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Fluctuations of the Phase Boundaryin the 2D Ising FerromagnetR. Dobrushin O. Hryniv �yJuly 3, 1996AbstractWe discuss statistical properties of phase boundary in the 2D low-tem-perature Ising ferromagnet in a box with the two-component boundaryconditions. We prove the weak convergence in C[0;1] of measures de-scribing the 
uctuations of phase boundaries in the canonical ensembleof interfaces with �xed endpoints and area enclosed below them. Thelimiting Gaussian measure coincides with the conditional distribution ofcertain Gaussian process obtained by the integral transformation of thewhite noise.Key words and phrases: Ising model, phase boundary, large deviations,invariance principle, conditional limit theorems, Wul� construction.Running title: Fluctuations of Phase Boundary in 2D Ising Ferro-magnet1991 Mathematics Subject Classi�cation. Primary 60F17. Secondary60F10, 82B20, 82B24.1 IntroductionThe large deviation probabilities for the total magnetization in the 2D Isingferromagnet are known to possess the non-classical asymptotics in the phasecoexistence region. The exponential decay here is of the surface order [21] re-
ecting the fact that the phase separation is the main mechanism responsiblefor this asymptotic behaviour. The rate function corresponds to the total sur-face tension of the phase boundary and the limiting shape of the latter canbe described in the framework of the Wul� theory [6, 19]. Particularly, in thetypical con�gurations, the immersed phase tends to form a unique macroscopic�Institute for Applied Problems of Mechanics and Mathematics, Ukrainian Academy ofSciences, Naukova 3"b", Lviv 290601, Ukraine; e-mail: trad@memb.lviv.uayCurrent address: E. Schr�odinger International Institute for Mathematical Physics, Pas-teurgasse 6/7, A-1090 Vienna, Austria; e-mail: ohryniv@esi.ac.at1



droplet with the shape and the area close to that of the Wul� droplet, i. e., thesolution of the related variational problem. As a result, the optimal value ofthe Wul� functional provides the correct constant on the surface scale of theexponential decay of large deviations probabilities. Note the really remarkablefact that the last observation is actually true for all subcritical temperatures,i. e., in the whole phase coexistence region [13, 14].The results obtained in [6, 19, 13, 14] describe many interesting properties ofthe phase boundary as well as typical con�gurations in the considered situation.However, they are not su�cient to deliver the exact asymptotics of the probabil-ities of large deviations. To this end one needs more detailed information aboutthe 
uctuations of phase boundary with respect to the limitingWul� shape, theinformation that is also of independent interest.The present paper is an attempt on the way to �ll this gap. Namely, we dis-cuss statistical properties of phase boundary in the 2D low-temperature Isingferromagnet with the two-component boundary conditions in the canonical en-semble of interfaces with �xed endpoints and �xed "area enclosed below them".We prove the weak convergence in C[0; 1] of the probability distributions de-scribing the 
uctuations of such interfaces around the corresponding part of theWul� shape to certain conditional Gaussian distribution. This limiting mea-sure coincides with the conditional distribution of a Gaussian random processobtained by the integral transformation of the white noise.As in the preceding paper [5], where similar problem for a general model ofthe SOS-type was investigated, we use extensively the large deviation principlein the strong form [7] combined with ideas further developed from the originalbook [6]. These results were announced in [12].To our knowledge, there were only two mathematical papers 1 studying weakconvergence of measures describing 
uctuations of the phase boundary in the 2DIsing ferromagnet [11], [4]. Nevertheless, the methods used there were adjustedto the investigation of interfaces with �xed endpoints (even only horizontal onesin [11]) and are not applicable to the additional volume constraint discussedhere.The paper is organized as follows. Sect. 2 contains notions and known factsto be used later on. The main results are stated in Sect. 3. The basic poly-mer representation of the partition function is developed in Sect. 4. Then, inSect. 5 we prove the analyticity of the corresponding free energy and discusssome its properties that are used in proofs of limit theorems in Sect. 6. Conver-gence of �nite dimensional distributions of the considered conditional processis established in Sect. 7. The proof of the main result is completed in Sect. 8,where the tightness condition for the sequence of measures is checked. Finally,in Appendix we present the geometric construction of the solution to the Wul�variational problem corresponding to the discussed situation.Acknowledgements. This work was partially supported by ISF grantNo. M5E000. O. H. thanks the E. Schr�odinger International Institute for Math-1Many interesting ideas appeared already in the pioneering paper [8], where however onlya particular one-dimensional distribution of the phase boundary was discussed.2



ematical Physics (Vienna) for worm hospitality and FWF for �nancial supportthrough L. Meitner Fellowship No. M00289-MAT during preparing the �nal ver-sion of this text. We thank also R. Koteck�y for critical reading the manuscriptand useful remarks.2 PreliminariesTo �x the notations let us recall brie
y certain notions and facts from the theoryof the 2D Ising model (for detailed discussion see, e. g., [6]).Lattices. Let Z2 be the two-dimensional integer lattice and �Z2�� be itsdual, �Z2�� = (Z+ 1=2)2, both consisting of sites. These lattices are im-mersed into R2 equipped with the usual Euclidean distance j � j, jx � yj =p(x1 � y1)2 + (x2 � y2)2, where x = (x1; x2) and y = (y1; y2). We call a bondany segment of unit length connecting two neighbouring sites of the dual lattice.Let s, t be two neighbours inZ2 and f denote the unit segment connectings and t. By de�nition, a bond e separates these sites if the segments f and eare orthogonal and meet at their midpoints.Fix one of the two directions (1; 1) and (1;�1). Any straight line passingthrough a site in this �xed direction is called a diagonal. Thus, any site belongsto certain (uniquely determined) diagonal. By de�nition, a site s 2 Z2 is at-tached to s� 2 �Z2�� provided they share the diagonal and js� s�j = p2=2. Asite s 2Z2 is attached to a bond e if s is attached to one end of e.Let e1 and e2 be two orthogonal bonds that share a site of the dual lattice.We say that e1 and e2 form a linked pair of bonds if they belong to the samehalf-plane in R2 determined by the diagonal passing through their commonpoint.For a set V �Z2, jV j denotes its cardinality and @V is its outer boundary,@V = ns 2Z2 n V : 9t 2 V with jt� sj = 1o:A bond e is called a boundary bond of the set V if there exist t 2 V and s 2Z2nVsuch that e separates t and s.Con�gurations. For V �Z2 denote by 
V = f�1; 1gV the set of all possiblecon�gurations � = �V in V . In the case V = fsg the con�guration �V isreduced to the spin at the site s and is denoted simply by �s. If VN , N > 1, isthe vertical strip inZ2 of the width N ,VN = nt = (t1; t2) 2Z2 : 0 < t1 < No; (2.1)we denote the corresponding set f�1; 1gVN of con�gurations by 
N .Fix any V � Z2. A con�guration � = �Z2nV in the complement Z2 n V iscalled a boundary condition (for V ). Two kinds of boundary conditions will beconsidered mainly in the following: the constant plus boundary condition �+,�+t = 1; for all t 2Z2 n V , (2.2)3



and the two-component boundary condition �', ' 2 (��=2; �=2),�'t = � 1; if t2 > t1 tan',�1; otherwise. (2.3)Contours. Let � be a con�guration in a set V � Z2 and � be a boundarycondition. The boundary �(�; �) of the con�guration � under the boundarycondition � is the collection of all bonds separating the sites inZ2 with di�erentvalues of spins. Then any site s� of the dual lattice is the meeting point of aneven number of such bonds. If four bonds meet at a common vertex we splitthem up into two pairs of linked bonds. This procedure is actually a �xed choiceof the so-called "rounding of corners" along the diagonal passing through thecommon vertex of these bonds. Apply this procedure at any dual site that is ameeting point of four bonds from �(�; �). Then the boundary �(�; �) splits upinto connected components to be called contours.Let VNM , M > 1, be the set (cf. (2.1))VNM = nT = (t1; t2) 2 VN : 1�M < t2 < Mo (2.4)and � � �+. Then every contour of �(�; �), � 2 
NM = f�1; 1gVNM , is aclosed polygon. For � � �' the boundary �(�; �) contains one (in�nite) openpolygon S. In the case M � [N tan'] + 1 this open polygon passes through thepoints (0; 1=2) and (N; [N tan'] + 1).Phase boundary. Let � be a con�guration in VN (recall (2.1)) and �' bethe boundary condition de�ned in (2.3). As before, denote by S 2 �(�; �) the(in�nite) open contour connecting the points (0; 1=2) and (N; [N tan']+1). Let�(S) be the points fromZ2\RN ,RN = n(x1; x2) 2 R2 : x1 2 [0; N ]o;that are attached to bonds of S. The restriction of S to the vertical strip RNis called the phase boundary and is denoted also by S.Let T 'N denote the set of all phase boundaries consistent with the boundarycondition �'. Fix any S 2 T 'N . The point (0; 1=2) is the initial point and(N; [N tan'] + 1) is the ending point of the phase boundary S. By de�nition,the height h(S) of S is the di�erence in the ordinates of the ending and theinitial points of S. Thus, for S 2 T 'N one has h(S) = [N tan'].Assume that M = M (S) > 1 is such that the contour S is covered by therectangle RNM = [0; N ]�[1�M;M ]. Then the polygon S splits up the rectangleRNM into two parts, the "upper" and the "lower" ones, with the areas Q+N andQ�N respectively. The quantitya(S) = aN (S) = Q�N � Q+N2 (2.5)is called the area under the phase boundary S. Clearly, this de�nition does notdepend uponM provided it is su�ciently large,M �M0(S). Observe also that4



for "nice" contour S that intersects any vertical line x = k, k = 1; 2; : : : ; N�1, ata unique point the quantity a(S) gives the value of the integral of the piecewiseconstant function appearing after removing all vertical segments from S.Gibbs measures. Let V be a �nite subset ofZ2 and � be a boundary condi-tion. The Gibbs distribution PV;�(�j�) in V with the boundary condition � isthe probability measure in 
V given byPV;�(�j�) = Z(V; �; �)�1 exp���H(�j� )	; � 2 
V ; (2.6)where the hamiltonian H(�j�) is de�ned byH(�j�) = � Xs; t 2 V;js � tj = 1 �s�t � Xs 2 V; t 2 @V;js� tj = 1 �s�t; (2.7)the partition function Z(V; �; �) isZ(V; �; �) = X�2
V exp���H(�j� )	; (2.8)and � > 0 is the inverse temperature. In what follows we will always assumethat � is su�ciently large.Ensembles of phase boundaries. Consider the box VNM de�ned in (2.4)and let �' be the boundary condition from (2.3). Denote by PN;M;�(�j�') theGibbs distribution in 
NM = f�1; 1gVNM de�ned as in (2.6){(2.8). For M >N tan' denote by T 'NM the set of all phase boundaries in VNM consistent withthe boundary condition �'. The Gibbs distribution PN;M;�(�j�') induces theprobability distribution PN;M;�;'(�) in T 'NM according to the following formulaPN;M;�;'(S) = PN;M;��n� 2 
NM : �(�; �') 3 So ��� �'�; S 2 T 'NM :Another form of this distribution will be of importance in the following ([6,x4.3]). Namely, let �(�) be the function of �nite subsets inZ2 determined fromthe cluster expansion of the partition function Z(VNM ; �; �+) ([6, x3.9]), jSjdenote the length 2 of the polygon S, and �(S) is the set of sites attached tothe phase boundary. Then, de�ning the weights wNM (S) viawNM (S) = expn�2�jSj � X��VNM :�\�(S)6=;�(�)o (2.9)we rewrite PN;M;�;'(S) = wNM (S)�(N;M;') ; (2.10)2Observe that two external halfbonds of S did not contribute to jSj in [6] but this doesnot a�ect the value in the right hand side in (2.10).5



where �(N;M;') is the corresponding partition function,�(N;M;') = XS2T 'NM wNM (S):For future references we recall here the following important properties of thefunction �(�) ([6, x3.9,x4.3]): �(�) is a translation invariant function vanishingon non-connected sets � �Z2; moreover, there exists �0 <1 such that for all� � �0 one has j�(�)j � exp��2(� � �0)d(�)	; (2.11)where the function d(�) satis�es the inequalityd(�) > 2diam(�) + 2 (2.12)with diam(�) denoting the diameter of the set �, diam(�) = max�jx � yj :x; y 2 �	. According to Lemma 3.10 ([6]) estimate (2.11) implies the inequalityX��Z2:�\�(S)6=; j�(�)j � KjSj; (2.13)where K is a constant such that K = K(�)&0 as �% +1. Therefore, for allsu�ciently large � the weights (cf. (2.9))w(S) = expn�2�jSj � X�:�\�(S)6=;�(�)o (2.14)are well de�ned.Let T 'N = [MT 'NM be the set of all phase boundaries in VN consistent withthe boundary condition �' and TN = ['T 'N denote the set of all possible phaseboundaries in VN (the union here is over all ' 2 (��=2; �=2)). Due to [6,Theorem 4.8] the quantities�(N;') = XS2T 'N w(S); �(N ) = XS2TN w(S)are �nite (in fact, �(N ) coincides with the partition function �(N; 0; restr),where �(N;H; restr) is the partition function for the restricted grand canonicalensemble of the phase boundaries (see de�nition (4.3.16) in [6])). As a result, onecan de�ne the probability distributions PN;�;'(�) � PN;+1;�;'(�) and PN;�(�) inT 'N and TN respectively via the following formulasPN;�;'(S) = w(S)�(N;') ; S 2 T 'N ; (2.15)and PN;�(S) = w(S)�(N ) ; S 2 TN : (2.16)6



Here again one has the condition � � �1 > �cr that is a consequence of appli-cation of the cluster expansions technique.Surface tension, free energy, Legendre transformation. For any �xed ' 2(��=2; �=2) denote by n = n(') = (� sin'; cos') the unit orthogonal vectorto the straight line t2 = t1 tan' in R2. Let the box VNM , M > N tan', be asin (2.4) and Z(VNM ; �; �) denote the partition function in 
NM correspondingto the boundary condition � . By de�nition, the surface tension in the directionorthogonal to n is given by��(n) = � limN!1 limM!1 cos'�N log Z(VNM ; �; �')Z(VNM ; �; �+) ; (2.17)where the boundary conditions �' and �+ are de�ned by (2.3) and (2.2) respec-tively.The surface tension is closely related to another important function, the socalled free energy. To de�ne it we �x any � > 0 and for any complex number Hsatisfying the condition j<Hj < 2� �=� (2.18)we introduce the partition function�(N;H) = XS2TN exp��Hh(S)	w(S) (2.19)with h(S) denoting the height of the phase boundary S. The limitF (H) = limN!1 log�(N;H)N (2.20)is called the free energy corresponding to the height h(S) of the phase boundary.According to Theorem 4.8 [6] this limit exists and is an analytical function ofH in the domain (2.18).The free energy F (H) de�ned in (2.20) is dual to the surface tension ��(�).Namely ([6, Theorem 4.12]), one has��(n) = 1� F �(tan') cos'; (2.21)where f�(�) denotes the Legendre transformation of the real convex functionf : R! R, f�(p) = supx �px� f(x)�:Here and in the following we omit restrictions near the signs like upper bounds,sums, integrals etc. when the appropriate operation is going over the wholeset of possible values of parameters, summation indices, integration variablesrespectively.The following property of the Legendre transformation will be used below.7



Property 2.1 Let f(�) be a strictly convex twice continuously di�erentiable realfunction de�ned in a region U � Rm, m � 1, and f�(p) be its Legendre trans-formation, f�(p) � supx�(x; p)� f(x)�, p 2 Rm. Assume that the values x 2 Uand p 2 Rm are related via rf(x) = p. Then the following relations holdf�(p) = (x; p)� f(x);rf�(p) = x;Hess f�(p) = �Hess f(x)��1: (2.22)Observe that in the considered case the matrix Hess f(x) of the secondderivatives f(x) as a function of x 2 Rm is strictly positive de�nite at x.This duality property of the Legendre transformation can be veri�ed directlyor induced from the known facts ([20, Chap. 5]).Wul� shape. Let ��(') = ��(n) be the surface tension de�ned in (2.17).Using the symmetry properties of the lattice Z2 we easily have��(') � ��(�=2� '); ��(') � ��(�')and thus ��(n) can be de�ned for all unit vectors n 2S1.Denote by D the set of all closed self-avoiding recti�able curves 
 � R2that are boundaries of bounded regions (thus, boundary of any bounded convexregion belongs to D). Recall that any such recti�able curve has �nite length andhas a tangent at its almost every point. To each 
 2 D we assign the quantityW(
) =W�(
) = Z
 ��(ns) ds; (2.23)where ds denotes the length element and ns is the unit outward vector to thecurve 
 at the point s 2 
. The functional (2.23) is called the Wul� functionalcorresponding to the surface tension ��(�).For any 
 2 D denote by Vol(
) the area of the enclosed region. By de�ni-tion, the Wul� shape w� is a solution of the variational problemW�(
)! inf : 
 2 D, Vol(
) � 1:Alternatively, one de�nesW�;� = \n2S1 �x 2 R2 : (x;n) � ���(n)	 ;where (�; �) denotes the usual scalar product in R2, n is a unit vector, and ��(�)is the surface tension de�ned in (2.17). Then the Wul� shape w� coincideswith the boundary of the set W�;�0 , where �0 is determined from the conditionVol(W�;�0 ) = 1. The Wul� shape is known to be unique up to translations inR2 [22, 23]. Due to positiveness of the sti�ness, 3 ��(') + d2d'2 ��('), the Wul�shape is a smooth strictly convex closed curve in R2 and inherits the naturalsymmetries fromZ2 [6, x2.20,x4.21].3Here we treat the surface tension ��(�) as a function of ' (recall that n = (� sin'; cos')).8



Wul� pro�le. The main goal of the present paper is to study the statisticalproperties of phase boundaries of the 2D Ising ferromagnet in a bulk with thetwo-component boundary conditions �'. More precisely, we investigate thelimiting behaviour of probability distributions PN;�;'(�) (PN;M;�;'(�) resp.) inthe canonical ensemble of phase boundaries S 2 T 'N (T 'NM resp.) with �xedvalue of the area (recall (2.5))aN (S) = N2qN ; qN ! q as N !1;enclosed below them. The phase boundary here is an open polygon; thus, itslimiting behaviour is closely related to the corresponding piece of the Wul�shape to be called below the Wul� pro�le.To construct the Wul� pro�le we use the following geometric algorithm. 4Let l be a non-vertical straight line intersecting the Wul� shape at two pointsO and A (we denote by A that of them that is to the left; see Figure 1,a)). Thesegment OA splits up the interior of the Wul� shape into two parts, the "upper"one Q+l and the "lower" one Q�l with the areas jQ+l j and jQ�l j = 1 � jQ+l jcorrespondingly. Clearly, Q+l and Q�l are convex sets having tangents at alltheir boundary points except O and A.
?� OA l ������� 6 -O0 A0l0 1�������������a) ! b)Figure 1: Geometric construction of the Wul� pro�leWe say that the line l generates a (q; ')-cutting of the Wul� shape if thefollowing two conditions hold: a) the line l has the slope angle '; b) the areajQ�l j (jQ+l j in the case q < 12 tan') satis�es the equalityjQ�l j = ��q � tan'2 �� � jOAj2 cos2 'with jOAj denoting the length of the segment OA (and thus jOAj cos' is itshorizontal projection). Due to the strict convexity of the Wul� shape w� for4The analytical expression for theWul� pro�le in terms of the free energyF (�) from (2.20) isgiven in (3.14). See also Appendix for more detailed discussion of the problem in a frameworkof a general 1D SOS model. 9



any q 2 R and ' 2 (��=2; �=2) there exists a unique (q; ')-cutting of w� (forq = 12 tan' the points O and A coincide and l becomes a tangent to the Wul�shape). If, in addition, the limiting value q is relatively small,���q � 12 tan'��� < Q0(') (2.24)(with Q0(') easily identi�ed in terms of the Wul� shape), all the tangents to Q�lat its boundary points (di�erent from O and A) have uniformly bounded slopeangles. Then the simple transformation (re
ection + scaling; see Figure 1,b))of the arc OA gives the corresponding Wul� pro�le (in the degenerate caseq = 12 tan' the Wul� pro�le becomes a segment O0A0 of the straight line l0 withthe slope angle ').It what follows we will always assume the validity of condition (2.24) (whichin particular will make possible the SOS approximation of phase boundaries forsu�ciently large values of the inverse temperature �).3 ResultsLet TN be the set of all possible phase boundaries in VN and P(�) � PN;�(�) de-note the probability distribution (2.16). Let E(�) � EN;�(�) be the correspondingoperator of mathematical expectation.Fix any S 2 TN and for all k = 0; 1; : : : ; N de�neg+N (k) = max�t2 : (k; t2) 2 S	: (3.1)Let g+N (x), x 2 [0; N ], be the piecewise linear interpolation of the values g+N (k).Denote by �+N (t), t 2 [0; 1], the random polygonal function�+N (t) = g+N (Nt) � g+N (0): (3.2)Our aim here is to describe the statistical properties of trajectories �+N (t) con-ditioned by �xing the values of the area aN (S) and the height h(S).More precisely, let �N be the random vector�N = (YN ; hN ); (3.3)where hN = hN (S) is the height of S 2 TN andYN = 1N aN (S) (3.4)is the normalized area under S (recall (2.5)). For H = (H0;H1) denote byL�N (H) the logarithmic moment generating function of the random vector �N(recall (2.16)),L�N (H) � logE expn��H;�N�o = log�(N;�;H)� log�(N ); (3.5)10



where the partition function �(N;�;H) is calculated via�(N;�;H) = XS2TN expn�2�jSj+�H0YN +�H1hN � X�:�\�(S)6=;�(�)o: (3.6)We will show below (see Remark 5.1.1) that the last expression is �nite providedthe real part <H of H = (H0;H1) belongs to the setD2� = nH : jH1j < 2� �=�; jH1 +H0j < 2� �=�o (3.7)with some � > 0 and � � �0(�).Consider any sequence of real vectors AN = (NqN ; NbN ) such that 2N2qNand NbN are integer numbers andN�1AN ! A = (q; b); 2q 6= b; (3.8)in such a way that N�1AN �A = o� 1pN � as N !1: (3.9)De�nition 3.1 Let � be a positive number. Any sequence AN satisfying (3.8){(3.9) is called (�N ; �)-regular if the following conditions hold:1) for any N > 1 P(�N = AN ) > 0; (3.10)2) for all N > 1 there exists a solution HN 2 D2� of the equation��1rHL�N (H) ���H=HN= AN ; (3.11)3) there exists a solution bH = (Q;H) 2 D2� of the equationI(H) � ��1rH Z 10 F (H0y +H1) dy ���H= bH= A: (3.12)Here D2� is the set from (3.7), rH denotes the gradient with respect to H =(H0;H1) and F (�) is the free energy from (2.20).Remark 3.1.1 It can be checked directly that (3.10) is true provided NbN and2N2qN are integer numbers of the same parity.Remark 3.1.2 The conditionHN 2 D2� for all N > 1 is a technical one; namely,we will show below (see discussion after (7.5)) that the inclusion bH 2 D2� impliesHN 2 D2� for all su�ciently large N .Remark 3.1.3 Using the strict convexity of the function F (�) one can show thatthe relations 2q 6= b and Q 6= 0 are equivalent (see also discussion in Appendixbelow). 11



Fix any (�N ; ��)-regular sequence AN and consider the conditional randomprocess �+N (t) = ��+N (t)j�N = AN ) (3.13)with �+N (t) de�ned in (3.2). Applying arguments similar to those used in [6] onecan prove the law of large numbers for the process �+N (t). Namely, the distri-bution of the process tends weakly in the space C[0; 1] of continuous functionon the segment [0; 1] to the distribution concentrated on some deterministicfunction ê(t), t 2 [0; 1]. The function ê(t) presents the solution of the followingvariational problem (cf. (2.23), (2.21))W(f) = Z 10 ��1F �(f 0(t)) dt! inf;f 2 ng 2 AC[0; 1] : g(0) = 0; g(1) = b; Z 10 g(t) dt = qo(here AC[0; 1] is the space of absolutely continuous functions on [0; 1]) and canbe computed explicitly,ê(t) = �F (H + Q)� F (H + Q�Qt)���Q; (3.14)where (Q;H) is the solution of (3.12). Observe that due to Remark 3.1.3 onehas Q 6= 0 and thus ê(t) is well de�ned. Moreover, in view of the inclusion(Q;H) 2 D2� the derivative of ê(t) is uniformly bounded in [0; 1].Consider the random process��N (t) = 1pN ��+N (t)� Nê(t)�; t 2 [0; 1]; (3.15)and the corresponding measure ��N = �+;�N in C[0; 1]. The following theoremformulates the main result of the present paper.Theorem 3.2 Let a (�N ; ��)-regular sequence AN be as described above. Thenthere exists �0 = �0(��) < 1 such that for all � � �0 the sequence of measures��N converges weakly to some Gaussian measure �� in C[0; 1]. The limitingmeasure �� coincides with the conditional probability distribution of the randomprocess �̂(t), t 2 [0; 1], obtained by the integral transformation of the white noisedws, �̂(t) � ��1 Z t0 �F 00(H + Q�Qs)�1=2 dws; t 2 [0; 1];conditioned by the conditions�̂ � Z 10 �̂(t) dt = 0 and �̂(1) = 0:Remark 3.2.1 The random vector �N from (3.3) has zero mean and the vari-ances of order N (see Lemma 6.1 below). Therefore, the condition 2q 6= b meansthat the events f�N = ANg are in the large deviation region for the distributionPN;�(�). 12



Plan of the proof of Theorem 3.2. The proof of our main result follows thesame scenario used in the case of random walks [5] with necessary modi�cations.Namely, for any natural number k and a set S of real numbers si, 0 < s1 <s2 < : : : < sk < 1 = sk+1 consider the random vector�N � �YN ; XN (s1); : : : ; XN (sk); XN (1)� 2 Rk+2; (3.16)where YN was de�ned in (3.4), andXN (t), t 2 [0; 1], are calculated via (cf. (3.2))XN (t) � g+N ([Nt])� g+N (0); (3.17)with [Nt] denoting the integral part of Nt. Let Mk+2N , k = 0; 1; : : :, be the setMk+2N = nM = (m0;m1; : : : ;mk+1) : �2Nm0;m1; : : : ;mk+1	 �Z1o: (3.18)Then for any MN 2 Mk+2N of the kind MN = (NqN ;m1n; : : : ;mkN ; N:b:N ) onehas the relationP�XN (s1) = m1N ; : : : ; XN (sk) = mkN �� �N = AN � = P(�N =MN )P(�N = AN ) : (3.19)Here �N = (YN ; XN (1)) is the vector from (3.3) and AN = (NqN ; NbN) is the(�N ; ��)-regular sequence �xed above.First we investigate the asymptotical behaviour of the numerator and thedenominator in (3.19) and obtain the central limit theorem for the �nite dimen-sional distributions of the random process�N (t) � �XN (t) �� �N = AN �: (3.20)Then we prove that the di�erence between the conditional process �+N (t) (re-call (3.13)) and �N (t) has uniformly bounded exponential moments in someneighbourhood of the origin. This observation implies immediately the samecentral limit theorem for the corresponding �nite dimensional distributions ofthe process �+N (t).Finally, we check the following inequalityE����N (t) � ��N (s)��4 � Cjt� sj7=4with some constant C > 0 uniformly in s; t 2 [0; 1] and su�ciently large N .This implies the weak compactness of the sequence ��N and �nishes the proofby applying known results on weak convergence of measures in C[0; 1] ([9]). 2Similar result holds also for the random process��N (t) = ���N (t)j�N = AN ); t 2 [0; 1];induced by the lowest points of intersection (cf. (3.1)),g�N (k) = min�t2 : (k; t2) 2 S	;13



via ��N (t) = g�N (Nt) � g�N (0):Let ��;�N denote the probability distribution in C[0; 1] corresponding to theprocess (recall (3.15))��;�N (t) = 1pN ���N (t) �Nê(t)�; t 2 [0; 1]:Theorem 3.3 For the sequences of measures ��;�N the statement of Theorem 3.2holds true. Moreover, for any sequence of real numbers �N , �N ! 0 as N !1one has the convergence �N��+N (t) � ��N (t)�! 0 (3.21)in probability as N !1.Clearly, the formulated results are valid also for the measures ��;�NM describingthe statistical properties of the phase boundaries S 2 T 'NM in the box VNM withthe boundary condition �', provided only M > �max t2[0;1] jê(t)j + "�N withany �xed " > 0. This follows immediately from the observation that the events�max t2[0;1]��N�1��N (t)� ê(t)�� > "	 belong to the large deviations region for themeasures ��N and thus have exponentially small probabilities as N !1.4 Basic representation of the partition functionWe start with discussing the statistical properties of the vector �N of jointdistribution (recall (3.16)),�N � �YN ; XN (s1); : : : ; XN (sk); XN (sk+1)� 2 Rk+2; (4.1)where k is a natural number, the quantities si satisfy the condition 0 < s1 <: : : < sk < sk+1 = 1, the normalized area YN is de�ned in (3.4), and the processXN (t), t 2 [0; 1], is determined via (recall (3.17))XN (t) � g+N ([Nt])� g+N (0): (4.2)For future references we consider more general situation. Namely, �x anynatural number k and a collection R = fr1; : : : ; rk+1g of natural numbers (theycan depend on N , i. e., ri = ri;N ) such that for all su�ciently large N � N0(R)one has the relation 0 < r1 < : : : < rk < rk+1 = N:Denote (cf. (4.2)) X(ri) � g+N (ri)� g+N (0) (4.3)and consider the random vector�N;R = �YN ; X(r1); : : : ; X(rk); X(rk+1)� 2 Rk+2: (4.4)14



For any complex vector H = (H0;H1; : : : ;Hk+1) 2 C k+2 we denote by LN;R(H)the logarithmic moment generating function of the random vector �N;R,LN;R(H) � logE exp���H;�N;R�	:Observe that the last equality can be rewritten in the form (cf. (3.5))LN;R(H) = log�(N;R;H)� log�(N ); (4.5)where�(N;R;H) = XS2TN expn�2�jSj + ��H;�N;R�� X�:�\�(S)6=;�(�)o: (4.6)As we will show below (see Theorem 5.1) the last expression is �nite provided<H belongs to the setbDk+2� = �H = (H0;H1; : : : ;Hk+1) 2 Rk+2 : H0 2 �� �4�(k+2) ; Q+ �4�(k+2)�;jHij < �4�(k+2) ; i = 1; : : : ; k; jHk+1�Hj < �4�(k+2)	; (4.7)where (Q;H) is the solution of (3.12) and � is the positive number �xed inDe�nition 3.1 above.The partition function �(N;R;H) contains all the information about thestatistical properties of the random vector �N;R, thus we will study it carefullyin the remaining part of this section. Following [6] we split up every phaseboundary S 2 TN into pieces that are typical at low temperatures ("tame an-imals") and pieces to be interpreted as excitations appearing at non-vanishingtemperatures ("wild animals").Let us recall brie
y the necessary considerations ([6, x4.4]). Denoting	(�) = expf��(�)g � 1we observe that there exists �0 <1 such thatj	(�)j � expf�2(� � �0)d(�)g (4.8)for all � � �0 and any �nite set � (cf. (2.11){(2.12)). In particular, 	(�)vanishes on non-connected sets �.Denote by CN the set of all collections C = fS;�1; : : : ;�jg, where S 2 TN ,�nite sets �i � Z2 are connected and satisfy the condition �i \ �(S) 6= ;,i = 1; : : : ; j; j = 0; 1; : : :; here �(S) is the set of sites attached to the phaseboundary S. Then the partition function �(N;R;H) can be rewritten in theform�(N;R;H) = XS2TN expn�2�jSj + ��H;�N;R�o Y�:�\�(S)6=;�	(�) + 1�= XC2CN expn�2�jSj + ��H;�N;R�o jYl=1	(�l): (4.9)15



Fix any C = fS;�1; : : : ;�jg 2 CN . We say that the collection C is regularin the column m 2 N if the line �(x; y) 2 R2 : x = m	 intersects the setS [ �1 [ : : : [ �j at a unique point. Let 1 � m1 < m2 < : : : < ml � N � 1,l = l(C) 2 f0; 1; : : :; N � 1g, be the set of all m, 1 � m � N � 1, such that thecollection C is regular in the column m. Denote41 = �(x; y) 2 R2 : x � m1	;42 = �(x; y) 2 R2 : m1 � x � m2	;� � �4l = �(x; y) 2 R2 : ml�1 � x � ml	;4l+1 = �(x; y) 2 R2 : ml � x	(in the case l = 0 we have41 = R2). By de�nition, the animal �i, i = 1; : : : ; l+1,is the collection �i = �Si;�j1; : : : ;�js	;where Si = S \4i; ��j1; : : : ;�js	 = �� 2 C : � � 4i	:Let (mi; yi) = S \ f(x; y) 2 R2 : x = mig, i = 1; : : : ; l. We put also (m0; y0) =(0; 1=2) and (ml+1 ; yl+1) = (N; h(S) + 1=2). For any animal �i we de�ne thefollowing quantities: the length j�ij that coincides with the length of the polygonSi; the base J(�i) = (mi�1;mi]; the width jJ(�i)j = mi � mi�1; the heighth(�i) = yi � yi�1 with (mi�1; yi�1) and (mi; yi) denoting the beginning and theend of the animal �i. Then, we de�ne the area a(�i) below �i asa(�i) = 12(a�i � a+i );where a�i and a+i denote the areas of the lower and the upper parts of therectangle [mi�1;mi] � [yi�1 �M; yi�1 +M ] that appear after cutting it alongSi (clearly, this de�nition is independent of M provided it is su�ciently large,M �M0(S); cf. (2.5)). Finally, for r 2 J(�i) = (mi�1;mi] we denote by h(r; �i)the height of the animal �i in the r-th column,h(r; �i) = g+N (r) � g+N (mi�1):Direct computations give us the following relationsh(S) = l+1Xi=1 h(�i);X(r) = j(r)�1Xi=1 h(�i) + h(r; �j(r));a(S) = l+1Xi=1�a(�i) + (N �mi)h(�i)� (4.10)16



with j(r) denoting j such that r 2 J(�j). De�ne the activity of �i via	N;R;H(�i) = expn�2�j�ij+ �h(�i)��1� miN �H0 + k+1Xn=11fi<j(rn)gHn�+ � k+1Xn=11fi=j(rn)gHnh(rn; �j(rn)) + �H0 1N a(�i)o Y�s2�i 	(�s);(4.11)where 1fi<j(rn)g and 1fi=j(rn)g denote the indicator functions of the relations i <j(rn) and i = j(rn) correspondingly. Then the partition function �(N;R;H)can be rewritten in the form�(N;R;H) = XC2CN l(C)Yi=1 	N;R;H(�i): (4.12)Fix any animal �. An animal �0 is called vertically congruent to � i� it canbe obtained by shifting all components of � on the same distance in verticaldirection. Let �̂ denote the class of all animals that are vertically congruent to�. Clearly, all � 2 �̂ have the same length, base, height etc. and thus have thesame activity 	N;R;H(�̂). Observe that any collection C 2 CN can be rewrittenin the form ��̂1; : : : ; �̂l+1	 such that the class �̂i has the base J(�̂i) = (mi�1;mi]and 0 = m0 < m1 < : : : < ml+1 = N . On the other hand, to any such collection��̂1; : : : ; �̂l+1	 corresponds a unique C 2 CN ; therefore, there exists a one-to-one mapping between CN and the set bKN of ordered collection ��̂1; : : : ; �̂l+1	described above. As a result, (4.12) can be rewritten in the form�(N;R;H) = Xf�̂1;:::;�̂l+1g2bKN l+1Yi=1	N;R;H(�̂i): (4.13)In a similar way we consider the set bK(a;b], (a; b] � [0; N ], a, b 2 N, of orderedcollections ��̂1; : : : ; �̂l	 of the equivalence classes �̂i such that J(�̂i) = (mi�1;mi]and a = m0 < m1 < : : : < ml+1 = b. Using the activities from (4.11) weintroduce the partition function�((a; b]; N;R;H) = Xf�̂1;:::;�̂l+1g2bK(a;b] l+1Yi=1	N;R;H(�̂i): (4.14)(In the case a = b we put as usually �(;; N;R;H) = 1.) Relations (4.13) and(4.14) will be the starting point of our considerations.It follows from estimate (2.13) that the weights w(S) from (2.14) coincidesasymptotically as � !1 with exp��2�jSj	. Therefore, the probability distri-bution (2.15) is "close" to the distribution concentrated on the polygons S 2 T 'Nof minimal length. It is convenient to consider slightly larger set of phase bound-aries TN;1 = �S 2 TN : jS \ f(x; y) : x = mgj = 1; 8m = 0; : : : ; N	 (4.15)17



and the probability distributionPN;�;1(S) = expf�2�jSjg�(N; �;1) ; S 2 TN;1; (4.16)with the partition function�(N; �;1) = XS2TN;1 expf�2�jSjg: (4.17)Note that according to de�nition (4.15) every S 2 TN;1 is regular in any columnm, m = 0; : : : ; N . Therefore, any animal � corresponding to S 2 TN;1 has unitwidth and is called a tame animal. The probability distribution PN;�;1(�) from(4.16){(4.17) is called the ensemble of tame animals. Any animal that is nottame is called wild.For any S 2 TN;1 one has jSj = j�1j+ : : :+ j�N j. Moreover, for any tameanimal � one easily gets jJ(�)j = 1, j�j = jh(�)j+1, a(�) = h(�)=2 and therefore(cf. (4.10)) X(r) = rXj=1 h(�j); a(S) = NXj=1�N � j + 1=2�h(�j):As a result, the distribution (4.16){(4.17) coincides with the distribution of ahomogeneous random walk with the generating function Z(H) of one step,Z(H) � E expf�Hh(�)g = Q(H)=Q(0);whereQ(H) = +1Xk=�1 exp��2��jkj+1�+ �Hk	 = e�2� sinh(2�)cosh(2�) � cosh(H�) : (4.18)Thus, the limiting behaviour of the phase boundary S in the ensemble of tameanimals with �xed values X(N ) = NbN and a(S) = N2qN can be described byTheorem 2.3 from [5], where such asymptotics for a general random walk wasinvestigated. To extend that result to the case of the probability distributionPN;�(�) (recall (2.16)) in the ensemble of phase boundaries S 2 TN (i. e., toprove Theorem 3.2) is the main goal of the present paper.In the ensemble of tame animals the partition function (4.6) is reduced to�(N;R;H;1) = XS2TN;1 expn�2�jSj + ��H;�N;R�o: (4.19)We rewrite it in the form�(N;R;H;1) = NYj=1Q(HN;j); (4.20)18



where Q(�) was de�ned in (4.18) and the quantities HN;j , j = 1; : : : ; N , arecalculated via HN;j = �1� (j � 1=2)=N�H0 + k+1Xn=1Hn1fj�rng: (4.21)For future references we de�ne also the partition function (cf. (4.14))�((a; b]; N;R;H;1) = bYj=a+1Q(HN;j); (4.22)where (a; b] � [0; N ] is a segment with integer endpoints a, b. Here again�(;; N;R;H;1) = 1.Observe that the function Q(�) is �nite for all H such that j<Hj < 2. More-over, if for some � > 0 and � � �0(�) > 0 one hasj<Hj < 2� �=2�; (4.23)then j cosh(H�)jcosh(2�) � cosh(j<Hj�)cosh(2�) � cosh(2� � �=2)cosh(2�) < e��=4 (4.24)if only � � �0(�) > 0 and therefore���tanh(2�)e2�Q(H) � 1��� � cosh(2� � �=2)cosh(2�) < e��=4: (4.25)As a result, logQ(H) is well de�ned and uniformly bounded for all real Hsatisfying (4.23) with any �xed � � �0(�) > 0.Consider arbitrary H 2 bDk+2� (recall (4.7)). Then any HN;j from (4.21)satis�es (4.23) and therefore the function N�1 log�(N;R;H;1) is boundeduniformly in N and any such H. Since the asymptotical properties of thepartition function �(N;R;H;1) are well understood ([5]), we can reduce theinvestigation of the partition function �(N;R;H) from (4.6) to the study of therelative partition functionb�(N; �;R;H) = �(N;R;H)�(N;R;H;1) : (4.26)In the remaining part of this section we develop the so-called polymer represen-tation of this partition function and obtain certain estimates for the polymerweights. All the considerations will be applicable also to the relative partitionfunction b�((a; b]; N;R;H) � �((a; b]; N;R;H)�((a; b]; N;R;H;1) (4.27)(recall (4.14), (4.22)) for any interval (a; b] � (0; N ] with integer endpoints.19



Substituting (4.13) and (4.20) into (4.26) one easily obtains 5b�(N; �;R;H) = Xf�̂1;:::;�̂l+1g2 bKN l+1Yi=1�	N;R;H(�̂i) Yj2J(�̂i)Q(HN;j)�1�; (4.28)For any segment I = (a; b] � [0; N ] denotebXN;R;H(I) = �Yj2IQ(HN;j)��1 X�̂:J(�̂)=I 	N;R;H(�̂): (4.29)Then (4.28) can be rewritten in the formb�(N; �;R;H) = [N=2]X�=0 XfI1;I2;:::;I�g �Yi=1 bXN;R;H(Ii); (4.30)where the inner sum is taken over all families of mutually disjoint intervals Ii =(ai; bi] � [0; N ] such that jIij � 2. Observe that jIj = 1 implies bXN;R;H(I) = 1.Formula (4.30) is a particular case of the polymer representation of thepartition function ([15], [6]). To apply cluster expansions technique we need thefollowing estimate (cf. [6, Lemma 4.7]).Lemma 4.1 Let H 2 C k+2 be such that <H 2 bDk+2� and a real number 
satis�es the condition 0 � 
 � �=8:For any interval I � (0; N ] with integer endpoints putb�XN;R;H(I) = �Yj2IQ(HN;j)��1 X�̂:I(�̂)=I 	N;R;H(�̂) expf
j�̂jg:Then there exists �� > 0 depending only upon the value �0 from (4.8) andon the constant � such that for all � � �� and all intervals I � (0; N ] underconsideration one has��b�XN;R;H(I)�� � exp��4(� � ��)(jIj � 1)	: (4.31)The functions b�XN;R;H(I) depend analytically on such H.Remark 4.1.1 Putting 
 = 0 we obtain estimate (4.31) for the polymer weightsbXN;R;H(I) from (4.29).5Here and below j is always an integer number; therefore, j 2 J(�̂) means j 2 J(�̂)\Z1. Forany segment I = (a; b] � [0;N ] with integer endpoints we denote by jIj its length, jIj = b� a.20



Proof. We start with the following observation. Let � be a wild animal withthe base J(�) = (m0;m00] and let a natural number m satis�es the conditionm0 < m < m00. Since � is not regular in the column m at least one of thefollowing two events can occur: 1) the vertical line f(x; y) 2 R2 : x = mgintersects the corresponding part S = S� of the phase boundary at least atthree points; 2) a point from some set � 2 � belongs to this line and thus atleast two boundary bonds of the set � are intersected by this line. Therefore,for any wild animal � = (S;�1; : : : ;�k) one has the inequalityjJ(S)j � 1 � 12�Nh(S) � �jJ(S)j � 1�+X�2� d(�)�;where Nh(S) denotes the number of full horizontal bonds in S, the function d(�)satis�es (2.11){(2.12) and J(S) � J(�). As a result,X�2� d(�) � 3�jJ(S)j � 1�� Nh(S):DenoteeX(S) � Xk;�1;:::;�k:�i\�(S)6=;Pki=1 d(�)�3(jJ(S)j�1)�Nh(S) exp��2(� � �0) kXi=1 d(�i)	 (4.32)and �x any �1 > 0. As it was shown in [6] (see equation (4.7.11)), there existsa function " = "(�1), "(�1)&0 as �1%1, such thateX(S) � exp��6(� � �2)�jJ(S)j � 1�+ 2(� � �2)Nh(S)	 expf"jSjg (4.33)with �2 = �0 + �1. De�neXN;R;H(S) = X�:S�=S��	N;R;H(�)��; (4.34)where the sum is taken over all wild animals � with �xed S� = S. We provebelow the following estimateXN;R;H(S) � expf�2�jSj+ (2� � �=2)Nv(S)g eX(S) (4.35)with Nv(S) denoting the number of vertical bonds in S. Then (4.31) followsdirectly.Indeed, for any H, <H 2 bDk+2� , one has (recall (4.25))��Q(HN;j)���1 � e2�+2�3with some �3 = �3(�0; �). Therefore the inequality���b�XN;R;H(I)��� � ���Yj2IQ(HN;j)����1 XS:I(S)=I; yin(S)=0XN;R;H(S)e
jSj21



(here yin(S) denotes the y-coordinate of the initial point of S) can be rewrittenin the form���b�XN;R;H(I)��� � e�(4��6�2+2�3)(jIj�1)e2�+2�3e�(2��"�
)XS:I(S)=I; yin(S)=0 exp��2� � 2�2 � (2� � " � 
)�Nh(S)	exp�(��=2 + " + 
)Nv(S)	;where the identity jSj = Nv(S) + Nh(S) + 1 was used. Let �1 be such that" = "(�1) < �=8 and �2 = �0 + �1 � �3. Then���b�XN;R;H(I)��� � e�4(��2�2)(jIj�1) XS:I(S)=I;yin(S)=0 e��4(Nh(S)+1)��Nv(S)=4; (4.36)where �4 = 2�2 � " � 
. It remains to observe that the last sum was shown tobe bounded [6, page 119],XS:I(S)=I; yin(S)=0 e��4(Nh(S)+1)��Nv (S)=4 � R(�4; �)jIj�1�R(�4; �)��1; (4.37)provided �4 is large enough, �4 � ��4(�), to guarantee the estimateR(�4; �) = 2e��4 1 + e��=41� e��=4 < 1:Finally, (4.31) follows directly from (4.36) and (4.37).It remains to establish (4.35). To do this we cut the polygon S into piecesby any vertical line x = m, m 2 N. Then S splits up into certain collectionof zigzag fragments fn consisting of two horizontal half-bonds and (possibly) avertical segment of S. The ordering of fn in S determines in a unique way theinitial and ending points of fn. De�ne the height h(fn) of fn as the di�erencebetween ordinates of ending and initial points of fn. Clearly,h(�i) = Xfn2�i h(fn); Nv(�i) = Xfn2�i jh(fn)j: (4.38)De�ne the midpoint cn of the fragment fn as the midpoint of the vertical segmentbelonging to fn (provided it is not empty) or as the midpoint of the fragmentfn itself (otherwise). Let dn denote the distance from cn to the vertical linex = mi passing through the ending point of the animal �i (recall that J(�i) =(mi�1;mi]). The direct geometric considerations give the equalitya(�i) = Xfn2�i dnh(fn): (4.39)22



Now (4.38) and (4.39) imply the relation (cf. (4.11))�h(�i)��1� miN �H0 + kXl=1 1fi<j(rl)gHl +Hk+1�+ �H0 1N a(�i)= Xfn2�i �h(fn)��1� mi � dnN �H0 + kXl=1 1fi<j(rl)gHl +Hk+1�:(4.40)Then, the inclusion <H 2 bDk+2� and the inequality1=2 � dn � jIj � 1=2 < mi (4.41)imply the estimate (recall (3.7), (4.7))<n�h(�i)��1� miN �H0 + kXl=1 1fi<j(rl)gHl +Hk+1�+ �H0 1N a(�i)o� �2� � 3�=4�Nv(S): (4.42)On the other hand, from the inclusion <H 2 bDk+2� and the obvious inequalityjh(rl; �j(rl))j � Nv(S�j(rl) ) one easily obtains<n� kXn=11fi=j(rn)gHnh(rn; �j(rn))o � �4Nv(S�i ): (4.43)Finally, (4.35) follows immediately from (4.34), (4.7), (4.42) and (4.43). Esti-mate (4.31) is proved.It remains to observe that the uniform estimates obtained above imply theanalyticity of b�XN;R;H(I) as a function of H, <H 2 bDk+2� . 2Corollary 4.2 Let the polymer weights eXN;R;H(I) be de�ned as in (4.29) withthe activities 	N;R;H(�i) replaced by (cf. (4.11))e	N;R;H(�i) = expn�2�j�ij+ �h(�i)�H0�1� miN �+ k+1Xn=1Hn1fi<j(rn)g�+ � k+1Pn=1Hnh(rn; �j(rn))1fi=j(rn)go Q�s2�i	(�s): (4.44)Then there exist constants �0 and N0 = N0(�0) such that for all � � �0, N � N0and all segments I = (a; b] � [0; N ], b � a � log2N , with integer endpoints onehas the estimate��� eXN;R;H(I)� bXN;R;H(I)��� � 2�e2� log4 N=N�1� expf�4(���0)(jIj�1)g: (4.45)23



Proof. We start with the following simple observation. There exists �� > 0(probably di�erent from �� in (4.31)) such that for all �N > 0 and all � � �� onehas����Yj2IQ(HN;j)��1 X�̂:I(�̂)=INv(�̂)��N 	N;R;H(�̂)��� � e���N=8e�4(����)(jIj�1): (4.46)Indeed, using the relation (cf. (4.37))XS:J(S)=I; yin(S)=0;Nv(S)��N e��4(Nh(S)+1)��Nv (S)=4� e���N=8 XS:J(S)=I; yin(S)=0 e��4(Nh(S)+1)��Nv(S)=8� e���N=8R(�4; �=2)jIj�1�R(�4; �=2)��1one easily deduces (4.46) from (4.36).Now,��� bXN;R;H(I) � eXN;R;H(I)���Yj2I��Q(HN;j)��� X�̂:J(�̂)=I; Nv(�̂)�log2 N���	N;R;H(�̂)� e	N;R;H(�̂)���+ X�̂:J(�̂)=I;Nv(�̂)>log2 N ���	N;R;H(�̂)���+ X�̂:J(�̂)=I;Nv(�̂)>log2 N ���e	N;R;H(�̂)���: (4.47)Then, using the simple estimate��a(�̂)�� � jIjNv(�̂);de�nitions (4.11) and (4.44) one obtains���	N;R;H(�̂)� e	N;R;H(�̂)��� � �e2�jIjNv(S)N � 1����	N;R;H(�̂)���� �e2� log4 N=N � 1����	N;R;H(�̂)���; (4.48)provided jIj � log2N and Nv(S) � log2N . Finally, substituting (4.48) into(4.47) and using (4.46) to evaluate the last two sums in (4.47) one easily obtains(4.45) for all su�ciently large N . 224



5 Cluster expansion and limiting properties ofthe partition functionWe establish here the cluster expansion for the relative partition functionb�(N; �;R;H) and investigate some asymptotical properties of the correspond-ing free energy to be used later. The following statement presents the mainresult of this section.Theorem 5.1 There exists a constant �0 depending only on � and the constant�0 from (2.11) such that for all � � �0, N , and H, <H 2 bDk+2� (recall (4.7)),the partition function �(N;R;H) is �nite (i. e., the de�ning series is absolutelyconvergent) non-vanishing analytical function of H satisfying the bond��log b�(N; �;R;H)�� = ���log�(N;R;H)� NPj=1 logQ(HN;j)���� N exp��4(� � �0)	: (5.1)There exist functions �N;R;H(I) of intervals I = (a; b] � (0; N ] with integerendpoints such that����N;R;H(I)��� � exp��4(� � �0)�jIj � 1�	; (5.2)and log b�(N; �;R;H) = XI�[0;N ]�N;R;H(I): (5.3)Finally, the functions �N;R;H(I) depend analytically on polymer weightsXN;R;H(I 0), I 0 � I, and the following inequality holds���� @�N;R;H(I)@XN;R;H(I 0) ���� � �jIj � jI 0j+ 1�2 exp�jI 0j expf�4(� � �0)g	: (5.4)Remark 5.1.1 For k = 0 one has �(N;R;H) � �(N;�;H) (recall (3.6)) andtherefore the partition function �(N;�;H) is �nite for all H, <H 2 D2� (recall(3.7)).Proof. In view of the polymer representation (4.30) and Lemma 4.1, expan-sion (5.3) and estimates (5.2) follow from any of numerous versions of clusterexpansions for polymer models (see, e. g., [16], [15]).Then, (5.1) follows directly from (5.2) and the inequality��� XI:I0�I �N;R;H(I)��� � 1Xi=1 i expf�4(� � �0)ig � expf�4(� � ��0)g; (5.5)that is valid for some ��0 <1 and arbitrary I0 = (a; a+ 1] � [0; N ], a 2Z.25



It remains to check (5.4). Due to the M�obius inversion formula (see, e. g.,[16, x2.6], [6, x3.8], [7, x3.3]) the cluster weights �N;R;H(I) can be calculatedfrom (recall (4.27))�N;R;H(I) = XI�: ;6=I��I(�1)jInI�j log b�(I�; N;R;H); (5.6)where again I� are intervals with integer endpoints. According to Proposi-tion 3.6 ([7]) the functions log b�(I�; N;R;H) depend analytically on the poly-mer weights bXN;R;H(I 0), I 0 � I�. Moreover, using (4.30) and (5.3) one has6@ log b�(I�; N;R;H)@ bXN;R;H(I 0) = b�(I� n I 0; N;R;H)b�(I�; N;R;H) = expn� X~I=(a;b]: ~I�I�;~I\I0 6=; �N;R;H(~I)o:As a result, (5.5) implies directly that�����@ log b�(I�; N;R;H)@ bXN;R;H(I 0) ����� � exp�jI 0je�4(��~�0)	; (5.7)with some ~�0 depending only on �0. It remains to observe that for any pairI, I 0, I 0 � I, of intervals with integer endpoints there exists no more than�jIj � jI 0j + 1�2 such intervals ~I satisfying the condition I 0 � ~I � I. Finally,(5.4) follows immediately from (5.6), (5.7) and the last observation. 2Remark 5.1.2 We have proved (5.4) using only the polymer representation(4.30) of the partition function b�(N; �;R;H) and the estimate (4.31) of polymerweights bXN;R;H(I) (recall Remark 4.1.1). Since the explicit form of these poly-mer weights was not used, our result is valid for any partition function de�nedvia (4.30) with any collection of polymer weights satisfying (4.31).In the remaining part of the present section we obtain some corollaries ofTheorem 5.1 to be used later on.Let �rst k = 0, R = fr1g, r1 = N and H = (0;H) 2 C 2 . Then the partitionfunction �(N;R;H) from (4.6) coincides with the partition function �(N;H)(recall (2.19)) for the height h(S) of the phase boundary S. De�ne b�(N;H) asin (4.26). The following result was obtained in [6].Corollary 5.2 ([6], Theorem 4.8) Let H satis�es the conditionj<Hj < 2� �=2�: (5.8)6In the case I� n I = I1 [ I2 with disjoint intervals I1 and I2 we denoteb�(I1 [ I2 ;N;R;H) � b�(I1;N;R;H)b�(I2;N;R;H):26



Then all statements of Theorem 5.1 are valid for the partition function b�(N;H).Moreover, the functions �N;R;H(I) do not depend on N ,�N;R;H(I) � �H(jIj);where jIj denotes the length of the interval I, and there exists a limitbF (H) = limn!1 log b�(N;H)N ; (5.9)that presents an analytical function of H in the region (5.8). Finally, one hasthe expansion bF (H) = 1Xi=2 �H(i) (5.10)and the estimate �� bF (H)�� � exp��4(� � �0)	; (5.11)where � � �0 with su�ciently large �0.Remark 5.2.1 Due to (4.27) one has b�(I;N;R;H) = 1 for any I � [0; N ]such that jIj = 1. Thus, (5.6) implies �H (1) = 0 that explains the absence ofi = 1 in (5.10). The expansion (5.10) plays an important role in the followingconsiderations.Remark 5.2.2 It follows from (5.9), de�nitions (4.26) and (4.20) that the limit(recall (2.20)) F (H) = limN!1 log�(N;H)Nexists, is an analytical function of H in the region (5.8), and satis�es there thefollowing identity ([6, page 120])F (H) � bF (H) + logQ(H):To study the asymptotical properties of the area aN (S) below the phaseboundary S we put k+1 = 0 in (4.1). Denote the corresponding partition func-tion by �(N;H; area) and de�ne the relative partition function b�(N;H; area) asin (4.26).Corollary 5.3 Assume that H satis�es (5.8). Then b�(N;H; area) is a non-vanishing analytical function of such H. Moreover, there exists the limitbFarea(H) � limN!1 log b�(N;H; area)N = Z 10 bF �(1� x)H� dx; (5.12)where bF (�) is the free energy from (5.9) corresponding to the height h(S) of thephase boundary S. Finally, there exist constants �0 and N0 such that for allN � N0 and � � �0���log b�(N;H; area)�N Z 10 bF�(1�x)H� dx��� � exp��3(���0)	 log10N: (5.13)27



Remark 5.3.1 Due to (5.12) the function bFarea(�) is an analytical function ofH in the region (5.8).Remark 5.3.2 The derivatives of N�1 log b�(N;H; area) with respect to H con-verge to the corresponding derivatives of bFarea(H). In this case estimate (5.13)is also true with possibly another constant �0.The following simple property of real functions will be used below.Property 5.4 Let f(�) be a smooth real function, f : U ! R1, where U is someopen convex set in Rk. Assume that for any i = 1; : : : ; k one has����@f(x)@xi ���� ����x=y� ai (5.14)uniformly in y 2 U . Then for all y; z 2 U��f(y) � f(z)�� � kXi=1 aijyi � zij: (5.15)Proof. De�ne g(t) = f�z + t(y � z)�. Theng0(t) = kXi=1 @f@xi �z + t(y � z)� � (yi � zi)and therefore (recall (5.14))��f(y) � f(z)�� � jg(1)� g(0)j � Z 10 jg0(t)j dt � kXi=1 aijyi � zij: 2Proof of Corollary 5.3. The analyticity of log b�(N;H; area) with respect toH in the region (5.8), the cluster expansionlog b�(N;H; area) = XI�[0;N ]�N;H;area(I) (5.16)and the estimates for �N;H;area(I) of the type (5.2) and (5.4) follow directlyfrom Theorem 5.1. It remains to establish (5.13).We will check below that there exists a constant C1 = C1(�; �0) such thatfor all � � �0 and all intervals I = (m0;m00] � [0; N ], jm0 �m00j � log2N , withinteger endpoints the following inequality holds����N;H;area(I) � �(1�m00=N)H (jIj)��� � C1 log8NN expf�3(� � �0)g; (5.17)28



where the quantities �H (k) coincide with the elements of expansion (5.10).Then (5.13) will follow directly from (5.17).Indeed, using (5.16) we obtain���log b�(N;H; area) �N Z 10 bF �(1� x)H� dx���� NXm00=1��� bF��1�m00=N�H�� XI=(m;m00 ]:I�(0;m00 ]�N;H;area(I)���+���N Z 10 bF �(1� x)H�dx� NXj=1 bF ��1� j=N�H����; (5.18)where in view of (5.10),bF��1� j=N�H� = 1Xk=2�(1�j=N)H(k): (5.19)Let us estimate every term in the right hand side of (5.18). First of all, due toanalyticity of bF (�) there exists a constant C2 = C2(�; �) > 0 such that for all� � �0 and H in the region (5.8) one has���N Z 10 bF �(1� x)H� dx� NXj=1 bF��1� jN ����� � C2:Then, (5.11) and analog of (5.2) implyRN = ��� bF��1�m00=N�H�� XI=(m;m00 ]:I�(0;m00 ]�N;H;area(I)���� expf�4(� � �0)g+ expf�4(� � ��0)g = C3 <1: (5.20)Finally, for any m00 � log2N we rewrite (recall (5.19))RN = ��� bF��1�m00=N�H�� XI=(m;m00 ]:I�(0;m00 ]�N;H;area(I)���� XI=(m;m00 ]:I�(0;m00 ]jm00�mj�log2 N ���N;H;area(I) � �(1�m00=N)H (I)��+ XI=(m;m00 ]:I�(0;m00 ]jm00�mj>log2 N �j�N;H;area(I)j + ���(1�m00=N)H (I)��� :29



Applying (5.17) to estimate any term in the �rst sum and using (5.2) for allother terms we obtainRN � log2N �C1 log8NN expf�3(� � �0)g+2 Xk�log2 N expf�4(� � �0)kg� C4 log10NN expf�3(� � �0)g: (5.21)for all su�ciently large N . Finally, applying (5.20) for m00 � log2N and (5.21)in the opposite case, log2N < m00 � N , we obtain���log b�(N;H; area) �N Z 10 bF�(1 � x)H� dx���� C3 log2N +C4(N � log2N ) log10NN expf�3(� � �0)g+C2� C5 expf�3(� � �0)g log10Nwith some constant C5 > 0 for all su�ciently large N .Thus, it remains to prove (5.17). Fix any I = (m0;m00] � [0; N ], jm00�m0j �log2N , with integer endpoints. Recall that the partition function b�(N;H; area)corresponding to the normalized area YN is expressed in terms of activities	N;H;area(�i) = expn�2�j�ij+ �H�1� miN �h(�i) + �H 1N a(�i)o Y�s2�i 	(�s);where the animal �i has the base J(�i) = (mi�1;mi]. De�ne (cf. (4.29))bXN;H;area(I 0) = �Yj2I0Q��1� j=N�H���1 X�̂:I(�̂)=I0 	N;H;area(�̂); I 0 � I:For all �̂ with J(�̂) � (m0;m00] consider also new activities	N;H;area(�̂) = expn�2�j�̂j+ �H�1� m00N �h(�̂)o Y�s2�i 	(�s)(with the same value m00 for all such animals �̂) and polymer weightsbXN;H;area(I 0) = �Yj2I0Q��1� j=N�H���1 X�̂:I(�̂)=I0 	N;H;area(�̂); I 0 � I:30



Clearly, the polymer weights bXN;H;area(�) satisfy (4.31). Moreover, for all I 0,I 0 � I, one has��� bXN;H;area(I 0) � bXN;H;area(I 0)���� 2�e2� log4 N=N � 1� expf�4(� � ��)(jIj � 1)g� 4� log4NN e2� log4 N=N expf�4(� � ��)(jIj � 1)g; (5.22)provided N and � are su�ciently large, � � �� and N � N0. In the secondinequality above we have used the simple inequality ex � 1 � xex that is truefor all x � 0.Let �N;H;area(I) and �N;H;area(I) be the cluster weights generated bybXN;H;area(I 0) and bXN;H;area(I 0), I 0 � I, correspondingly. In view of Re-mark 5.1.2 we apply (5.4) and (5.15) to obtain����N;H;area(I) ��N;H;area(I)���� XI0 :I0�I ejI0je�4(���0 ) � log4N � ��� bXN;H;area(I0)� bXN;H;area(I 0)���:Then, using (5.22) one gets����N;H;area(I) ��N;H;area(I)���� 4� log8NN e2� log4N=N XI0:I0�I e�4(���0)(jI0 j�1)ejI0je�4(���0 )� log8NN e�3(���0)provided N is su�ciently large and � � �0 > 0. It remains to observe that dueto its de�nition �N;H;area(I) coincide with �(1�m00=N)H (I). 2Finally, consider the random vector �N from (4.1){(4.2),�N � �YN ; XN (s1); : : : ; XN (sk); XN (1)� 2 Rk+2;where the collection S = fs1; : : : ; sk+1g is such that 0 < s1 < : : : < sk+1 = 1.Denote R(S) = n[Ns1]; : : : ; [Nsk]; No:Then the corresponding partition function b�(N;R(S);H) is given by (4.6) withR replaced by R(S). For any H, <H 2 bDk+2� , de�neeH(x) = (1� x)H0 + k+1Xl=1 Hl1fx<slg: (5.23)31



Corollary 5.5 The partition function b�(N;R(S);H) is a non-vanishing ana-lytical function of H, <H 2 bDk+2� . There exist the limitbFR(S)(H) � limN!1 log b�(N;R(S);H)N = Z 10 bF � eH(x)� dx; (5.24)where bF (�) is the free energy from (5.9) and eH(x) was de�ned in (5.23). Finally,there exist constants N0 and ~�0 such that for all N � N0 and � � ~�0���log b�(N;R(S);H) �N Z 10 bF � eH(x)� dx��� � log10N expf�3(� � �0)g: (5.25)Remark 5.5.1 Due to (5.24) the free energy bFR(S)(H) is an analytical functionof H, <H 2 bDk+2� .Remark 5.5.2 The analog of (5.25) holds for any partial derivative of the func-tion log b�(N;R(S);H) as a function of H, <H 2 bDk+2� , with possibly di�erentconstant ~�0.Proof. Arguments similar to those used in the proof of Corollary 5.3 imply thefollowing estimate���N Z si+1si bF� eH(x)� dx� log b��(ri; ri+1]; N;R;H����� log10N expf�3(� � �0)g (5.26)for any i = 0; 1; : : :; k and N � N0 with s0 = r0 = 0, ri = [Nsi], i = 1; : : : ; k+1.On the other hand,���log b�(N;R(S);H) � N Z 10 bF� eH(x)� dx���� kXi=0���N Z si+1si bF � eH(x)� dx� log b��(ri; ri+1]; N;R;H����+ kXi=1 XI: (ri;ri+1]�I�[0;N ]����N;R(S);H(I)���:Therefore, (5.26) and (5.5) imply the inequality���log b�(N;R(S);H) � N Z 10 bF � eH(x)� dx���� (k + 1) log10N expf�3(� � �0)g+ k expf�4(� � �0)g� log10N expf�3(� � ~�0)gfor all su�ciently large N and � � ~�0. 232



6 Limit theorems for the joint distributionWe study here the asymptotical behaviour of the probabilities P(�N = MN )and P(�N = AN ) entering the right hand side of (3.19).Let an integer number k � 0 and a set S of real numbers si, f0 < s1 < : : : <sk < 1 = sk+1 be �xed. DenoteR = �ri : ri = [Nsi]; i = 1; : : : ; k + 1	and for H 2 bDk+2� consider the logarithmic moment generating functionLN;R(H) corresponding to the random vector �N;R � �N from (4.1){(4.2),LN;R(H) = logE exp���H;�N;R�	: (6.1)For any H 2 bDk+2� we introduce also the random vector �N;R;H with H-tilteddistribution,P(�N;R;H =M) = exp��(M;H) � LN;R(H)	P(�N;R =M); (6.2)where M 2 Mk+2N (recall (3.18)). Observe that the mean vector E�N;R;H andthe covariance matrix Cov�N;R;H of �N;R;H can be calculated via� E�N;R;H = rHLN;R(H); �2Cov�N;R;H = HessLN;R(H); (6.3)where rH denotes the gradient and HessLN;R(H) is the Hessian (the matrix ofthe second derivatives) of LN;R(H) as the function of H = (H0;H1; : : : ;Hk+1).Assuming that H and M are related via�M = rHLN;R(H)one easily obtains (recall (6.2), (4.5))P (�N;R =M) = expf��(M;H)g�(N;R;H)�(N ) P��N;R;H =M�= exp��L�N;R (M)	P��N;R;H =M� (6.4)with L�N;R(�) denoting the Legendre transformationL�N;R(M) � supH ��(M;H) � LN;R(H)�:In view of (6.4) the problem is reduced to the investigation of the asymptoticalbehaviour of the probability P��N;R;H =M�.For any H 2 bDk+2� de�ne the matrixBN;R(H) � 1�2N HessLN;R(H) (6.5)and introduce the quadratic form BN;R;H(T), T = (t0; t1; : : : ; tk+1) 2 Rk+2,BN;R;H(T) � �BN;R(H)T;T�:33



Consider also the quadratic formBR;H(T) � �BR(H)T;T�corresponding to the matrix (recall (5.24))BR(H) � 1�2Hess Z 10 �logQ+ bF �� eH(x)� dx; (6.6)where Q(�), bF (�), and eH(x) were de�ned in (4.18), (5.9), and (5.23) respectively.Lemma 6.1 Let � � �0 with �0 �xed in (5.11). Then uniformly in H 2 bDk+2�and T 2 Rk+2, jTj = 1, one hasBN;R;H(T)! BR;H(T) as N !1: (6.7)Moreover, there exist positive constants b, N0, and �� depending only on �0 from(5.11) and � such that uniformly in H 2 bDk+2� , N � N0, and � � �� one hasBR;H(T) � bjTj2; BN;R;H(T) � bjTj2: (6.8)Proof. In view of (6.5), (4.5), and (4.26) one easily obtainsBN;R(H) = 1�2N Hess log�(N;R;H;1) + 1�2N Hess log b�(N; �;R;H): (6.9)The �rst term in the right hand side of (6.9) presents the normalized covariancematrix for the ensemble of tame animals. Due to (4.20) the correspondingquadratic form QN;R;H(T) satis�es the relationQN;R;H(T) = QR;H(T) + O(N�1)jTj2 as N !1; (6.10)where the limiting quadratic form QR;H(T) is calculated viaQR;H(T) = 1�2 Z 10 (logQ)00� eH(x)��(1� x)t0 + k+1Xl=1 1fx<slgtl�2 dx: (6.11)Let bFN;R;H(T) be the quadratic form corresponding to the second term in theright hand side of (6.9). According to Remark 5.5.2 one hasbFN;R;H(T) = bFR;H(T) + O� log10NN expf�3(� � �0)g�jTj2 as N !1(6.12)with the limiting quadratic form (cf. (6.11))bFR;H(T) = 1�2 Z 10 ( bF )00� eH(x)��(1� x)t0 + k+1Xl=1 1fx<slgtl�2 dx:34



As a result, (6.7) follows immediately from (6.10) and (6.12).It remains to prove the inequalities in (6.8). First, observe thatBR;H(T) � QR;H(T) + bFR;H(T):We will show later that the function ��2�logQ+ bF�00(H) is uniformly boundedfrom below (and above) by two positive constants uniformly in H, jHj < 2 �3�=4�, provided � is su�ciently large, � � ��0. Then the �rst inequality in (6.8)follows from the observation that the quadratic formZ 10 �(1 � x)t0 + k+1Xl=1 1fx<slgtl�2 dxis a positive continuous function ofT = (t0; : : : ; tk+1) on the unit sphere jTj = 1,and thus is bounded from below and above by two positive constants, C1 andC2.To prove that the function ��2�logQ+ bF �00(H) is bounded uniformly in H,jHj < 2� 3�=4�, we observe that due to (4.18)@2�2@H2 logQ(H) = cosh(2�) cosh(H�) � 1�cosh(2�) � cosh(H�)�2and thus (recall (4.24))e�2� cosh(2�0) � 1cosh(2�0) � cosh(2�0)� 1cosh(2�0) � cosh(H�)cosh(2�)� @2�2@H2 logQ(H) � e�=4�e�=4 � 1�2if only � � �0 and H 2 R1 satis�es (4.23). On the other hand, due to Corol-lary 5.2 for any �xed H0, jH0j < 2 � 3�=4�, the function bF (H) is analytic inthe disk of radius �=4� with the center at H0. Applying the Cauchy formulaand estimate (5.11) one obtains��� @2�2@H2 bF (H)��� � C(�) exp��4(� � �0)	;where C(�) > 0 is a constant depending only on �. The needed inequalityfollows immediately provided � is such thatC(�) exp��4(� � �0)	 � 12e�2� cosh(2�0) � 1cosh(2�0) = q1:Put b = q1C1=2. Then in view of the convergence in (6.7) the last inequalityin (6.8) follows for all su�ciently large N , N � N0. 235



Let � be the Gaussian random vector with zero mean and the covariancematrix BR(H) (recall (6.6)). Denote its characteristic function by �H(T),�H(T) � expn�12BR;H(T)o; T 2 Rk+2: (6.13)Since the matrix BR(H) is positively de�nite, the distribution of � is non-degenerate and has the density pH(X), X 2 Rk+2.Theorem 6.2 Let a sequence of vectors HN 2 bDk+2� satisfy the conditionHN !H 2 bDk+2� as N !1. Consider the random vector��N � 1pN ��N;R;HN � E�N;R;HN �: (6.14)Then for all � � �0 with su�ciently large �0 the distribution of ��N convergesweakly as N ! 1 to the distribution of the random vector � with the charac-teristic function �H(T).Proof. Let �N (T) be the characteristic function of the random vector �N;R;HN ,�N (T) � E exp�i(T;�N;R;HN )	 = �(N;R;HN + i��1T)�(N;R;HN ) : (6.15)Then for the characteristic function ��N (T) of the random vector ��N one haslog��N (T) = �12BN;R;HN (T)� i6N3=2RN ; (6.16)whereRN = 1�3 k+1Xl;m;p=0 tltmtp @3@Hl@Hm@Hp log�(N;R;H) ����H=HN+ i!�pNT (6.17)with some ! = !(HN ;T), 0 � ! � 1. Since the convergence in (6.7) is valid forT belonging to any compact set in Rk+2 (uniformly in H 2 bDk+2� ), it remainsto prove that RN = o�N3=2� as N !1: (6.18)Let �N;R;H(T) be the characteristic function of the random vector �N;R;H,H 2 bDk+2� , (cf. (6.15)�N;R;H(T) = �(N;R;H+ i��1T)�(N;R;H) : (6.19)We will show below that the function log�N;R;H(T) can be extended to ananalytical function of T in the region fT 2 C k+2 ;Pk+1i=0 j=tij < �=4g. Then,applying the Cauchy formula one obtains����� @3@tl@tm@tp log�N;R;H(T)����� � C(�) sup(H;T)2G(�)��log�N;R;H(T)�� (6.20)36



for all such T, where (recall (4.7))G(�) = n(H;T) :H 2 Dk+2�=2 ; T 2 C k+2 ; k+1Xi=0 j=tij < �=4o:and the constant C(�) depends only on �. This will give us the needed estimatefor the remainder RN .Using (4.26) we rewrite (6.19) in the form�N;R;H(T) = �1N;R;H(T) b�(N;R;H+ i��1T)b�(N; �;R;H) ; (6.21)where �1N;R;H(T) denotes the corresponding characteristic function in the en-semble of tame animals (recall (4.20), (4.18)),�1N;R;H(T) = NYj=1 Q(HN;j + i��1tN;j)Q(HN;j) ; (6.22)and the quantities tN;j are calculated via (cf. (4.21))tN;j = �1� (j � 1=2)=N�t0 + k+1Xn=1 tn1fj�rng:It follows from (5.1) that�����log b�(N;R;H+ i��1T)b�(N; �;R;H) ����� � 2N exp��4(� � �0)	 (6.23)uniformly in (H;T) 2 G(�) provided � � �0 with �0 = �0(2�=3) > 0. On theother hand (see (4.10.18) in [6]), the inequality��logQ(HN;j + i��1tN;j)� logQ(HN;j)�� � �C(�)e��(2�jHN;j j) � �C(�)e�3�=4(6.24)holds uniformly in N , j = 1; : : : ; N and (H;T) 2 G(�). Then, (6.21), (6.22),(6.23), and (6.24) imply the estimate��log�N;R;H(T)�� � eC(�)Ne�3�=4 (6.25)for all N , (H;T) 2 G(�) provided � � �0(2�=3) > 0. Finally, the analyticityof log�N;R;H(T) follows directly from (6.25), de�nitions (6.21), (6.22), (4.18),and Theorem 5.1.Since (6.18) follows directly from (6.17), (6.20), and (6.25), one has theconvergence ��N (T)! �H(T); as N !1 (6.26)that is uniform in T belonging to any compact set in Rk+2 provided � is su�-ciently large. 237



Let HN , HN ! H 2 bDk+2� be the sequence of vectors from Theorem 6.2.For any N de�ne EN � E�N;R;HN = 1�rHLN;R(H) ���H=HNand for any MN 2 Mk+2N (recall (3.18)) putXN = 1pN �MN � EN �:Theorem 6.3 Uniformly in MN 2Mk+2N and HN 2 bDk+2� , HN !H 2 bDk+2� ,one has 2N k+42 P(�N;R;HN =MN )� pH(XN )! 0 as N !1;where pH(�) denotes the density of the random vector � from Theorem 6.2,provided � � �0 with su�ciently large �0 > 0.Proof. Using the well-known inversion formula for the Fourier transformationwe rewrite the di�erence�N = 2N k+42 P(�N;R;HN =MN )� pH(XN )in the form�N = 1(2�)k+2 ZA ��N (T)e�i(T;HN ) dT� 1(2�)k+2 ZRk+2 �H(T)e�i(T;HN ) dT; (6.27)whereA = �T = (t0; : : : ; tk+1) 2 Rk+2 : jt0j � 2�N3=2; jtlj � �pN; l = 1; 2; : : : ; k+1	:Following the standard proof of the local limit theorem (see, e. g., [10, x43] weevaluate the right hand side of (6.27) by the sum of four terms,(2�)�(k+2) (J1 + J2 + J3 + J4) ;where for some positive constants A and �J1 = ZA1 ����N (T) � �H(T)�� dT; A1 = [�A;A]k+2;J2 = ZA2 �H(T) dT; A2 = Rk+2 nA1;Jp = ZAp ����N (T)�� dT; p = 3; 4;38



with A3 = �T 2 Rk+2 : jtlj � �pN; l = 0; 1; : : : ; k+ 1	 nA1;A4 = A n (A1 [A3) :Fix any " > 0. We will show in the following that the constants A and �can be chosen in such a way to imply Jp < "=4, p = 1; : : : ; 4, if only � � ��0(and N � N0) with su�ciently large �0 > 0 (and N0 > 1).First, due to (6.26) one has J1 ! 0 as N !1 for any �xed A > 0 and all� � �0, provided �0 is su�ciently large.Then, since the distribution of the random vector � is non-degenerate, onehas J2 ! 0 as A!1 for all � � �0 with su�ciently large �0.To estimate J3 �x any T 2 A3. Then jTj � �pN (k + 2) and for any None gets (recall (6.17), (6.20), and (6.25))jRN j � C1(�)Ne�3�=4�k+1Xl=0 jtlj�3 � C1(�)N expf�3�=4g(k + 2)3=2jTj3� C1(�)N3=2 expf�3�=4g(k + 2)2�jTj2:Consequently (recall (6.16)),���log��N (T) + 12BN;R;HN (T)��� = ��� i6N3=2RN ��� � C1(�)(k + 2)26 e�3�=4�jTj2:Let � > 0 be such thatC1(�)(k + 2)26 expf�3�=4g� � b4with the constant b from (6.8). Then< log��N (T) � �12BN;R;HN (T) + b4 jTj2 � � b4 jTj2and therefore ����N (T)�� � expf< log��N (T)g � expf�bjTj2=4gfor allT 2 A3 uniformly inN � N0 and � � �� (with N0 and �� from Lemma6.1).As a result,J3 = ZA3����N (T)�� dT � ZA2 e�bjTj2=4 dT& 0 as A%1:Finally, �x any T 2 A4 and rewrite j��N (T)j in the form (recall (6.21), (6.14))����N (T)�� = ���1N;R;HN (N�1=2T)�� ��b�(N;R;HN + iT=�pN )��jb�(N;R;HN )j : (6.28)39



The arguments, similar to those used in the proof of Theorem 4.2 from [5]imply the existence of a constant C = C(R; �; �0) > 0 such that for all T 2 A4,H 2 bDk+2� , � � �0, and N su�ciently large one has���1N;R;H(N�1=2T)�� � expf�CNg:Then, applying (5.1) to estimate the partition functions in the right hand sideof (6.28) one immediately gets����N (T)�� � exp��N (C � 2 expf�4(� � �0)g)	:Therefore, for all su�ciently large �, � � ��0, one obtainsJ4 = ZA4����N (T)�� dT � ZA e�CN=2 dT = (2�)k+2N k+42 expf�CN=2g & 0as N !1 that �nishes the proof of the theorem. 2In the arguments above the Gaussian density pH(�) can be replaced bythe density of zero-mean Gaussian distribution with the covariance matrixBN;R(HN ) (recall (6.5), (6.16), and (6.26)). In particular, one hasCorollary 6.4 There exist positive constants N0, �0, c0, and C0 such that forall N � N0 and � � �0c0N �2 � �det HessL�N (HN )�1=2P(�N;HN = AN ) � C0N �2; (6.29)where L�N (�) was determined in (3.5) and HN { in (3.11).For future references we formulate also the following simple statement.Corollary 6.5 Let all XN be uniformly bounded. Then under the conditionsof Theorem 6.3 one hasP(�N;R;HN =MN ) = 12N� k+42 pH(XN ) � (1 + o(1));where the estimate o(1) is uniform with respect to the considered sequencesHN 2bDk+2� and XN , provided only � is su�ciently large.Moreover, there exist positive constants �0, ci, Ci, i = 1; 2, and a numberN0 such thatc2�k+2 � c1pH(XN ) � N k+42 P (�N;R;HN =MN ) � C1pH(XN ) � C2�k+2(6.30)uniformly in N � N0 and the sequences HN , XN under consideration, providedonly � � �0. 40



7 Convergence of �nite dimensional distribu-tionsWe prove here the convergence of �nite dimensional distributions of the condi-tional random process (recall (3.15))��N (t) = 1pN ��+N (t)� Nê(t)�; t 2 [0; 1];to the corresponding distributions of the Gaussian measure �� from Theo-rem 3.2.Consider �rst the vector �N of conditions (3.3) with the logarithmicmomentgenerating function L�N (H) from (3.5). Assume that H belongs to the set D2�de�ned in (3.7). Then1N�rHL�N (H) = I(H) + O� log10NN �; (7.1)where I(H) was de�ned in (3.12) and the estimate O(�) is uniform in H 2 D2� .Indeed, it follows from (3.5) and (4.26) that��1rHL�N (H) = ��1rH �log b�(N;�;H) + log�(N;�;H;1)� : (7.2)Then, due to Remark 5.5.2 one has��� 1N�rH log b�(N;�;H)� 1�rH Z 10 bF�(1� x)H0 +H1� dx���� exp�3(��~�0) log10N: (7.3)On the other hand, the analyticity and uniform boundedness of logQ(�) in theregion (4.23) imply the estimate1N�rH log�(N;�;H;1)� 1�rH Z 10 logQ�(1� x)H0 +H1� dx = O�N�1�:(7.4)Finally, (7.1) follows directly from (7.2){(7.4) and de�nition (3.12).Let HN and bH be the solutions of (3.11) and (3.12) respectively. Applyingthe implicit function theorem to I(�) and taking into account estimate (7.1) oneeasily obtains��HN � bH�� = ��1O� log10NN �+ ��1O(N�1AN � A); (7.5)where the estimates O(�) are uniform in HN 2 D2� , and N�1AN 2 I�D2�0�respectively (here �0 > 0 is any �xed number and I�D2�0� denotes the imageof the region D2�0 ). Thus HN ! bH as N !1 and therefore all HN withsu�ciently large N belong to the region D2� from (3.7) (recall Remark 3.1.2).41



Let �N be the random vector from (3.16),�N � �YN ; XN (s1); : : : ; XN (sk); XN (sk+1)� 2 Rk+2:For HN = �H0N ;H1N� determined from (3.11) we introduce the vectorH0N � (H0N ; 0; : : : ; 0;H1N) 2 Rk+2:Clearly, the sequence H0N converges toH0 = (Q; 0; : : : ; 0;H) 2 Rk+2;where bH = (Q;H) denotes the solution of (3.12); thus, all H0N with su�cientlylarge N belong to the region bDk+2� from (4.7). Denote (recall (6.1), (6.3))E0N � E�N;R;H0N = �NqN ; e1N ; : : : ; ekN ; NbN�with eiN = eN (si) = 1� @@HiLN;R(H) ���H=H0N :Similarly to (7.1) one easily obtains the relation (recall (7.5))1N eN (s) = ê(s) + sO� log10NN �+ sO�N�1AN � A�; (7.6)where (cf. (3.14))ê(s) = 1� Z s0 F 0�(1� x)Q+H� dx = �F (H +Q)�F (H +Q�Qs)���Q (7.7)and the estimates O(�) are uniform in s 2 [0; 1] provided � is su�ciently large.For any MN 2Mk+2N (see (3.18)) of the kindMN = (NqN ;m1N ; : : : ;mkN ; NbN )we put xiN = 1pN (miN � eiN ); i = 1; : : : ; k:Let pk(�) denote the probability distribution of the Gaussian random vector� = (��; ��1; : : : ; ��k+1) with the characteristic function �H0 (T) from (6.13). Then~pk(x1; : : : ; xkj0) � pk(X0)p0(0) ; X0 = (0; x1; : : : ; xk; 0) 2 Rk+2;presents the density of the conditional distribution (��1; : : : ; ��kj�� = 0; ��k+1 = 0).Finally, de�ne the random process (recall (3.20), (7.7))��N (t) = 1pN ��N (t)� Nê(t)�: (7.8)42



Theorem 7.1 Let a natural number k and a collection of real numbers ti,0 < t1 < : : : < tk < 1, be �xed. Then for all � � �0 with su�ciently large �0 thedistribution of the random vector ���N (t1); : : : ;��N (tk)� converges weakly to theGaussian distribution with the density ~pk(�j0). This limiting distribution coin-cides with the corresponding distribution of the measure �� from Theorem 3.2.The proof of Theorem 7.1 can be obtained by literal repetition of that ofTheorem 5.2 in [5]. It is based on the following simple observation that followsimmediately from Theorem 6.3 (cf. Lemma 5.1 in [5]).Lemma 7.2 Let all xiN be uniformly bounded. ThenP ��N (s1) = m1N ; : : : ;�N (sk) = mkN � = N� k2 ~pk(x1N ; : : : ; xkN j0) (1 + o(1))as N !1 if only � is su�ciently large, � � �0 > 0; the estimate o(�) isuniform in such xiN .Denote (cf. (4.3))�jX = �jX(S) = g+N (j) � g+N (j � 1)and choose any �, 0 < � < ��=12 (7.9)with �� �xed in Theorem 3.2.Lemma 7.3 There exist positive constants C, �0, and N0 such that for all� � �0, N � N0, and all j = 1; : : : ; N one hasE�expf�j�jXjg �� �N = AN � � C: (7.10)Proof. Fix any j 2 �1; 2; : : : ; N	 and a phase boundary S 2 TN . Applying to Sthe animal decomposition described in Sect. 4 we observe that �jX is uniquelydetermined by the animal � satisfying the condition J(�̂) � (j � 1; j]. Denoteby f�̂g the eventf�̂g = �S 2 TN : the animal decomposition of S contains �̂	:Then one hasE�e�j�jXj���N = AN � = X̂� expf�j�jX(�̂)jgP(f�̂g���N = AN�; (7.11)where the summation is going over the whole set of disjoint events f�̂g such thatJ(�̂) = (mi�1;mi] � (j � 1; j]. Relation (7.11) will be the initial point of ourreasoning. 43



We start with the following simple observation. Let �(N;R;H), H 2 bDk+2� ,be the partition function from (4.13) and �̂ 2 bKN be the animal �xed above.Denote by bKN (�̂) � bKN the set of all collections from bKN that contain �̂,bKN (�̂) = �f�̂1; : : : ; �̂l+1g 2 bKN : �̂ 2 f�̂1; : : : ; �̂l+1g	:Clearly, the sets bKN (�̂) form the partition of bKN labeled by �̂ under considera-tion. De�ne (cf. (4.13))��N;R;H; �̂� � Xf�̂1 ;:::;�̂l+1g2bKN (�̂) l+1Yi=1	N;R;H(�̂i)= ��N;R;H j �̂� �	N;R;H(�̂): (7.12)Then for all H 2 bDk+2� and su�ciently large � one has������N;R;H j �̂��(N;R;H) ���� � exp�(Q� + �)jJ(�̂)j	; (7.13)where J(�̂) is the base of the animal �̂ andQ� � maxH:jHj<2��=2� j logQ(H)j: (7.14)To check (7.13) observe that the cluster expansion of log��N;R;H j �̂� con-tains only the cluster weights depending on I = (a; b] � (0; N ] n J(�̂). Sincethe same weights appear in the expansion for log�(N;R;H) one easily obtains(recall (4.26), (4.20), (4.21), and (5.5))���log��N;R;H j �̂�� log�(N;R;H) + Xj2J(�̂) logQ(HN;j)��� � KjJ(�̂)j (7.15)for all H 2 bDk+2� and su�ciently large �, where the constant K = K(�) & 0as � %1. Thus, (7.13) follows directly from (7.15), (7.14), and the inequalityjHN;jj < 2� �=2� (cf. (4.7), (4.23)).We will show below that for some constant �C > 0 and all su�ciently large� one hasP(f�̂g���N = AN� = P(�N = AN ; f�̂g�P(�N = AN�� �C exp�(Q� + 2�)jJ(�̂)j+ �j�[�̂]j		N;�;HN ��̂�; (7.16)where �[�̂] = �a[�̂]; h[�̂]� = � 1N aN (�̂) + �1� miN �h(�̂); h(�̂)�44



(recall that J(�̂) = (mi�1;mi]), HN is the solution of (3.11), and (cf. (4.11))	N;�;H��̂� � expn�2�j�̂j+ �h(�̂)��1� miN �H0 +H1�+ �H0 1N a(�̂)o Y�s2�̂	(�s)= expn�2�j�̂j+ ���[�̂];H�o Y�s2�̂	(�s)with H 2 D2� . Then (7.10) follows directly.Indeed, accordingly to (4.42)���[�̂];H� � (2� � 3�=4)Nv(�̂) (7.17)for any H 2 D2� . Then, the inequalitiesjh(�̂)j � Nv(�̂); ja(�̂)j � jJ(�̂)j �Nv(�̂); jJ(�̂)j � mi (7.18)imply ja[�̂]j � Nv(�̂) and thereforej�[�̂]j � ja[�̂]j+ jh[�̂]j � 2Nv(�̂): (7.19)As a result, using the simple observation���jX(�̂)�� � Nv(�̂) (7.20)one obtains (recall (7.9))E�expf�j�jXjg �� �N = AN�� �C X̂� e�2�j�̂j+(Q�+2�)jJ(�̂)j+(2���=2)Nv(�̂) Y�s2�̂	(�s)= �CXI e(Q�+2�)jIj X�̂:J(�̂)=I e�2�j�̂j+(2���=2)Nv(�̂) Y�s2�̂	(�s);where PI denotes the summation over all I = (a; b] � (0; N ] such that I �(j � 1; j]. As in Sect. 4 (recall (4.32){(4.35)) we estimate the inner sum viaXS:I(S)=I; yin(S)=0 e�2�j�̂j+(2���=2)Nv(�̂) eX(S)� e�6(���2)(jIj�1)+2(�2��) XS:I(S)=I; yin(S)=0 e��Nv (S)=4��3(Nh(S)+1);where �3 = 2�2 � " and �2 in (4.33) is su�ciently large to imply "(�2) < �=4.Evaluating the last sum by help of (4.37) and observing that (7.14) and (4.25)imply the inequality ��Q� + 2��� � �445



for all � � �5 one easily obtains (7.10),E�expf�j�jXjg �� �N = AN �� �C 1Xn=1(n + 1)e�6(���2)ne(Q�+2�)(n+1)e�2(���2) R(�3; �)n1� R(�3; �) < C:Thus, it remains to establish (7.16). First, we apply the analog of (6.4) torewrite P(�N = AN ; f�̂g�P(�N = AN � = �(N;HN ;�; �̂)�(N;HN ;�) � P(�N ;�̂;HN = AN �P(�N;HN = AN � (7.21)with HN denoting the solution of (3.11). The �rst fraction in the right handside of (7.21) can be estimated by help of (7.12){(7.13),�(N;HN ;�; �̂)�(N;HN ;�) = �(N;HN ;� j �̂)�(N;HN ;�) 	N;�;HN ��̂�� exp�(Q� + �)jJ(�̂)j		N;�;HN ��̂�: (7.22)On the other hand, similarly to (7.13) one obtains��� 1�rH�log�(N;HN ;� j �̂) � log�(N;HN ;�)���� � (Q�;1 + �)jJ(�̂)j (7.23)with (recall (4.24))Q�;1 � maxH:jHj<2��=2���� @�@ logQ(H)��� = maxH:jHj<2��=2� sinhH�cosh 2� � coshH�� sinh(2� � �=2)cosh 2� � cosh(2� � �=2) � e��=21� e��=4 = e��=4e�=4 � 1for all � � �0(�). Thus, taking into account the simple identity1�rH log	N;�;H��̂� = �[�̂](that can be obtained by direct computations) one deduces immediately thatE�N ;�̂;HN � 1�rH log�(N;H;�; �̂) ����H=HNsatis�es the estimate���E�N ;�̂;HN �AN � �[�̂]��� � (Q�;1 + �)jJ(�̂)j: (7.24)It remains to evaluate the last fraction in (7.21). Let �rst jJ(�̂)j � ApNwith some �xed constant A > 0. Observe that the analog of (7.23) for the46



second derivatives can be obtained in a similar way; therefore, the analog of(5.24) for our special case R = fNg imply the convergence1�2N Hess log�(N;H;�; �̂)! 1�2Hess Z 10 F �(1 � x)H0 +H1� dxfor any � � �0(�) uniformly in H = (H0;H1) 2 bD2� . Thus, the limiting proper-ties of the random vector ��N ; f�̂g� are the same as that of �N . In particular,if j�[�̂]j � BpN with any �xed constant B > 0, one can apply Corollary 6.4 toobtain (recall (7.24)) P(�N ;�̂;HN = AN �P(�N;HN = AN� � �C1 (7.25)provided � is su�ciently large. In the opposite case, j�[�̂]j > BpN , one has(recall (6.30))P(�N ;�̂;HN = AN �P(�N;HN = AN � � 1P(�N;HN = AN � � �C2N2�2 � �C3e�j�[�̂]j: (7.26)Finally, for jJ(�̂)j > ApN one getsP(�N ;�̂;HN = AN �P(�N;HN = AN� � 1P(�N;HN = AN � � �C2N2�2 � �C4e�jJ(�̂)j: (7.27)Now, (7.16) follows immediately from (7.21), (7.22), and (7.25){(7.27). 2Observe that this proof can be applied to any local variable that satis�esthe analog of (7.20) with the right hand side of the kind CNv(�̂), where C > 0is any �xed constant; then (7.9) should be replaced by0 < � < ��=12C:In particular, one hasCorollary 7.4 Let the constants C, �0, and N0 be as determined in Lemma 7.3.Then E�expf�jg+N (j) � g�N (j)jg �� �N = AN� � Cfor all j = 1; 2; : : : ; N provided only N � N0 and � � �0.Another consequence of Lemma 7.3 is the followingTheorem 7.5 For all � � �0 with �0 determined in Theorem 7.1 the �nitedimensional distributions of the random process ��N (t), t 2 [0; 1], have the samelimiting behaviour as that of ��N (t).Proof. In view of the observation (recall (3.15), (3.20), (7.8), (3.17), and (3.2))��N (t) ���N (t) = fNtgpN �g+N ([Nt] + 1)� g+N ([Nt]) �� �N = AN�the statement of the theorem follows immediately from (7.10). For details see[5, Theorem 5.4]. 247



8 Proof of main theoremsTo complete the proof of our main result we need to check the weak compact-ness of the sequence of measures ��N . We obtain it here as an implication ofTheorem 2.2 from [9, Chap. 9] which provides the su�cient condition for theweak compactness of measures in C[0; 1]. The following statement veri�es theassumption of the mentioned theorem.Theorem 8.1 There exist positive numbers C, �0, and N0 such thatE����N (t) � ��N (s)��4 � Cjt� sj7=4uniformly in N � N0 and all segments [s; t] � [0; 1], s < t, provided only � � �0.As in [5] we consider two cases, � = �N � jt� sj � N�8=9 and � > N�8=9,separately.Lemma 8.2 There exist positive numbers C1 and N1 such thatE����N (t) � ��N (s)��4 � C1jt� sj7=4uniformly in [s; t] � [0; 1], � � N�8=9, if only N � N1 and � � �0 with �0determined in Lemma 7.3.The proof is based on estimate (7.10) and can be obtained by literal repeti-tion of that of Lemma 6.2 from [5].Lemma 8.3 There exist positive numbers C2, �2, and N2 such thatE����N (t) � ��N (s)��4 � C2jt� sj2 (8.1)uniformly in [s; t] � [0; 1], � > N�8=9, if only N � N2 and � is su�cientlylarge, � � �2.Proof. Denote (recall (3.2))�N � �+N (t) � �+N (s) = g+N (Nt) � g+N (Ns)and introduce the random vector (cf. (3.3))e�N = �YN ; hN ; �N=p��with the logarithmic moment generating function (cf. (3.5)) eL�N (H), H 2 R3,eL�N (H) � logE expn��H; e�N�o = log e�(N;�;H)� log�(N ): (8.2)For HN = (H0N ;H1N ) determined from (3.11) we de�neH0N = (H0N ;H1N ; 0)48



and eEN � 1�rH log e�(N;�;H) ���H=H0N= (NqN ; NbN ; ~eN ); (8.3)where similarly to (7.6) one obtains the relation (recall (3.9))~eN = N (ê(t)� ê(s)) + �o(pN );As a result, for all su�ciently large N one hasE���n(t)� ��n(s)p� �4 � 2Xk�0(k + 1)4P����N � ~eNp���pN� > k���N = AN�: (8.4)We will show below that for all N � N2 and � � �2 with su�ciently largeN2 > 0 and �2 > 0 one gets the estimateP����N � ~eNp��� > kpN����N = AN � � fN (k); (8.5)where fN (k) = ( D1 expf��1k2g; if jkj � "pN�;D2 expf��2N1=10jkjg; if jkj > "pN�; (8.6)and D1, D2, �1, �2, " are some �xed positive constants. Thus, the series in(8.4) is convergent and (8.1) follows immediately.It remains to establish estimates (8.5){(8.6). To do this we introduce thevector (recall (8.3))eZN � (NqN ; NbN ; ~eN + kpN) = eEN + (0; 0; kpN) (8.7)and determine eHN = eHN (k) = ( eH0N (k); eH1N(k); eH2N (k)) from the equation1�rH log e�(N;�;H) ���H=eHN= eZN : (8.8)It follows from (8.2) and the implicit function theorem that provided k in (8.7)is of order pN� the quantities eH0N (k)�H0N , eH1N (k)�H1N , and eH2N (k)p� areof order �. Therefore, there exist " = "(�) > 0, N3 > 0, and �3 > 0 such thatfor all k, jkj � "pN�, all � � �3, and all N � N3 the following inequalitieshold true�� eH0N (k)�H0N �� < ��; �� eH1N (k)�H1N �� < ��; �� eH2N (k)�� < �p�:Thus, applying arguments similar to those used in the proof of Lemma 6.1 oneobtains the inequality (cf. (6.8))�Hess eL�N (H)T;T� ���H= eHN (k)� C�2N jTj2 (8.9)for all k, jkj � "pN�, all T 2 R3, � � �4, N � N4, where C, �4, and N4are some positive constants depending only on " and �0 from (5.11). For futurereferences we �x such value of " > 0. 49



Assuming that �N � ~eNpN� � 0 (in the opposite case the estimates aresimilar) we rewriteP��N > ~eNp�+ kpN����N = AN�= P��N = AN ; �N > ~eNp�+ kpN��P(�N = AN )= e�eL��N (eZN )e�L��N (AN ) PeHN ��N = AN ; �N > ~eNp�+ kpN��PHN (�N = AN ) ; (8.10)where eL��N (�) and L��N (�) denote the Legendre transformations of the functionseL�N (�) and L�N (�) correspondingly, eHN was determined in (8.8),HN { in (3.11),and PeHN (�), PHN (�) denote the tilted distributions of the random vectors e�Nand �N with parameters eHN and HN respectively.Let us evaluate �rst the di�erence eL��N (eZN ) � L��N (AN ). It follows from(8.2), (8.3), (3.11) and the duality relations (2.22) for the Legendre transforma-tion that eL��N (eEN ) = L��N (AN ) and @2eL��N (eEN ) = 0;where @2eL��N (�) denotes the derivative of the function eL��N (x0; x1; x2) with re-spect to x2. Consequently (cf. relation (A.5) in [5]),eL��N (eZN )� eL��N (eEN ) = Z kpN0 (kpN � y)(@2)2eL��N (NqN ; NbN ; ~eN + y) dy(8.11)and one needs to evaluate (@2)2eL��N (�) from below. DenoteeEyN = eEN + (0; 0; y) = (NqN ; NbN ; ~eN + y): (8.12)We will show below that in the case jkj � "pN� there exist positive constants�1 = �1(") and �5 such that for all y, jyj � kpN , one has(@2)2eL��N (eEyN ) � �1=N: (8.13)Then (8.11) implies eL��N (eZN )� eL��N (eEN ) � �1k2 (8.14)provided jkj � "pN� and due to the convexity of eL��N (�) (see also Property A.2in [5]) eL��N (eZN )� eL��N (eEN ) � 2�2N1=18jkj (8.15)in the opposite case, jkj > "pN�. Thus, it remains to prove (8.13). To do thisdetermine eHyN = ( eH0N (y); eH1N (y); eH2N (y)) from the condition (recall (8.12))1�rHeL��N (H) ���H= eHyN= eEyN50



and consider the matrix Hess eL�N ( eHyN ). Since it is positive de�nite (recallinequality (8.9)) there exists C5 = C5(") > 0 such that for all y, jyj � kpN �"Np�, one has�� @@H0�2eL�N (H)� @@H1�2eL�N (H) � � @2@H1@H0 eL�N (H)�2� ����H= eHyN� C5N2:(8.16)On the other hand, det Hess eL�N (H) ���H= eHyN� C6N3 (8.17)uniformly in such y with some �xed constant C6 > 0. Finally, since due to theduality relations (2.22) the value of the derivative (@2)2eL��N (eEyN ) coincides withthe ratio of the left hand sides in (8.16) and (8.17), one immediately obtains(8.13).It remains to evaluate the last fraction in (8.10). Consider �rst the casejkj � "pN�. Let �N; eHN be the random vector with the distribution induced byP eHN (�) and L�N ;eHN (H), H = (H0;H1), be its logarithmic moment generatingfunction, L�N ;eHN (H) � log�PM2M2N e�(H;M)PeHN (�N =M)�= eL�N ( eHN + (H0;H1; 0))� eL�N ( eHN ):Note that this function is strictly convex and satis�es the conditiondet HessL�N ;eHN (H) ���H=(0;0)� C5N2 (8.18)(since the expression in the left hand side of (8.18) coincides with the left handside of (8.16) with y = kpN ). As a result, applying analog of (6.29) one getsP eHN ��N = AN � � C0N2 �2:On the other hand, the denominator PHN (�N = AN ) can be evaluated frombelow via the analog of (6.30). Thus, there exist positive constants C7, �7, andN7 such that for all N � N7, � � �7, and jkj � "pN� one hasPeHN ��N = AN ; �N > ~eNp�+ kpN��PHN (�N = AN ) � P eHN (�N = AN )PHN (�N = AN ) � C7: (8.19)In the opposite case, jkj > "pN�, one easily gets (recall (6.30))P eHN ��N = AN ; �N > ~eNp�+ kpN��PHN (�N = AN ) � 1PHN (�N = AN )� N2c2�2 � C8 exp��2N1=18jkj	: (8.20)51



It remains to observe that (8.5){(8.6) follow immediately from (8.10), (8.14),(8.15), (8.19), and (8.20). 2Proof of Theorem 3.2. The statement of the theorem follows directly fromTheorems 7.1, 7.5, 8.1, and Theorem 2.2 from [9]. 2Proof of Theorem 3.3. The �rst part of the theorem can be obtained in thesame way as Theorem 3.2. The convergence in (3.21) follows from Corollary 7.4.2A Wul� construction in 1D models of SOS typeThe 1D SOS model is the simplest interface model. In view of its simplicity itis very popular in the physical literature and is used mainly as a "toy model"for discussing the statistical properties of interfaces. In particular, the Wul�construction for this model is well understood ([1, 17]).On the other hand, the interfaces appearing in the 1D SOS model presentsample paths of 1D random walk of the special type (see, e. g., [5, Sect. 3])and therefore the Wul� construction here follows immediately from the knownfacts of the sample paths large deviations theory ([3, Chap. 5], [18]). Using theprobabilistic interpretation one can investigate much general case of randomwalks than those usually appearing in the physical literature in the context of1D model of SOS type (see, e. g., [2] for a list of typical examples). In thissense, the random walks provide the most general model of SOS type and forthis reason we will use the probabilistic language in the present section. Wewill restrict ourselves to the discrete case, though the generalization to thecontinuous one is straightforward [5, Sect. 2].Let �i be a sequence of independent integer valued random variables havingthe same non-degenerated distribution that is concentrated on the lattice Z1.Then the interface is described by the sequence of partial sums, S0 = 0, Sk =Pki=1 �i, of the corresponding random walk. Denote byL(h) � logE expfh�gthe logarithmic moment generating function (the free energy) of a single stepof this random walk. Assume in addition that L(�) is a �nite function (andthus analytical) in some open neighbourhood of the origin. 7 Finally, for anyn � 1 and t 2 [0; 1] de�ne a random polygonal function (a piece-wise linearlyinterpolated interface)xn(t) = S[nt] + fntg�[nt]+1 = [nt]Xi=1 �i + fntg�[nt]+17This is a usual conjecture in applications; moreover, typically one demands the existenceof all exponential moments for � (see, e. g., [2]).52



with [nt] and fntg denoting the integral and the fractional parts of nt corre-spondingly.Then the distribution of n�1xn(t) satis�es the large deviations principle withthe rate function ([18], [3, Chap. 5])J (f) = 8<: Z 10 L��f 0(t)� dt; if f 2 AC[0; 1], f(0) = 0,+1 otherwise,where AC[0; 1] is the space of absolutely continuous functions on [0; 1] and L�(�)is the Legendre transformation of L(�),L�(x) = suph �xh� L(h)�;that is well de�ned due to the strict convexity of L(�). In particular, for anyadmissible pair (q; b) (i. e., satisfying condition (A.4) below) one haslim"&0 limn!1 logP�xn(1) 2 (b; b+ "); R 10 xn(t) dt 2 (q; q + ")�n = �J ( �f );where �f (�) presents the solution of the variational problem:J (f) ! inf : f(0) = 0; f(1) = b; Z 10 f(t) dt = q: (A.1)Note that the functional J (�) is closely related to the Wul� functional withnaturally de�ned surface tension (see, e. g., [5, Sect. 3]), and therefore thefunction �f (�) is the Wul� pro�le in the considered situation.It turns out that the variational problem (A.1) can be solved explicitly.Namely, de�ne the quantities ĥ0 = ĥ0(q; b) and ĥ1 = ĥ1(q; b) from the equations8>>><>>>: Z 10 L0�ĥ1 + yĥ0� dy = b;Z 10 y L0�ĥ1 + yĥ0� dy = q: (A.2)Then the Wul� pro�le �f (�) is de�ned via ([5, Sect. 2])�f (t) = 8<: �L�ĥ1 + ĥ0�� L�ĥ1 + (1� t)ĥ0���ĥ0; if ĥ0 6= 0,L0(ĥ1)t � bt otherwise. (A.3)The relations (A.2){(A.3) have a simple geometric interpretation. Namely,rewriting (A.2) in the form (cf. [17, Theorem 3])8>>><>>>: �L�ĥ1 + ĥ0�� L�ĥ1�� �ĥ0 = b;1̂h20 Z ĥ00 �L(ĥ1 + ĥ0) + L(ĥ1)2 � L(ĥ1 + y)� dy = q � b=253



we infer that these conditions prescribe to �nd two points A(ĥ1; L(ĥ1)) andO(ĥ1 + ĥ0; L(ĥ1 + ĥ0)) on the graph of the function L(�) such that (see Fig-ure 2,a)): 1) the straight line passing through O and A has the slope coe�-cient b; 2) the area Qb(h0) of the �gure bounded by the segment OA and thearc of the graph of L(�) with the endpoints A and O equals (q� b=2)h02, whereh0 denotes the horizontal separation of the points A and O (in the case q < b=2one should interchange these points). Then the Wul� pro
ie �f (�) is obtainedby simple transformation (re
ection + scaling) of the arc OA (see Figure 2,b)).In the critical case 2q = b the points O and A coincide and due to the secondline in (A.3) the corresponding Wul� pro�le is reduced to the segment O0A0(Figure 2,b)). ������ ?� -hL(h)06 A O-� h0 ������������6�f (t) t1O0 -A0a) ! b)Figure 2: Wul� construction in a general 1D model of SOS typeDue to the strict convexity and analyticity of the function L(�) the normal-ized area Qb(h0)=h02 is an increasing function of h0 and Qb(h0)=h02 ! 0 ash0 ! 0. In particular, the conditions ĥ0 = 0 and 2q = b are equivalent (recall(A.3)). As a result, equations (A.2) have at most one solution. This solutionclearly exists for every pair (q; b) satisfying the condition 8��q � b=2�� < suph Qb(h)=h2: (A.4)Here the supremum corresponds to the most "upper" limiting position of thesecant OA; thus, (A.4) means that the real secant should be below the limitingone (if such exists).References[1] DeConinck, J., Dunlop, F., Rivasseau, V.: On the microscopic validity8In some cases the solution of (A.2) exists also when both expressions in (A.4) are equal.But this depends on the distribution of the single step �, and we will not discuss this questionhere. 54
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