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I. MotivationIn the quantum Hall e�ect, the conductance is related to a Chern number |the integral of the adiabatic curvature [1,2]. In many systems, conductance admitsa description in terms of scattering data via Landauer type formulas [3]. This seemsto suggest that there may be a direct and general link between adiabatic curvatureand/or Chern numbers, on the one hand, and scattering data on the other. Thestudy of this relation is the central theme of the work presented here. As we shall see,there is no such (pointwise) link between scattering data and adiabatic curvature,but there is such a link between scattering data and Chern numbers.We shall consider local deformations of quantum Hamiltonians that are associ-ated with a scattering situation and have a band of absolutely continuous spectrum.We study the adiabatic curvature associated with this band. We shall not considerdeformations that \act at in�nity". This limits the applications of our results tothe usual transport theory since transport of charge to in�nity typically involvesdeformations at in�nity.For potential scattering in one dimension the scattering matrix alone does notdetermine the scattering potential; one needs to know certain norming constantsassociated with bound states [4]. Because of this, it may not be too surprisingthat scattering can sometime fail to know about the adiabatic curvature due tolocal deformations. From this point of view it is perhaps more remarkable that theS-matrix nevertheless determines the Chern numbers.There is also a mathematical motivation for studying the geometry and topol-ogy of vector bundles from the perspective of scattering theory. The classical studiesof vector bundles are concerned with �nite dimensional �bers. Scattering situationsgive rise to bundles with in�nite dimensional �bers which arise from the consider-ation of the scattering states that lie in a band of energies. The geometry comesabout by studying how these in�nite dimensional subspaces of a �xed Hilbert spacerotate. Our results can be phrased as stating that the scattering data determinethe topology of such bundles, but not their local curvature.We shall see that for a class of tight-binding models the �rst Chern class of thescattering bundle is determined by an explicit 3-form constructed from scatteringdata: s3(y) = 14�2 X� d��(y) ^ 
(PS� ): (1:1)Here PS� is the �-th spectral projection of the on-shell scattering matrix S(y), and��(y) is half the corresponding phase shift, i.e.,S(y)PS� (y) = exp i��(y)PS� (y): (1:2)y0 = k parameterizes the energy and fyjg; j = 1; : : : ; ` are additional parametersthat parameterize the deformation of the Hamiltonian. 
(P ) is the trace of theusual adiabatic curvature associated to the projection P ; see Eq. (2.1) below. If1



S(y) is a non-degenerate n � n matrix, then � = 1; : : : ; n and PS� is a rank-1orthogonal projection in jCn.Integrating s3(y) over the band of scattering energies parameterized by y0 givesa closed 2-form on the space of parameters governing the deformation of the system.We shall see that the cohomology class of this 2-form is the �rst Chern class of thein�nite-dimensional vector bundle in question.In general, only unitary invariant properties of the on-shell S-matrix have phys-ical signi�cance [5]. The phase shifts are, of course, unitary invariant. 
(PS� ) isnot. Rather, under the transformation S ! UySU , PS� ! UyPS�U and
(PS� )! 
(PS� ) + d Tr(PS� UydU): (1:3)It follows that the 3-form s3(y) is not invariant under y-dependent unitary trans-formations, but its cohomology class is invariant. First Chern numbers, which areperiods of this three form, are invariant, as they should be.A similar construction gives the higher Chern classes of the in�nite dimensionalbundle associated to P . Let F (P ) be the adiabatic curvature operator whose traceis 
(P ); see Eq. (2.1). The 2n-form 1n!(2�)nTr(F (P )n) is closely related to then-th Chern class of the bundle of scattering states de�ned by P . (P is in�nitedimensional). This form is cohomologous to the integral over y0 of the 2n+1 forms2n+1(y) = 1n!(2�)n+1 X� d��(y) ^ Tr(F (PS� )n); (1:4)which is computed from scattering data (and where PS� are �nite dimensional).In section II we review the theory of adiabatic curvature for �nite dimensionalprojections and its extension to in�nite dimensions. In section III we give a familyof examples that show that the adiabatic curvature cannot, in general, be computedpointwise from the S-matrix. In these examples there is a nonzero curvature associ-ated to two parameters, but the S-matrix is independent of one of the parameters.In section IV we state precise hypotheses under which the 3-form s3(y) computes�rst Chern numbers. We also show how these Chern numbers are related to numer-ical indices associated to level crossings of the S-matrix. In Section V we work a keyexample, the natural scattering analog of Berry's spin Hamiltonian. Section VI isthe proof of the main theorem, as stated in Section IV. In Section VII we considersome exceptional cases and generalize our results to cover higher Chern classes.Finally, we include an appendix reviewing scattering in tight binding models.2



II. Preliminaries{Geometry of ProjectionsLet X be a space of parameters with local coordinates y = (y1; : : : ; y`). LetP (y) be a family of orthogonal �nite dimensional projections that depends smoothlyon y 2 X. Range(P ) is a vector bundle over X with a natural connection. We areinterested in the trace of the resulting curvature:
(P ) = �i T r (PdP ^ dPP )= �i X1�i<j�` Tr (P [@iP; @jP ]P ) dyi ^ dyj : (2:1)By abuse of language we call 
(P ), as well as the underlying operator F (P ) =�iPdP ^ dPP , the adiabatic curvature associated to P . If, for each y, P (y) is aone dimensional projection and 	(y) is a normalized vector in the range of P (y)(depending smoothly on y) then Eq. (2.1) reduces to
(P ) = Im hd	j ^ jd	i: (2:2)In the opposite extreme, when P = 1, Eq. (2.1) says that 
(P ) = 0:If P1 and P2 are mutually orthogonal, i.e., P1P2 = P2P1 = 0, with P1 and P2smooth, orthogonal and �nite dimensional, then
(P1 + P2) = 
(P1) + 
(P2): (2:3)As a special case, if the Hilbert space is �nite-dimensional and P? = 1� P , then
(P ) + 
(P?) = 0: (2:4)But what if the range of P is in�nite-dimensional? In the rest of this sectionwe shall show that the Hilbert-Schmidt condition Trj@jP j2 < 1 guarantees thatthings carry over to in�nite dimensional projections in a Hilbert space.Proposition 1Let P be a family of smooth orthogonal projections. If dP , P?dPP or PdPP?is Hilbert-Schmidt, then1. dP , P?dPP and PdPP? are all Hilbert-Schmidt.2. 
(P ) and 
(P?) are well de�ned and �nite.3. If dP1 and dP2 are Hilbert-Schmidt, with P1 and P2 mutually orthogonal pro-jections, then Eq. (2.3) holds.4. If dP is Hilbert-Schmidt, then Eq. (2.4) hold.Proof: Since P = P 2, dP = PdP + dPP and PdPP = 2PdPP = 0. ThusPdP = PdPP? and @jP = P (@jP )P? + P?(@jP )P; (2:5)3



which implies statement 1. Consequently,(@jP )(@kP ) = P (@jP )P?(@kP )P + P?(@jP )P (@kP )P?: (2:6)The product of two Hilbert-Schmidt operators is trace class [10], so 
(P ) and
(P?) are �nite. The anticommutativity of forms and commutativity of the trace(for products of Hilbert-Schmidt operators) gives Eq. (2.3), as follows:
(P1 + P2) =Tr(P1 + P2)(dP1 + dP2) ^ (dP1 + dP2)(P1 + P2)=
(P1) + 
(P2) + Tr(P1dP1 ^ dP2P1 + P2dP2 ^ dP1P2)+ Tr(P2dP1 ^ dP2P2 + P1dP2 ^ dP1P1)+ Tr(P1dP2 ^ dP2P1 + P2dP1 ^ dP1P2): (2:7)But P1dP2 = P1dP2P2, soTr(P2dP1 ^ dP2P2 + P1dP2 ^ dP1P1)= Tr(P2dP1P1 ^ P1dP2P2 + P1dP2P2 ^ P2dP1P1) = 0: (2:8)The two remaining terms vanish similarly, using also the identity P1dP2 = �dP1P2.This establishes Eq. (2.3), of which Eq. (2.4) is a special case.This proposition says that the curvature of in�nite dimensional projectionsbehaves just like that of �nite dimensional projections if dP is Hilbert-Schmidt. Infact, if either P or its complement P? is �nite dimensional, then the curvature of thein�nite dimensional piece can always be studied by looking at its �nite dimensionalcomplement.In�nite dimensional projections can have some unusual curvatures, as the ex-ample below shows:Example 1: Let X = IR2, let �(x) be a �xed, smooth real-valued function, andlet U(a; b) be a two parameter family of unitary operators on L2(IR) associated withgauge transformations and translations:�U(a; b) �(x) = exp (i b�(x � a))  (x � a): (2:9)Consider the projections P (a; b) = U(a; b)QUy(a; b), with Q a �xed projection suchthat TrQ(��+�2)Q <1. We compute
(P ) = da ^ db Tr�Q�0Q+ [Q�Q;QrQ]�= da ^ db Tr Q�0Q: (2:10)We have used the fact that Tr[A;B] = 0 if A and B are Hilbert-Schmidt. If �0 isa non-negative function of x then Tr Q�0Q � 0. For �(x) = x, the curvature for�nite dimensional projections is actually a positive integer:
(P ) = da ^ db TrP; (2:11)4



It follows that for �0 > 0 and P �nite dimensional, the adiabatic curvature is apositive, increasing function of P . If P has �nite codimension, then Eq. (2.4) saysthat the curvature is a negative increasing function of P . This is peculiar. Finitecodimensional projections are clearly \larger" than �nite dimensional projections,and the adiabatic curvature increases with P , so how can the curvature be positivefor �nite dimensional projections and negative for �nite codimensional projections?Perhaps a useful analogy, where something similar happens, is negative tempera-tures in canonical ensembles; energy is an increasing function of temperature, butensembles with negative temperature have more energy than those with positivetemperature.An important fact about curvatures is that their integrals over closed regionsof parameter space are quantized. For �nite dimensional bundles this is a standardresult of Chern-Weil theory. See e.g. [6, 7] for the theory of Chern classes for �nitedimensional bundles and [8, 9] for its extension to in�nite dimensional bundles.For in�nite dimensional bundles, the existence of Chern classes depends onthe structure group. The group U(H) of unitary operators on the in�nite dimen-sional Hilbert space H is too big. One must reduce the structure group to a smallenough subgroup of U(H), where Chern classes are de�ned and can be expressedby curvature formulas.Let Uc(H) be the space of unitary operators U with U � I compact. For eachinteger p let Up(H) be the subspace of Uc(H) such that U�I is in Lp. In particular,p = 1 means trace class and p = 2 means Hilbert-Schmidt. As long as the structuregroup can be reduced to Uc(H), Chern classes are well de�ned topologically. Freed[9] showed that, when the structure group is Up, the Chern-Weil formulas for ci interms of curvature hold for all i � p.The situation where dP is Hilbert-Schmidt is intermediate between U1 and U2.For any path 
, the operator U
 that gives parallel transport along the path maybe obtained by integrating the equation dU = [dP;P ]U along the path, with initialcondition U = 1. Since the right hand side is Hilbert-Schmidt, every path 
 hasU
 � I Hilbert-Schmidt, so our structure group reduces to U2. However, we havemore. The curvature is trace class and holonomies along closed null-homotopic loopsare actually in U1. Pressley and Segal [8] showed how to construct the determinantbundle of P , from which one can show that the �rst Chern class is represented by
=2�. In short, we have the followingProposition 2Let P be a family of orthogonal projections such that dP is Hilbert-Schmidt,and let � be a (smooth) closed 2-surface in parameter space. Thenc1(�; P ) = 12� Z� 
(P ) (2:12)is an integer. 5



III. Curvature Is Not Computable from Scattering DataHere we construct examples that show that curvature is not necessarily detectedby the S-matrix. In these examples the curvature associated to two parameters maybe nonzero, but the S-matrix is independent of one of the parameters.Let V be any reasonable perturbation of the Laplacian in one dimension sothat there is a good scattering theory and one or more bound states. For example,let V be a short range potential on the line. Consider the family of HamiltoniansH(a; b) = U(a; b)�� d2dx2 +V �Uy(a; b) = ��i ddx � b�0(x � a)�2+V (x�a); (3:1)where U is as in Eq. (2.9). Let y = (k; a; b) and let  y be a solution of the di�erentialequation �H(a; b) � k2� y = 0. Since  y = U(a; b) k;0;0 we have, in the limitjxj ! 1,  y(x) = eib�(�1) k;0;0(x � a): (3:2)>From this and the de�nition of the on-shell S-matrix (see appendix), we see thatS(k; a; b) = � rR(k) e2ika tL(k) eib��tR(k) e�ib�� rL(k) e�2ika� ; (3:3)where �� = �(1) � �(�1). In particular, if �(1) = �(�1), the S-matrix isindependent of b. Since curvature is a property of pairs of variables and only oneparameter a�ects S, S cannot see any curvature.Now let Q be the projection on the (�nite dimensional) subspace of boundstates of H, and suppose that TrQ(�� + �2)Q < 1. Let P = 1 � Q. P isthe projection on the (positive energy) scattering states. From proposition 1 andexample 1 we have that
(P ) = �
(Q) = �da ^ db Tr Q�0Q: (3:4)Since � can be chosen independently of V , and hence of Q, we can easily arrangefor Tr Q�0Q to be nonzero. For example, we can take�0(x) =8<: 1 jxj < L;�1 jx � 2Lj < L;0 otherwise, (3:5)for a large value of L. �� = 0, so S sees no curvature, but Tr Q�0Q! rank(Q) 6= 0as L!1. 6



IV. Chern Numbers Are Computable From Scattering DataIn this section we describe the main result of this paper, namely how the �rstChern class of the scattering states can be computed from scattering data. Thismay be done either by integrating the 3-form s3(y) of Eq. (1.1) or by summingcertain indices associated to scattering data. This section and the next containexplanations of these procedures, as well as some examples. The proofs of theformulas are deferred to section VI.Hypotheses: We consider tight-binding models with a �nite number of scatter-ing channels and a compactly supported scattering potential that depends on aparameter space X with coordinates fyig. (See the appendix for a discussion oftight-binding models). The on-shell S-matrix S(y) is a �nite dimensional n � nmatrix, which we assume depends smoothly on all variables y. We assume S(y)has level crossings on a set Z of codimension 3 or higher, and that the 3-forms3(y) = O(d�2) near the crossings, where d is the distance from y to Z. Finally,we assume that the S-matrix approaches �1 at the edges of the spectrum. Morepreciesely, we assume thatS(y0; fyig) + 1 = � i y0 A(fyig) +O(y20) near y0 = 0;i (y0 � �) T (fyig) +O((y0 � �)2) near y0 = �; (4:1)with A(fyig), T (fyig) smooth, Hermitian, matrix-valued functions that have nolevel crossings in X.Conventions: y0 = k parameterizes the energy. The band of scattering states isthe interval k 2 [0; �]. The phase shifts are normalized so that ��(y0 = 0) = ��;the values of �� for all y0 follow by continuity. `� is the winding of ��, i.e.,2�`� = ��(�) + �: (4:2)Our hypotheses imply that `� is an integer and is independent of the parametersfyig.Remark 1: We have chosen to state the hypotheses in terms of the scatteringdata only. These assumptions have spectral consequences, and some parts of thehypotheses could be phrased in terms of spectral conditions. In particular, thehypotheses imply that embedded and threshold states do not enter or leave theinterval k = [0; �] as fyig are varied. For more on this see the appendix.Remark 2: The smoothness of S(y) implies smoothness of the 3-form s3(y) ofEq. (1.1) away from eigenvalue crossings. The assumption about the form of sin-gularities near crossings holds if the crossings are generic. In the generic situationS(y) has, away from the edges of the band, eigenvalue crossings of multiplicity twoon a set of codimension 3. Near a crossing at a point zj , S(y), projected on therelevant two-dimensional space, can be approximated byei�(y) �1 + iX̀;m �` g`m(zj) (y � zj)m +O�(y � zj)2��; (4:3)7



with g a real, rank 3 matrix, and with � denoting the triplet of Pauli matrices.The overall phase �(y) = (��(y) + ��(y))=2 is smooth, even at y = zj . Near such acrossing s3(y) = O(d�2).Remark 3: The assumption that the S-matrix near the edges of the spectrumassumes the form Eq (4.1) seems very special. In fact it is not, since the S-matrixis known to have universal limiting values under a range of circumstances [11]. Theexceptions are when threshold states (zero energy resonances) occur. For more onthis condition in the context of tight binding hamiltonians, see the appendix.The following example of a system that obeys the hypotheses may be instruc-tive:Example 2: Consider a half-line tight-binding model with (real) potential V (n) =v�n;0 and hopping tn;n+1 = 1; n � 0. The on-shell scattering matrix is a complexnumber of modulus one (the re
ection amplitude) given byS(k; v) = � v � zv � 1=z ; z = eik: (4:4)The energy is E = z + 1=z. There is one bound state if jvj > 1 which becomes athreshold state when v = �1. At the edge of the continuous spectrum (z = �1),S(k; v) = �1 for all v 6= �1.Theorem 1: Assume the above hypotheses. The integral of the 3-form s3(y) overthe spectral interval I = (0; �) is a closed 2-form on X. The cohomology class ofthis 2-form is the �rst Chern class of the bundle of scattering states in the spectralinterval I. In particular, if � is an oriented surface in X, then the �rst Chernnumber of the bundle de�ned by P over � isc1(�; P ) = ZI�� s3(y): (4:5)Remark 4: The tight-binding assumption is made to make the entire continuousspectrum be a single band, and the proof is tailored to this case. It should bestraightforward to prove similar results for compact perturbations of periodic po-tentials (either on the continuum or on a lattice) subject to similar conditions onthe S-matrix. In addition, the formula Eq. (4.5) is the simplest in a class of formu-las for the Chern number. More complicated formulas hold if Eq. (4.1) is replacedby other limiting values for the S-matrix that occur when threshold states exist aty0 = 0 or y0 = �. These formulas are discussed in section VII.Remark 5: If the system is made of disconnected pieces, it is possible to arrangefor embedded eigenvalues, associated with a compact part of the system, to lie in theenergy interval associated to the scattering states. These embedded eigenstates cancarry Chern numbers, but are irrelevant to the problem we study here. The caveat\bundle of scattering states" in the theorem indicates that we are not includingthese eigenstates. 8



Remark 6: Since jyj�2 is integrable in three dimensions, the integral in Eq. (4.5)is absolutely convergent.Let Y = I � X. The eigenvalues and eigenvectors of the on-shell S-matrixhave a consistent labeling in Y=fcrossingsg. By the assumptions about A(y) inEq. (4.1), there is a consistent labeling of the the spectrum on the section y0 �Xwith y0 near zero. Since codimension 3 crossings do not destroy simple connectivity,this labeling propagates to Y=fcrossingsg.When X is 2-dimensional (or when we are studying a 2-dimensional surface �in X) the generic level crossings occur at isolated points. We associate numericalindices to these level crossings, as follows:Index: Let zj be a crossing point for the � and � eigenvalues of the S-matrix with0 < y0 < �. Let 2�n(zj) = ��(zj )� ��(zj ). The index is de�ned to beIndex(zj ) = n(zj ) c1(PS� ; S2(zj )); (4:6)where S2(zj) is a small sphere centered at zj . For a generic crossing, as describedin Remark 2, c1(PS� ; S2(zj )) = sgn det g(zj ): (4:7)A consequence of theorem 1 is:Proposition 3: The Chern numbers are given byc1(�; P ) = X0<(zj)0<� Index(zj) +X� `� c1(PT� ;�); (4:8)where c1(�; PT� ) is the Chern number associated with the �-th spectral projectionof the hermitian matrix T (yi) of Eq. (4.1) and `� is the winding given in Eq. (4.2).Proof of Proposition 3 (given Theorem 1): Since 
(P ) is closed, d�^
(P ) =d��
(P )�, so4�2 ZY=fcrossingsg s3(y) =X� XcrossingsZS2 ��(y)
(PS� )+X� �Z��� ��(�; y1; y2)
(PS� ) � Z0�� ��(0; y1; y2)
(PS� )� : (4:9)Near the �; � level crossing 
(PS� )+
(PS� ) = O(1), so the j-th crossing contributesZS2 ���(y)
(PS� ) + ��(y)
(PS� )� = 2�n(zj)ZS2 
(PS� ): (4:10)This gives the �rst sum on the rhs of Eq. (4.8). By our normalization ��(0; y1; y2) =��. Since P�
(PS� ) = 0, the integral over 0 � � vanishes. Now ��(�; y1; y2) =9



�(2`� � 1). Since the spectral projections for S(� � 0; y) and T (y) coincide, theintegral over � � � gives the second term on the rhs of Eq. (4.8).V. Example{Scattering of Spin 1/2 ParticlesConsider an electron with spin 1/2 on a semi-in�nite chain with the site at theorigin coupled to an adiabatically rotating magnetic �eld ~B. This is an examplethat satis�es the conditions for theorem 1 and propositions 1 and 3, and is onewhere the Chern number for the scattering states is non-zero for j ~Bj > 1=2. In thisexample the S-matrix turns out to be essentially the Hilbert transform of Berry'sspin Hamiltonian, so it may be viewed as playing the analogous role in scatteringsituations.Let h( ~B) = ~B � ~� + jBj, and consider the following tight binding HamiltonianH( ~B) on the non-negative integers:(H( ~B) )(n) =  (n+ 1) +  (n � 1) + �n0 h( ~B) (n); (5:1)where  (n) 2 jC2 and  (�1) = 0.The absolutely continuous spectrum is the interval [�2; 2]. It is free of embed-ded eigenvalues and is all of the spectrum if jBj < 1=2. For jBj > 1=2 the spectrumalso has one bound state with energy 2jBj + 12jBj . The bound state for j ~Bj > 1=2has an exponentially localized wave function 0(y) = (2jBj)�n ~B � ~�� 10� : (5:2)Let P be the projection onto the scattering states. P? = 1�P is the projectiononto the bound states. Since P? is smooth and �nite rank, we can use Eq. (2.4)and Eq. (2.2) to compute the adiabatic curvature of P :
(P ) = �
(P?) = � 0 if j ~Bj < 1=2;�!( ~B) if j ~Bj > 1=2, (5:3)where !( ~B) = 12jBj3 (B1dB2 ^ dB3 +B2dB3 ^ dB1 +B3dB1 ^ dB2) (5:4)is half the spherical angle 2-form. Integrating this we �nd that for a 2-sphere S2enclosing the origin in the 3-dimensional space of magnetic �elds,c1(S2; P ) = � 0; if jBj < 1=2;�1 if jBj > 1=2. (5:5)Now we recompute this Chern number from theorem 1. The scattering matrixis (see Appendix) S(k; ~B) = � h( ~B) � zh( ~B) � 1=z ; (5:6)10



where z = exp ik; 0 � k � �: Since the spectrum of h( ~B) is f0; 2jBjg, S is smoothfor k real and ~B away from the sphere j ~Bj = 1=2. S satis�es the basic hypothesesin paricular Eq. (4.1) holds with A( ~B) = 2=(h( ~B) � 1) and T ( ~B) = 2=(h( ~B) + 1).The eigenvalues and adiabatic curvature for the corresponding spectral projectionsof S are: exp i�0(k; ~B) = �z2; exp i�1(k; ~B) = �(2j ~Bj � z)=(2j ~Bj � 1=z); (5:7)
(PS0 ) = �
(PS1 ) = �!( ~B): (5:8)The windings of � are thus`0 = 1; `1 = � 1 for j ~Bj < 1=2;0 for j ~Bj > 1=2. (5:9)It follows that the 3-form of Eq. (1.1) iss3(y) = 14�2 (d�1 � d�0) ^ !( ~B): (5:10)Integrating s3 over I�S2, or using proposition 3, we con�rm that the Chern numberof the scattering states is given by Eq. (5.6).VI. Derivation of Eq. (4.5)This section is a proof of formula Eq. (4.5) in theorem 1 given the hypotheses insection IV. By assumption our scattering potential is compactly supported, hencesupported on a disk of radius M for some integer M .Now pick an integer L >> M and apply a Dirichlet condition at L. If L ischosen large enough, this causes only a small change in the wavefunctions of thebound states, and therefore does not change the Chern classes of these states. Thusit also does not change the Chern class of the complementary part of the spectrum,corresponding to the energy interval [�2; 2].The cuto� at L breaks the system up into two noninteracting subsystems. Theexterior states, supported on fx > Lg, have absolutely continuous spectrum and arecompletely independent of fyig. These states contribute nothing to the curvatureand are henceforth ignored. The interior states, supported on fx < Lg, have adiscrete, in fact �nite, spectrum. This spectrum contains small perturbations ofthe discrete eigenvalues of the original problem, plus a number of new eigenvaluesbetween �2 and 2. Since the space of states supported on fx < Lg is a subspaceof the original Hilbert space, by the variational principle the number of negativeeigenvalues for the system cut o� at L cannot exceed the number for the originalunregularized system, namely the number of negative energy bound states. Sinceeach of these states remains, there can be no others. Similarly, new states withenergy greater than 2 cannot appear. 11



We therefore look for the states with energy between �2 and 2. For L > jxj >M , the wavefunctions take the form m;�(x) = ��(k; y)� exp(�ikjxj) + exp(i(�� + kjxj))�; (6:1)where  takes values in jCn, ��(k; fyig) is an eigenvector of S(k; fyig) with eigen-value exp(i��(y)), and the \energy bands", km�(fyig), solve��(k; fyig) + 2kL = (2m� 1)�; m = 1; : : : ; L+ `� � 1: (6:2)Eq. (6.2) is equivalent to the Dirichlet condition  (L) = 0. Although k = 0 is asolution to Eq. (6.2) with m = 0,  0;� is identically zero, so this solution is notcounted. Similarly k = � solves Eq. (6.2) for m = L+ `, but this also generates thezero wavefunction.We temporarily suppress the � index and as before write y0 = k. Takingderivatives we �nd that, for �xed m, @k=@yj = �(@�=@yj )=2L. We also de�ne adensity-of-states function �(k) = (2L+ d�=dk)=2�: (6:3)Of course, 1=�(k) is not precisely the spacing between levels. Rather,�(km)(km+1 � km�1)=2 = 1 +O(L�3): (6:4)Each energy level km(y) satisfying Eq. (6.2) is associated to two line bundles.One is the sub-bundle of the trivial Hilbert space bundle � � `2 spanned by  m.The other is the sub-bundle of �� jCn spanned by �(k; y). These two bundles areisomorphic, as the limiting behavior of  de�nes �, and as each �, together with asolution to Eq. (6.2), de�nes an eigenfunction  . Isomorphic bundles have the sameChern classes, so we may compute the Chern class of the  bundle by integratingthe curvature of the � bundle. This is just the restriction to the surface km(y) ofthe 2-form 
(PS) on I �X.Two tangents to the surface km(fyjg) are (�@1�=2L; 1; 0) and (�@2�=2L; 0; 1).Applying 
 to these two vectors, we �nd that 
, restricted to the surface km(fyjg),equals f(km(y); y1; y2)dy1 ^ dy2, wheref(y) = 
12 + 
20@1� +
01@2�2L : (6:5)So we can writec1(�; P ) = 12� nX�=1L+`��1Xm=1 Z� f�(k�;m(y); y1; y2)dy1 ^ dy2: (6:6)12



Next we replace the sum over m with an integral over k0, using the fact thatf(km; y1; y2) = Z (km+km+1)=2(km�1+km)=2 f(k; y1; y2)�(k)dk +O(L�2): (6:7)Note that f(y) is de�ned by Eq. (6.5) for all y0, not just for y0 = km(y). Somecare is required for f(k1) and f(kL+`�1). Eq. (6.7) still applies, as long as we takek0 = 0 and kL+` = �. We also have thatZ k1=20 f(y)�(y)dk =f(0; y1; y2)=2 +O(L�1)Z �(�+kL+`�1)=2 f(y)�(y)dk =f(�; y1; y2)=2 +O(L�1): (6:8)Plugging (6.7) and (6.8) into (6.6) we �ndc1(�; P ) = 12� nX�=1ZI�� f�(y)��(y)� 14� Z�X� (f�(0; y1; y2)+f�(�; y1; y2))+O(L�1):(6:9)By Eq. (2.3) and Eq. (2.4), P� 
(PS� ) is identically zero, so P� f�(0; y1; y2) +P� f�(�; y1; y2) = O(L�1). We are thus left with the triple integral ofP� f�(y)��(y).But f(y)�(y) = L�
12 + 12� (
20@1� +
01@2� +
12@0�) +O(L�1): (6:10)Summing over � eliminates the O(L) term, as P� 
(PS� ) = 0. The O(1) terms ofEq. (6.10), summed over �, are precisely 2�s3(y). This shows thatc1(�; P ) = ZI�� s(y) +O(L�1): (6:11)Since c1(�; P ) and RI�� s(y) are independent of L, the O(L�1) correction must infact be zero. This establishes theorem 1.VII. Threshold States and Higher Chern ClassesIn this section we prove two extensions of theorem 1. The �rst extension isto allow threshold states to exist at k = 0 and k = �. The second extension isto compute the higher Chern classes of the bundle Range(P ) in term of scatteringdata.For the �rst extension the hypotheses are as in theorem 1, except that theeigenvalues of the S matrix do not all have to approach �1 as k ! 0 or k !�. Rather, some +1 eigenvalues may occur, corresponding to threshold states.Speci�cally, we assume thatS(y0; fyjg) + 1 = � 2B(fyjg) + i y0 A(fyjg) +O(y20) near y0 = 0;2R(fyjg) + i (y0 � �) T (fyjg) +O((y0 � �)2) near y0 = �;(7:1)13



with A(fyjg), T (fyjg) smooth, Hermitian, matrix-valued functions that have nolevel crossings in X, and with B(yi), R(yi) orthogonal projections on jCn thatdepend smoothly on fyig. This implies that Range(B) and Range(R) are �nite-dimensional bundles over X with well-de�ned Chern numbers.Theorem 2: Assume the above hypotheses. If � is an oriented surface in X, thenthe �rst Chern number of the bundle de�ned by P over � isc1(�; P ) = c1(�; B) + c1(�; R)2 + ZI�� s3(y): (7:2)The proof of Eq. (7.2) is almost identical to that of Eq. (4.5). The only di�erenceis that, for the states in Range(B), �(0) = 0 instead of ��, and as a result k1 =�=L + O(L�2), not 2�=L + O(L�2). Replacing the sum over m with an integralover k gives an integral with lower limit k = 0, not k = k1=2. This, and similarconsiderations at k = �, cause Eq. (6.9) to be replaced byc1(�; P ) = 12� nX�=1ZI�� f�(y)��(y)d3y� 14� Z� X� 62Range(B)f�(0; y1; y2)� 14� Z� X
 62Range(R)f
(�; y1; y2) +O(L�1):(7:3)Since P� f�(0; y1; y2) = O(L�1), a negative sum over � 62 Range(B) can be re-placed with a positive sum over � 2 Range(B), with a similar substitution for 
.As a result,c1(�; P ) = 12� nX�=1ZI�� f�(y)��(y)d3y+ 14� Z� X�2Range(B)f�(0; y1; y2) + 14� Z� X
2Range(R)f
(�; y1; y2)=ZI�� s3(y) + c1(�; B)=2 + c1(�; R)=2: (7:4)The example of section V, with jBj = 1=2, illustrates this theorem. There isno bound state, but there is a threshold at k = � whose Chern number is +1. Ask goes from 0 to �, �0 goes from �� to �, as before, but �1 goes from �� to 0.From Eq. (5.10) we see that the integral of s3 is �1=2. Adding this to half theChern number of the threshold state gives 0. This is indeed the Chern number ofthe scattering states, since, in the absence of bound states, the projection P = 1.We next turn our attention to higher Chern classes. For any family of projec-tions P , let F (P ) be the operator-valued 2-form �iPdP ^ dPP . The cohomologyclass of the 2n-form !n = 1n!(2�)nTr(F (P )n) (7:5)14



is a topological invariant, a linear combination of the n-th Chern class and productsof lower Chern classes. For example, if the �rst Chern class is zero, then !2 givesminus the 2nd Chern class.Theorem 3: Assume a tight-binding model with a �nite number of scatteringchannels and a compactly supported scattering potential that depends on a 2k-dimensional compact oriented parameter space X with local coordinates fyig. As-sume the S-matrix S(y) depends smoothly on all variables and has level crossings ata �nite number of points in I �X, with F (PS� ) = O(d�2) near the level crossings,where d is the distance to the crossing. Assume that S has the limiting behaviorgiven in Eq. (4.1). Thens2k+1(y) = 1k!(2�)k+1 X� d��(y) ^ Tr(F (P�)k) (7:6)is de�ned almost everywhere, andZX !k = ZI�X s2k+1: (7:7)The proof is almost identical to that of theorem 1, and so is only sketchedhere. The form s2k+1(y) is de�ned everywhere except at level crossings. Near levelcrossings s2k+1 = O(d�2k), which is integrable in dimension 2k + 1.As before, we apply a cuto� at a large distance L and examine the �nite numberof interior states. Eigenstates of the Hamiltonian are in 1-1 correspondence witheigenstates of the S-matrix on the energy bands (6.2). Since the integral of !k istopological, we can use the curvature of the eigenbundles of S, restricted to theenergy bands, to compute the topological class of the eigenbundles of H. The form!k(PS� ), restricted to the surface km(y), takes the form f(y)dy1 ^ � � � ^ dy2k, wheref(y) = !1:::2k + 12L 2kXi=1(�1)i@i�!0;:::;i�1;̂i;i+1;:::;2k; (7:8)where î denotes that the subscript i is not included. We replace the sum over mwith an integral over k. As before, this involves multiplying f(y) by the density ofstates: f(y)�(y) = L� !1;:::;2k + 12� (d� ^ !k)0;1;:::;2k: (7:9)Summing over � and integrating eliminates the O(L) term, since the trivial jCnbundle has zero invariants. What remains is the integral of s2k+1(y).To construct an example for theorem 3, we recall the non-Abelian analog ofBerry's spin-1/2 example. (For details, see [13]). Let X = IR5 be the space of15



real, symmetric, traceless 3 � 3 matrices Q. Consider a spin-3/2 particle with theHamiltonian h(Q) = jQj+ 3Xi;j=1QijJiJj ; (7:10)where jQj2 = 32Tr(Q2) and fJig are the usual angular momentum operators. Thespectrum of h is f0; 2jQjg, and each eigenvalue is doubly degenerate. If we restrictourselves to a 4-sphere S4 enclosing the origin in X, then the upper eigenbundlehas 2nd Chern number c2 = +1, while the lower eigenbundle has c2 = �1.We can now duplicate the construction of Section V. Consider a spin-3/2 par-ticle on a semi-in�nite chain with potential V (n) = h(Q)�n0. Our parameter spaceis a 4-sphere of the form jQj =constant. As before, there is continuous spectrumover the energy range [�2; 2]. If jQj > 1=2 there is a bound state with energy2jQj + 12jQj . This bound state is doubly degenerate and has (2nd) Chern number+1. The scattering states therefore have (2nd) Chern number 0 if jQj < 1=2 and�1 if Q > 1=2. The 5-form s5(y) is proportional to d�0 � d�1 times the area formon S4, and integrating s5 over I � S4 correctly computes the Chern number in allcases.VIII. Appendix: Scattering and Tight Binding ModelsHere we recall some basic facts from scattering theory and tight-binding modelson graphs.Discrete Schr�odinger Operators for Graphs:For an arbitrary graph there is a conventional notion of a discrete Schr�odingeroperator associated with the graph. For each vertex v we have a real potential V (v),and for each pair of adjacent vertices we have a hopping amplitude tvv0 satisfyingtvv0 = �tv0v. We consider the Hermitian operator H de�ned by(H )(v) =X tvv0 (v0) + V (v) (v): (A:1)Consider a graph with n strands going to in�nity, which we label by � 21; : : : ; n. Let x be an integer label of the vertices along a given strand (so that thepoint at in�nity corresponds to x =1). The function exp�ikx, with 0 � k � �, isa plane wave. We henceforth assume that tvv0 = 1 and V (v) = 0 for all but a �nitenumber of vertices. These assumptions guarantee absolutely continuous spectrum,with multiplicity n, for the momentum interval [0; �], corresponding to the energyinterval [�2; 2].Bound States: Bound states with exponentially decaying solutions behaveat in�nity like (�1)ne��n with � > 0 and have energies �2 cosh�. These arealways outside the continuous spectrum [�2; 2]. Eigenvalues embedded in the con-tinuous spectrum [�2; 2], if they exist, are associated with compactly supportedeigenfunctions. Complex hermitian Hamiltonians with embedded eigenvalues are16



of codimension 2n while real symmetric Hamiltonians with embedded eigenvaluesare of codimension n. (The condition that  vanishes at a vertex is codimension2 in the complex case and codimension 1 in the real case. This has to occur onall strands simultaneously.) For a connected system, our hypotheses in section IVpreclude embedded eigenvalues, as these would con
ict with the unitarity of S onjCn. In the real case this is the generic setting if at least four strands go to in�nity.In the complex case there need be at least two strands. The example in section Vis of this type since one strand with spin is equivalent to two strands without spin.Scattering States: Let  be a solution of the di�erence equation (H �2 cos k) = 0 with k 2 [0; �]. To each such  we can associate two vectors injCn so that  (x) ! �outeikx + �ine�ikx as x ! 1. The on-shell S-matrix is thede�ned by �out = S(k)�in: (A:2)Since there is no distinguished basis in jCn, one focuses on unitary invariant prop-erties of S(k).There is a class of graphs for which there is a simple formula for the on-shell S-matrix. Consider �rst a compact graph, and let h be the tight binding Hamiltonianfor the graph (either with or without spin). Now attach an in�nite strand (withfree evolution on the strand) to each vertex of the graph. The scattering states aredetermined by the solutions of(h�E)( in +  out) = �( in=z + z out): (A:4)It follows that S = � h� zh� 1=z ; (A:5)where z = exp ik and the energy is E = z + 1=z. At the edges of the continuousspectrum, where z = �1, the phase shifts are exp i�� = �1, except in the specialcase where h has eigenvalues �1. If h� 1 is invertible, the S-matrix at the edges ofthe spectrum is �1 and Eq. (4.1) holds with A = 2=(h� 1), T = 2=(h+ 1).The condition Ker(h � 1) = 0 is a codimension 1 condition, (since h is ahermitian matrix). It follows that a generic matrix family h(y) may violate theconditions in the hypotheses in section IV. This is not surprising, as the hypothesesdo not allow bound states to appear or disappear. If two Hamiltonians have di�erentnumbers of bound states, then any path between them must contain a point wherethe hypotheses are violated. On the other hand, it is easy to construct exampleswhere the nature of the spectrum does not change, and where the hypotheses aresatis�ed. For example, take h(y) = u(y)h0uy(y), with h0 a �xed Hermitian matrix(whose spectrum does not contain �1), and with u(y) a family of unitary matrices.17
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