Z� �IP��ij +O(�r4�) (40)@In@es i = Zs �IP��i +O(�r2�) (41)itr[hlJi@In@hl ] = Z� �IP��ij +O(�r3�) (42)where � is the 3-simplex in � dual to l, and in the integrals the integrandsare parallel transported to C� along straight lines.3) The Plebanski �eld equations are fully represented by the simplicial �eldequations in the sense that if the Plebanski E-L forms are not almost every-where zero, then on a su�ciently �ne simplicial complex the simplicial E-Lfunctions will not all vanish.Proof: 1) follows immediately from the de�nition (25) of u��(A;�). (40)and (42) from the corresponding Plebanski �eld equations (19) and (20) and@In@�ij� = 160 X�;��<� e�� ie��� jsgn(�; ��) (43)= (�i ���j 
�)jC� 160 X�;��<� t��� t
��� sgn(�; ��) +O(�r4�) (44)= 12(�i ^ �j)jC� ��
�t��
�� +O(�r4�) (45)itr[hlJi@In@hl ] = X�<� w�� i = h�1l i j X�<� k�1r(�� jku� k (46)= (D ^ �i)jC� ��
t��
� +O(�r3�): (47)Similarly (41) follows from (21) and the identityP��<� t�;��� sgn(�; ��) = 30t��s(�;�)via @In@es i = = �i�� � 130'ij� X��<� e��� jsgn(�; ��) (48)16



= (F i � �ij�j)jC� ��t��s(��) +O(�r2�): (49)3) follows as a corrollary of 2). Condition 4) in De�nition 2, which de�nes�n, prevents the 4-simplices from having zero volume, and therefore ensuresthat in each such 4-simplex � < �n the ts, t� , t� span the spaces of 2, 3, and4 index antisymmetric tensors at C�.Using (9) and the fact that under variations of A, �, � the variations ofthe corresponding simplicial �elds h, e, ' are given by�'ij� = ��ij(C�) (50)�e�� i = Z� ��i +O(�r2�) (51)��il = Zl �Ai +O(�r�) (52)(where the integrands are parallel transported to C� along straight lines).one �nds thatTheorem 2: Under the hypothesies of Theorem 1, under variations A, �,and � limn!1 �In(A;�; �) = �IP (A;�; �): (53)5 Comments� A hypercubic lattice action for GR can be de�ned in complete analogywith the simplicial one. One de�nes the centers of n-cubes as the averages oftheir vertices, and the dual complex from these centers as in the simplicialcontext. In particular, the wedges s, and the edges l and r are de�ned byreplacing n-simplices with n-cubes in their simplicial de�nitions. (See Fig.3). The action of the hypercubic model isI2 = X�<2[Xs<� es i�is � 18'ij� Xs;�s<� es ie�s j sgn(s; �s)]; (54)where 2 is the hypercubic lattice and � labels 4-cubes. sgn(s; �s) = sgn(�; ��)is the sign of the 4-volume spanned by the 2-cubes (squares) � and �� dual to s17
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Figure 3: This is the analogue of Fig. 1 for a hypercubic lattice. Panel a)illustrates the de�nitions of s(��) and the edges l(�� ) and r(��). In themiddle lies the center of a 2-cube �. The corners are the centers of all the4-cubes �; � 0; ::: that share �. The curve C�C�1C�0 connecting C� and C�0 isa realization of the edge � �1 in the lattice 2� dual to 2, which is dual to �1.Similarly [�s(��) is a realization of the 2-cell �� < 2� dual to �.Panel b) shows the analogous structure in a 3-dimensional cubic lattice witha 3-cube playing the role of �, 2-cubes as �1 and �2, and a 1-cube as �.
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and �s respectively, provided � and �� share one vertex. Otherwise sgn(s; �s) =0. In particular this means that it is zero when the 2-cubes share no vertices.Plebanski theory is the continuum limit of the hypercubic theory (54) inthe same sense as it is the continuum limit of the simplicial theory. (Theproofs of section 4 go through with minor adjustments).� Bostr�om, Miller and Smolin [BMS94] found a hypercubic lattice actioncorresponding to the CDJ action [CDJ91] (which is closely related to thatof Plebanski) by following the method of Regge [Reg61] and evaluating thecontinuum action on �eld con�gurations in which the curvature has supportonly on the 2-dimensional faces of a spacetime lattice. Unfortunately, thecontinuum action is not unambigously de�ned on such �eld con�gurations.Nevertheless, Bostr�om et. al. present an action corresponding to a partic-ular disambiguation of this expression. This action, written in terms of thediscrete curvature variable of Bostr�om et. al. is formally similar to that oneobtains from (54) by eliminating es using the �eld equations. However, theircurvature is de�ned very di�erently from our curvature (�s) in terms of thefundamental �elds, which in their case is a discrete connection and in ourcase parallel propagators.� The simplicial theory presented here converges in the continuum limitto Plebanski's theory, which is not equivalent is not equivalent to Ashtekar'scanonical theory when the spatial metric is degenerate. Thus one wouldexpect a quantization of our simplicial model to approximate a quantizationof the constraints of [Rei95] rather than Ashtekar's constraints.AcknowledgmentsA discussion with Jos�e Zapata gave the impetus to revive this once abandonedproject. I am also indebted to Abhay Ashtekar, Lee Smolin, Carlo Rovelli,John Baez, John Barret, and Xiao-Feng Cai for essential discussions andencouragement. Finally, I would like to acknowledge the support of theCenter for Gravitational Physics and Geometry and the Erwin Schr�odingerInstitute, where this work was done. 19



A The simplicial �eld es and metric geometryOn non-degenerate solutions Plebanski's �elds A, �, � have metrical inter-pretations. Thus simplicial �elds de�ned via (23) - (26) should also havea metrical interpretation. In fact, when �i satis�es the �eld equation (19)�i ^ �j / �ij, and the non-degeneracy requirement �k ^ �k 6= 0, it de�nes anon-degenerate cotetrad eI� (unique up to S0(3)L transformations) and thusa non-degenerate metric20 g�� = eI��IJeJ�: (55)Furthermore, when A obeys the �eld equation D ^ �i = 0, the Plebanskiaction becomes the Einstein-Hilbert action of the metric (55),21 so this metricis the physical metric.On solutions of (19) �i = 2[e ^ e]+0i, where[e ^ e]+ IJ = 12eI ^ eJ + 14�IJKLeK ^ eL (56)is the self-dual part of e ^ e. Therefore, by (25), e�� is the self-dual part ofthe metric area bivector of � (modulo corrections that vanish faster than thearea as the simplicial complex is re�ned):e�� i = Z� �i +O(�r2�) = 2a+0i� +O(�r2�); (57)with aIJ� = eI�eJ�jC� t��� the metric area bivector, equal to the coordinatearea bivector in metric normal coordinates.If we choose the normal coordinates xI so that � lies in a spatial hyper-surface (x0 = constant) then e�� i = 12�ijkajk� - exactly the normal area vectorof �.It would be nice to give a metric interpretation of e�� also away fromthe continuum limit, to make possible a direct comparison of our simplicialtheory with Regge calculus [Reg61]. This is di�cult however since, unlike inRegge calculus, the simplices of our model are not 
at. The wedges, s, carrycurvature, �s, which does not generally vanish, even on solutions.20A spinorial proof of this result is given in [CDJM91]. A proof in the language of SO(3)tensors is provided in Appendix B of [Rei95].21For a proof see [Rei95], Section 3. 20



However, when the holonomies g@s are all 122 the metric interpretation ofthe continuum limit extends to arbitrary simplicial complexes. Since g@s = 1,ws = es, so �eld equation (14) requiresX�<� e�� i = 0: (58)(58) imposes 12 independent linear constraints on the 30 e�� i, which implyjust that there is a 2-form �� i �� (18 components) such thate�� i = �� i��t��� : (59)Field equation (17) and the non-degeneracy conditionP�;��<� e�� �e���sgn(�; ��) 6=0 are equivalent to �� i ^ �� j / �ij �� k ^ �k� 6= 0. As for the continuum ��elds this implies � de�nes a non-degenerate metric, and that e�� is theself-dual part of the metric area bivector.The roles played by the �eld equations are worth noting. A co-tetrad thatis constant on a simplex de�nes an image of the simplex in an a�ne 4-spaceE with metric �IJ and a �xed orthonomal basis fv0; v1; v2; v3g. (58) ensuresthat any 3-simplex can be mapped into E such that the of e�� i of its faces arethe self-dual parts of the area bivectors. This requirement �xes the image(the \geometrical image") of the 3-simplex up to SU(2)R transformations.23 (17) and the non-degeneracy condition ensure that the 3-simplices can allbe mapped geometrically into E by the same co-tetrad, so they ensure thatthe image 3-simplices all can �t together to form a 4-simplex. Finally, inthe gauge in which e�� = u� �eld equation (15) ensures that the geometricalimages of the 3-simplex faces of neighboring 4-simplices match up moduloan SU(2)R transformation. The only remaining �eld equation, (18), simplyrequires '� = 0.The �eld equations thus restrict the simplicial �elds to ones correspondingto a Regge type simplicial geometry determined by edge lengths. Moreover,22The only solutions of the simplicial theory satisfying this requirement exactly are
at spacetimes, even though in continuum euclidean GR there are curved solutions withvanishing self-dual curvature.23Proof: clearly the simplex can be uniquely mapped into the spatial (123) hyperplaneof E such that the e�� i are the spatial normal area vectors. These are equal to the self-dualparts of the spacetime area bivectors, which are invariant under SU (2)R transformations.Thus any SU (2)R transformed image of the 3-simplex ful�lls the requirement. With somemore e�ort one can show that these are the only allowed transformations.21



since the transformation needed to match up the geometrical images of the3-simplex shared by two 4-simplices is right-handed, the holonomy around a2-simplex of the metric compatible connection, which by de�nition transportsthe one image of the 3-simplex into the other, is purely right-handed. Sincethe metric compatible holonomy leaves the image of the central 2-simplexinvariant, it can only be right-handed if it is 1.In a curved �eld con�guration (14) and (15) contain curvature termswhich spoil the exact metrical interpretation of es (though it is of courserecovered as the continuum limit is approached).B Lemmas for the continuum limitLemma B.1: If f�ng1n=0 is a uniformly re�ning sequence of simplicial de-compositions with repsect to one positive de�nite metric g0 which is constanton each 4-simplex of �0, then it is a uniformly re�ning sequence with respectto any other such metric g00.Proof: Since all �n n > 0 are re�nements of �0 and �0 has a �nite numberof simplices it is su�cient to prove that conditions 3) and 4) of De�nition 2hold with respect to g00 in each 4-simplex �0 < �0. Inside �0 g0 and g00 areconstant metrics, and since they are both positive de�nite they are relatedby a non-singular linear transformation. Hence there exist non-zero, �niteconstants a and b so that r0� < ar� (60)V 0� = bV� : (61)(0 quantities are calculated with g00).Thus 3), rn ! 0 as n ! 1, implies r0n < arn also approaches zero inthis limit, that is 3), also holds with respect to g00. Furthermore, if 9c > 0such that V� > cr4� then V 0� = bV� > cbr4� > cb=a4r04� , so 4) with respect to g0implies 4) with respect g00.Lemma A.2: If f is a continous function on a compact manifold M andf�ng1n=0 is a uniformly re�ning sequence of simplicial decompositions ofM then 8� > 0 N can be chosen su�ciently large that jf(x) � f(y)j < �8x; y 2 � < �N . 22



Proof: Since the simplicial decomposition �0 is �nite, it is su�cient to provethe lemma in each �0 < �0 separately. The continuity of f implies that,with respect to any constant, positive de�nite metric g0 on �0, there existsfor each point x 2 �0 an open ball B(x; rx) of radius rx > 0 about x suchthat jf(x)� f(y)j < �=2 8y 2 B(x; rx).Since �0 is compact it can be covered by a �nite set of balls fB(xm; 1=3rxm )gMm=1.Now let r = 1=3maxfrxmg, and note that 8x 2 �0 B(x; r)\�0 � B(xm; rm)\�0 for some m 2 f1; :::;Mg. This implies that jf(x) � f(y)j < � 8x; y 2B(x; r) \ �0. Since N can be chosen large enough that r� < r 8� < �N \ �0the requirements of the lemma are satis�ed in �0.Corrollary (Lemma 1): If h is a continous d-form on M and g0 is a positivede�nite metric adapted to �0, then 8� > 0 N can be chosen su�ciently largeso that for any d-cell c < � < �Nj Zc h� Zc hC� j < �rd� ; (62)where hC� is the constant d-form (according to the a�ne structure of �)which agrees with h at C� , and r� is the g0 radius of �.Proof: Fix on each �0 normal coordinates x� of g0.j Zc h� Zc hC� j < X�1:::�d Zc jh(x)�1:::�d � h(C�)�1:::�djjdx�1:::dx�dj: (63)Furthermore, since the components h�1:::�d are continous functions, one maychooseN large enough that jh(x)�1:::�d�h(C�)�1:::�dj < �(dimension M )�d2�d.Thus j Zc h� Zc hC� j < �maxfZc jdx�1:::dx�djg (64)< �rd�: (65)23
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