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ABSTRACT. Classical and nonclassical Besov and Triebel-Lizorkin spaces with
complete range of indices are developed in the general setting of Dirichlet space
with a doubling measure and local scale-invariant Poincaré inequality. This
leads to Heat kernel with small time Gaussian bounds and Hoélder continuity,
which play a central role in this article. Frames with band limited elements of
sub-exponential space localization are developed, and frame and heat kernel
characterizations of Besov and Triebel-Lizorkin spaces are established. This
theory, in particular, allows to develop Besov and Triebel-Lizorkin spaces and
their frame and heat kernel characterization in the context of Lie groups,
Riemannian manifolds, and other settings.
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1. INTRODUCTION

Spaces of functions or distributions play a prominent role in various areas of
mathematics such as harmonic analysis, PDEs, approximation theory, probability
theory and statistics and their applications. The main purpose of this article is to
develop the theory of Besov and Triebel-Lizorkin spaces with full set of indices in the
general setting of strictly local regular Dirichlet spaces with doubling measure and
local scale-invariant Poincaré inequality, leading to a markovian heat kernel with
small time Gaussian bounds and Hoélder continuity. The gist of our method is to
have the freedom of dealing with different geometries, on compact and noncompact
sets, and with nontrivial weights, and at the same time to allow for the development
and frame decomposition of Besov and Triebel-Lizorkin spaces with complete range
of indices, and therefore to cover a great deal of classical and nonclassical settings.
As an application, our theory allows to develop in full Besov and Triebel-Lizorkin
spaces and their frame decomposition in the setup of Lie groups or homogeneous
spaces with polynomial volume growth, complete Riemannian manifolds with Ricci
curvature bounded from below and satisfying the volume doubling condition, and
various other nonclassical setups.

There are many forerunners of the ideas in this article which we even do not try
to list here. Our development can be viewed as a generalization of the Littlewood-
Paley theory developed by Frazier and Jawerth in the classical setting on R™ in
[12, 13], see also [14]. More recently, Besov and Triebel-Lizorkin spaces and their
frame characterization were developed in nonclassical settings such as on the sphere
[34] and more general homogeneous spaces [15], on the interval with Jacobi weights
[28], on the ball with weights [29], and in the context of Hermite [40] and Laguerre
expansions [27].

This is a follow-up paper to [6], where we laid down some of the ground work
needed for the developments in this paper. We adhere to the framework and nota-
tion established in [6], which we recall in the following, beginning with the setting:

I. We assume that (M, p, 1) is a metric measure space satisfying the conditions:
(M, p) is a locally compact metric space with distance p(-,-) and p is a positive
Radon measure such that the following volume doubling condition is valid

(1.1) 0 < u(B(x,2r)) < cou(B(z,7)) < oo forall z € M and r > 0,
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where B(x,r) is the open ball centered at z of radius r and ¢y > 1 is a constant.
Note that (1.1) readily implies

(1.2) w(B(z,\r)) < co\pu(B(x,r)) forz € M, r >0, and A > 1.

Here d = log, cp > 0 is a constant playing the role of a dimension, but one should
not confuse it with dimension.

IT. The main assumption is that the local geometry of the space (M, p,p) is
related to a self-adjoint positive operator L on L2?(M,du) such that the associ-
ated semigroup P; = e~*L consists of integral operators with (heat) kernel p;(z,y)
obeying the conditions:

e Small time Gaussian upper bound:

exp{ Colma)y
W Jn(B(y. V)

e Holder continuity: There exists a constant o > 0 such that

(1.3) |pe(z, y)] for z,y e M,0<t<1.

exp{ cp (r y)}

V(B OBy, VD)

for z,y,y’ € M and 0 < ¢t < 1, whenever p(y,y’) < \/f
e Markov property:

(1.5) /M pi(x,y)du(y) =1 for t > 0.

Above C*,c¢* > 0 are structural constants which along with ¢y will affect most of
the constants in the sequel.

In certain situations, we shall assume one or both of the following additional
conditions:

e Reverse doubling condition: There exists a constant ¢ > 1 such that

(1.4) |mww—m@w%<01( )y

diam M
(1.6) w(B(x,2r)) > cu(B(x,r)) forx € M and 0 < r < S8R5,
e Non-collapsing condition: There exists a constant ¢ > 0 such that
. i > c.
(L.7) dnf w(B(z,1)) 2 ¢

It will be explicitly indicated where each of these two conditions is required.

As is shown in [6] a natural realization of the above setting appears in the
general framework of Dirichlet spaces. It turns out that in the setting of strictly
local regular Dirichlet spaces with a complete intrinsic metric (see [4, 11, 36, 1, 48,
49, 50, 2, 3, 8]) it suffices to only verify the local Poincaré inequality and the global
doubling condition on the measure and then our general theory applies in full. We
refer the reader to §1.2 in [6] for the details.

The point is that situations where our theory applies are quite common, which
becomes evident from the examples given in [6]. We next describe them briefly.

e Uniformly elliptic divergence form operators on R?. Given a uniformly elliptic
symmetric matrix-valued function {a; ;()} depending on z € R%, one can define

an operator L = — Z?_j:l 8%1' (ai,j a%j) on L%(R%, dx) via the associated quadratic

form. The uniform ellipticity condition yields that the intrinsic metric associated
with this operator is equivalent to the Euclidean distance. The Gaussian upper and
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lower bounds on the heat kernel in this setting are due to Aronson and the Hélder
regularity of the solutions is due to Nash [35].

e Domains in R?. Uniformly elliptic divergence form operators on domains in R¢
can be developed by choosing boundary conditions. In this case the upper bounds
of the heat kernels are well understood (see e.g. [36]). The Gaussian lower bounds
is much more complicated to establish and one has to choose Neumann conditions
and impose regularity assumptions on the domain. We refer the reader to [19] for
more details.

e Riemannian manifolds and Lie groups. The local Poincaré inequality and
doubling condition are verified for the Laplace-Beltrami operator of a Riemannian
manifold with non-negative Ricci curvature [30], also for manifolds with Ricci cur-
vature bounded from below if one assumes in addition that they satisfy the volume
doubling property, also for manifolds that are quasi-isometric to such a manifold
[17, 43, 45], also for co-compact covering manifolds whose deck transformation
group has polynomial growth [43, 45], for sublaplacians on polynomial growth Lie
groups [55, 42] and their homogeneous spaces [31]. Observe that the case of the
sphere endowed with the natural Laplace-Beltrami operator treated in [33, 34] and
the case of more general compact homogeneous spaces endowed with the Casimir
operator considered in [15] fall into the above category. One can also consider
variable coefficients operators on Lie groups, see [46].

We refer the reader to [19, Section 2.1] for more details on the above examples
and to [8, 18, 36, 44, 55] as general references for the heat kernel.

e Heat kernel on [—1, 1] generated by the Jacobi operator. In this case M = [—1,1]
with du(x) = wa,g(z)dr, where w, g(z) = (1 — 2)*(1 + 2)?, a, 8 > —1, is the clas-
sical Jacobi weight, and L is the Jacobi operator. As is well-known, e.g. [52],
LP; = APy, where Py (k > 0) is the kth degree (normalized) Jacobi polynomial
and A\, = k(k+ o« + 8+ 1). As is shown in [6] in this case the general theory ap-
plies, resulting in a complete strictly local Dirichlet space with an intrinsic metric
p(x,y) = |arccosx — arccosy|. It is also shown that the respective scale-invariant
Poincaré inequality is valid and the measure u obeys the doubling condition. There-
fore, this example fits in the general setting described above and our theory applies
and covers completely the results in [28, 38].

The development of weighted spaces on the unit ball in R? in [29, 39] also fits in
our general setting. The treatment of this and other examples will be the theme of
a future work.

In this article we advance on several fronts. We refine considerably one of the
main results in [6] which asserts that in the general setting described above for
any compactly supported function f € C°°(R) obeying f***1(0) = 0, v > 0, the
operator f(v/L) has a kernel f(v/L)(z,y) of nearly exponential space localization
(see Theorem 3.1 below). Furthermore, we show that for appropriately selected
functions f of this sort with “small” derivatives f(v/L)(x,y) has sub-exponential
space localization:

coxp { — r(#52)'}
v u(B(x,0))u(B(y, 0))

We also show that the class of integral operators with sub-exponentially localized
kernels is an algebra, which plays a crucial role in the development of frames.
We make a substantial improvement in the scheme for constriction of frames from

F(6VI) (2, y)| <
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[6] which enable us to construct duals of sub-exponential space localization. These
advances allow us to generalize in full the theory of Frazier-Jawerth [12, 13, 14].

To introduce Besov spaces in the general setting of this article we follow the well
known idea [37, 53, 54] of using spectral decompositions induced by a self-adjoint
positive operator. Consider functions ¢g, ¢ € C*°(Ry) such that supp pg C [0, 2],
2y (0) = 0 for v > 1, suppep € [1/2,2), amd [po(N)] + X5, [277N)] = ¢ > 0
on Ry. Set ¢;()) := ¢(277\) for j > 1. The possibly anisotropic geometry of M
is the reason for introducing two types of Besov spaces (§6):

(i) The “classical” Besov space By, = By (L) is defined as the set of all distri-
butions f such that

1155, = (3 (27l VDI Oll) ") < oo, and

Jj=0

(ii) The “nonclassical” Besov space B;q = B;q (L) is defined by the norm

1155, = (3 (IBC20 0, VD))

720

Our main motivation for introducing the spaces Bf,q lies in nonlinear approximation
(86.5). However, we believe that these spaces capture well the geometry of the
underlying space M and will play an important role in other situations.

“Classical” Triebel-Lizorkin spaces Fj, = F} (L) are defined by means of the
norms

9

Lp

171, = | (Z (2 lesvVD01) ")

3>0

while their “nonclassical” version ﬁ'psq = Flfq(L) is introduced through the norms

Hf”F;q — H (Z (‘B(72—J)|—S/d‘(pj(\/Z)f()|)Q)1/¢I‘

=0

e’

It is important that our setting, though general, permits to develop Besov and
Triebel-Lizorkin spaces with complete range of indices, e.g. s € R, 0 < p,q < o0,
in the case of Besov spaces. We only consider inhomogeneous Besov and Triebel-
Lizorkin spaces here for this enables us to treat simultaneously the compact and
noncompact cases. Their homogeneous version, however, can be developed in a
similar manner.

One of the main results in this article is the frame decomposition of the Besov
and Triebel-Lizorkin spaces in the spirit of the ¢-transform decomposition in the
classical case by Frazier and Jawerth [12, 13]. To show the flavor of these results,
let {¢¢}ecx and {1;5}56 x be the pair of dual frames constructed here, indexed
by a multilevel set X = U;>0&;. Then the decomposition of e.g. B;q takes the
form (§6.2)

~ (I (1B st deweln)) ")

j>0 £eX;
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We also establish characterization of Besov and Triebel-Lizorkin spaces in terms of
the heat kernel. For instance, for B, we have for m > s (§6.1)

1 1/q
155, ~ B fl+ ([ BCeAanym e i) "

As will be shown our theory covers completely the classical case on R? and on the
torus T? as well as the above mentioned cases on the sphere [34] and more general
homogeneous spaces [15], on the interval [28], and on the ball [29]. Our theory also
applies in full in the various situations briefly indicated above. Others are yet to
be reviled or developed. Related interesting issues such as atomic decompositions
and interpolation will not be treated here.

The metric measure space (M, p, u) (with the doubling condition) from the set-
ting of this article is a space of homogeneous type in the sense of Coifman and
Weiss [5]. The theory of Besov and Triebel-Lizorkin spaces on general homoge-
neous spaces is well developed by now, see e.g. [20, 21, 32, 56]. The principle
difference between this theory and our theory is that the smoothness of the spaces
in the former theory is limited (|s| < €). Yet, it is a reasonable question to explore
the relationship between these two theories. We do not attempt to address this
issue here.

For Hardy spaces HP associated with non-negative self-adjoint operators under

the general assumption of the Davies-Gaffney estimate we refer the reader to [9,
26, 22].
The organization of this paper is as follows: In §2 we present some technical
results and background. In §3 we refine and extend the functional calculus results
from [6]. In §4 we develop an improved version of the construction of frames from
[6] which produces frame elements of sub-exponential space localization. In §5
we introduce distributions in the setting of this paper and establish some of their
main properties and decomposition. In §6 we introduce classical and nonclassical
inhomogeneous Besov spaces and give their characterization in terms of the heat
kernel and the frames from §4. We also show the application of Besov spaces to
nonlinear approximation from frames. In §7 we develop classical and nonclassical
inhomogeneous Triebel-Lizorkin spaces in the underlying setting and establish their
characterization in terms of the heat kernel and the frames from §4. We also present
identification of some Triebel-Lizorkin spaces.

Notation. Throughout this article we shall use the notation |E| := u(F) and 1g
will denote the characteristic function of E C M, || - [l, = || - llzr := || - [ ze(ar,ap)-
UCB will stand for the space of all uniformly continuous and bounded functions
on M. We shall denote by C§° (R ) the set of all compactly supported C°° functions
on Ry :=[0,00). In some cases “sup” will mean “esssup”, which will be clear from
the contex. Positive constants will be denoted by ¢, C, ¢1, ¢, ... and they may vary
at every occurrence. Most of them will depend on the basic structural constants
co, C*, ¢* from (1.1)-(1.4). This dependence usually will not be indicated explicitly.
Some important constants will be denoted by ¢y, c4, ¢, ... and they will remain
unchanged throughout. The notation a ~ b will stand for ¢; < a/b < cs.

2. BACKGROUND

In this section we collect a number of technical results that will be needed in the
sequel. Most of the nontrivial of them are proved in [6].
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2.1. Estimates and facts related to the doubling and other conditions.
Since B(z,r) C B(y, p(y,x) + r), then (1.2) yields

d
ey BEnl <ot 22 Byl wyen o
The reverse doubling condition (1.6) implies
—1 diam M
(2.2) |B(z,Ar)| > ¢ 'X|B(z,7)|, A>1,7>0,0<\ < damd

where ¢ > 1 is the constant from (1.6) and ( = logyc > 0. In this article, the
reverse doubling condition will be used: for lower bound estimates of the L? norms
of operator kernels (§3.5) and frame elements (§4), in nonlinear approximation from
frames (§6.5), and in the identification of some Triebel-Lizorkin spaces (§7.3).

The non-collapsing condition (1.7) and (1.2) yield

(2.3) inj{[ |B(x,7)| >érd, 0<r<1, ¢=const.
[

The non-collapsing condition is needed in establishing the LP — L? boundedness
of integral operators (§2.3) and for embedding results for Besov spaces (§6.3).
As shown in [6] the following clarifying statements hold:

(a) p(M) < oo if and only if diam M < co. Moreover, if diam M = D < oo, then
(2.4) in{/[ |B(z,7)| > erd|M|D™4, 0<r<D.
S

(b) If M is connected, then the reverse doubling condition (1.6) is valid. Therefore,
it is not quite restrictive.

(c) In general, | B(x,r)| can be much larger than O(r?) for certain points x € M as
is evident from the example on [—1, 1] with the heat kernel induced by the Jacobi
operator.

The following symmetric functions will govern the localization of most operator
kernels in the sequel:

~—

(25)  Dsolay) = (1B 0)|B(y,0)) (14 2420

Observe that (1.2) and (2.1) readily imply

—0
> , x,y € M.

(2.6) Ds.o(z,y) < c|B(z, )" (1 n p(fs’ y))_”d/Q.

Furthermore, for 0 < p < co and ¢ > d(1/2 + 1/p)
1/p
@D IPsle o= ([ [Daale.]"duw) < B HI
and
(2.8) / Ds o (z,u)Ds o (u,y)dp(u) < e¢Dso(x,y) if o> 2d.
M

The above two estimates follow readily by the following lemma which will also
be useful.

Lemma 2.1. (a) Foro >d and 6 >0

(2.9) /M<1 6 pla )" dp(y) < 1| B(x8)], x € M.
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(b) If 0 > d, then for z,y € M and § >0
1 |B(x,0)| + |B(y,9)|
du(u) < 2°
L T T S T e

B(,d),
(210) = 5 ol )

(¢) If o > 2d, then for z,y € M and 6 >0

]. Cg
2.11 duly) < ,
(211) /N B o) 15 @) (16w * W S T sy
and if in addition 0 < 6 < 1, then

1 Cy
d <—————.
| AT T s ) S T e
Proof. Estimates (2.9)-(2.11) are proved in [6] (see Lemma 2.3). Estimate (2.12)

follows easily from (2.11). Indeed, denote by J the integral in (2.12). If p(z,y) < 1,
then using (2.1), (2.9), and that o > 2d we get

(2.12)

dp(y) / dp(y)
J< < <
= /M B(u, 0)[(L+ 0~ p(z,u)” = © )y 1B, 6)[(1+ 6~ Lp(w,u))e—2 = °
which implies (2.12). If p(x,y) > 1, then using (2.11)
JS/ 15‘ du(y) : < ccj‘ ’
w1 Bu, 6)|(1 407 p(z,u))? (1 + 6 1p(y,u)) = (14+0-1p(x,y))°
which yields (2.12). O

2.2. Maximal §-nets. In the construction of frames in the general setting of this
article there is an underlying sequence of maximal d-nets {X;};>0 on M: We say
that X C M is a 0-net on M (0 > 0) if p(§,m) >0 for allé,n e X, and X C M is
a mazimal d-net on M if X is a 6-net on M that cannot be enlarged.

We next summarize the basic properties of maximal d-nets [6, Proposition 2.5]:
A mazximal §-net on M always exists and if X is a maximal 0-net on M, then

(213) M =UgexB(£,0) and B(£,6/2)NB(n,0/2) =0 if E#£n, EneX.

Furthermore, X is countable or finite and there exists a disjoint partition {A¢}ecx
of M consisting of measurable sets such that

(2.14) B(£,6/2) C Ae C B(£,6), &€ X.

Discrete versions of estimates (2.8)-(2.12) are valid [6]. In particular, assuming
that X' is a maximal d-net on M and {A¢}ecx is a companion disjoint partition of
M as above, then

(2.15) S+ @) <
fex
and if o > 2d+1

(216) Z |A5\D57U(a:,£)D5,U(y,§) < CD(;,U(QL',y)-
fex
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Furthermore, if §, > §, then

(2.17) ) Bl(?igl*”(l +6, p(r,6) T <

fex

2.3. Maximal and integral operators. The maximal operator will be an impor-
tant tool for proving various estimates. We shall use its version M; (¢ > 0) defined
by

2.18 M = 1 td v M
(2.18) tf(w)~—sup(|B/B|f| u) L zel,

B>z
where the sup is over all balls B C M such that x € B.

Since 4 is a Radon measure on M which satisfies the doubling condition (1.2)
the general theory of maximal operators applies and the Fefferman-Stein vector-
valued maximal inequality holds ([47], see also [16]): If 0 < p < 00,0 < ¢ < o0, and
0 < t < min{p, ¢} then for any sequence of functions {f,} on M

2.19) || < (S 1m0r)

We shall also need the following “integral version” of this inequality: Let p,q,t be
as above. Then for any measurable function F : M x [0,1] — C with respect to the

product measure du X du one has
ey ([ ] < e ary

An elaborate proof of estimate (2.19) in the general setting of homogeneous type
spaces is given in [16]. The same proof can be easily adapted for the proof of
estimate (2.20). We omit the details.

e

adun1/q
)

e

Remark 2.2. The vector-valued maximal inequality (2.19) is usually stated and
used with ¢ = 1 and p,q > 1. We find the maximal inequality in the form given
in (2.19) with 0 < ¢ < min{p, ¢} more convenient. It follows immediately from the
case t =1 and p,q > 1. The same observation is valid for inequality (2.20).

A lower bound estimate on the maximal operator of the characteristic function
1g(y,r) of the ball B(y,r) will be needed:

(2.21) (M 1p0m)(2) > c<1 + M)ﬂm, x € M.

This estimate follows easily from the doubling condition (1.2).

The localization of the kernels of most integral operators that will appear in the
sequel will be controlled by the quantities Ds »(z,y), defined in (2.5). We next give
estimates on the norms of such operators.

Proposition 2.3. Let H be an integral operator with kernel H(x,y), i.e.

Hf(z) = /MH(%y)f(y)du(y% and let |H(z,y)| < ¢ Dy (z,y)

for some 0 < §d <1 and o > 2d+ 1. Then we have:
(1) For 1 <p< o0

(2.22) IHfllp < cdllfllp,  f€LP.
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(i1) Assuming the non-collapsing condition (1.7) and 1 < p < g < o0
(2.23) |Hflly < 6Dl f e L
Proof. By (2.7) there exists a constant ¢ > 0 such that

sup [[H(z, )22 <c and  sup [[H(,,y)[[pr < ¢
zeM yeM

Then (2.22) follows by the Schur lemma. The proof of (2.23) is given in [6, Propo-
sition 2.6]. O

The following useful result for products of integral and non-integral operators is
shown in [6].

Proposition 2.4. In the general setting of a doubling metric measure space (M, p, i),
let U,V : L? = L? be integral operators and suppose that for some 0 < 6 < 1 and
o >d-+1 we have
(224) |U(£L’,y)| § ClDé,a(x,y) and |V(Sﬂ,y)| § CQD(;,U(may)'
Let R : L? — L? be a bounded operator, not necessarily an integral operator. Then
URYV is an integral operator with the following bound on its kernel

ccrcal| Rl|2—so

/2"

(IB(2,0)||B(y. 9)])
2.4. Compactly supported cut-off functions with small derivatives. In the

construction of frames we shall need compactly supported C* functions with small-
est possible derivatives. Such functions are developed in [24, 25].

(2.25)  [URV(z,y)| < [U(z, )|l Rlla-2 [V (- 92 <

Definition 2.5. A function ¢ € C*°(Ry) is said to be an admissible cut-off func-
tion if o # 0, suppp C [0,2] and ™ (0) = 0 for m > 1. Furthermore, ¢ is said
to be admissible of type (a), (b) or (¢) if ¢ is admissible and in addition obeys the
respective condition:

(a) (t) =1, t€[0,1],

(b) suppp C [1/2,2] or

(c) supp ¢ C [1/2,2] and 3272 [p(277)[* =1 for t € [1,00).

The following proposition will be instrumental in the construction of frames.

Proposition 2.6. [25] For any 0 < e < 1 there exists a cut-off function ¢ of type
(a), (b) or (c) such that ||¢]lee <1 and

(2.26) o™ |lo < 8(16c7 %4)" Ve N.

Observe that, as shown in [25], Proposition 2.6 is sharp in the sense that there
is no cut-off function ¢ such that ||¢®) ||, < v(5k)* for all & € N no matter how
large v, > 0 might be. For more information about cut-off functions with “small”
derivatives we refer the reader to [25].

2.5. Key implications of the heat kernel properties. The main results in
this paper will rely on the functional calculus induced by the heat kernel. We shall
further refine the functional calculus developed in [6] by improving the assumptions
and constant in the main space localization estimate (see Theorem 3.4 in [6]).
Our new proof will utilize two basic ingredients: (i) The finite speed propagation
property for the solution of the associated to L wave equation, and (ii) A non-
smooth functional calculus estimate.
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In this theory, the following Davies-Gaffney estimate for the heat kernel plays
a significant role:

A2
(2:27) (Pufr fo)] < exp { = = Allallfoll2y ¢ 0,

for all open sets U; C M and f; € L?*(M) with supp f; C Uj, j = 1,2, where
r := p(U1,Us) and é > 0 is a constant. It is not hard to see that the Davies-
Gaffney estimate is a consequence of the conditions on the heat kernel stipulated
in §1. However, since we do not have a reference for this, we next give its proof.

Proposition 2.7. Assume that the doubling condition (1.1) and the Gaussian
bound (1.3) for the heat kernel are valid. Then the Davies-Gaffney estimate (2.27)
holds with ¢ = ¢*, where ¢* is the constant from (1.3).

Proof. We shall proceed in the spirit of [7]. Clearly, it suffices to prove estimate
(2.27) for any constant ¢ < ¢*, then (2.27) will hold with é = ¢*. Let é = ¢* — ¢ for
some 0 < & < ¢*.

Note first that as shown in [7, Lemma 3.1] it suffices to prove (2.27) in the case
when Uy, U are arbitrary balls By, Bs. Let B; = B(aj,r;) and f; € L*(B;),
j=1,2. Write r := p(By, Ba).

d
By (2.1) we have |B(z,vt)| < co (1 + M) |B(y,+/t)| and obviously there

v 3d/2—1
), _

2
exits a constant c¢. > 0 such that exp{—s”(%y)} <ece (1 + p(””—’ty)

]  t>0.

We use these and the Gaussian upper bound (1.3) to obtain
cexp{—%}
d+
B, VHI(1+ 252

Integrating with respect to y € By and applying (2.9) (B; C M) we arrive at

forx € By, y € By, and t > 0.

|pt($,y)\ S

, ér?
(2.28) sup | |pi(, y)ldp(y) < e eXP{ - 7}
r€B2 J By
Similarly
5.2
ér
(2.29) sup / Ipe (2, y)|du(z) < . exp{ - T}
y€EB1 J By

By Schur’s lemma, (2.28)-(2.29) imply that P, f(z) = [ pe(z,y) f(y)du(y), t > 0,
is a bounded operator from L?(B;) into L?(Bs) with norm

52

ér

[ Pell2—2 < c;exp{ - T}

In turn, this leads to

ér?
t

(2.30) (Pt )| < cexp { = = Hfullallfollzy > 0.

On the other hand, since L is a positive self-adjoint operator, P, is analytic in C
and ||P,|la—2 <1 Vz € C;. We use this, (2.30), and Lemma 3.2 from [7] (with an
adjustment of the constant) to conclude that estimate (2.27) holds true. O
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In going further, observe that as proved in [7] (Theorem 3.4), the Davies-Gaffney
estimate (2.27) implies (in fact, it is equivalent to) the finite speed propagation
property:

(2.31) <cos(t\FL)f1, f2> =0, O<eat<r, L

N
for all open sets U; C M, f; € L>(M), supp f; C Uj, j = 1,2, where r := p(Uy, Uz).

We next use this to derive important information abgut the kernels of operators
of the form f(6v'L) whenever f is band limited. Here f(€) := [; f(t)e""¢dt.

™

Proposition 2.8. Let f be even, supp f C [—A, A] for some A >0, and f € W2,
i.e. ||fP| o < oo. Then for >0 and v,y € M

(2.32) FOVI)(z,y) =0 if A< p(z,y).

Proof. From functional calculus and the Fourier inversion formula
1[4
f(OVL) = — / £(€) cos(€6V/L)dE.
0

Fix z,y € M, x # y, and let ¢6A < p(x,y). Choose € > 0 so that ¢dA < p(x,y) —2¢
and let g1 := |B(z,€)| ' 1p(s,e) and go := |B(y, €)| ' 15y, Then from above and
(2.31) we derive

A
@3)  (f6VDgm) = - [ HO(cos(etVigna)de =0

using that ¢dA < p(x,y) — 2¢ < p(B(x, €), B(y, e)) On the other hand, using the
continuity of the kernel of f(6v/L) (see Theorem 3.7 in [6])

(F(6VT)gr, 92) = /M /M FOVI) (1, )91 () g (0) s (w)dpa(w) — F(SVE) ()

as € — 0. This and (2.33) imply (2.32). O
Another important ingredient for our further development will be the following
(Theorem 3.7 in [6])

Proposition 2.9. Let f be a bounded measurable function on Ry with supp f C
[0,7] for some T > 1. Then f(v/L) is an integral operator with kernel f(v/L)(z,v)
satisfying
&1 fllos
_ ENNEE
(1B, 7=1)[|B(y, 7= 1))

where ¢, > 0 depends only on the constants co, C*,c* from (1.1) — (1.3).

(2.34) |f(VL)(z,y)| <

x,y € M,

This proposition also follows by the properties of the heat kernel p;(x,y) from §1.

Remark 2.10. As is well known the Davies-Gaffney estimate (2.27) is weaker than
assuming the Gaussian bound (1.3) on the heat kernel and also estimate (2.34) is
weaker than (1.3). However, it can be shown by combining results from [7] and [36]
that the Davies-Gaffney estimate (2.27), estimate (2.34), and the doubling condition
(1.1) imply (1.3). Therefore, deriving in the next section the main localization esti-
mate (3.1) of the functional calculus by using the finite speed propagation property
(2.31) and (2.34) instead of (1.3) we essentially do not weaken our assumptions.
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3. SMOOTH FUNCTIONAL CALCULUS INDUCED BY THE HEAT KERNEL

We shall make heavy use in this paper of the functional calculus developed in
[6] in the setting described in the introduction. We next improve and extend some
basic results from §3 in [6].

3.1. Kernel localization and Hoé6lder continuity. We first establish an im-
proved version of Theorem 3.4 in [6]. The main new feature is the improved control
on the constants, which will be important for our subsequent developments.

Theorem 3.1. Let f € C*(Ry), k > d+ 1, supp f C [0, R] for some R > 1, and
f@+(0) = 0 for v > 0 such that 2v +1 < k. Then f(6+/L), 0 < 6 < 1, is an
integral operator with kernel f(5v/L)(x,y) satisfying

(3.1) |f(6VL)(z,y)| < ckDsi(z,y) and

(32) |FGVD)a.y) - FOVD) ()| < cf (ALY

5 )aDWf(xvy) if py,y') <.

Here Ds . (z,y) is from (2.5),

(3-3) cr = eu(f) = RU(crk)* | fll= + (c2R)M| P <],

where ¢1,co > 0 depend only on the constants co, C*,c* from (1.1) — (1.4) and
¢}, = c3cp R with c3 > 0 depending only on co,C*,c* and k; as before a > 0 is the
constant from (1.4). Furthermore,

(3.4) /M V) y)duty) = £(0).

Remark 3.2. The condition f**1(0) = 0 for v > 0 such that 2v + 1 < k simply
says that if f is extended as an even function to R (f(—=\) = f()\)), then f € C*(R).

Proof. It suffices to prove the theorem in the case R = 1. Then in general it
follows by rescaling.

Assume that f satisfies the hypotheses of the theorem with R = 1 and denote
again by f its even extension to R. As already observed in Remark 3.2, f € C*(R).
The idea of the proof is to approximate f by a band limited function f4 and then
utilize Propositions 2.8-2.9.

Set

1
C2(k+2)

¢:: ]1[_%_5,%+5]*H5*o~*H5, where H5 = (25)71]1[_5,5], Jd:
k+1

Clearly, ¢ is even, supp ¢ C [-1,1],0< o<1, (ﬁ(ﬁ) =1for £ € [-1/2,1/2], and

(3.5) 60| 0o < 7% < (2(k +2))” < (4k)Y for v=0,1,...,k+1.

The last inequality follows just as in [23, Theorem 1.3.5].
Denote ¢(t) := (2m)~" [5 B(€)etétde and set ¢a(t) == Ap(At), A > 0. Then
dA(€) = $(€/A) and hence supp g4 C [—A, A].
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Now, consider the function fs := f % ¢4. Clearly, J/“; = f@, which implies
supp fa C [—A, A]. Since f and ¢ are even, then f4 is even. Furthermore,

F(0) = fa(t) = @) / F6)1 - de/ Ayt
(2m) 1A /g FOF(e/A)e* de,

where F(€) = (1 — é(é))f‘k. Set F(t) := AF(At) and note that Fs(¢) = F(¢/A).
Also, observe that f(*)(¢) = (i€)* f(¢). From all of the above we derive

(36) I~ fallo < AW ¢ Falle < AP ol Fallsr
Clearly,
i2 dN\2 - . d\2 -~
er) = 5 [ (G) Poesds and [(5) Fo) < i)

and hence |F(t)| < c§(1+4t|)72, which leads to ||Fa||z1 = ||F||z1 < ¥, where ¢ > 1
is an absolute constant. From this and (3.6) we get

(3.7) 1f = Salloo < AT ISP .

We next estimate |f(¢) — fa(t)| for ¢ > 1. For this we need an estimate on the
localization of |¢4(t)|. Since supp ¢ C [—1,1] we have ¢(t) = f L H(€)etdg and
integrating by parts k + 1 times we obtain

(—1)k+t /1 GO (£)eiét e,
-1

2 (it)k+1

o(t) =

Therefore, using (3.5)
()] < (6P| < (4k)FF1,
In turn, this and the obvious estimate ||¢|| o < 2 imply |p(t)| < ('k)¥(1+ [¢])~+~!

where ¢ > 4 is an absolute constant. Hence,

(3.8) 04(0)] < c(R)A(L+ AR c(k) = (k).
Using this and supp f C [-1,1] we obtain for ¢t > 1

() = Fa(D) = fa®)] = 1 * da(t)] < / F@)l|6aly — t)ldy

t+1

t+1
Wl [ 10aldu < )l [ AG+ Aw)

-1

< (k)£ / (14 0) 5 du < (k) A £l oot — 1)
A(t—1)

This yields

(3.9) F(8) = Fal)] < BeRFA floclt +1)F fort>2.

In our next step we utilize Proposition 2.9. For this we need to apply a de-
composition of unity argument. Choose ¢y € C°(R,) so that supp ¢y C [0, 2],
0 < 9o <1, and go(A) = 1 for A € [0,1]. Let p(A) := wo(A) — wo(2X). Note
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that ¢ € C°(R) and suppy C [1/2,2]. Set ¢;(\) := ¢(277X), j > 1. Then
> js0%i(A) =1 for A € Ry and hence

FO) = faQ) =D 1) = Fa]e; (),
Jj=20
which implies
(810)  FOVL) = falOVD) =} _ [FOVLD) = fa@VD)] 5 (VI), 6> 0,
720
where the convergence is strong (in the L? — L? operator norm).

Let x,y € M, x # y, and assume p(z,y) > J. Choose A > 0 so that

plzy) _ ., plz,y)
. LASE YA LSt R 22
(3.11) S <A<

Since suppf; C [~ A, A], by Proposition 2.8 f4(6v/L)(x,y) = 0 and hence
FOVL)(@,y) = FOOVL)(w,y) — fa(6VL)(x,y).
Denote briefly F;(A) := (f(A) — fa(X))gp;(A). Then the above and (3.10) lead to

[fOVL) (2, )| < Y 1F;(0VL)(,y)l.

=0

Note that, supp Fy = supp oo C [0,2] and supp F; = suppg; C [2/71,2/F1] j > 1.

For j = 0,1 we use (3.7) to obtain || Fj||e < *A7F| f*)|| and applying Propo-
sition 2.9

ey ATFI| o cocy (2¢8)*|Lf M
72 = 172 sk

(1B 0/2)11B(y, 6/2))) "~ (1B, 0)[|B(y,0)[) "~ (1 + 252)
where we used (3.11) and |B(-, )| < ¢o|B(+,0/2)| by (1.1).

For j > 2 we use (3.9) to obtain || Fj||oc < (3¢k)*A™*|| f|l0027¥U~Y and applying
again Proposition 2.9 we get

|[F5(6VL) (2,y)| <

¢ (6¢/¢k)¥| flloo2F0 D
—il1 iy /2 pz.y) \*
(IB(x,0273=)[|B(y,627771)) "7 (1 + 252)
< €0ty (6¢/ch)" | f]|oc2”*UT D240+
= 1/2 k-
(1B, )| By, 5)]) "/ (14 £52)
Here we used again (3.11) and |B(-,6)| < ¢p2UTY9|B(-,627771)| by (1.2).

We sum up the above estimates taking into account that & > d 4+ 1 and obtain
(c1k)¥ || flloo + E1LF Moo
(1B(z,8)|[B(y,)]) /> (1 + £&2)"
Whenever p(z,y) < ¢, this estimate is immediate from Proposition 2.9 with ¢|| f]|c

in the numerator. The proof of estimate (3.1) is complete.
For the proof of (3.2) we write

|F5(6VL)(2,y)| <

[F(6VI)(z,y)] <

if p(z,y) > 9.

FOVI) () = /M FOVD)E™ (o, w)e ™" (u, y)dpa(u)

and proceed further exactly as in the proof of (3.3) in [6] using (3.1) and the Holder
continuity of the heat kernel, stipulated in (1.4). O
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Remark 3.3. It is readily seen that Theorem 3.1 holds under the slightly weaker
condition k > d rather than k > d+1, but then the constants cy, ¢), will depend also
on k —d.

Now, we would like to make a step forward and free the function f in the hy-
pothesis of Theorem 3.1 from the restriction of being compactly supported.

Theorem 3.4. Suppose f € CF(R,), k>d+ 1,
IFP N < Cr(T+ N7 for A >0 and 0 < v < k, where r >k +d + 1,
and fTD(0) = 0 for v > 0 such that 2v + 1 < k. Then f(6v/L) is an integral

operator with kernel f(6v/L)(z,y) satisfying (3.1)-(3.2), where the constants cy, c),
are as in Theorem 3.1, but depend also linearly on Cy.

Proof. As in the proof of Theorem 3.1, choose ¢y € C*(R,) so that 0 < ¢ < 1,
wo(A) =1 for A € [0,1], and supp o C [0,2]. Let o(N) := ©o(A) — ¢o(2A) and set
@j(A) = 9(277X), j > 1. Clearly, 3.~ ¢;(A) =1 for A € Ry and hence

(812)  fO) =D fNe;(N) = FOVL) =3 F(OVL); VL), 6>0,
Jj=0 Jj=0
where the convergence is strong. Set h;(A) := f(27\)p(N), 5 > 0, and ho()) :=

F(N)go(A). Then hj(2796vL) = f(6v/L)g;(6VL).
By the hypotheses of the theorem it follows that for j > 1

(k) jk 0) (97 jko—jr —j(d+1
157 e < 27 mmax ([ £4(27 )l /a2y < 272797 < 279D

and ||h;||pe < 2797 < 277D We use this and Theorem 3.1 to conclude that
f(0V'L)p;(6V/L) is an integral operator with kernel satisfying

—j(d+1 —197 5( g —k
FOVDs VD) )| = [y @ I8V, p)] < 2L D20 0)
(1B, 029)]|Bly,027))

- CQ_j (1+ 67127 p(a, y))_k
~ (1B(«,8)|IB(y.5)) "

Here for the latter estimate we used (1.2). Exactly as above we derive a similar
estimate when j = 0. Finally, summing up we obtain

F(OVI)(,y)] < e(|B(a,8)|1B(y.8))) 2> 277 (14672 p(x,y)) " < eDsla,y),

5>0

which proves (3.1). The proof of (3.2) goes along similar lines and will be omitted.
O

Corollary 3.5. Suppose f € C®°(Ry), |fP(N)] < Cpr(1+ N7 for all v,r >0
and X\ > 0, and fP*D(0) = 0 for v > 0. Then for any m > 0 and § > 0 the

operator L™ f(6v/L) is an integral operator with kernel L™ f(5v/L)(x,y) having the
property that for any o > 0 there exists a constant cy ., > 0 such that

(3.13) |me(5\/Z)(m,y)| < Comd ™ Ds o (z,y) and

(3.14) (L7 f0VD) ) ~ L7 FOVD) )] < e (PLD) Dy,

whenever p(y,y') < 4.
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Proof. Let h(\) := A>™f(\). Then h(6vV/L) = 6*"L™ f(5v/L). Tt is easy to see
that h(>*+1)(0) = 0 for all » > 0. Then the corollary follows readily by Theorem 3.4
applied to h. 0O

3.2. Band limited sub-exponentially localized kernels. The kernels of oper-
ators of the form ((6v/L) with sub-exponential space localization and ¢ € C§°(R)
will be the main building blocks in constructing our frames.

Theorem 3.6. For any 0 < € < 1 there exists a cut-off function ¢ of any type, (a)
or (b) or (c), such that for any § >0

crexp{ — k(2@Y) e
G139 leloVEey) < 202 EEE) )

(IB(x,0)||B(y,)|)

r,y € M,

and
(3.16)

e (Z5) % exp { — e (2520) 17} if ply,y') <0
(1B(z,8)||B(y. )" o

where c1,k > 0 depend only on € and the constants co, C*,c* from (1.1) — (1.4);
co > 0 depends also on «. Furthermore, for any m € N

Cq62m exp{ _ H(p(%y))lf‘f}
(1B(z,8)|B(y,5))"*

with c3 > 0 depending on €, cy, C*,c*, and m.

| p(OVL) (2, y) o (0VL) (2, y)| <

(3.17) L™ o(0VL)(2,y)| <

z,y € M,

Proof. Let 0 < € < 1. Then by Proposition 2.6 there exists a cut-off function ¢
of any type ((a) or (b) or (c)) such that ||| < (ck)*(*+2) for all k € N and
l¢lloo < 1. Now, using Theorem 3.1 we obtain

(Ck)k(1+e)

1/2 ) k
(IB(2,0)||B(y. 6)]) "~ (1 +6-*p(z,y))
Here C > 1 depends only on €, ¢y, C*, ¢*. From this we infer

—k
e

(1B(x, )| By, )"

p(OVL) (2, y)| <

Ve,y € M,Vk € N.

|p(0VL)(w,y)| < it 67 p(x,y) > e(Ck)'HE = e ke

Assume §'p(z,y) > 4c, and choose k € N so that k < (%ﬁgﬂ’y))l/(l%) <k+1
Then from above

Loz 1+e x —€
exp { 5 (P V) ep - w(25)")

Cx

lp(0VI)(z,y)| <

1/2 = 1/2°
(I1B(z.9)/1B(y9)])" (1B(z.9)/1B(y,9)])"
provided d~!p(x,y) > 4c,. In the case 6~ !p(z,y) < 4c, we get from Proposition 2.9
1—e
c/ cexp{ — k& P(w)y)
|o(6VL) (2, y)| < < nl) )

(1B, &)|By.5))"* ~ (1B(x,6)By, )"

with ¢ = ¢’ exp{4rc,}. This completes the proof of (3.15).
For the proof of (3.16) we shall use the representation (5v/L) = @(5\@)65%6*521’.
Let h(A) := ¢(A)e*’. Rough calculation shows that ||(d/d)\)ke)‘2\|Loc[,2’2] < (ck)*
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and applying Leibniz rule |h®) ||, < (ck)k(+¢) Wk € N. Now, as in the proof of

(3.15)
cexp { — m(@)li}

12
(IB(,0)||B(y.9)])
Just as in the proof of Theorem 3.1 in [6], using this and the Holder continuity of
the heat kernel we obtain whenever p(z,y) < 6

(VL) (2, y) — p(6VL)(z,y)] < /M (VL) (. w)lpse (usy) — Pz (u. y)|dp(u)

C(E)T e { () (et
: %) Bl =
(1B(x, 0)|1B(y, 0)]) "~ /1 ’
()" e { — n(252) )
(1B(,9)/|B(w.5)))"”

Here for the last estimate we used inequality (3.22) below. This confirms (3.16).

To show (3.17) consider the function ¥(\) = A?™p()\). Using the fact that
o™ ||oo < (ck)*(1F2) it is easy to see that |[1h*) || < 227 (2m)!(2ck)*1+9) Yk € N
and [|[¢]|o < 22™. Also, it is easy to see that 1(?*+1)(0) = 0 for all ¥ > 0. Then
just as above it follows that |1/(5v/L)(z,y)| satisfies (3.15) with a slightly bigger

constant on the right multiplied in addition by 22™(2m)!. On the other hand,
Y(6VL) = 6> L™ p(6v/L) and (3.17) follows. [

Remark 3.7. As shown in [24], in general, estimate (3.15) is no longer valid with
e = 0 for an admissible cut-off function ¢ no matter what the selection of the
constants c;, x > 0 may be.

(VL) (x,y)| <

3.3. The algebra of operators with sub-exponentially localized kernels.

Definition 3.8. We denote by L(8,k) with 0 < 8 < 1 and k > 0 the set of all
operators of the form f(6v/L), where f : R — C is such that the operator f(6v/L)
is an integral operator with kernel f(6v/L)(z,y) obeying

z,y)\ B
_ Coxp{ — w(252)’)
= 1/2°

(1B(x,9)||B(y,0)|)
for some constant C > 0. We introduce the norm || f(0vV'L)||x := inf C on L(B, k).

(3.18) |F(6VI)(x,y)]

x,y € M, 6 >0,

‘We shall use the abbreviated notation
z B
exp { = (#52)")
1/2°
(IB(z,8)|1B(y, 9)l)

It will be critical for our development of frames to show that the class £(f, k) is
an algebra:

Theorem 3.9. (a) If the operators f1(6\/L) and fo(5+/L) belong to L(B, k), i.e.
(3.20) 5 OVI)(,9)| < ¢ EBsn(wy), j=1,2,
then the operator f1(6v/L) f2(6v/L) also belongs to L(B, k) and
(3:21) 1OV VL) (,9)| < esereaBo (@, y),

(3.19) Es w(x,y) =
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for some constant c; > 1 depending only on 8, K, co.

(b) There exists a constant € > 0 depending only on B,k,d such that if the
operator f(5v/'L) is in L(B,r) and || f(6VL)|x < &, then Id — f(0v/'L) is invertible
and [Id — f(6+/L)]~* —1d belongs to L(B, ).

Proof. Clearly, to prove Part (a) of the theorem it suffices to show that there
exists a constant ¢; > 0, depending only on 3, k, cg, such that

e { (752 () Yt

(3.22) Schexp{—m(p(ggy))ﬁ}.

The proof of this relies on the following inequality: For any z,y,u € M
(323)  plz,w)’ +ply,w)? 2 pla,y)? + (2 = 2%)p(e,u)’ if  pla,u) < ply,u).

To prove this inequality, suppose p(x,u) < p(y,w) and let p(y,u) = tp(z,u), t > 1.
Then using that 0 < 8 < 1

pla,u)’ + ply,w)’ = (1+1°)p(z, u)”
(14 t)p(x,u)]® + [1+t° — 1 +1)P]p(z, )’
= [p(x,u) + p(y, w)]” + minfl +47 = (1 +1)7]p(a, )"

2 P(%y)ﬁ + (2 - 2B)p(xvu)67

which confirms (3.23).

Let x,y € M, x # y. We split M into two: M’ :={u € M : p(z,u) < p(y,u)}
and M" := M \ M'. Denote I' := [,,,--- and I" := [, , ---. To estimate I’ we
use inequality (3.23) and obtain

I'< exp{ - H(p(x,y))ﬁ} /M |B(u,8)| " exp{ — k(2 - 26)(@)6}@(@

1)
<cowp { = x(Z5)} [ 1B, 1+ 67 o) duta)

< cexp{ — K(p(x,y))ﬁ},
6
where ¢ > 0 is a constant depending on f3, k, cg. Because of the symmetry the same
estimate holds for I and the proof of (a) is complete.
Part (b) follows immediately from (a). O
We shall also need a discrete version of inequality (3.22):

Lemma 3.10. Suppose X is a mazimal 6-net on M and {A¢}ecx is a companion
disjoint partition of M as in §2.2. Let 0, > 6. Then
(3.24)
| Ae] p(@,§)\? p(y,€)\? p(x,y)\*#
R ol S _ _ < _
> IB(€,0,)] eXp{ “( 5, ) ”( 5, ) } —C”eXp{ ”( 5, ) }

fex

where ¢y > 1 depends only on 8, K, co.

Proof. We proceed similarly as above. Let z,y € M, x # y. We split X’ into two
sets: X' :={{ € X :p(z,§) <p(y,)} and X" := X\ A", Set X' 1=} .y, -+ and
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1= ¢can - Now, using inequality (3.23) we get

Elgexp{— ( ) }Z B|A£| eXp{-H(?—Zﬁ)(%’ZE))ﬂ}
< Cexp{ — ( ) } Z |BA§| 1 +5*_1p(x,§))72d71

oo o(22).

where in the last inequality we used estimate (2.17). By the same token, the same
estimate holds for ¥”/. O

3.4. Spectral spaces. As elsewhere we adhere to the setting described in the
introduction. We let E), A > 0, be the spectral resolution associated with the
self-adjoint positive operator L on L? := L?(M, du). Further, we let F), A > 0,
denote the spectral resolution associated with /L, i.e. F>\ = E)\z As in §3.1 we
are interested in operators of the form f(v/L). Then fVL fo A)dF) and the
spectral projectors are defined by Ey = 1o (L fo o\ (u dE and

(3.25) Fy=1p (VL) 5=/ i, (u)dF, =/ 1o (Vu)dE,.
0 0
Recall the definition of the spectral spaces ¥4, 1 < p < oo, from [6]:
SRi={feLP:0(WL)f = fforall§ € C(Ry), 6=1o0n [0,)}
and for any compact K C [0, c0)
YPo={feLP:0(VL)f =fforalld € CF(Ry), #=1on K}.
We now extend this definition: Given a space Y of measurable functions on M
Sa=S\Y):={feY:0WL)f=fforalld e CFRy), 6=1on [0,\}.

The space Y usually will be obvious from the context and will not be mentioned
explicitly.
We next relate different weighted LP-norms of spectral functions.

Proposition 3.11. Let 0 < p < g < o0 and v € R. Then there exists a constant
¢ > 0 such that

(3.26) 1B AD g0l < el BEA PG, for g€ Bx, A= 1.

Therefore, assuming in addition the non-collapsing condition (1.7) we have X5 C X
and

(3.27) lglly < A®PHD g, g€ BR, A1

Proof. Let g € ¥x, A > 1, and set § := A~1. Let § € C§°(R_.) be so that § = 1 on
[0,1]. Denote briefly H(z,y) := 0(6v/L)(x,y) the kernel of the operator 8(6v/L).
By Theorem 3.1 it obeys

_ x, -9
(328)  |H(.0) < eoDagraale.s) < B0 (1+ A20) 7 oo
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Suppose 1 < p < oo. Clearly, g(z) = 0(6v/L)g(z) = [, H (y)du(y) and
using (3.28) with o > dp/(|y|+1/p)+d+1 (here 1/p+ 1/p =1), Holder s inequality,
and (2.1) we obtain

o) < UBCOP 290 ( [ (1 nIBeo ) duw)
. = |B(z, 6)| (-7 +1/p=1p' 1/p’
<clip o f S S n)
< | [BC.8) () B, )]

Here s := o — dp/(|y] + 1/p) > d + 1 and for the latter inequality we used (2.9).
Therefore,

(3.29) HBC, O g(Mlso < B, Pg()p, 1 <p< 0.

Thus (3.26) holds in the case ¢ = 0o
Let now 0 < p < 1. Then we use estimate (3.29) with p = 2 to obtain

I1BC.9)90)llse < elllBC. 629 ()2
:C(/ [1B.8)["g())* (1B, 8 Pla(@)]] du())
M

< cIBC O g0 NBC O Pg ()15,

which yields the validity of (3.29) for 0 < p < oo.
Finally, we derive (3.26) in the case 0 < p < ¢ < oo from (3.29) (with ~ replaced
by v+ 1/q) as follows

B, g()llq = (/M [IB(x,5)|7+5|g(x)|]“’[\B(a:,5)|7+%—%|g(x)|}”du(x))l/q

1/2

Q=

<cllBCAM 5O ([ 1B o gw)lant)
< ClIBO ()

The proof of (3.26) is complete.
The non-collapsing condition (1.7) yields (2.3), which along with (3.26) leads to
(3.27). O

3.5. Kernel norms. Bounds on the LP-norms of the kernels of operators of the
form 0(6v/L) are developed in §3.3 in [6] and play an important role in the devel-
opment of frames. We present them next in the form we need them.
Theorem 3.12. [6] Assume that the reverse doubling condition (1.6) is valid, and
let 0 € C®°(Ry), 6 > 0, suppd C [0,R] for some R > 1, and 6+ (0) = 0,
v=20,1,.... Suppose that either

(¢) 6(u) >1 foruel0,1], or

(1) 0(u) > 1 for w € [1,b], where b > 1 is a sufficiently large constant.
Then for 0 < p < 00, 0 < ¢ < min{l, dia%M}, and x € M we have

(330)  alB.s)rt < 06V )l < cal Bla,8)[ Y,
where c¢q,co > 0 are independent of x, 4.

The constant b > 1 that appears in the above theorem will play a distinctive
role in what follows.
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4. CONSTRUCTION OF FRAMES

Our goal here is to construct a pair of dual frames whose elements are band
limited and have sub-exponential space localization. This is a major step forward
compared with the frames from [6], where the elements of the second (dual) frame
have limited space localization. We shall utilize the main idea of the construction
in [6] and also adopt most of the notation from [6].

We shall first provide the main ingredients for this construction and then de-
scribe the two main steps of our scheme: (i) Construction of Frame # 1, and (ii)
Construction of a nonstandard dual Frame # 2.

4.1. Sampling theorem and cubature formula. The main vehicle in construct-
ing frames is a sampling theorem for X3 and a cubature formula for ¥1. Their
realization relies on the nearly exponential localization of operator kernels induced
by smooth cut-off functions ¢ (Theorem 3.1): If ¢ € C5°(R4), suppy C [0,D],
b>1,0<p<1,and ¢ =1 on [0, 1], then there exists a constant o > 0 such that
for any § > 0 and z,y, 2’ € M

(4.1) p(8VI)(@,y)| < K(0)Dso(2,y) and

z, 7

(12) 1pVI) () - eVD) ') < K () (A2) Dy ), plaa’) <
Here K(o) > 1 is a constant depending on ¢, o and the other parameters, but
independent of x,y,z’ and 4.

The above allows to establish a Marcinkiewicz-Zygmund inequality for E%\
[6, Proposition 4.1]: Given A\ > 1, let X5 be a mazimal —net on M with § == YA 71,
where 0 < v < 1, and suppose {A¢}ecx, is a companion disjoint partition of M as
described in §2.2. Then for any f € 38,1 < p < oo,

(4.3) 3 /A (@) — F(E)Pdz < [K (0.7 TP FIE,

£EXs

and a similar estimate holds when p = co. Here K (o) is the constant from (4.1) —
(4.2) with 0, :=2d+ 1 and ¢® > 1 depends only on co, C*,c* from (1.1) — (1.4).

The needed sampling theorem takes the form [6, Theorem 4.2]: Given a con-
stant0 < e <1, let 0 < v < 1 be so that K (0.)y*c® < e/3. Suppose X5 is a mazimal
d—net on M and {A¢}ecx, is a companion disjoint partition of M with § :== v\t
Then for any f € X3

(4.4) (L=allfI3 < D 1Aellf @ < A+ o)/l

£EXs

The Marcinkiewicz-Zygmund inequality (4.3) is also used for the construction
of a cubature formula [6, Theorem 4.4]: Let 0 < v < 1 be selected so that
K(o)y%c® = %. Given X > 1, suppose X5 is a mazimal 6-net on M with § := yA~L.
Then there exist positive constants (weights) {wg}gex(; such that

(4.5) /Mf(w)du(w) =S wf) vrest,

EEXs

and (2/3)|B(¢,0/2)| < w2 < 2|B(€,0)], € € X.
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4.2. Construction of Frame # 1. We begin with the construction of a well-
localized frame based on the kernels of spectral operators considered in §3.2.

We use Theorem 3.6 to construct a cut-off function ® with the following prop-
erties: & € C°(Ry), ®(u) =1for u € [0,1],0 < ® <1, and supp ® C [0, b], where
b > 1 is the constant from Theorem 3.12.

Set U(u) := ®(u) — ®(bu). Clearly, 0 < ¥ < 1 and supp ¥ C [b~1,b]. We also
assume that ® is selected so that W(u) > ¢ > 0 for u € [b=3/4,p3/4].

From Theorem 3.6 it follows that ®(5v/L) and W(5v/L) are integral operators
whose kernels ®(6v/L)(x,y) and ¥(5v/L)(z,y) have sub-exponential localization,
namely,

(4.6) [®(0VL) (,y)|, [¥(OVL) (2, y)| < coBsw(m,y), ,y € M,
with

o (o ()

’ (IB(x,0)|1B(y,9)])*/?

Here 0 < 8 < 1 is an arbitrary constant (as close to 1 as we wish), and x > 0
and ¢, > 1 are constants depending only on ,b and the constants cg, C*, c* from
(1.1) — (1.4). Also, ®(6v/L)(z,y) and ¥(6v/L)(x,y) are Holder continuous, namely,

(4.8) [2(6VL)(z,y) — ®(VL)(2.y)| < e(67" p(y.y)) " Esnla,y) if ply,y) <6,
and the same holds for ¥(§v/L)(x,y). Furthermore, for any m > 1
(4.9)  [L™®(6VL)(z,y)|,|IL" (VL) (2,y)| < cmd *"Esn(x,y), @,y € M.
We shall regard 8 and k as parameters of our frames and they will be fixed from
now on.

Set
(4.10) Uo(u) := ®&(u) and  W;(u) := V(b 7u), j>1.
Clearly, ¥; € C*(R4), 0 < ¥; <1, supp Vo C [0,b], supp ¥; C [/~ 1, 07T, 5 > 1,
and .50 ¥;(u) =1 for u € Ry. By Corollary 3.9 in [6] (see also Proposition 5.5
below) we have the following Littlewood-Paley decomposition
(4.11) f=Y _W;(VL)f for feLl, 1<p<oo. (L®:=UCB)

7>0

(47) E5,K(x

From above it follows that

(4.12)

IN

UHu) <1, weRy.
j=0

As [|W;(VI)fl13 = (V;(VD) f,9;(VL) f) = <‘I’2(\E)f, f), we obtain
SO0 (V)£ —/ SO W (w)d(F.f, f).

7>0 3=>0

N | =

and using (4.12) we get
(4.13) *||f||2 <D I (VDfIE < IfII5 f e L*
7>0
At this point we introduce a constant 0 < & < 1 by
(4.14) £ 1= (8cyey?es®) 7,
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where the constant c¢; > 1 is from Lemma 3.10, ¢; > 1 is from Theorem 3.9, and
¢o > 11is from (4.6). Pick 0 < v < 1 so that

(4.15) K(o)v%c® =¢/3,
where K (o,) is the constant from (4.1)-(4.2) with o, :=2d 4+ 1 and ¢® > 1 is from
(4.3).

For any j > 0 let X; C M be a maximal §;—net on M with §; := b=/~ and
suppose {A'Zt}ge x; is a companion disjoint partition of M consisting of measurable
sets such that B(£,6,/2) C Aé C B(&,05), £ € Xj, as in §2.2. By the sampling
theorem (§4.1) and the definition of ¥; it follows that

(4.16) (L=a)Ifl5 < D0 14FEP < A +e)lflf for fe i,

EEX;

From the definition of ¥; we have ¥;(vL)f € £2,,, for f € L?, and hence (4.13)
and (4.16) yield

@i IR <Y Y AU (VDAOP <213 f el
J>0£€X;

Observe that

v, (VI)(E) = /M £ ()5 (VI)E, w)dpa(u)
= [ f)¥;(VL)(u,&)dp(u) = (f,V;(VL)(.E)).

M
We define the system {1¢} by

(4.18) ve(w) = |ALV2U;(VI)(2,€), £ € Xj,j=0.

Write & := U;>0&), where equal points from different sets &; will be regarded
as distinct elements of X', so X can be used as an index set. From the above
observation and (4.17) it follows that {¢¢}¢cr is a frame for L2

We next record the main properties of this system.

Proposition 4.1. (a) Localization: For any 0 < & < k there exist a constant é > 0
such that for any £ € X, 7 >0,

(4.19) [e(@)] < el BE b7 2 exp { — &7 p(x.€))}

and for any m > 1

(4.20) L™ pe ()] < e B b7I)|[ 720%™ exp { — (1 p(=, €))7 }.
Also, if p(z,y) < b7

(4.21)

e (@) = e(y)] < EBE L) T2V pla, )™ exp { — k(U p(2, €))7}, > 0.
(b) Norms: If in addition the reverse doubling condition (1.6) is valid, then
11
(4.22) [Pellp ~ [BE,077)[»72, 0 <p<oc.

(c) Spectral localization: ¢¢ € X} if € € Xy and e € Zbel’le] if € € X,
Jj=210<p<oco.
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(d) The system {t¢} is a frame for L?, namely,
(4.23) A Y D K <2lfl3, VfelL”

J>0 E€X;
Proof. From (4.6) and the inequality |B(x,b77)| < co(1 + b p(&, )4 B(&,b77)),
see (2.1), we derive for £ € X;

[te ()] < c\B(Jt:,b_j)rl/2 exp{ — n(bjp(x,y))ﬁ}

<& B(&,b)| "2 exp { — 2t p(x,y))"},

which confirms (4.19). Estimate (4.20) follows in the same way from (4.9) and
(4.21) follows from (4.8); (4.22) follows by Theorem 3.12. The spectral localization
is obvious by the definition. Estimates (4.23) follow by (4.17). O

4.3. Construction of Frame # 2. Here the cardinal problem is to construct a
dual frame to {t¢¢} with similar space and spectral localization.

The first step in this construction is to introduce two new cut-off functions by
dilating ¥y and ¥, from §4.2:

(4.24) To(u) := ®(b~'u) and Ty(u) := &b 2u) — ®(bu) = To(b~ u) — To(b%u).
Clearly, supp g C [0,5%], To(u) = 1 for u € [0,b], supp Ty C [b~1,43], T1(u) = 1 for
u € [1,6%],0 < Ty, Ty <1, and
(425) Fo(u)\lfo(u) = q’o(U), Fl(u)\Ill(u) = \Ill(u)
We shall also need the cut-off function ©(u) := ®(b~3u). Note that supp © C [0, b%],
O(u) =1 for u € [0,b%], and © > 0. Hence, O(u)I';(u) = I'j(u), j =0,1.

The kernels of the operators I'o(6v/L), T'1(6v/L), and ©(6v/L) inherit the lo-

calization and Holder continuity of ®(6v/L)(x,y), see (4.6) and (4.8)-(4.9). More
precisely, if f =T'g or f =17 or f =0, then

(4.26) |F(6VI)(@,y)| < coEsulz,y),

(4.27) |FOVL) () = FOVI) (@) < (07 ply,9) " Bonlsy) i ply,y) <6,
and for any m € N
(4.28) L™ FOVE) @, y)| < emd =" Bsu(,y).

The next lemma will be the main tool in constructing Frame # 2.

Lemma 4.2. Given A > 1, let X5 be a mazimal §—net on M with § := yA"'b73 and
suppose {A¢tecx, 15 a companion disjoint partition of M consisting of measurable
sets such that B(€,0/2) C A¢ C B(£,9), &€ € X5 (§2.2). Set we = 1—_}_E|A§| ~
|B(€,6)|. Let T =T or I' =T'y. Then there exists an operator Ty : L> — L? of the

form Ty =1d + Sy such that
(a)

1

[fll2 < [Txfll2 < 1 2é_||f||2 Vel

(b) Sx is an integral operator with kernel Sx(x,y) verifying
(429) |S)\(:Cay)| < CE)\*l,n/Z(xay% T,y € M.

(¢) SA(L?) C 2%z if T =To and Sx(L?) C X3, 1 59 if T =T1.



26 GERARD KERKYACHARIAN AND PENCHO PETRUSHEV

(d) For any f € L? such that T(N"'WIL)f = f we have
(4.30) f@) = Y wef(ODIMA(-E)(z), 2 €M,

§EXs
where T\ (-, -) is the kernel of the operator T'y := T(A™'V/L).
Proof. By the sampling theorem in §4.1 we have
(L=allfI3< X 1AellfOF < A+l fl5 for f € S5,

§EX;s
and with we := 7| A¢| we obtain
(4.31) (L =29)|If5< Y wel FEF <IfI5 for f € T34

§EXs
Write briefly ©y := ©(A~'vL) and let ©,(-,-) be the kernel of this operator.

Consider now the positive self-adjoint operator Uy with kernel

U(x,y) = > weOx(z,€)O(&,y).

£EXs
For f € ¥3,, we have (Upf, f) = Dcex, We |£(€)|? and hence, using (4.31),
(4.32) (1= 2e)[IfI3 < (UM, ) < NFI3 for f € 3555

Now, write T'y := I'(A~'V/L) and let I'y(x, y) be the kernel of this operator (recall
that ' = 'y or I' =TI'y). We introduce one more self-adjoint kernel operator by

R)\ = F)\(Id - U)\)F)\ == Fi - FAU)\FA.
Set V) := I'yU,I'y and denote by Vi(z,y) its kernel. Since O(u)I'(u) = I'(u), we
have
Valo) = 3 we [ [ Talw)@a(u O o)L (v,0)dud
MJM

EEXSs

= Z ng,\(JJ,f)F)\(fay)'

§EX;

By (4.26) and Lemma 3.10 we obtain

Va(2,9)| < csco®Ex-1,.(2,y).
Also, by (4.26) and Theorem 3.9

I02(2, )| < caco® Er-1 (@, y).
These two estimates yield

[Ra(2,y)] < (cace® + cpco®) Ex1 w(2,y) < 2¢4¢1¢5° Exr (2, ).
To simplify our notation we set ¢, := 2chcﬁc<>2. Thus we have
(4.33) |RA(z,y)| < esBx-1 (2, ).
From the definition of R) we derive
(Bxf, f) = IDAfl5 = (U\TAf,Taf) for f e L2
Since I'y(L?) C £2,,, then ©,I' f =T f, and by (4.32)
(1 =2e)[Cafll5 < (UADAf,TAf) < ITAFl3,  f e L2
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Hence,
0 < (Rxf,f) < 2e|DafI3 < 2ellflI3,  f € L?
where for the last inequality we used that ||I'|| < 1. Therefore,

IRalla2 < 2e <1 and  (1=2e)[[fll2 < [[(Id = R)fll2 < [[fll2,  f € L*.
We now define Ty := (Id — R))~! =1d + D k1 R} =:1d + S). Clearly,

(134 171 < I flle < 7=
IfT\f = f, then

f=T(f —Raf) =Ta(f —Taf + Vaf) = ThVaf.
On the other hand, if I'x f = f, then (V) f)(z) = > ¢cx, we f(§)I'A(2,§) and hence

(4.35) F@) =" we fF(OTAMAG O] ().

£EXs

Iflla Vfe L

By construction
(4.36) Sx:L? = X% ifT=Tgand Sx:L? = N8, 1 s if =T

It remains to establish the space localization of the kernel Sy (z,y) of the oper-
ator Sy. Denoting by R%(z,y) the kernel of R, we have

1Sx(z, )| <D [RY(z,p)].
E>1

Evidently, R} = ©,Ri0,. From this, (4.26) with f = ©, and the fact that
|Rx|l2—2 < 2e we obtain, applying Proposition 2.4,

cco”|| Rall5-2 (2e)kéc,?
(1B AIBE )Y T (1B AIBE )
On the other hand, applying repeatedly Theorem 3.9 k — 1 times using (4.33) we
obtain
(4.38) [BX(2,9)] < " e Err ().

Taking the geometric average of (4.37) and (4.38) (0 < a < b, a < ¢ = a < Vbc)
we get

(437)  |Ry(a,y)] < o

(Geo?cy 1)1 (2echcs )"/ 2 exp{— 5 (Mp(2, )P}
(1B(x. A1) IBy, A1)
< \/5602_k/2E>\_17n/2(1.7 y)a

where we used the notation from (4.7) and the fact that 2ecyc, = §, which follows
by the selection of € in (4.14). Now, summing up we arrive at

|Sx(z,y)| < \/ECoEkl,n/z(m,Z/) ZQik/Q < 3\/EC<>E,\71,;</2($7ZJ)~
k>1

[RX(z,y)| <

This completes the proof of the lemma. [

We can now complete the construction of the dual frame. We shall utilize the
functions and operators introduced in §4.2 and above.

Write briefly 'y, := (VL) and Ty, := 1 (b79+VIL) for j > 1, A; == b=7+1,
Observe that since T'g(u) = 1 for u € [0,b] and I'1(u) = 1 for u € [1,4%], then
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FAO(Zg) = Eﬁ and F,\j(E[ij,lval]) = E[ij,lvbjﬂ], j > 1. On the other hand,

clearly Wy(-,y) € X7 and ¥,(-,y) € Z[ij—1 pi+1p if j = 1. Therefore, we can apply

Lemma 4.2 with &} and {Ag}gexj from §4.2, and A = \; = b’~! to obtain

(439) WD) y) = 3 weli (€ )T, [Pa, (- E))(),  we = (1+ )42
§EX;

By (4.18) we have 9)¢(z) = |Ag|1/2\11j(§,x) for £ € X; and we now set

(440)  Yew) = e AT Oy, (@), €€, o= (L4)7

Thus {1¢ }eexr With X := U;>&;, is the desired dual frame. Note that (4.39) takes
the form

(4.41) (VL) (2,y) = Y tbe(y)te ().

cex;

We next record the main properties of the dual frame {1/35} They are similar to
the properties of {t¢}.

Theorem 4.3. (a) Representation: For any f € LP, 1 < p < oo, with L* := UCB
we have

(4.42) F=Y (fide)ve =D (five)de in LP.

fex cex

(b) Frame: The system {1;5} as well as {¢} is a frame for L?, namely, there
ezists a constant ¢ > 0 such that

(4.43) A < YWDl < ellfl3, Vf e L

cex
(¢) Space localization: For any 0 < & < £/2, m >0, and any £ € X}, j >0,
(4.44) L e ()] < emb™ ™ [BEb7) |72 exp { — &(V pla, €))7 },
and if pl,y) < b9
(445)  |de(x) = dely)] < EBE) T2V plw, y)* exp { — AV p(w, €))7}

(d) Spectral localization: 1 € XV if € € Xy and Pe € Eﬁﬂ'*,bﬁz] if € € X,
j=>1,0<p< 0.
(e) Norms: If in addition the reverse doubling condition (1.6) is valid, then

- 1
(4.46) [Yellp ~ [B(&,677)[772  for 0 <p < oo.
Proof. By the definition of 1);¢ in (4.40) and Lemma 4.2 we get
(4.47) Ve(w) = o A2 [Dx, (2,€) + S5, [0x, (L ON@)], €€ A,
and hence

L™e(x) = ce| A2 [L™Tx, (2, €) + Sy, [L™Tx, (-, €)](2)]-

Now, this implies (4.44) using (4.26), (4.28), (4.29), Theorem 3.9, and (2.1). The Hélder
continuity estimate (4.45) follows by (4.47) using (4.27) and (4.29). The other
claims of the theorem are as in Theorem 5.3 in [6]. O
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4.4. Frames in the case when {2 } possess the polynomial property.
The construction of frames with the desired excellent space and spectral localization
is simple and elegant in the case when the spectral spaces ¥3 have the polynomial
property under multiplication: Let {F)\, A > 0} be the spectral resolution associated
with the operator /L. We say that the associated spectral spaces

SB={feLl’:Af=[}
have the polynomial property if there exists a constant a > 1 such that

(4.48) .32 cxl,, de fge¥i = fgexl,

The construction begins with the introduction of a pair of cut-off functions
Uy, ¥ € C*°(R4) with the following properties:
supp o C [0,0], suppW¥ C [b71,0], 0< Uy, ¥ <1,
To(u) >e>0, uel0,b¥4], W(u)>c>0, ue b 34 b4,

To(u) =1 wel0,1], T3(u)+ Y U0~ Iu ueR,,
7j>1

and the kernels of the operators Wo(6v/L) and ¥(§v/L) have sub-exponential local-
ization and Holder continuity as in (4.6)-(4.9). Above b > 1 is the constant from
Theorem 3.12. The existence of functions like these follows by Theorem 3.6.

Set W;(u) := VU(b~7u). Then >i50 U%(u) = 1, u € Ry, which leads to the
following Calderén type decomposition (see Proposition 5.5 below)
(4.49) f=Y VL) fel’, 1<p<oo, (L™:=UCB).

§>0

The key observation is that the polynomial property (4.48) of the spectral spaces
allows to discretize the above expansion and as a result to obtain the desired frame.
To be more specific, by construction ¥ J(ﬁ) is a kernel operator whose kernels has
sub-exponential localization and ¥ (v/L)(z,-) € Zys+1. Now, choosing X; (j > 0) to
be a maximal d-net on M with § := va=tb=7=1 ~ b7 we get from (4.5) a cubature
formula of the form

[ f@uta) = D wieh©) for £ €Sl

£eX;

where 2|B(£,6/2)] < wje < 2|B(&,6)|. Since U;(VL)(z, )U;(VL)(-y) € EL,,41 by
(4.48), we can use the cubature formula from above to obtain

(4.50) U (VD) (VI)(w,y) = / (VL) (2, u)W; (VL) (u, y)dp(u)
= 3" wie ¥ (VL) (2,6 U, (VI) (€, y).

Now, the frame elements are defined by

(4.51) pe(z) == e V;(VL)(x,8), €€ X, j=>0.

Asin §4.2, set X' := U;>o&;. It will be convenient to use X as an index set and for
this equal points from different X;’s will be regarded as distinct element of X.
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Observe that {t¢}¢cx is a tight frame for L?. More precisely, for any f € LP,
1 <p<oo, (L*®:=UCB) we have

(452)  f=Y (fie)e inLP and |fI3 =D [(f,v5e)* for fe L2

gex fex

The convergence in (4.52) for test functions and distributions is given in Proposi-
tion 5.5 below. Furthermore, the frame elements 1¢ have all other properties of the
elements constructed in §4.2 (see Proposition 4.1).

5. DISTRIBUTIONS

The Besov and Triebel-Lizorkin spaces that will be developed are in general
spaces of distributions. There are some distinctions, however, between the tests
functions and distributions that we shall use depending on whether p(M) < oo or
w(M) = oco. We shall clarify them in this section.

5.1. Distributions in the case u(M) < oco. To introduce distributions we shall
use as test functions the class D of all functions ¢ € N, D(L™) with topology
induced by

(5.1) Pu() := L™ ll2, m >0,
or equivalently by
. * = T > .
(5.2) Prn(9) = max [[L"¢ll2, m =0
The norms P (¢), m = 0,1,..., are usually more convenient since they form
a directed family of norms. Another alternative is to use the norms
(5.3) P (6) = sup (L+0)™|(Id = Ex)oll2, m=0,1,...,

where as before E, A > 0, is the spectral resolution associated with the operator L.
The equivalence of the norms {P}, (-) }m>0 and {P*(-) }m>o follows by the identity

L") = / N d(Exg, ) = / Xmd| Exgl.

0
Indeed, clearly

N\ (T — Ex)@ll3 = A2 A dIESIE < / 2md|Eg|2 = |17,

and hence P (¢) < cPk (¢). On the other hand,
1 2i+1
Il = [ e+ Y [ el
0 j>07%
< [lgll3 + Y202 (1d - Ex)é|3,
Jj=0
implying Py, (¢) < P 1 ().
In the next proposition we collect some simple facts about test functions.

Proposition 5.1. (a) D is a Fréchet space.
(b) Xx C D, A >0, and for every ¢ € D, ¢ = limy_,o0 Ex¢ in the topology of D.
(¢) If ¢ is in the Schwartz class S(R) of C™ rapidly decaying (with all their
derivatives) functions on R and o?*+1(0) = 0 for v = 0,1,..., then the kernel
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©(VL)(x,y) of the operator (/L) belongs to D as a function of x and as a function
of y.
Proof. Part (a) follows by the completeness of L? and the fact that L being a

self-adjoint operator is closed (see the proof of Proposition 5.3 below).
Part (b) is also easy to prove, indeed, for ¢ > 1 we have for any m > 1

P (60— Evd) = Stirg(l +u)"|[(Id — Ey)(Id — Et)¢)||2

= sup(1 + u)™||(Id — E,)¢)||2 < sup cpmpru ! <ct™!
u>t u>t

and the claimed convergence follows. Part (c) follows by Corollary 3.5. O

The space D’ of distributions on M is defined as the space of all continuous
linear functionals on D. The pairing of f € D’ and ¢ € D will be denoted by
(f,®) := f(¢); this will be consistent with the inner product (f,g) := fM fgdu in
L2

We shall be dealing with integral operators H of the form H f(z) := [,, H M ) fdu,
where H(x,-) € D for all z € D. We set
(5.4) Hf(z) = (f H(z,)) for feD,

where on the right f acts on H(z,y) as a function of y.

As is shown in [6], §3.7, in the case pu(M) < oo the spectrum of L is discrete
and hence the spectrum of the operator V'L is discrete as well. Furthermore, the
spectrum of v/L is of the form SpecvL = {1, A2,...}, where 0 < A\p < Ay < ...
and \, — co. Also, the eigenspace £y associated with each X\ € Spec /L is of finite
dimension, say, Ny. Let {ex, : m =1,2,..., Ny} be an orthonormal basis for &y.
Then Ey(z,y) = > g<r<y ZZ;1 exm(z)exm(y) is the kernel of the projector Ej.
Therefore, for any distribution f € D’

(55) f <fa Et Z Z f; e/\m e)\m )

0<A<t m=1

Consequently, for any f € D' we have Eyf € ¥, =P, ., £
We collect this and some other simple fact about the ¢ dlstrlbutions we introduced
above in the following

Proposition 5.2. (a) A linear functional f belongs to D' if and only if there exist
m >0 and ¢, > 0 such that

(5.6) I(f,0) < emPri(@)  for all ¢ €D.
Hence, for any f € D' there exist m > 0 and c,, > 0 such that
(5.7) [Id = Ex)fl2 S en(T+XN)7", VAL

(b) For any f € D' we have E\f € X and also (E\f,¢) = (f, Ex¢) for all
¢ €D.
(¢c) For any f € D' we have f =limy_,oc Exrf in distributional sense, i.e.

(5:8)  (£,9)= lm (Exf,6) = lim (Exf,Exé) forall € D.

(d) If ¢ € C(Ry), ¢*+(0) = 0 for v = 0,1,..., and supp e C [0, R], then
for any 6 >0 and f € D" we have p(6v/L)f € YR/s-
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Proof. Part (a) follows at once by the fact that the topology in D can be defined
by the norms P (-) from (5.3). Part (b) follows from (5.5). For Part (c) we use
Proposition 5.1 (b) and (b) from above to obtain

<f7 ¢> = tli}{.lo<f7 Et¢> = tli}gO<Etfa ¢> = tli>IEO<Etf7 Et¢>a

which completes the proof. The proof of Part (d) is similar taking into account
that the integral is actually a discrete sum. [
Basic convergence results for distributions will be given in the next subsection.

5.2. Distributions in the case pu(M) = oco. In this case the class of test func-
tions D is defined as the set of all functions ¢ € N,, D(L™) such that

(5.9) Pone(¢) == sup (1 + p(z,20)) |L"¢(z)| < 00 Vm, L > 0.
xeM

Here xg € M is selected arbitrarily and fixed once and for all. Clearly, the particular
selection of zg in the above definition is not important, since if Py, ¢(¢) < oo for
one g € M, then P, ¢(¢) < oo for any other selection of o € M.

It is often more convenient to have a directed family of norms. For this reason
we introduce the following norms on D:

(5.10) o (P) = max Pri(9).

T 0<r<m,0<I<t

Note that unlike in the case pu(M) < oo, in general, ¥ ¢ D. However, there are
still sufficiently many test functions. This becomes clear from the following

Proposition 5.3. (a) D is a Fréchet space and D C UCB.

(b) If @ is in the Schwartz class S(R) and ¢**+t1(0) =0 forv =0,1,..., then
the kernel (/L) (x,y) of the operator p(v/'L) belongs to D as a function of = and
as a function of y. Moreover, o(~L)¢ € D for any ¢ € D. Also, e **(x,-) € D
and e (-, y) € D, t > 0.

Proof. To prove that D is a Fréchet space we only have to establish the complete-
ness of D. Let {¢;};>1 be a Cauchy sequence in D, i.e. P e(d; — ¢n) — 0 as
j,m — oo for all m,£ > 0. Choose ¢ € N so that ¢ > (d +1)/2. Then clearly for
any m > 0

165 — L™ nll2 < Prel(j — bn) / (1+ p(ar, z0) =" dpu(z)

M
S C‘B(x07 1)|Pm,f(¢j - ¢n)7

where we used (2.9). Therefore, ||[L™¢; — L™¢y|l2 — 0 as j,n — oo and by the
completeness of L? there exists ¥, € L? such that [|[L™¢; — U, |2 — 0 as j — oo.
Write ¢ := Uq. From ||¢; — |2 = 0, [|[Lé; — ¥1||2 — 0, and the fact that L being a
self-adjoint operator is closed [41] it follows that ¢ € D(L) and ||L¢; — Lo||2 — 0.
Using the same argument inductively we conclude that ¢ € N, D(L™) and

(5.11) IL™¢; — L™@lla = 0 asj— oo forall m>0.

On the other hand, ||[L™¢; — L™ ¢p||cc = Pm,o(¢; — ¢n) = 0 as j,n — oo and from
the completeness of L™ the sequence {L™¢;};>0 converges in L>. This and (5.11)
yield

(5.12) IL™¢; — L™¢lloo >0 asj—oo forall m>0.
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In turn, this along with Py, ¢(¢; — ¢n) — 0 as j,n — oo implies Py, ¢(¢; — ¢) — 0
as j — oo for all m, ¢ > 0, which confirms the completeness of D.

In Proposition 5.5 (a) below it will be shown that any ¢ € D can be approximated
in L°° by Holder continuous functions, which implies that ¢ is uniformly continuous
and hance D C UCB.

For the proof of Part (b), we note that if ¢ € S(R) and 2+ (0) = 0 for
v =0,1,..., then by Theorem 3.5 ngo(\/f) is an integral operator whose kernel
obeys

(5.13) |L™o(VL)(2,y)| < Com|Blz,1)|" (1 +p(z,y)) " forall o >0, m>0.

Therefore, ¢(v/L)(z,-) € D with x fixed, and ¢(v/L)(-,y) € D with y fixed. These
follow by (5.13) and the identity

(5.14) L™ [p(VL)(z,-)] = L™p(VL)(z,-) for any fixed z € M.

To prove this, suppose first that ¢ € C§°(R). Then h := ¢(v/L)(z,-) € UyX) and
hence L™h € U)X, which implies h, L™h € ﬂkD(Lk). For 0 € Up\Xy

/M L™ (u)0(u)dp(u) = / o(VI) (@, w) I™6(u)dpa(s) = o(VI) (L") ()

M

= [p(VL)L™b(x) = [L"p(VL)]6(x) = / [L™ (VL)) (, )0 (u)dpa(w).

M
Now, we derive (5.14) for ¢ € S(R) by a limiting argument.
In going further, from above it readily follows that ¢(v/L)g € D for any g € D.
Also, Theorem 3.5 yields e~ *Y(z,-) € D and e 'L (,y) € D, t >0. O

As usual the space D’ of distributions on M is defined as the set of all continuous
linear functionals on D and the pairing of f € D’ and ¢ € D will be denoted by

(f,0) = f(9).

We next record some basic properties of distributions in the case u(M) = co.

Proposition 5.4. (a) A linear functional f belongs to D' if and only if there exist
m, ¢ >1 and a constant ¢ > 0 such that

(5.15) [(fs 9 < cPpo(®) forall ¢ €D.
(b) If o € C(Ry), o2**TD(0) =0 for v =10,1,..., and suppy C [0, R], then
for any 6 >0 and f € D" we have p(6v/L)f € Z%/é for 0 < p < 0.

Proof. Part (a) is immediate from the definition of distributions and (b) follows by
the fact that the kernel ¢(6v/L)(z, y) of the operator ¢(5v'L) belongs to DN g5
as a function of x and as a function of y. [

We now give our main convergence result for distributions and in LP.

Proposition 5.5. (a) Let ¢ € C*°(R,), suppp C [0,R], R > 0, »(0) = 1, and
@t (0) =0 forv=0,1,.... Then for any ¢ € D

(5.16) ¢ = lim ©(0VL)p in D,
and for any f € D’
(5.17) f=lim ©(60VL)f in D
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(b) Let po,p € C*(Ry), supp o C [0,b] and suppp C [b=1,b] for some b > 1,
©(0) =1, ¢<2"+1>(0) =0 for v >0, and po(X) + X5, 9(b77X) =1 for X € Ry.
Set pj(A) == @(b7IA), j > 1; hence 32,50 ¢;(A) =1 on Ry. Then for any f € D’
(5.18) f=> ¢,(VL)f in D

Jj=20

(¢) Let {v¢}ecx, {1[)5}5@\_» be the pair of frames from §84.2 — 4.3. Then for any
fen
(5.19) F=Y (Fde)e = > (frtbe)tbe in D'

fex cex
Furthermore, (5.17) — (5.19) hold in LP for any f € LP, 1 < p < oo (L* := UCB).
Proof. We shall only consider the case p(M) = co. The case u(M) < oo is easier.

For the proof of Part (a) it suffices to prove only (5.16), since then (5.17) follows
by duality. To prove (5.16) we have to show that for any m,¢ > 0

lim P, (¢ — 9(6VL)$) = lim sup (1 + p(x,20))*|L™ [ — p(6VL)¢] ()| = 0.
6—0 00 e
Given m, ¢ > 0, pick the smallest k,r € N so that kK > ¢+ 5d/2 and 2r > k+d + 1.
Set w(A) ;== A72"(1 — ¢(\)). Then 1 — (v A) = 62" w(5v/A)\" and hence
L™[¢ = p(6VL)¢](x) = 6> w(dV L) L™ ¢(x)

— 527 /M w(SVL)(x,y) L™ p(y)duly).

From the definition of w we have w € C*(R,), w?**1(0) = 0 for v > 0, and
W W) <e(l+MN)72, AeR,, v>0.

Now, we apply Theorem 3.4, taking into account that k > d+1 and 2r > k+d+1,
to conclude that the kernel w(8v/L)(z,y) of the operator w(dv/L) obeys

w(OVL)(x,y)| < exDsplz,y) <

c
[B(2,0)|(1 + 6" p(x,y))k=4/>"
By (1.2), (2.1) it readily follows that for 0 < d <1
| B(wo, 1)| < eo(1+ pla, 20))?|B(x, 1)| < g0~ (1 + p(x,20))!| Bz, 0)].

Also, since ¢ € D we have |[L™*7¢(z)| < ¢(1 + p(z,10))~*. Putting all of the above
together we get

(1 + pla,x0)) | L™ (¢ — (VL) ¢](x),
§2r—d / 1+p(1. mo))Zer
1B, DI Jar U+ pla, y))F=72(1+ ply, 20

82 (1 + p(x, o))+
(1+ p(x, o))k 3472

Here for the latter estimate we used that k > ¢+ 5d/2 and 2r > d + 1, and for the
former we used (2.10). This completes the proof of Part (a).

To show Part (b), set O(\) := @o(A) + ¢(b~1)\) and note that Zi:o vr(A) =
O(b=7\) for j > 1. Then the result follows readily by Part (a).

e du(y)

<ced—0 as J—0.
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For the proof of Part (c) it suffices to show that

(5.20) = (¢ ve)de and ¢= ()¢ in D forall ¢€D.

fex cex

We shall only prove the left-hand side identity in (5.20); the proof of the right-hand
side identity is similar. Let {¥;};>0 be from the definition of {t¢} in §4.2. Then
S50 Vj(u) = 1for u € Ry and by Part (b) ¢ = >, ¥;(vL)¢ in D for all ¢ € D.
Therefore, to prove the left-hand side identity in (5.20) it suffices to show that for
each j >0

(5.21) V;(VL)p = Y (d,0¢)f¢ in D Vo€ D.

cex;
By (4.41)

U;(VL)(2,y) = Y de(y)de(x), w,y € M.
Lex;

From this and the sub-exponential space localization of ¢ (x) and Lmd;g (), m >0,
given in (4.19) and (4.44) (see also (5.23)-(5.24)) it readily follows that

L™ (VI)(z,y) = Y ve(y) L™ e(x), @,y € M,
§EX;

and hence

L™U;(VL)g = Y (e, )L™ e, Vo € D.

£eX;

Clearly, to prove (5.21) it suffices to show that for any ¢,m > 0 and ¢ € D

(5.22) lm sup (1+ p(a,0))" | 1Welw)ot)an(u) |z de(o)] = o
K—WoxeM
§EX;: P(fIO >K

Given ¢,m > 0, choose o > ¢ + 3d + 1. From (4.19) and (4.44) it follows that

(5.23) [We()] < co| B bT) T2 (1 + ¥ p(, €))7,
(5.24) L™ e ()] < comb™™ B0 721+ Vp(x,£)) 77, € € .

On the other hand, since ¢ € D we have |¢(z)| < ¢(1 + p(z,20)) . Therefore,

du(y)
[ focsrotient < e | e S S
. i/ dp(y)
< cB(&b77)| /M |B(y,b=)|(1 + b p(y, )41 + p(y, 0))°
c|B(& b))/
(1 +p(& w0))7— 4
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where for the second inequality we used (2.1) and for the last inequality (2.12).
From above and (5.24)

Atpea) Y [ @I ()
seX;ip(ga0) 2k " M
cb¥ ™ (1 + p(w, x0))*

2 (L+p(& 20))7 (1 + 0 p(&, 2))7
cb?im

< .

- Z o—f—d Py

€EX;: p(E,a0) 2K (1 + p(€, 20)) (1+0p(€, )
cb?Im 1 cb2im

< - <
T A+ Kyt e (L W€ 2))7 7 T L+ K

<
§EX;: p(§m0) > K

—0 as K — oo.

Here for the second inequality we used that 1+ p(z,z¢) < (14 p(&, 20))(1+ p(&, 2))
and for the last inequality we used (2.15). The above implies (5.22) and the proof
of (5.19) is complete.

The convergence of (5.17) — (5.19) in LP for f € LP follows by a standard
argument, see also Theorem 5.3 in [6]. O

5.3. Distributions on R? and T¢ induced by L = —A. The purpose of this
subsection is to show that in the cases of M = T¢ and M = R¢ with L = —A (A
being the Laplace operator) the distributions defined as in §§5.1-5.2 are just the
classical distributions on the torus T¢ and the tempered distributions on R?.

The case of M = T¢ = R?/Z? and L = —A is quite obvious. The eigenfunctions
of —A are €2 | c 7. Clearly, in this case the class of test functions D defined
in §5.1 consists of all functions ¢ € L?(T¢) whose Fourier coefficients q%(k;) obey
|6(k)| < en(1+ |k|)=N for each N > 0. It is easy to see that this is necessary and
sufficient for ¢ € C°°(T?). Therefore, D = C*°(T%) as in the classical case. For
more details, see e.g. [10]. Observe that the situation with distributions on the
unit sphere SY~1 in R? is quite similar, see e.g. [34].

The case of M = R? and L = —A is not so obvious and since we do not find
the argument in the literature we shall consider it in more detail. Note first that
in this case the class of test functions D defined in §5.2 consists of all functions

(5.25) ¢ € C®(R?Y) s.t. Pr(d) := sup (1 + |z]) |A™¢p(x)] < 00, Vm, L > 0.
z€R4

Recall that the Schwartz class S on R? consists of all functions ¢ € C*°(R?) such
that ||¢||a.5,00 = sup, |[2*0%¢(z)| < oo for all multi-indices a, 3. We shall also need
the semi-norms ||¢||o .2 := |[7%0%¢|| 2. It is well known that on S the semi-norms
{l|¢|la,8,00} are equivalent to the semi-norms {||¢|la,5,2}, see e.g. [41], Lemma 1,
p. 141.

Proposition 5.6. The classes D (defined in §5.2) and S on R? are the same with
the same topology.

Proof. We only have to prove that D C S, since obviously S C D.
Assume ¢ € D, ie. ¢ € C®(R?) and Py, (¢) < oo, Vm, £ > 0. This readily
implies ||z*A™ |5 < oo for all multi-indices a and m > 0. Denoting by ¢(¢) the
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Fourier transform of ¢ we infer using Plancherel’s identity
(5.26) 10%(I€]*"d)||2 < 00, Vo and m > 0.
We claim that this yields

(5.27) 1€%0° |y < 00, Ve, B.

We shall carry out the proof by induction in |3]. Indeed, (5.27) when |3] = 0 is
immediate from (5.26) with |a| = 0. Clearly,

(5.28) 3; (€™ p(€)) = 2m&; €7 2H(€) + [€*™8;6(€)
and hence

e D502 < 110; (€7 )12 + 2ml|€*™ Iz < oo,

where we used (5.26) and the already established (5.27) when |5| = 0. The above
yields (5.27) for |5| = 1 and all multi-indices a.

We differentiate (5.28) and use (5.26) and that (5.27) holds for |5] =0, 1 and all
a’s just as above to show that (5.27) holds when |3| = 2 and for all multi-indices a.
We complete the proof of (5.27) by induction.

Applying the inverse Fourier transform we obtain from (5.27)

10°(@7 )2 < 00, Ve, B.

In turn, just as above this leads to ||¢|la,g2 = [[#%0°¢|2 < oo, Va,B. As was
mentioned, the semi-norms {||¢||a,3,2} are equivalent to the semi-norms {||¢||a,3,00 }-
Therefore, ||¢|la.g.00 = [|[7%0°¢|0c < 00, Va, B, and hence D C S. Clearly, the
equivalence of the semi-norms {P,, ¢(¢)} and {||¢|la,5,00} follows from the above
considerations. [

6. BESOV SPACES

We shall use the well known general idea [37, 53, 54] of employing spectral decom-
positions induced by a self-adjoint positive operator to introduce (inhomogeneous)
Besov spaces in the general set-up of this paper. A new point in our development
is that we allow the smoothmess to be negative and p < 1.

To better deal with possible anisotropic geometries we introduce two types of
Besov spaces: (i) classical Besov spaces B,, = By (L), which for s > 0 and p > 1
can be identified as approximation spaces of linear approximation from X% in L?,
and (ii) nonclassical Besov spaces B;q = qu(L), which for certain indices appear
in nonlinear approximation. We shall utilize functions ¢g, ¢ € C*° (R, ) such that

(6.1) suppo C [0,2], oV (0) =0 for v > 0, [o(A)| > ¢ >0 for A € [0,2%/1],
(6.2) suppe C [1/2,2], |o(\)| > ¢ >0 for A e [273/4 23/4).
Then |@o(M)| + 30,51 [#(277A)[ > ¢ >0, A € Ry Set p;(A) := (277 ) for j > 1.

Definition 6.1. Let s € R and 0 < p,q < 0.
1) The Besov space B3, = B3 (L) is defined as the set of all f € D' such that
(4) D Pq pq

1/q

5, = (X (210D f0)ee) ) < oo

Jj=0

(6-3) /]
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(i¢) The Besov space B;’q = B;q(L) is defined as the set of all f € D' such that
1/q

By, T (Z ('HB("27j)|75/d%(\/f)f(')Hm)q) < co.

Jj=0

(6.4) /]

Above the £1-norm is replaced by the sup-norm if ¢ = oo.

Remark 6.2. A word of caution concerning the smoothness parameter s is in

order. The spaces B,, are completely independent of d, but for convenience in

the definition of ||f||z. in (6.4) the smoothness parameter s is normalized as if
rq

dim M = d which, in general, is not the case. However, if |B(z,7)| ~ r¢ uniformly
in z € M, like in the classical case on R%, then || f| Bz, ~ |If]

ms .
BPLI

It will be convenient to introduce (quasi-)norms on B, and B$_, where in the

: : PQ
spectral decomposition 27 is replaced by & with b > 1 the constant from the

definition of frames in §4 (see Theorem 3.12). Let the functions ®q, ® € C°(R)
obey the conditions

(6.5) supp @ C [0,0], Po(\) =1 for A €[0,1], ®o(\) >e¢>0 for A € [0,b%4],
(6.6) supp® C [b1,b], ®(A)>c>0 for A b4 64, and @y, ® > 0.
Set ®@;(A) := ®(b=I\) for j > 1. We define

(6.7) 1m0 = (X (0712,VD)7 ) ")
j=0
and
(6.8) 11155, 0 = (2 (H|B(-,b—j)|-s/d<1>j(ﬁ)f(-)Hm)q)l/q

j=0

with the usual modification when ¢ = oo.

Proposition 6.3. For all admissible indices || - |

B;, and |- || B; (@) are equivalent

quasi-norms in By, and || - |

B;q. Consequently, the definitions of By, and B;q are independent of the particular
selection of the functions @g, ¢ satisfying (6.1)—(6.2).

B, and || - |B;q(¢>) are equivalent quasi-norms in

For the proof of this theorem and in the sequel we shall need an analogue of
Peetre’s inequality which involves the maximal operator from (2.18).

Lemma 6.4. Let t,r > 0 and v € R. Then there exists a constant ¢ > 0 such that
for any g € &,

(6.9) sup By,t )"lg(w)] <M, (IB(t7H"g)(z), =€ M.

vem (L+tp(z,y))*/r
Proof. Let g € ;. As before, let 6 € C§°(Ry) and 6(\) =1 for A € [0,1]. Denote
briefly Hs := 6(6+/L) with § = ¢! and let Hs(z,y) be its kernel. Evidently,
Hsg = g and hence g(y) = [, Hs(y, 2)g(2)du(z). For the kernel H;(-,-) we know
from Theorem 3.1 that for any o > 0

(tp(y, u))”

Bl )1ty e TP st

(6.10)  [Hs(y, 2) — Hs(u, 2)| < o
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Fix 0 < e < 1. Then for y € M
lg)| < inf g(w)[+ sup  |g(y) — g(u)]

u€B(y,et=1) wEB(y,et—1)
and hence
Gla) = sup B IWI Byt~ infuepy,ee1) lg ()]
vem (L+tp(@,y))V"™ = yem 1+ tp(z, )Y/
. By, t I supuepyee) l9(y) —9(w)] _ Cr(2) + Cala)
veM (1 +tp(z,y)r ‘ '
To estimate G (z) we first observe that

1

1/r
inf <N "d
el 1900 < (e [ o du) ™

which implies

B, play) +et=)] )"
Gi(z) < <|B(y,€t_1)|(1 + tp(x,y))d>

1/r
1 D g(w)]) du(u
(6.11)  x (B(%p(m’y)%t—l [ Jagern (IB(y, ™9 |g(w)])" du( )) :

)
Note that if u € B(y,et~!), then B(y,t™1) C B(u,2t™!) and B(u,t~!) C B(y,2t™1).
Therefore, the doubling condition (1.1) yields

co [Blu,t™ ) < By, t71)| < col Blu,t™), we Bly,et™).
Also, since B(z, p(z,y) +et™') C B(y,2p(x,y) +et~'), then using (2.1)
|B(z, p(z,y) + et )| < [B(y, 2p(x,y) + £t )|
< co(1+ e t2p(x,y) + et 1) Bly, et ™)
< e (1 +to(z, y)! | Bly,et ™).

We use the above in (6.11) and enlarge the set of integration in (6.11) from B(y, et™!)
to B(x, p(z,y) + et~ t) to bound Gy (z) by

1 ) 1r
= yert <|B(m,p(az,y) + et )| JB@p(ey)+et-1) (1500 Mgt du(w)
< eem VT MBI g()) ().
Thus
(6.12) Gr(x) < ce” "M, (IB( 7 H)[g(1)) ().
We next estimate Ga(z). Using (6.10) we obtain
ueBS(EErl) lg(y) — g(u)] < ueBS(SErl) y [Hs(y,2) — Hs(u, 2)||g(2)|du(z)

. o [ o) le)l
SCuGB(yEt*1)|B(y’t )‘ /M (1—|—tp(y,z))‘7 d’u( )
l9(2)]

(1 +tp(y, 2))°

< =Byt Y| /M dy(z)
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and choosing o = d/r + d|7| +d+1 we get
1By, t~)|"g()]

Ga(z) < ce ;g}p\/[ |B(y,t - |/ T ))r(l+tp(y,z))%dWHd“du(z)'
Clearly,
(L+tp(x,2)) < (L +tp(y, x))(1 +tp(y, z))
and by (2.1)

e (L4 tp(y, 2)) "B, )] < By, t™)] < oL + tply, )| Bz, 7).

We use these in the above estimate of Gg( ) to obtain

1y
G < oot s By CYl P TR
8 BT T DT+t )
B(z,t™1)|"|g(2)] 1
< de® sup | sup du(z
T e ) 220 BT Ty

< "e*G(x),
where for the last inequality we used (2.9). From this and (6.12) we infer
G(x) < ce™ "M (IB(t7H)g()) () + " G(a).

Here the constants ¢ and ¢ are independent of €. Consequently, choosing € so that
e < 1/2 we arrive at estimate (6.9). O

Proof of Proposition 6.3. We shall only prove the equivalence of || - || 5. and
I

It is easy to see (e.g. [14]) that there exist functions &g, ® € C5°(R, ) with the
properties of ®p, & from (6.5)-(6.6) such that

N+Y O INRBTIA) =1, AeR,.
Jj=1
Set ®;(A) := ®(b77)), j > 1. Then Y-, ®;(A)®;(A) = 1. By Proposition 5.5 it
follows that for any f € D’
f=Y_®,(VL)®;(VL)f in D'

>0

B3, (@) The proof of the equivalence of || - [[p;, and || - ||, (@) is similar.

Assume 1 < b < 2 (the case b > 2 is similar) and let j > 1. Evidently, there exist
¢ > 1 (depending only on b) and m > 1 such that [2/71 2/+1] C [pm—1 pmHétl]
Then 27 ~ b™. Using the above we have

m4£

0i(VL)f(z) = Z 0i(VL)®,(VL)®, (VL) f(x)

m-£

—Z/&my VD)),

where K, (-,-) is the kernel of the operator ;(v/L)®,(V/L).
Choose 0 < r < p and ¢ > |s| +d/r + 3d/2 + 1. By Theorem 3.1 we have the
following bounds on the kernels of the operators ¢;(v/L) and ®,(v/L):

(
|@J(\/Z)($7y)‘ < CD2’j,U(x’y) < CDb*",G(xvy)’ |(i) (\/E)(x’y” < CDb*”,U('r’y)v
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and applying (2.8) we obtain
K (2, 9)] < ¢ Dy o (,y) < e Bla,b™") [T (146 p(a,9)) 7T, m <v <m+t,

which implies

s (VL) (VI) 2, (VD) f(2) )W)

d .
= B b )] / 1+bV ))Hl/2 H)
Observe that supp ®, C [0,b”T!] and, therefore, by Proposition 5.2 and Proposi-
tion 5.4, ®,(vVL)f € Zyv11. Now, using this, (1.2) and (2.1) we get

|B(z, Q*j)|*5/d|@j(\/f)f(g;)|

m-+£

B, b~)|*/110,(VI)f(y)|
< LT B |/ A+ bple e W)

m-+£ _
e, (VD) )

<C3 i L O w e Ha )

m+€ —u—1\|—

By, b=/, (VD) [ |Bleb)|

L T T e T b )

m—+L
<e Y M(IBE 0, (VD)) (@),

Here for the last inequality we used Lemma 6.4 and (2.9). Finally, applying the
maximal inequality (2.19) for individual functions (0 < r < p) we get

m-+£

B2, (VD) O)llp < e 3 [|Me(1BC 6D "2, (VD)F)) |
m-+£

<> IBEY 0 (VI Ol G2 1.

v=m

Just as above a similar estimate is proved for j = 0. Taking into account that /¢
is a constant the above estimates imply || f| 5. < c[|fl/5: (3)- In the same manner
prq

one proves the estimate || f| O

B;q(q)) -

Proposition 6.5. The Besov spaces B, and B;’q are quasi-Banach spaces which
are continuously embedded in D'. More precisely, for all admissible indices s,p, q,
we have:

(a) If p(M) < o0, then

(6.13) [(f o) < cllflls;, Prm(®), [ € By, ¢€D,
provided 2m > d(m 1) —s, and
(6.14) (O < cllflly Pa@). £ € By 6D,

provided 2m > max {0 d(m 1) — s}.
(b) If n(M) = oo, then

(6.15) [(f: o) < ellf|

B3, m€(¢)7 fEB;qv ¢€D7
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provided 2m > d(m — 1) —s and { > 2d, and
(6.16) (&) < ellfllsg, Prne(@). [ € By 6D,
provided 2m > max {Qd(ﬁ —1) — s} and ¢ > max {2d, d(% - 1)‘ + |s]}.

Proof. Observe first that the completeness of B, and B;q follows readily by the
continuous embedding of By, and Bf,q in D’. We shall only prove the continuous
embedding of Bf)q in D}, , in the case when p(M) = co. All other cases are easier
and we skip the details.

Choose ¢g,p € CP(R4) so that suppyy C [0,2], ¢o(A) = 0 for A € [0,1],
suppep C [271,2], and p3()\) + D1 ©*(279A) = 1 for A € Ry. Set ¢;()) =
@(277A) for j > 1. Then 3 -, go?(X) =1 for A € Ry and hence, using Proposi-
tion 5.5, for any f € D’

(6.17) f=Y (WL D

>0
Also, observe that {¢;};>0 are just like the functions in the definition of B;q and
can be used to define an equivalent norm on B;q as in (6.8). From (6.17) we get

(618)  (f,8) =D (SS(VI)f,0) =D (¢;(VD).9;(VL)$), ¢€D.
j20 Ji>0
We next estimate |p;(v/L)¢p(x)], j > 1. To this end we set w(\) := A72™p(N).
Then ¢, (VA) = 272™w(277y/A)A?™ and hence
o (VDola) =272 [ @ VD) Lol dn(o)
Clearly, w € C§°(R4) and suppw C [1/2,2]. Therefore, by Theorem 3.1

W@ VL) (@, y)| < el By, 277)| 7 (1 + 2 pla, ),

where £ > 2d is from the assumption in (b). On the other hand, since ¢ € D we
have |[L™¢(x)| < ¢(1+ p(z,70)) "“Pm.e(¢). From the above we obtain

oy duy)
l0; (VL) ()| < 27> ™ Py o(6) /M |B(y, 29| (1 + 27 p(z, y)) (1 + p(y, z0))"

(6.19) < 27 P o (9) (1 + pla, o)) "

Here for the last inequality we used (2.12) and that £ > 2d.

We are now prepared to estimate the inner products in (6.18). We consider two
cases:

Case 1: 1 < p < oo. Then applying Holder’s inequality (1/p+ 1/p’ = 1) we get

[(¢;(VL) f,0;(VL)$)|

s/ |B(2,277) 7/ p;(VL) f ()| B, 279)|"/ |0 (VL) p() | dps(x)
(6.20) M ‘ ‘
< 1Bz, 279) = Y0 (VL) 1B, 277) ¥ Y0y (VL) Iy

< el fll g, B2, 27) 1 40, (VD)$lly, 2 0.

~S
qu
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Using (6.19) we obtain for j > 1
| B, 277) |/
(1+ p(z, x0))

Two cases present themselves here depending on whether s > 0 or s < 0. If s > 0,
then by (2.1) we have |B(z,277)| < |B(z,1)| < co(1+p(z, 70))% B(w0, 1)| and hence

dp(z)
(1 + pla, 20)) =57’

Q = 1B, 27940, (VL)L) < 223 P, ()7 /M dp(z).

Q< 2Py ()" | Blan, D7 [
< QI Py (6)F| B o, 1)/,

where for the last inequality we used (2.9) and that (¢ — s)p’ > d, which follows
from £ > |d(1/p — 1)| + |s|. In the case s < 0 we use that

|B(xo, )| < co(1 + pl, 20))![B(x, 1)] < cg2(1 + p(, 20))!| B(x,277)],
which is immediate from (1.2),(2.1), to obtain

dp()
(1+ p(z,20)) P’

Q< c2_j(2m+5)p/”Pm,z(¢)p/\B(mo, 1)|sp//d-/
M
< 27 ICMEI D ()| B(ao, 1)/

Here we again used (2.9) and that (¢ + s)p’ > d due to £ > |d(1/p — 1)| + |s|. From
the above estimates on @ and (6.20) we get for j > 1
(6.21)

(i (VL) f 05 (VL)§)| < camd@mamntedD| B(ay, 1)/ V2| £ 5. P, o(0).

It remains to consider the easier case when j = 0. Applying Theorem 3.1 to g
and since ¢ € D, we obtain

lpo(VL) (@, y)| < ¢|Bly, 1)| ' (1p(w,9)™" and [p(z)] < e(1+p(z,x0)) " Po.c(6),

which as in (6.19) imply |wo(VL)(z)| < (1 + p(z,20))"“Po.e(¢). As above this
leads to

B, DI/ 0;(VL)$lly < elBlao, 1) 1PPy (6).

In turn, this and (6.20) yield (6.21) with m = 0 for j = 0.
Summing up estimates (6.21), taking into account (6.18) and that 2m > max{0, —s},
we arrive at (6.16).

Case 2: 0 < p < 1. Setting v :=s/d —1/p+ 1, we have for ¢ € D and j > 1
(e, (VL) f,0;(VL)$)| < 1B (x,279)| 0, (VL) flla [l B(2,277)[ 05 (VL)@ oo
Since @;(VL)f € Sg541, Proposition 3.11 yields
1B 270, (VL) flln < el|B(,279)| 7 P, (VL)
= |IB(-,279)| "/, (VL) flp < cllfllzs, -

On the other hand by (6.19)

L C9—j ) —2mj M
R = [IB(, 270 0i(VE)blloo < @7 Pune(@) sup = — .
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As in the estimation of @ above we obtain R < ¢272™IP,, 4(¢)|B(zo,1)[7 if v >0
and R < 279Cm+dN D, (#)|B(xg,1)|” if v < 0. Here we used that ¢ > d|y| due
to £ > |d(1/p — 1)| + |s|. Therefore, for j > 1

[(0s (VL) f,0;(VL)¢)| < c27dGmmin{Odvh| B(a, 1)|*/ 4112 | |

B;qpm,l(¢)~

Now we complete the proof of (6.16) just as in the case 1 < p < oo, taking into
account that 2m > —min{0,dy} = max{0,d(1/p—1) —s}. O

6.1. Heat kernel characterization of Besov spaces. We shall show that the
Besov spaces B, and B, can be equivalently defined using directly the Heat kernel
when p is restricted to 1 < p < .

Definition 6.6. Given s € R, let m be the smallest m € Z such that m > s. We
define

7 ro, /s adty1/a
113, ) 1= el + ( / [ 2Ly et ) )

1
11155,y o= INBC DI fl 4 ( / [|BC#/2)] /ALy 2e=t1 |

with the usual modification when q¢ = co.

ﬂ)l/q

q
Pt

Theorem 6.7. Suppose s e R, 1 <p<o0,0<qg<o00, andm >s, meZy, asin
the above definition. Let f € D'. Then we have:

(a) f € B,, if and only ife"lf e LP and ||fHB;q(H) < oo. Moreover, if f € B;,
then || fllBs, ~ If|Bs, -

(b) f € By, if and only if |B(:, |*/de L f € LP and || f|
if f € BS,, then | f|

pq’

q’

B, (H) < 00. Moreover,

5e, ~ 115, -

Proof. We shall only prove Part (b); the proof of Part (a) is easier and will be

omitted. Let ¢o, ¢, and ¢;, 7 > 1, be precisely as in the proof of Proposition 6.5.
Then for any f € D" we have f =3, wf(\@)f and hence

B V/2) [/t Ly 2etE f = 7 B( 012)| ALy 2o (V) f = S F.
Jj=0 Jj=0
It is readily seen that for j > 1
Fj = [B(-, /)[4t L) e~ (27 VL) p(2 VL) f
= [B(, 1Y)/ w2 VL) (2 VL),
where w()) 1= (EA249)m/2e=A4 (N} As o € C, suppp C [1,2,and 0 < p <1
we have, by Theorem 3.1,
(6.22) |w(27VL)(z,y)| < cg(t4j)’”/26_t4j|B(x,2_j)|_1(1+2jp(x,y))_”, Vo > 0.
On the other hand, (1.2) and (2.1) easily imply
(6.23)  [B(x,t/?)| 7/ < o1+ (t47)7/2) (1 + 27 p(a, ) *!| By, 277)|~*/4.
To this end one has to consider four cases, depending on whether t'/2 < 277 or

t'/2 > 277 and whether s > 0 or s < 0. Combining the above with (6.22) we obtain
(6.24)

|Fj(@)] < o(1+ (t47)3) (t47) ¥ e /M |B(x,277)[(1 + 27 p(x, )7

IB(y,2‘J)|‘3|¢(2‘J\E)f(y)51du(y)_
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We now choose o > |s| +d + 1 and invoke Proposition 2.3 to obtain
1Ejllp < e(1+ (@4)7*/2) (t47) ™2 | B(, 279) "3 (VL) fllpy 5> 1.
One similarly obtains the estimate
1Folly < elll B, D)™ 30o(VL) fllp-
Putting the above estimates together we obtain for 0 < ¢ <1
IIBC, /)ALy 2e " £,
< e [ 4 (04) e B 270) [ (VI

7>0

Let hj(t) := [(t47)™/2 4 (t47)m=)/2]e="" and b; := |||B(-,277)|~F;(VI)flp.
Then from above

([ iemeany et <of (o) )"

>0
(S () ) (5 (o))
v 7>0 v>0 372>0

Here

aj_, =max{h;(t) : t € A7V 47V} < (A0Im/2 4 gG-)(m=s)/2) =407

and we set a,, 1= (4V™/2 4 4¥(m=9)/2)e=4""" 1}, c 7,

Three cases present themselves here, depending on whether ¢ = 0o, 1 < ¢ < o0
or 0 < g < 1. The case when ¢ = oo is obvious. If 1 < ¢ < oo, we apply Young’s
inequality to the convolution of the above sequences to obtain

(S (Ges)) " B (T < (5

v>0 j2>0

1/q

where we used that } ., a, < cduetom > s. If 0 < ¢ < 1, we apply the g-triangle
inequality and obtain

PDIODURTHEED D) BT ED DD B AL BLA
v>0 3>0 v>035>0 VEL 3>0 7>0
Here we used that ) ., al < c. In both cases, we get

! dt\1/a 1/q
([ 1oty < () < s,

Jj=0

It is easier to show that |||B(-,1)|=%/%e=Lf|, < c|f]|

the footsteps of the above proof and will be omitted. Combining the above two
estimates we get || f|

s - The proof follows in
Prq

B;G(H) -
We next prove an estimate in the opposite direction. We only consider the case
when 0 < ¢ < o0o; the case ¢ = 0o is easier. Assume that ¢g, ¢, and ¢;, j > 1, are
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as in the definition of B;q (Definition 6.1). We can write
| B2, 277)| /40, (VL) f ()
= |B(z,277)[7*/(tL) " e P (2T IVL)(tL) " e f ()
= |B(z,277) |/ w(@ VL) (L) e f(2),
where w(\) 1= (tEA249)=m/2=N*4 o (\) and t € [4=7,473F1]. Since supp ¢ C [1/2,2]
we have ||w||s < ¢ and by Theorem 3.1
w@ VL) (2,y)| < ol Bz, 279)| 7 (1 + 27 p(a,5)) "

From (21) [B(z,279)|~*/4 < (1 + 2 p(z,y)) " | By, t/2)[~5/4, t € [47,475+1],
Therefore,
(6.25)

s B y,t1/2 —s/d tL m/2efth Yy
B, 27|y (VD)) < o [ LWL )
M |B(x,279)|(1+ 27 p(z, y))
Choosing o > |s| + d + 1 and applying Proposition 2.3, we get
H|B(,,2—j)‘—(e/d(pj(\/Z)pr < CH|B<'7t1/2)|_S/d(tL)m/2€_thHp

for t € [477,47971] and hence for j > 1
4+

4 . i m2—tL pa d
H|B('»Q_J)|_S/d90j(‘/i)f||pSc/l_j |||B(-,t1/2)‘ /d(tL) /2, thHp?t.

dp(y).

Also, one easily obtains
I1BC, D)~ oo(VI) fllp < ell| B, 1) %™ [l

Summing up the former estimates for j = 1,2,... and using the result and the
latter estimate in the definition of || f| 5. we get || f|lz. < c[/f] O
prq raq

Remark 6.8. From the above proof it easily follows that whenever f is a function
the terms [~ f||, and [||B(:,1)|~*/4e~L f||, in Definition 6.6 can be replaced by
1 £llp and [[B(, 1)|~*/ ||, respectively.

Also, observe that in the case when s > 0 Theorem 6.7 (a) follows readily from
the characterization of B, by means of linear approximation from ¥ see [6], §6.1.

Biq(H)*

6.2. Frame decomposition of Besov spaces. Our primary goal here is to show
that the Besov spaces introduced by Definition 6.1 can be characterized in terms
of respective sequence norms of the frame coefficients of distributions, using the
frames from §4.

Everywhere in this subsection {t¢}ecx, {7]15}56 x will be the pair of dual frames
from §§4.2-4.3, X := U;>0X}; will denote the sets of the centers of the frame elements
and {A¢}ecx,; will be the associated partitions of M.

Our first order of business is to introduce the sequence spaces b;,, and Z;Zq‘

Definition 6.9. Let s € R and 0 < p,q < co.
(a) by, is defined as the space of all complez-valued sequences a := {ae}tecx such
that
1/q

0200 lalby, = (S0 [ X (1Ber )P lal) ) <

7>0 £€Xj
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b is defined as the space of all complex-valued sequences a := {ag¢}ecx suc
b) by, is defined h f all l lued ¢te h
that

) pya/p\1/q
(6.27) lallz. = (Z[Z (\B(g,bﬂ)rs/dﬂ/pﬂ/z‘ad) ] ) < o
" §>0 ¢eX;
Above as usual the IP or €4 norm is replaced by the sup-norm if p = 0o or ¢ = 00

In our further analysis we shall use the “analysis” and “synthesis” operators
defined by

(6.28) Sy f = {{fde)eexr and Ty :{agteex — D actle.
gex

Here the roles of {t¢¢} and {1/;5} can be interchanged.

Theorem 6.10. Let s € R and 0 < p,q < oo. (a) The operators Sy 1 Bpg = byg

and Ty : by, — By, are bounded and Ty o Sd; = Id on B;,. Consequently, for
feD we have f € B:, if and only if {{f, 1;5)}5.5;\7 € by, Moreover if f€B

prq
then |1£11 5, ~ I{(F. %)} o

s~ ([ X Isdewelis] )"

7=>0 £eX;

PQ’

bs, and under the reverse doubling condition (1.6)

(6.29) I1/1

(b) %”he operators Sy :~B;q — I;‘;q anfi Ty : I;;q — BS are bounded and Ty, 0S; = Id
on By Hence,~f € By, <= {{f,v¥¢)}eex € by, Furthermore if [ € qu, then
[ flBs, ~ IH{{f,¥e) }Hlps, and under the reverse doubling condition (1.6)

~ ([ (B dav)]") ™

j=>0 £e;

(6.30)

Above in (a) and (b) the roles of {1b¢} and {1b¢} can be interchanged.

To prove this theorem we need some technical results which will be presented
next.

Definition 6.11. For any set of complex numbers {a¢}ecx; (j > 0) we define

* ‘an|
6.31 = —_ X
o %= 2 T wpmer T <€

where T > 1 is a sufficiently large constant that will be selected later on.

Lemma 6.12. Let 0 <r <1 and assume that 7 in the definition (6.31) of af obeys
T >d/r. Then for any set of complex numbers {a¢}ecx; (j > 0) we have

(6.32) Z azla.(z) < cM, ( Z |an|]lAn)(x), r e M.

feXJ WEX]'
Proof. Fix £ € X; and set Sy := {n € X; : p(&§,n) < c°b~7} and

Spi={n € Xj : b ITMTE < p(g n) < ChITMY,
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where ¢® := vb~! with v being the constant from the construction of the frames in
§4.2. Let B, := B(&,c®(b™ + 1)b™7). Note that A,, C B, if n € Sp, 0 < £ < m,
and hence, using (1.2),

‘Bm| < |B(777200(bm + 1)b7j)|

: pim.
Ay = |B(n, 270371 —

(6.33)

We have

* —mT —mT r 1r
a;<ed b Y gl <e 36 (X faol)
m>0 NESm m>0 nNESm
and using (6.33)

st <e v ([ X lalia ] dutw)

m>0 M " pes,,

: szz:o v (lBlim\ /Bm [77; <||i:||) 1/T|%|]1An} Tdu(y)) v

r /r
Sc;)b—m@_d/r)('Blm'/B { XS: |an|]lA,,} d’u(y))l
"= ™ MESm
< c/\/lr( Z Ian|]l,4n>(x) Z p—m(r—d/r) < c/\/l,«( Z |an|]lAn)(x),
neX; m>0 ez,

for z € Ag¢, which confirms (6.32). O

Lemma 6.13. Let 0 < p < oo and v € R. Then for any g € Xpi+2, j > 0,

) 1/ .
630 (1B swp lo@Plad) " < el B g0 o
cEX; wEAg

Proof. Let 0 < r < p. We have
D IBED|? sup [g(x)[P|Ae]
.’L‘GAg

£eX;
<cf 3 sw ('B(m’b”'”'g(m)') La, (y)du(y)

éex, veac \ (14 bIp(a,y)2/
|B(x,b~7)["|g(x)| "
<

<c [ M) 0] duty

<c [ [1Bwv e dut)

which confirms (6.34). Here for the first inequality we used that A¢ C B(&,cb™7)
and |B(&,b77)| ~ |B(z,b77)| if x € Ag, for the third we used Lemma 6.4, and for
the last inequality we used the boundedness of the maximal operator M, on LP
whenr <p. O

Proof of Theorem 6.10. We shall only carry out the proof for the spaces B;q.
Also, we only consider the case when p, ¢ < co. The other cases are similar.
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We first prove the boundedness of the synthesis operator 7T}, : l;;q — ng. To this
end we shall first prove it for finitely supported sequences and then extend it to the
general case. Let a = {a¢}ecx be a finitely supported sequence and set f := Tya =
> cex aete. We shall use the norm on B, defined in (6.8) (see Proposition 6.3).
We have

j+1
o;(VL)f= ) > ae®;(VL)e with Xy :=0.
=j—1feXn,

Choose r and o so that 0 < r < p and o > |s| + d/r + 5d/2 + 1. By Theorem 3.1
we have the following bound on the kernel ®;(v/L)(x,y) of the operator ®;(v/L):

|5 (VL) (2,)| < eDys o (,y) < eDym o (2,y)
< eB(y, b7 A+ 0" p(,y) TR jo1<m <G+ L
On the other hand, by (4.19) it follows that
[e(@)| < el BED™™) T2 (1+6"p(w,€)) 7, £ € X

Therefore, for £ € X, j—1<m < j+1,

%, (/D@ = | [ 19,0/ D nvetn)auty)

du(y)

= BEb ™7 /M [B(y, b=m)|(1+ b p(x, )7~ 42(1 4 5™ p(y, €))7

= |B(¢, bim)|1/2(1 + bmp(z, 5))g,d/2 :

Here for the last inequality we used (2.11) and that o > 5d/2. From the above we
infer

Jt+1
Bz, b))~/
b~ J S/dq) < |a’§H
(B, b77)[*|@; (V) f () szjlgg BE )2 (1 £ bp(e 67—

|ag||B(&,b~7)|~/4-1/2 v
< .
¢ Z Z (1+bmp($7§))07\s|7d/2’ GRS

Let Xppp i= {n € Xtz € Ay} and set Q¢ := |ag||B(&,07™)|7%/471/2. Then
the above yields

Jj+1

s/d—1/
B e DI@ s 3 5 3 by et L

m d/r+1
T e cex, (LH0T(1,6))

Jj+1 Jj+1
= Z Z Q ]]_A —C Z Z Q ]].A )
m=j—1n€Xm o m=j—1n€Xn

Jj+1

<c Z MT( Z Q,,]lAJ(x)

m=j—1 NEXm
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where we used that ¢ > |s| + d/r + d/2 + 1 and for the last inequality we applied
Lemma 6.12 with 7 = d/r + 1. Therefore,

B e, (DOl <o S M (X @) 0
m=j—1 NEXm,
Jj+1

se > | X Qa0

m=j—1 n€Xm p
it p\ /P
<c Y (DD B, )Y

m=j—1 nEXp

Here for the second inequality we used the maximal inequality (2.19) and for the
last inequality that |A,| ~ |B(n,b=™)| for n € X,,. We insert the above in the
Besov norm from (6.8) to obtain || f[| 5. ) < cll{ac}|j. - Thus

ra ) rq

(6.35) || Tyal

By, (@) < clla b, for any finitely supported sequence a = {a¢}.

Let now a = {a¢}¢cx be an arbitrary sequence in l;‘;';q. We order arbitrarily the

elements of {ag}ecx in a sequence with indices 1,2,... and denote by Xicx

the indices in X of the first j elements of the sequence. Since |[{a¢}|;. < oo it
ra

readily follows that {a¢}ecxi — {ac}ecr in ng as j — oo. This and (6.35) implies
that the series de x Agtpe converges in the norm of B, and by the continuous
embedding of By into D’ (Proposition 6.5) it converges in D’ as well. Therefore,
Tya = Y ey agte is well defined for a = {a¢} € by,. The boundedness of the
operator Ty : by, — B, follows by a simple limiting argument from (6.35).

We now turn to the proof of the boundedness of the operator S : B;q — l;;q.
Let f € By,. From (4.40) or (4.47) it follows that

(fohe) = ce| Ag|V2 [T, F(€) + S, T, £(€)]

and hence
Z (|B(§,b*j)|—s/d+1/p71/2‘<f, y}m)p <c Z |B(§,b*j)|fsp/d|FAjf(£)‘P|A£|
EEX; EEX;
e Y BEDT)| TS, Ty, F(OIP|Agl-
§EX;

Since 'y, f € Xyi+2 we can apply Lemma 6.13 to obtain

(6.36) > IBETPATN FOPIAel < cll[BC, b7~y £
EEX;
To estimate the second sum above we denote g;(z) := |B(z, b*j)|*5/d1“>\jf(x) and

choose r and ¢ so that 0 < r < p and ¢ > |s| +d/r + 3d/2 + 1. Observe that by
Lemma 4.2 (b) it follows that

1S5, (#,9)| < €Dy o (2, y) < | Bz, b77)| 711 + ¥ p(x, y)) T2
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and hence

|B(&,b79)| /4|95, Tx, £(£)|

T, f@)IIB(E b)) ~*/41
= C/M (1+bip(&,y))o—d/2 dp(y)
(6.37)
, 19 (y)] IB(&,b7)| !
< S e R, (T b plE )
< csup 195 (y)] < eM(g5)(2), ze€ Ae.

ven (1+bp(z,y))4" ~
Here for the second inequality we used that
B0/ < e(1+ 07 p(&, )| B(y,077)| /7,

which follows by (2.1), for the third inequality we used o > |s| + d/r + 3d/2 + 1
and (2.9), and for the last inequality we applied Lemma 6.4. Thus, applying the
maximal inequality

S BB S, T, FEOP A < ¢ 3 /A M, (95)(2)Pd(2)

£EX; (EX;
- C/Jv, [Me(IB( b~ 0, £)(2)] dpalz) < e[ B 077)| 7T, f115-
From this and (6.36) we infer

. ~ P . .
> (IBE b2 L Gl ) < ell|BEb) T fI, G2 0.
cex;

Inserting this in the Ezq—norm we get [ {(f,¥e)Hlz. < cllfll 5 @ <l f]
rq rq
we used that the functions I';, j > 0, can be used to define an equivalent norm in

B, (see Proposition 6.3). Thus the boundedness of the operator Sy is established.

~. , where
By

The equality Ty o S; = Id on B;q follows by Proposition 5.5 (c).
Assuming the reverse doubling condition (1.6), we have ||¢¢||, ~ |B(&,b77)[1/P=1/2
from (4.22), which leads to (6.30). O

6.3. Embedding of Besov spaces. Here we show that the Besov spaces By, and
Bf)q embed “correctly”.

Proposition 6.14. Let 0 < p < p; <00, 0 < qg< ¢ <00, —00 < 51 <5< 00.
Then we have the continuous embeddings

(6.38) B, C B3, and B, C B3, if s/d—1/p=si/d—1/p..

Piq1 P1q1

Here for the left-hand side embedding we assume in addition the non-collapsing
condition (1.7).

Proof. This assertion follows easily by Proposition 3.11. Let {¢;};>0 be the

functions from the definition of Besov spaces (Definition 6.1). Given f € B!, we
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evidently have ¢, (VL) f € $g,+1 and using (3.26)
B 277 (VL) FO)llpy < elllB(, 277717 40, (VI) £ ()l
< | B(, 27| g (VI) ()
< eIBC 277 Y0, (VL) ) s

which readily implies || f]| B, < cllfll g and hence the right-hand embedding in
P1491 rq

(6.38) holds. The left-hand side imbedding in (6.38) follows in the same manner
using (3.27). O

6.4. Characterization of Besov spaces via linear approximation from X?.
It is natural and easy to characterize the Besov spaces B,  with s > 0 and p > 1 by
means of linear approximation from ¥, ¢ > 1. In fact, in this case the Besov space
B, is the same as the respective approximation space A, associated with linear
approximation from Yf. We refer the reader to [6], §3.5 and §6.1, for a detailed
account of this relationship and more.

6.5. Application of Besov spaces to nonlinear approximation. Our aim
here is to deploy the Besov spaces to nonlinear approximation. We shall consider
nonlinear n-term approximation for the frame {t,},cx defined in §4.2 with dual
frame {1;77}77695 from §4.3 or the tight frame {¢,},cx from §4.4.

In this part, we make the additional assumption that the reverse doubling con-
dition (1.6) is valid, and hence (2.2) holds.

Denote by €2,, the nonlinear set of all functions g of the form

9= acly,
E€A,
where A,, C X, #A,, <n, and A, may vary with g. We let o,,(f), denote the error
of best LP-approximation to f € LP(M,du) from ,,, i.e.
on(f)p = glengn 1f = gllp-

The approximation will take place in LP, 1 < p < oo. Suppose s > 0 and let
1/7:=s/d+ 1/p. The Besov space

B; = B,
will play a prominent role.

We shall utilize the representation of functions in L via {1y }ncx, given in
Theorem 4.3 & Proposition 5.5: For any f € LP, 1 < p < o0,

(6.39) F=> (fde)pe in LP.
fex

It is readily seen that Theorem 6.10 and ||[¢¢l|, ~ |B(&,679)|1/P=1/2 for ¢ € X,
J=0,0<p< o0, (see (4.22)) imply the following representation of the norm in
B::

(6.40) 1713 ~ (S s dewel) " = M),
fex

The next embedding result shows the importance of the spaces Bj for nonlinear
n-term approximation from {i,},ex .
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Proposition 6.15. If f € Bﬁ, then f can be identified as a function f € LP and

(6.41) 171l < || 2 s dee O] < el

fex

Bs-

We can now give the main result in this section (Jackson estimate):

Theorem 6.16. If f € B, then

S
(6.42) an(f)p < en U flg, n=1.
The proofs of Proposition 6.15 and Theorem 6.16 rely on the following lemma.

Lemma 6.17. Let g = ZEE% age, where YV, C X and #Y, < n. Suppose
lagell, < K for € € Yy, where 0 < p < co. Then ||g|l, < cKn'/P.

Proof. This lemma is trivial when 0 < p < 1. Suppose 1 < p < oco. As in the
definition of {4, },cx in §4.2, assume that {A¢}ecx;, (j > 0) is a companion to
X; disjoint partition of M such that B(&,6;/2) C As C B(£,0;), £ € &;, with
§; =vb972. Fix 0 <t < 1, e.g. t = 1/2. By the excellent space localization of 1,
given in (4.19), and (2.21) it follows that

[Ve(2)] < e(Mila)(w), z€M, €,
and applying the maximal inequality (2.19) we obtain

lglly < el Y- Melaclag]l, <l D lac/Lacll,,

EEVn EEYn

On the other hand, from ||agte|l, < K and ||¢e||, ~ |B(§,b‘j)|%7% it follows that
lag| < cK|A5|%7% and hence

(6.43) lgllp < e[| D 1Al P Lac]
€Y

For any £ € X we denote by X the set of all n € X such that A, N A¢ # () and
l(n) < (&), where £(n), £(§) are the levels of 7, { in X (e.g. £(§) =7 if £ € &)).

Suppose § € X; and let n € Xe N &, for some v < j. Since A, N A¢ # () then
p(&,m) < cb™. Applying (2.2) we get [B(§,7077%/2)| > b= |B(E, 477 72)|
and using also (2.1) we obtain

|A¢] < B(E,7b797)] < b U B(E, 772 /2)]
—(j—v —1zv d —v— —(j—v
< b UL+ 29710 2 p(&, )] B0, vb Y72 /2)] < ebm UM A, .

Hence |A¢|/|Ay| < cb~U~)¢ and therefore

(6.44) S (el /14,7 < e < oo

nEXe
Let E := Ugey, Ae and set w(z) := min{|A¢| : £ € Yp,x € A¢} for x € E.
By (6.44) it follows that

Z |A5|*1/p1A£(x) < cw(x)fl/p, r € FE.
£EYVn
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We use this and (6.43) to obtain

1/
lglly < eKllw™/7], = CK</EW_1(x)du(x)) '
= CK( > 1Al 1/ La, (w)du(x))l/p — K (#Y,)VP < cKnll?,

[SSNZY
which completes the proof. [

Proof of Proposition 6.15 & Theorem 6.16. The argument is quite standard,
but we shall give it for the sake of self-containment. Denote briefly ags := (f, ¢¢)
and let {ag,, ¢, }m>1 be a rearrangement of the sequence {agi¢}ecr such that

llag, Ye, lp > llag,Ye,llp > . Denote G, := >0 _| ae, e, . It suffices to show
that
(6.45) f = Gnll < en~VT=UPIN(f) for n>1.
Assume N(f) > 0 and let M, := {m : 27"N(f) < |lag, ¥e,.|l, < 27" TN(f)}.
Denote K, = #( Up<e M ) Then (6.40) yields K, < 2¢7, £ > 0, and hence
#FM, <27, v >0. Let g, ==, caq, Gc,, Ve,,- Now using (6.39) and Lemma 6.17
we infer
1 = Greolly < 1D awll, <3 lawlly < e > 27" N (F)(#M,)P
v>/ v>/ v>/
< eN(f) 30270710 < N ()2 10T/ < en ()2t AT,
v>L

Therefore, ||f — G g0 [l < N (f)2771/7=1/P) y¢ > 0, which implies (6.45).

The proof of Proposition 6.15 is contained in the above by simply taking G,
with no terms, i.e. G, =0. O

A major open problem here is to prove the companion to (6.42) Bernstein esti-
mate:

(6.46) 5. <en®dgl, for g€Q,, 1<p<oo.

This estimate would allow to characterize the rates of nonlinear n-term approxima-
tion from {¢e}tecx in L? (1 < p < 00).

7. TRIEBEL-LIZORKIN SPACES

To introduce Triebel-Lizorkin spaces we shall use the cutoff functions g, ¢ €
C§°(R4) from the definition of Besov spaces (Definition 6.1). As there we set
©j(\) == p(279N) for j > 1.

The possibly anisotropic nature of the geometry of M is again the reason for
introducing two types of F-spaces.

Definition 7.1. Let s e R, 0 < p < 00, and 0 < g < c0.
(a) The Triebel-Lizorkin space F,, = Fy (L) is defined as the set of all f € D’
such that

- i, = || (2 @ lesvDro)") ]

3>0

< 00.
Lpr




HEAT KERNEL BASED DECOMPOSITION OF SPACES 55

(b) The Triebel-Lizorkin space Fz‘fq = F;q(L) is defined as the set of all f € D’
such that

(7.2)

< 00.
Lr

5, = | (2 (B2 e, vDr0) )|
j=0

Above the £1-norm is replaced by the sup-norm if ¢ = oo

As in the case of Besov spaces it will be convenient for us to use equivalent
definitions of the F-spaces which are based on spectral decompositions that utilize
b/ rather than 2/, where b > 1 is the constant from the definition of the frames in §4.
Let the functions ®g, ® € C* obey (6.5)-(6.6) and as before set ®;(\) := ®(b~I\)
for j > 1. We define new norms on the F-spaces by

a\1/q
(73)  Ifllrg = H( (M) WDFO)) | and
P
: a\ /4
T s = H(Z (B0 e, vDren)’)
Jj=0
Proposition 7.2. For all admissible indices || - |[r;, and || - ||F:, (@) are equivalent

and || -

Therefore, the definitions of F;, and ﬁ‘;q are independent of the particular selection
of o,

> S
quasi-norms on qu,

~ . ~ ) b_ NS
s, ond Il Fs, (@) 0re equivalent quasi-norms on Fy,.

Proof. We shall only establish the equivalence of || - || Fs, (@) and || - | 7. . As in the

proof of Proposition 6.3 there exist functions ®; and ® with the propertles of @y
and ® from (6.5)-(6.6) such that

A+ Y OINRBTIA) =1, AeR,.
Jj=0
Setting @, (/\) (b7 \) for j > 1 we have 22j50 ®;(\)®,(\) = 1, which implies
f= ZJ>0 (f)(l) (\E)f in D'

Assume 1 < b < 2 (the proof in the case b > 2 is similar) and let j > 1. Clearly,
there exist £ > 1 and m > 1 such that [2/71, 20+1] C [pm~1 pm+H+L] Now, precisely
as in the proof of Proposition 6.3 we have

m-+L

o;(VL) f(x) =Y 0;(VL)®,(VL)®, (VL) f ()
and form <v<m-+/¢

o, (VI) b, (VD) 2, (VI) f (2) )/ w)

= |B(z, b ) / (1 +bv ))ofd/Q dp(y)-

Let 0 < r < min{p, ¢} and choose o > |s| + d/r + 3d/2 + 1. Then just as in the
proof of Proposition 6.3 we obtain

m-£

B2 ey (VD @) < e 3 M (B8 0 (VD ) o)
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A similar estimate holds for j = 0. We use the above in the definition of || f|| z.

and the maximal inequality (2.19) to obtain

N—s a\ 1/q
£, << (3 [Me(1BCo) 2, vVDAO]) |
v>0
—v\|=s/dg (VT 7\ 1/
< (X [IBeb ) 2, Dr|) 7| = el
v>0
In the same way one proves the estimate || f| Fs, (@) < | f] P, O

Proposition 7.3. The F-spaces F,, and F;q are quasi-Banach spaces which are

continuously embedded in D'. More precisely, for all admissible indices s,p,q, we
have:

(a) If (M) < oo, then

(75) |<f7¢>‘ §C||f‘F;qP7tL(¢)7 f GF;qa ¢€D7
when 2m > d(m — 1) — s, and
(7.6) 6 < ellfllsy Pr(@). f €y 6D,
when 2m > max {O,d(m - 1) - s}.
(b) If u(M) = oo, then
(7.7) I(f, D) < cllfllrg, Pre(), [ €y, ¢€D,
when 2m > d(m — 1) —s and { > 2d, and
(78) (. 0)] < cllfllzy, Pinal6). S € Fpy 6D,
when 2m > max {O,d(m —1) — s} and ¢ > max {2d, d(% - 1)‘ + |s]}.

Proof. The proof of this proposition is essentially the same as the proof Proposi-
tion 6.5. One only has to observe that |||B(z,277)|"%/%0;(VL)f|l, < ||l 7 and

replace IIfHJ;;q by | f]

7= everywhere in the proof of Proposition 6.5. [
prq

7.1. Heat kernel characterization of Triebel-Lizorkin spaces. Our aim is to
show that the spaces F;, and F;, can be equivalently defined using directly the heat
kernel when p, ¢ are restricted to 1 < p < oo and 1 < g < 0.

Definition 7.4. Given s € R, let m be the smallest m € Z such that m > s. We
define

1
1 g,y =l + | / [£7/2](tL)™ e £()]

dt\1/
q—) ! and

t

P

i = IBC D5l + ([ iBeemmsiens o] F)*

with the usual modification when q = co.

p

Theorem 7.5. Suppose se R, 1 <p<oo,1<q<oo, andm>s, méeZy asin
the above definition.

(a) If f € D', then f € Fp, if and only if e Lf € LP and || f|
Moreover, if f € Fj,, then || f|lrs, ~ [ f]

Fs (H) < oQ.

Fi, (H)-
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(b) If f € D, then f € F, Es <= |B(-,1)[*/de L f € L? and ||f|
Moreover, if f € FS , then ~ || fl

Proof. We shall only prove Part (b) The proof of Part (a) is similar and will be
omitted. The proof bears a lot of similarities with the proof of Theorem 6.7 and
we shall utilize some parts from the latter.

Let ¢o, ¢, and ¢;, j > 1, be Littlewood-Paley functions, just as in the proof of
Theorem 6.7. Then f =3, go?(\/f)f for f € D’ and hence

|B( t1/2)| S/d(tL)m/2 —th Z|B t1/2)|_s/d(tL)m/2 —tL 2 f_ ZF
j=>0 7>0

P 0.
Fg, () <

pq’ Fy (H)"

Now, precisely as in the proof of Theorem 6.7 (see (6.24)) we obtain
sy~ [ B2 T2 VL) f(y)]
Fy <c1+t4ﬂzt4ﬂzet4/| —— : dp(y).
Choose r and o so that 0 < 7 < min{p,q} and o > |s| + ¢ + d + 1, and denote

briefly h;(t) := [(t47)% + (t4j)(m*5)/2]e’t4j. Evidently, p(277VL)f € $g;+1 and
applying Lemma 6.4 we get for j > 1

|Fj(2)] <

|Bw21\/ 1+Wp gy )

+ sup B2 @ V) ()
st (4 2p(w )

< chi (WM, (|B(,27)| 02 V) ) @),

Here we used (2.9) in estimating the integral, and M, is the maximal operator,
defined in (2.18). Hence

s

IFy(@)] < chy (M, (IBC,27) 30,V f) (@), j = 1.
Similarly as above we obtain
[Fo(@)] < el (M, (|B(, DI 3 0o(VI)S ) ().
Set b;(z) := M,,(|B(-,2‘j)\_5gpj(\/f)f)(a:). Let 1 < ¢ < oo. From the above

estimates we get
H(/ cerionseng ), < ([ S meno]F)”
(Z [Za] 5 J ] >l/q

adt\1/q
(b ()| —
ZA* -1 j>0 ! ] t) v>0 j>0
Here

a;_, = max{h;(t) : t € (471 47V]} < (4UIm/2 4 4G 0ms)/2) o

p

p

and we set a, = (4v™/2 4 4v(m=9)/2)e=4""" "}, ¢ 7 We apply Young’s inequality
to the convolution of the above sequences to obtain

(Z (Zajfubj(w))q)l/q < Z%(ij(x)q)l/q < C(ij(x)q)l/q)

v>0 >0 vEL §>0 >0
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where we used that ZVGZ a, < ¢ due to m > s. Therefore,

H([f[BQJéN-S@m?64Lﬂq?>Uqp<cﬂ(§2%(w>qu
Jj=0

= (S [me(Bez 0 beemn)] )|
>0

<|( (1862 Do) )| < ez,

Here in the former inequality we used the maximal inequality (2.19).

It is easier to show that |[|B(-,1)|=*/?e~f[|, < ¢||f||z. . The proof follows in
the footsteps of the above proof and will be omitted. Cgﬁnbining the above two
estimates we get || f| Fs, (i) < ¢||f| P, The derivation of this estimate in the case
q = oo is easier and will be omitted.

We next prove an estimate in the opposite direction. We only consider the case
when 1 < ¢ < oo; the case ¢ = 0o is easier. Assume that ¢g, ¢, and ¢;, j > 1, are
as in the definition of F;, (Definition 7.1). For j > 1, we obtain exactly as in the
proof of Theorem 6.7 (see (6.25))

B2 ), (VD@ < [ B, 279)|(1+20p(r,3))"
x,277 Jplx

Choose o > |s|+d+1 and denote briefly F(z,t) := |B(z, t'/2)|=5/4|(tL)™/2e =t f(z)|.
Set Sy, :={y € M : 2™~ <2p(z,y) < 2™}, S,, C B(x,2™7). Then

1/2 s/d m/2 —tL
[B(y, /=)~ “|(¢L) f‘( y)l duly).

B —J\|—s/d|, . T
|B(w,279)| I%(\f)f(w)|<c/3(w’2_]) +Cm2>:1/m
, 2|
Z |Ba: 2 DIPGEY |Bm 7 Sz, F(y,t)du(y)
< AMFC D)) 32 < (MF( D))
m>0

where we used (1.2). Therefore, for any ¢t € 477,477 and z € M
B2, 277)[ 7/ p; (VL) f ()] < eM(F (- 1))(),
which yields

B2 /e, (VE @l < [

4—37

4—I+1

These readily imply

(X (IB(»Q‘j)l‘s/d|¢j(\@)f(~)l)q)

1/q

p

4—J+1

< / >><>]”f)”"

() wlwo,wx»r?

1/q
<o (e

p
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Here for the latter inequality we used the maximal inequality (2.20). One easily
obtains
1Bz, DI~ 0o (VL) fllp < cll| B, 1)~/ e |-

The above estimates imply || f|| 7. < c||f]| 7= (rry and this completes the proof. [
raq prq

7.2. Frame decomposition of Triebel-Lizorkin spaces. Here we present the
characterization of the F-spaces Fj, and F;q via the frames {9¢}ecx, {1/35}56;(
from §84.2-4.3. We adhere to the notation from §4, in particular, X := U;>oX}
will denote the sets of the centers of the frame elements and {A¢}ecx; will be the
associated partitions of M.

We first introduce the sequence spaces f,, and ;fq associated with FJ and F]fq,
respectively.

Definition 7.6. Suppose s e R, 0 < p < o0, and 0 < g < co.
(a) f2, is defined as the space of all complez-valued sequences a := {ag}ecx such

Pq
that

) . 1/q
(7.9) Ha“f;;’q = H(Zbﬂsq Z [|a5|]lA5(.)]q) ‘ L < 00.

>0 gex;
(b) ;ﬁq is defined as the space of all complex-valued sequences a = {a¢}ecx such
that
_ . 1/q

(7.10) lallz, == [|( 3 146" lacliag(0) || <

tex
Above the £1-norm is replaced by the sup-norm when ¢ = oo. Recall that ]~1A£ =

\Ag\*lmllAE with 14, being the characteristic function of Ag.

As in the case of Besov spaces we shall use the “analysis” and “synthesis” oper-
ators defined by

(7.11) S& : f — {<f, d€>}£€X and Tw : {CLg}geX — Z agwg.
fex
Here the roles of {1¢}, {1)¢} are interchangeable.

Theorem 7.7. Let s € R, 0 < p < o0 and 0 < ¢ < oo. (a) The operators

Sp t Fog = [og and Ty = fog — FJ, are~bounded and Tjj o Sy = Id on Fy,.
Consequently, f € Fj, if and only if {(f,v¢)}eex € fpy, and if f € F,, then

171, ~ (b)) N
(7.12) 1 leg, ~ || (320 D2 [4F dedllve )

j=0 §EX;

ts . Furthermore
paq ’

1/4q

e

(b) the operators 5’1; :F;q — f]fq and Ty : f§q~—> Flfq are ljounded and T& oSy =1d
on Fy,. Hence, f € Fy if and only if {(f,v¢)}ecx € fpy, and if f € F;,, then

£l ~ 145 9o}
mo ~ | (2 IBES )1/, delwe (1] )

fex

o - Furthermore,
prq

(7.13) 11

1/q‘

e’

Above the roles of e and 1,55 can be interchanged.
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Proof. We shall only prove Part (b). Also, we shall only consider the case when
q < 00. The case ¢ = oo is similar.

This proof runs parallel to the proof of Theorem 6.10 and we shall borrow a lot
from that proof. We begin by proving the boundedness of the synthesis operator
Ty : fgq — F;q. To this end we shall first prove it for finitely supported sequences
and then extend it to the general case. Let a = {a¢}ecx be a finitely supported
sequence and set f:=Tya = .y agthe. We shall use the norm on Flfq defined in
(7.4) (see Proposition 7.2).

Choose r and o so that 0 < r < min{p,q} and o > |s| + d/r 4+ 3d/2 + 1. Now,
precisely as in the proof of Theorem 6.10 we get

Jj+1
|Bla b )/, (VI () < ¢ S M, ( 3 Qula, ) with X, =0,
m=j—1 NEXm
where Q, = |a,||B(n,b=™)|7*/4=1/2_ Inserting the above in the definition of

ﬁ‘;q(fb) from (7.4) we get
17y @ = || [1BC) 0,y s0)]")
7>0

<o (2 M X @i )e])

m>0 n€EXm

<c ( [ Z inlA,,,}q)l/qu
(S 5 ot 1)), <

m>0neX,,

p

p

Here for the second inequality we used the maximal inequality (2.19) and for the last

inequality that |4;,| ~ [B(n,b=™)| for n € X,,. Thus [[Tyal g, ) < cllal| . for any
prq rq

finitely supported sequence a = {a¢}. Now, just as in the proof of Theorem 6.10 we

conclude that Tya = 3. y agt)e is well defined for {ag}tecx € qu and the operator

Ty : qu — FS is bounded.

We now prove the boundedness of the operator 5113 : ﬁ'zfq — f;‘ Let f € Fj, and
choose 7 so that 0 < r < min{p, ¢}. By (4.47) it follows that

(fse) = ce|Ae|Y2[Dn, F(€) + Sy, T, £(€)],

which implies

Do (AN P Tac(@)]" < e Y A0, f(€)]414, ()

£eX; EeX;

e > A TSy, Ty, F(6)| 71, ().
§EX;
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Now, we use that I'y, f € ¥p;+2 and Lemma 6.4 to obtain for x € M

D AT F©1Lac(2) < e Y [sup [Bly, b)) 7|0, f(y)l]"|Lac (2)

e, cex; V€A

B(y,b=9)|~5/|T, .
<Y (Sup |B(y, )‘I | A;/f;(y)l
fEXj yEAg (]‘ + b]p(x, y))

B(y, b9~/
(7.14) < c( sup | By, b~/)| " Aé/f(y)l)q
vem (L4 bp(x,y))¥r
< e[M,(IB( 079|797y, f) (2)] .

On the other hand, as in the proof of Theorem 6.10 (see (6.37)) we obtain
. B(y,b~)| /s, £ ()]
Ae| 7%/ S\ T'x. <csu | . . ! ,

[Ae| 779155, Ty, f(O)] < cerr L+ bip(z,y)d/r

and hence as above using again Lemma 6.4

)qILAE (z)

r €A, €A,

—7\|—s/d q
5= a5, 0, 01 = 3 (s TR

e, cex; YEM

< c[M(|B(-,077)| 79Ty, f) ()]

This and (7.14) yield
D AN ) Ta ()] < e[ M (|B(07) 7905, £) (2)] .

§EX;
Inserting this in the f;q—norm (Definition 7.6) and using the maximal inequality

(2.19) we get

1497, = | (3 e/ . 9011 0]%) |

j>0EeX;

(3 Mo (B 7, ) 0)7)

3>0

p

<c

p

< (X 1Bt s, 100%) | = el ey

7=>0

Hence [[{(f,de)} 7, < ellfll g,y < ellf]
I';, j > 0, can be used to deﬁne an equivalent norm in Fj, (see Proposition 7.2).
Therefore, the operator S . f“’ is bounded.

The identity T o S = I d on F;q follows by Proposition 5.5 (¢). This completes
the proof of the theorem. O

7= » where we used that the functions
prq

7.3. Identification of some Triebel-Lizorkin spaces. We next show that the
Triebel-Lizorkin spaces can be viewed as a generalization of a certain Sobolev type
spaces and, in particular, of LP, 1 < p < oo.

In this part, we again make the additional assumption that the reverse doubling
condition (1.6) is valid, yielding (2.2).
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Generalized Sobolev spaces. Let s € R and 1 < p < oo. The space H? is
defined as the set of all f € D’ such that

(7.15) 1z = 1A+ L)*2 ], < oo,

Theorem 7.8. The following identification is valid:
F’ = H?

p2 = Hy, seR, 1<p<oo,

with equivalent norms, and in particular,
Fh=H =L, 1<p<oo.

LP-multipliers. To establish the above result we next develop LP multipliers.
Theorem 7.9. Suppose m € C*(R,) for some k > d, mZ*+t1(0) = 0 for v > 0
such that 2v+1 < k, and supcg, INm)(N)| < 00, 0 < v < k. Then the operator
m(v/L) is bounded on LP for 1 < p < co.

Proof. As before choose ¢y € C>°(R) so that supp g C [0,2], 0 < ¢o < 1, and
wo(A) =1 for A € [0,1]. Let @(A) := po(A) — ¢o(2X). Set p;(A) :=@(277X), j > 1.
Clearly, >-.5 goj(%\) = 1 for A € R, and hence m(VL) = >0 m(\/f)cp](ﬁ)
Set w;(A) := m(29N)p(N), j > 1, and wy(\) := m(N)po(N). Then w;(277VL) =
m(\/f)goj(\/f), j > 0. From the hypothesis of the theorem it readily follows that
SUp)\c, \wEV)(A)\ < ¢ < oo for 0 < v < k. Then by Theorem 3.1 (see Remark 3.3)

(7.16) w27 VI)(2,y)| < c(IB(a,27)||B(y, 279))) /2 (1 + 2 p(a, ) "
and whenever p(y,y’) <277

;i ~j n @ ply, ) (1+ 2p(z,y) "
(7.17)  |w;@VI) (2, y) —w;(27VI)(2,y)] < (Bw.2)|[Bly 212

We choose 0 < € < « so that d + 2 < k.

Denote briefly m;(z,y) := w;(277VL)(z,y) and set K(z,y) = > isomy(z,y).
We shall show that K (z,y) is well defined for = # y and |K (z, y)| < ¢|B(y, p(z,v))| 1,
and moreover K (z,y) obeys the following Hérmander condition

(7.18) / |K (z,y) — K(x,y")|du(z) < c, whenever y' € B(y,d),
M\B(y,26)

for all y € M and § > 0. To this end it suffices to show that for some ¢ > 0 (e from
above will do)

(7.19) K Ge) — Ko/ < e S22 By, ol )

whenever p(y,y") < min{p(z,y), p(x,y’)}, see [5].
Given z,y,y" € M such that 0 < p(y,y") < min{p(z,y), p(x,y’)} we pick {,n € Z
(¢ > n) so that 277 < p(y,3/) < 27¢ and 277! < p(x,y) < 27". Without loss
of generality we may assume that n > 1. Then we can write
l4
Imj(x,y) —m;(z,y")| + Z et Z

j=n+1 §20+1

-

I
o

|K(z,y) — K(z,y")| <
J
Q)+ Qg + Q3.
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To estimate Q; we note that by (2.2) |B(y,277)| > c(2/p(x,y))~¢|B(y, p(z,))| and
B, 279)] > (27 p(a, )~ Bl 2000 )| > ¢ (2 pla, )| B(g: pla ) J < .
Now, using (7.17) we obtain

n 2] ANYe"
(7.20) Q <ey B (2p(y,y')* __cpy,y) ZQM (2 p(, 1))
=0

(z,279)||B(y,279))Y/2 ~ |B(y, p(z,y))

< (’;(éjc‘l;; ) B (play) ~ 277,

From (2.1) it follows that |B(y, p(x,y))| < (1 + 27 p(z,y))¢|B(y,277)| and
1By, p(z,9))| < |B(x,2p(x,y))| < e(1+27p(x,y))!|B(x,277)], j >n+ 1.
From these and (7.17) we get

Z |
. (2p(y.y'))*
9 < BT 3 G550, g

, Y\ € 1 1
(7.21) ('0( ‘:))) By, plz, )| ™" Y (L4 2 pla, g))F -
)

Pl j>n+1

JaR% )E .
< By, p(z,y))|",
<ce(00) 1BWwptew))
where we used that k —d — e > e > 0 and p(z,y) ~ 27™. To estimate 23 we write
Qg <Y my(,y)| + Y Imy(w,y') = O + QF.
i>¢ i>t

By the above estimates for |B(y, p(z,y))| and (7.16) we get

o, -1 1 [ B(y p(z,y))|
(722) Q% <c|B(y.p(x,y))| §(1+2jp(x’y))k_d < S )
p(y7 /) € —1
<c(B00) 1Bl
(

where we used that p(y,y’) ~ 2. One similarly obtains
)

029 0 < e( A2 1B/ oo DI < o ALY By, plal
)

Here the last inequality follows by (2.1) using that p(x,y’) ~ p(z,y), which follows
from the condition p(y,y’) < min{p(x,y),p(z,y’)}. Putting together estimates
(7.20)-(7.23) we obtain (7.19). Therefore, the kernel K (-, -) satisfies the Hormander
condition (7.18).

The estimate |K(z,y)| < 3,50 |m;(z,y)] < c|B(y, p(z,y))|~1, = # y, follows
from (7.16) similarly as above.

We next show that for any compactly supported function f € L*°

(7.24) m(VL)f(z) = /M K(x,y)f(y)du(y) for almost all = & supp f.

This and the fact that the kernel K (-,-) satisfies the Homander condition (7.18)
and ||m(vL)|j22 < oo entails that m(v/L) is a generalized Calderén-Zygmund
operator and therefore m(v/L) is bounded on LP, 1 < p < oo (see [5]).
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In turn, identity (7.24) readily follows from this assertion: If fi, fo € L™ are
compactly supported and p(supp f1,supp f2) > ¢ > 0, then

2 /D= g[S e R

N—oo Jpr

:/ / K (2, y) f1(y) f2 (@) dpay) dpa().

The left-hand side identity in (7.25) is the same as
N

(m(VL)f1, f2) = lim Y (m(VL)p;(VL)f1, fo),

N—oc0
7=0

which follows from the fact that m(VL)f = 3,5 m(VL)g;(vL)f in L? for each
f € L? by the spectral theorem. The right-hand side identity in (7.25) follows
by K(z,y) = 3 ;50m;(z,y) and 350 m;(2,y)| < c|Bly, ple,y))| " for x # y,
applying the Lebesgue dominated convergence theorem.

To derive (7.24) from (7.25) one argues as follows: Given f € L* with compact
support and = ¢ supp f, one applies (7.25) with f; := f and f5 := |B(x, 5)|71]]-B(r1:,(5);
where 0 < p(x,supp f). Then passing to the limit as § — 0 one arrives at (7.24).
The proof is complete. [

Proof of Theorem 7.8. Assume first that f € HP, s € R, 1 < p < co. Let the
functions ¢; € C°(Ry), j =0,1,..., be as in the deﬁmtion of Triebel-Lizorkin and
Besov spaces with this additional property: Zj>0 @;(A) =1for A € Ry. Assuming
that & := {g,};>0 is an arbitrary sequence with ¢; = +1, we write

T.f =Y ;2°0;(VL)f =Y w;(VL)(Id+ L)**f = m(VL)(1d + L)*/*f,
7>0 7>0

where w;(\) = £;295(1 + A2)7%/2p;()\) and m(\) = > j>owj(A). Using that
w;(A) = @277X), j > 1, with ¢ € C and suppy C [1/2,2] it is easy to see
that supy+ |)\”wj(-y)()\)\ < ¢y, v >0, with ¢, a constant independent of j and since
supp o C [0,2] and supp ¢, C [2771,29F1] j > 1, then sup,. o [\m®™(\)] < 2¢,.
We now appeal to Theorem 7.9 to obtain ||T.f||, < c||(Id + L)*/2f||,, 1 < p < oo,
for any sequence ¢ := {¢;};>0 = {£1}. Finally, applying Khintchine’s inequality
(which involve the Rademacher functions) as usual we arrive at

/]

7

(X (2 evson))

To prove an estimate in the opposite direction, let f € Fj,, s € R, 1 <p < oo.
We now assume that p; € C§°(R4), j =0,1,..., are as in the definition of Tribel-
Lizorkin spaces but with this additional property: . @?()\) =1 for A € R;.
Using this we can write a

(Id+ L)*2f =Y " 277°(1d + L)*?p;(VL)2*0;(VL) f = > 0;(VL)2*p;(VL),
§>0 §>0

where 0;(\) := 2775 (14+A2)*/2p;()\). Denote Z; := {2k+r: k=0,1,...},7=0,1,

and set Gy.f := 3.5+ 0;(VL)27%0; (VL) f. Evidently, (Id+ L)*/?f = Gof + G1 f.

Let {€};ez, be an arbitrary sequence with €, = +1. The supports of 6; and ¢

Fg, SC

, Scldd+ LY fllp = el flluz-
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do not overlap if j,k € Z,, j # k, and hence 0,;(v/L)pr (VL) = 0if j k € Z,, j # k.
Therefore,

Grf =Y epnb;(VL) Y €in2°0;(VL)f =m (VL) Y £;,2%0;(VL)f,
jezt jezt jezt
where m;(A) := 32,7+ €r0;(A). As above we have sup, |)\”0§”)()\)| <c¢,, v >0,

with ¢, independent of j and hence supy. |>\”m£'j)()\)| < ¢y, v > 0. Applying
Theorem 7.9 we get for any sequence {¢;,};cz, = {£1}

1ol < e 32 220 (VI)|

jezt

, 1 <p<oo.
p

An application of Khintchine’s inequality gives

(X @ DroN) )| <edslm, r=ou

jezt

which implies [[(Id + L)*/2 /|, < [Gofll, + |G /]l < cllfllrs,- O

G fllp < ¢
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