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COISOTROPIC REGULARIZATION OF SINGULAR LAGRANGIANSA. Ibort�1 & J. Mar��n-Solano���Erwin Schr�odinger International Institute for Mathematical Physics,Pasteurgasse 6/7, A-1090 Wien, Austria.��Dpt. de Matematica Economica, Financera i Actuarial,Universitat de Barcelona, 08034 Barcelona, Spain.1995 PACS: Primary 11.10.Ef abstractWe present an alternative approach to the usual treatments of singular Lagrangians. It is basedon a Hamiltonian regularization scheme inspired on the coisotropic embedding of presymplecticsystems. A Lagrangian regularization of a singular Lagrangian is a regular Lagrangian de�nedon an extended velocity phase space that reproduces the original theory when restricted to theinitial con�guration space. A Lagrangian regularization does not always exists, but a family ofsingular Lagrangians is studied for which such a regularization can be described explicitly. Theseregularizations turn out to be essentially unique and provide an alternative setting to quantize thecorrespoding physical systems. These ideas can be applied both in classical mechanics and �eldtheories. Several examples are discussed in detail.
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I. IntroductionSingular Lagrangians are commonplace in physical theories. In most cases the degeneracyof the Lagrangian function is directly related to the gauge invariance of the theory. Thishappens, for instance, in gauge theories such as Yang-Mills theories, gravitation, etc. [1].In other ocassions, the Lagrangian of the theory becomes singular in a particular sector ofthe physical model under consideration, for instance, the Chern-Simons Lagrangian arise asthe zero mass limit of a massive Yang-Mills theory in (2 + 1) dimensions with a topologicalterm [2]. A similar �nite-dimensional problem will arise when we consider for instance thesystem, L = 12mi( _qi)2 + eAi(q) _qi � V (q); (1)in the limit mi ! 0 for some i. Finally, there are some situations where the Lagrangian ofa physical system is ill de�ned (i.e., it is de�ned only locally) and a remedy to this diseaseis to extend the con�guration space of the system in such a way that there is a well de�nedLagrangian on it [3],[4]. This is the case for instance for the electron-monopole system. Itusually results that the global Lagrangian in the extended con�guration space is singular.All these situations can be dealt with at the classical level either using ad hoc methodsespeci�c to the examples at hand, or in more a systematic way, using Dirac's theory ofconstraints [5]. At the quantum level, a powerful tool has emerged along the last twentyyears, the BRST-BFV quantization scheme (see for instance [6] and references therein),providing a covariant quantization scheme for constrained Hamiltonian systems.In this paper we propose an alternative procedure to deal with singular Lagrangians at theclassical level: instead of using the Hamiltonian formalism and Dirac's theory of constraints,we remain in the velocity phase space of the system, i.e., in the Lagrangian setting. Thenwe will try to �nd an extension of such space possessing a regular Lagrangian leading to anequivalent theory once the extra degrees of freedom that have been introduced are removed.We will call such a system a Lagrangian regularization of the original singular Lagrangian.Had we not required that the regularized theory be equivalent to the initial one restrictedto the original velocity phase space, then we could have simply regularized an arbitraryLagrangian adding a kinetic energy term. For instance, in the �nite dimensional exampleabove, Eq. (1), a term of the form 12� _q2i will regularize the Lagrangian with mi = 0. In doingthat, we are changing the dynamical content of the theory and spoiling the gauge invariancederived from the singular character of the Lagrangian. Thus, a regularization scheme forsingular Lagrangians must include the prescription to generate the gauge symmetry that thesingular Lagrangian de�nes as well as the constraints in the phase space of the system.It is evident that once a Lagrangian regularization has been found, we can quantize theregular system in the extended velocity phase space and, later on, eliminate the spuriousdegrees of freedom introduced in the process. It is also evident that we can imagine adhoc methods to quantize our singular Lagrangian. For instance considering again the �nitedimensional example above, Eq. (1), a possible way to proceed simply consists in putting themass mi 6= 0 back, quantizing, and afterwards, again taking the limitmi ! 0. However sucha limit is ambiguous because we do not know which constraints we must put on the physicalstates of the theory. In the general case, contrary to what happens in this example, thereis not even an obvious way to proceed, so the systematic procedure o�ered by a Lagrangianregularization can be of interest. Another advantage of a Lagrangian regularization scheme2



is that it preserves the symmetries of the Lagrangian in an obvious way and we do not haveto pass to the Hamiltonian formalism.If a Lagrangian regularization exists for the singular Lagrangian L, in principle it is notunique and there could be many di�erent ways of regularizing a given singular Lagrangianleading to di�erent quantum theories. However, we will show, rather surprisingly, that for aninteresting class of singular Lagrangians, if such regularization exists, it is essentially unique.Such Lagrangians are contained in the family of type II Lagrangians described in [7].The regularization scheme for singular Lagrangians that we are proposing is based on a(bosonic) extension of the velocity phase space by �rst class constraints introduced by M.Gotay and S. Sniatycki [8] to quantize geometrically general presymplectic systems. We willcall it a Hamiltonian regularization of the singular Lagrangian under consideration. The�rst class constraints de�ning the original velocity phase space inside the extended phasespace can be thought of as de�ning a generalized (Abelian) symmetry that allows us torecover Dirac's formalism. The example in xII.4 shows how to implement the Hamiltonianregularization scheme for a Lagrangian system linear in velocities. We will prove �rst theequivalence of the Hamiltonian regularization with Dirac's formalism (in the Lagrangiansetting) for systems without secondary constraints. Later on the general case is consideredand the equivalence with Dirac's formalism in the Lagrangian setting is proved.A regularization of the singular Lagrangian L allows us to pass to the hamiltonian for-malism using the corresponding Legendre transformation. We will show that the constraintsintroduced in the Lagrangian setting can be used in the Hamiltonian formalism in the cor-responding extended phase space to generate an extended Dirac's theory. In the presence ofhigher order constraints both theories could give di�erent answers as it is shown for instanceby the example in section xIV.1. This is a common feature of singular Lagrangians withoutany regularization scheme (however for semiregular Lagrangian, both approaches give thesame theory). This example also shows that Dirac's theory of constraints can lead to avoid or uninteresting systems whereas, the proposed regularization schemes give reasonableanswers (already at the classical level).The construction of a Lagrangian regularization uses extensively the geometry of tan-gent bundles. These geometrical requirements isolate the family of type II Lagrangians asnatural candidates for possessing such a regularization. The construction of a Lagrangianregularization for the singular Lagrangian L0, i.e., the construction of a tangent structurein the phase space of its Hamiltonian regularization and the identi�cation of the extendedsymplectic structure with the Cartan 2{form of a regular Lagrangian function can be shownexplicitly if a technical condition is satis�ed xIII.2 (the characteristic distribution being oftangent type). Such a condition, even if su�cient is not necessary as it is shown in examples.Then, the inverse problem of the calculus of variations is used to construct explicitly theregularized Lagrangian for the given system.The paper will be organized as follows. In section II, basic facts of the geometry ofLagrangian systems and the Hamiltonian regularization of presymplectic systems will bediscussed. Section III will be devoted to discuss the existence of a regularized Lagrangianfor an interesting class of Lagrangians including many physical situations. The technicaldiscussion will be carried out in �nite dimensions and the geometrical ideas involved in theconstruction will be emphasized, even though the discussion can be carried out in the in�nitedimensional case without too much trouble. It will be illustrated with the discussion of theLagrangian regularization of the electromagnetic Lagrangian in xIV.2.3



II. Singular Lagrangians and hamiltonian regularizationof presymplectic systemsLet L0 be a Lagrangian de�ned on the velocity phase space TQ of a con�guration spaceQ, that will be supposed to be a smooth manifold with local coordinates qi. There is acanonical (1,1)-tensor �eld S on TQ, called the vertical endomorphism, which is given byS = @=@ _qi 
 dqi in local natural coordinates (qi; _qi). The Cartan 1-form associated to L0 isde�ned by �L0 = dL0 � S = (@L=@ _qi) dqi, and the Cartan 2-form is given by !L0 = �d�L0.The Lagrangian L0 is called singular (non regular or degenerate) if the Cartan 2-form !L0is degenerate. We will assume that the kernel K of the Cartan 2-form !L0 de�nes a smoothdistribution on TQ, i.e., K is a subbundle of T (TQ). Under such circumstances K de�nesan integrable distribution because !L0 is closed. The sections of K will de�ne a (possiblyin�nite dimensional) Lie algebra that will be called the (primary) gauge algebra of thetheory. Technically, the bundle K ! TQ de�nes a Lie algebroid with anchor map thenatural identi�cation K ,! T (TQ) of K as a subbundle of T (TQ) [9].The dynamics of the system de�ned by L0 is given by a vector �eld �0 satisfying thedynamical equation, i�0!L0 = dEL0 ; (2)where EL0 = �(L0)� L0 denotes the energy of the system, and � = vi @=@vi is the verticalvector �eld on TQ generating dilations along the �bres. The existence of a vector �eld�0 satisfying the dynamical equation (2) in all TQ, is equivalent to the non existence ofdynamical secondary constraints [10], [11].In this case the true physical phase space of the theory is thequotient space R = TQ=K. It will be supposed that R is a smooth manifold and thecanonical projection, denoted by p:TQ ! R, is a submersion. In general, a vector �eldsatisfying (2) cannot be found in all points of TQ, thus a family of submanifoldsMk can bede�ned recursively as follows:M0 = TQ ; Mk+1 = fm 2Mk j 9U 2 TmMk; iU!L0(m) = dEL0(m) g; k 2 N: (3)If the sequenceMk estabilizes, there is a well de�ned (but not necessarily unique) dynamicson the �nal constraint submanifold M1 = Tk�0Mk. Similarly the restriction of !L0 andEL0 to M1 will be denoted by !1 and E1 respectively. We will assume that !1 is apresymplectic form. The characteristic distribution K1 = ker!1, will be called the gaugealgebra of the theory and the phase space of the theory will be now the reduced spaceR = M1=K1. Again it will be assumed that the canonical projection p1:M1 ! R is asmooth submersion. This construction will be refered in what follows as the presymplecticconstraint algorithm (PCA) [10]. In any case the reduced space R inherits a symplecticstructure !R because the presymplectic 2-form !1 is projectable along the �bration de�nedby K1, and !R is related to !1 by p�1!R = !1. The dynamical vector �elds �1 solutionsof (2) in M1, are also projectable along K1 and de�ne a vector �eld �R in R which isHamiltonian with Hamiltonian function ER de�ned projecting E1 (which is constant alongthe �bres of p10.Then, if the reduced phase space of the theory described by the singular Lagrangian L0 isthe Hamiltonian system (R;!R;�R), the main problem now is to describe it both, quantumand classically. 4



II.1 Hamiltonian regularization of presymplectic systemsThere is an alternative way of obtaining the reduced Hamiltonian system (R;!R; ER). Wewill use a regularization of the Lagrangian presymplectic system (TQ;!L0; EL0) and wewill apply to it a generalized symplectic reduction procedure. Such regularization can beexplicitly constructed using the coisotropic embedding theorem as it was indicated in theIntroduction. We will review succinctly the construction of a Hamiltonian regularizationfor general presymplectic systems [8] and we will describe the generalized symmetry of thisregularization.Let (M;!) be a presymplectic manifold. Given a function H, it de�nes locally Hamil-tonian dynamical systems � as vector �elds satisfying the equation i�! = dH. We willassume �rst that there exists a globally de�ned dynamical vector �eld �. If this were notthe case, the presymplectic constraint algorithm discussed in the previous section should beused to obtain the �nal constraint submanifold de�ning the adequate presymplectic system(M1; !1;H1) suitable for the discussion to follow (see xII.5 for further discussion on this).Denoting again by K the characteristic distribution of !, the true physical space of the the-ory is the quotient space R = M=K. The dynamics � descends to the quotient R de�ningan induced dynamics �R and H is constant along the �bres of p.The presymplectic system de�ned by (M;!;H) can be regularized, that is, there existsa regular Hamiltonian system on which the presymplectic system is embedded and fromwhich the reduced phase space can be obtained via generalized symplectic reduction. Thecoisotropic embedding theorem states for a presymplectic manifold (M;!) the existence ofa symplectic manifold (P;
) and an embedding j:M ! P such that j�
 = ! and M is acoisotropic submanifold (that is, a �rst class submanifold) of P . The symplecticmanifold P isconstructed as a tubular neighbourhood of the zero section of the vector bundle �:K� !M ,and 
 is constructed using a splitting of the tangent space of K� along M , i.e.,TMK� �= K� � TM �= K� �K � F;where F is a symplectic bundle that we can identify for instance withK? using a Riemannianmetric onM . Then, the symplectic 2-form 
 is de�ned as an extension of the 2-form de�nedon TMK� by ! + !K to a tubular neighborhood of M in K� using Weinstein's extensiontheorem. Here !K denotes the linear 2-form canonically de�ned in the space K �K� (see[12] for a detailed description).It is important to remark here that all coisotropic embeddings of (M;!) are symplec-tically equivalent in a neighbourhood of M . That is, if ja : M ! (Pa;
a), a = 1; 2, aretwo coisotropic embeddings, then there are two neighbourhoods Ua of ja(M) in Pa, and asymplectomorphism  : (U1;
1)! (U2;
2) such that  � j1 = j2.The construction is completed choosing a functionHP such that j�HP = H. For instance,this can be done in a tubular neighbourhood of M in K� by pulling H back using thecanonical projection map �:K� ! M , then HP = ��H. We have de�ned in this way alocally Hamiltonian dynamical system (P;
;HP ) with the desired properties.5



II.2 Coisotropic Hamiltonian regularization and generalized sym-plectic reductionLet (P;
;HP ) be a Hamiltonian regularization of the presymplectic system (M;!;H). If wedenote by J the canonical embedding of P in K�, we can consider this map as a generalizedmomentummapping J :P ! K�. Notice that � � J � j = idM and then, the zero level set ofthis generalized momentum mapping is precisely M , that is, M = J�1(Z), where Z is thezero section of the vector bundle �:K� !M .Associated to any section � of K, there is a function f� on K� de�ned by f�(�) =h�; �(�(�))i, � 2 K�. The manifold K� carries a natural Poisson structure induced by theLie algebroid K [9]. The Poisson bracket f:; :gK on K� is given by,ff�; f�gK = f[�;�]; ff�; f � �gK = �(f) � �; ff � �; g � �gK = 0; (4)for every f; g 2 C1(M), and any sections �; � in K. Similarly, associated to any � 2 �(K),there is a function J� on P de�ned by J�(x) = hJ(x); �(�(J(x)))i. Notice that f� � J = J�.The map �J: �(K) ! C1(P ) de�ned by �J(�) = J�, is a generalized comomentum map thatsatis�es, fJ�; J�gP = J[�;�]; 8�; � 2 �(K); (5)where f:; :gP is the Poisson bracket de�ned by 
 in P . The previous identity (5) shows that�J is a homomorphism of Lie algebras. From Eqs. (4),(5) we conclude that the generalizedmomentum map J is a Poisson map when restricted to linear functions on K�. We havecompleted in this way the parallelism with ordinary symplectic reduction. In fact, it canalso be proved that if the Lie algebra �(K) is �nite dimensional, i.e., there exists a basis ofvector �elds �i such that [�i; �j ] = ckij�k, then the vector bundles K ! M and K� ! M aretrivial. In particular K� �=M � V where V is a vector space dual to the Lie algebra �(K).Then pr2 � J becomes the ordinary momentum map de�ned by restricting the action of theLie algebra �(K) on P .We can apply now the usual ideas in reduction theory to the generalized momentummapJ , i.e., we de�ne the reduced phase space as the quotient of J�1(Z) by the characteristicdistribution of the degenerate form de�ned by the restriction of 
 to J�1(Z). Then, it isobvious that, J�1(Z)=(ker
jJ�1(Z)) =M=K;that is, the space obtained in this way is exactly the reduced phase space R.The dynamics HP on (P;
) can be constructed adding any �rst class function to thepull-back to P of the energy function H on M . For instance if we choose a metric � on the�bre bundle K !M we can de�ne a Hamiltonian function byHP (z; b) = 12���(z)b�b� +H(z); (6)where b� are linear coordinates along the �bres of K� !M , and z is a collective coordinateonM . In the particular case we are regularizing a Lagrangian system (TQ;!L0) with energyEL0 we will obtain HP (q; _q; b) = 12���(q; _q)b�b� + EL0(q; _q): (7)6



Therefore, we have recovered the reduced dynamical system (R;!R;�R) as a generalizedsymplectic reduction of a symplecticmanifold (see [13] and references therein for more detailson generalized reduction).II.3 Local expressionsBecause the 2-form ! is presymplectic, it is possible to �nd local Darboux coordinates(qi; pi; z�) such that ! = dqi^dpi. The coordinates z� can be considered as local coordinatesalong the �bres of K because the vector �elds @=@z� form a local basis for �(K). There-fore, we can write locally the formula !K = dz� ^ db� where, as before, b� are local linearcoordinates along the �bres of K� !M . Then we have,
 = dqi ^ dpi + dz� ^ db�: (8)Computing now the Hamiltonian vector �eld �HP given by i�HP 
 = dHP and HP given byEq. (6), we obtain,�HP =  @H@pi + 12b�b� @���@pi ! @@qi �  @H@qi + 12b�b� @���@qi ! @@pi+���b� @@z� �  @H@z� + 12b�b� @���@z� ! @@b� : (9)Then, if H is projectable along the distribution K, i.e., @H=@z� = 0, then �HP is tangent toM , because �HP jf b�=0 g = @H@pi @@qi � @H@qi @@pi ;and also, (i�HP
)jM = dH.Notice that the projectability of H is equivalent to the nonexistence of constraints andthe PCA stabilizes at the �rts step becauseM1 =M . In fact, it is evident that the constraintsubmanifoldM1 de�ned in (3) is characterized as those points in M such that @H=@z� = 0.Remark: The local coordinates z� play the role of a local gauge �xing. In fact the equationsz� = 0 de�ne a local slice for the projection mapM p! R. If (qi; pi; z�) is a coordinate systemin a neighbourhood U of m 2M , and p(m) 2 R, we have the local section �(V ) = fz� = 0g,where V is the projection of U by p. We also notice that the Poisson bracket in (R;!R)is precisely the Dirac bracket de�ned from the Poisson bracket f:; :gP in P and the set of(second class) constraints b�; z�.II.4 An example: Linear Lagrangian systemsLet L0 be a linear Lagrangian system on TQ, i.e.,L0 = Ai(q)vi� V (q); (10)where A = Ai(q)dqi de�nes a 1-form on Q. We will assume for simplicity that F = dAis nondegenerate, that is, detFij 6= 0, F = Fijdqi ^ dqj. It is clear that the Legendretransformation is given by FL0(q; v) = (q;A(q)), and then FL0(TQ) = graphA � T �Q is a7



symplectic (or second class) submanifold of T �Q. Denoting it by M , we must point it outthat the projection � :TQ! Q restricted to M makes (M;!0jM ) symplectically equivalentto (Q;F ), which is the space used in [14] to quantize the system.It is clear that �L0 = � �A and !L0 = � �dA = � �F , where � denotes the canonicalprojection TQ ! Q and then K = ker!L0 = V (TQ) (the vertical distribution in TQ).Notice that the bundles K� and T �Q are isomorphic along the projection map � . Then, thetotal space P can be identi�ed with P = TQ�T �Q with symplectic structure 
 de�ned by,
((u; v; �); (u0; v0; �0)) = F (u; u0) + hv; �0i � hv0; �i;where (u; v; �) 2 TQ(TQ� T �Q) = TQ� TQ � T �Q. In local coordinates (qi; vi; pj), 
 iswritten as, 
 = Fijdqi ^ dqj + dvi ^ dpi:The energy will have the simple form EL0 = V and a regularized one is H = 12�ij(q; v)pipj +V (q). Notice that the Poisson brackets de�ned by 
 are given by,fqi; qjg = F ij; fqi; vjg = fqi; pjg = 0; fvi; pjg = �ji ;where F ijFjk = �ik, and the equations of motion are simply,_qi = @V@qjF ij + 12F ij @�kl@qj pkpl; _vi = �ijpj ; _pi = �12 @�kl@vi pkpl:Notice that restricted to Q, i.e., pi = vi = 0, we obtain the usual dynamics de�ned by L0,_qi = F ij@V=@qj.II.5 Hamiltonian regularization of presymplectic systems with higherorder constraintsAs it was suggested in the previous sections, the ideas in xII.1-3 can be applied withoutmajor changes to presymplectic systems possessing higher order constraints. In such casewe can construct the coisotropic Hamiltonian regularization of the presymplectic system(M1; !1;H1) as in xII.1. We denote it by (P1;
1). It is well{known that there exists anatural symplectic embedding s1: (P1;
1) ! (P;
) [15], [16], where (P;
) denotes thecoisotropic embedding regularization of (M;!), making the diagram in Figure 1 commuta-tive. In other words, the local functions de�ning P1 as a submanifold of P are second classconstraints with respect to the Poisson bracket f:; :gP and the local functions de�ning M1as a submanifold of P1 are �rst class constraints. In addition, the regularized Hamiltoniansystem �HP de�ned on (P;
) is such that the �rst class constraints b� de�ning the subman-ifold M � P , do not leave it invariant in general and the condition �P (b�)jf b�=0 g = 0 isequivalent to the condition de�ning the primary constraint submanifold M1 � M . In fact,because of Eq. (6) we get, �P (b�) = �@H@z� � 12b�b� @���@z� ; (11)and on b� = 0, it implies @H=@z� = 0. Thus, the stability of the submanifoldM with respectto the regularized dynamical systems �HP is equivalent to the �rst step in the PCA andwe have proved that Hamiltonian regularization together with the generalized symmetries8



(M1; !1) (P1;
1)(P;
)(M;!)(M1; !1)����*����*66 6... j s1j1 (M1; !1; E1) (P1;
1; EP1)(P;
; E)(TQ;!L0; EL0)(M1; !1; E1)����*����*66 6... j j1 s1Figure 1: Coisotropic regularization of higher order constrained presymplectic systems.de�ned by the constraints b� are equivalent to the original theory. Furthermore, we mustnotice that it is not always necessary to impose the generalized symmetry as shown forinstance in example IV.1.If we apply this scheme to the presymplectic system (TQ;!L0; EL0) de�ned by a singularLagrangian L0, we will obtain a coisotropic embedding (TQ;!L0)! (P;
) and a sequence ofconstraint submanifoldsMk de�ning eventually a �nal constraint submanifoldM1. The localfunctions de�ning M1 as a submanifold of P will be classi�ed according to the discussionin the previous paragraph as �rst or second class constraints (in P ).It is remarkable that the constraint functions b� de�ning the coisotropic embeddingTQ ! P can become second class with respect to the �nal constraint submanifold M1.For each direction on M1 transversal to K there is a pair b�, z� of second class constraints.We must point out that we are just considering dynamical constraints in our analysis ofthe presymplectic system de�ned by L0. Geometrical constraints arise from imposing theexistence of solutions which are second order di�erential equations on the correspondingsubmanifolds (see [10], [11] and references therein for the discussion of singular Lagrangianswith higher order constraints).Finally, let us discuss how (P1;
1) can be considered as a reduced phase space of (P;
).Let �(P1) be the normal bundle to P1 on P . It is clear that �(P1) is a symplectic bundle.Then, there is a symplectic di�eomorphism �:U ! P , from a tubular neighborhood U of thezero section of P1 on �(P1) and a tubular neighborhood of P1 on P such that � jP1= id.Let us choose a Lagrangian subbundle L � �(P1). Then, the previous di�eomorphismde�nes a coisotropic submanifold C1 = �(L \ U) � P and a projection �:C1 ! P1 suchthat kerT� = ker
jC1 . Hence, we obtain again that the second class submanifold P1 is thegeneralized symplectic reduction of P with respect C1. This method globalizes the local ideaof splitting the second class constraints �A, A = 1; : : : ; 2r, where 2r = codimP1, into twosets  a, a = 1; : : : ; r and  a+r, a = 1; : : : ; r, each of one de�ning coisotropic submanifoldswhose intersection is P1.Finally, we should remark that the reduced space R = M1=K1 is obtained applyingthe mechanism of generalized symplectic reduction in two steps, �rst to the coisotropicsubmanifold C1 � P , and we obtain P1, and secondly to the coisotropic submanifoldM1 � P1 obtaining R.Remark: The mechanism of Hamiltonian regularization described here has no relation withthe well-known method of converting second class constraints into �rst ones by duplicatingthem. 9



III. Coisotropic Lagrangian RegularizationWe will investigate now the existence of a Lagrangian structure on the Hamiltonian regu-larization (P;
) of the presymplectic system (TQ;!L0; EL0). We will use the Hamiltonianfunction HP de�ned by Eq.(7). Notice that this discussion is independent of the existenceor not of higher order constraints on the theory.It is important to point out that P will not be in general the tangent bundle of a manifoldM . This is shown for instance in example xII.4. Moreover, even if P is a tangent bundleP �= TM , it may not exist a regular Lagrangian function Lreg such that the closed 2-form
 will be the associated Cartan 2-form !Lreg. Finally, even if both conditions are satis�ed,there is no a priori reason to think that HP will be the energy function of Lreg. Therefore,in general, a Lagrangian description for the regularized dynamical system (P;
;HP ) doesnot necessarily exist. If such a description exists, we will say that L0 admits a (coisotropic)Lagrangian regularization.We will show that if the (primary) distribution K is the tangent distribution of a distri-bution F such regularization exists. This situation corresponds to a particular case of typeII Lagrangians [7], [17], i.e., Lagrangians such that S(ker!L) = V (TQ) \ ker!L. In thiscase P is a tangent bundle and L0 will admit (at least locally) a Lagrangian regularization.The distribution F has to be an integrable distribution on Q and we will assume that thequotient space N = Q=F is a manifold and that the canonical projection �:Q ! N is asubmersion. The distribution TF is the tangent distribution to F on TQ and is generatedby vector �elds of the form XC , Y V , where X;Y are arbitrary vector �elds in F and XC , Y Vdenote the complete and vertical liftings of X and Y respectively. It is well known that forany vector �elds X and Y in Q, their complete and vertical liftings satisfy the commutationrules [XC ; Y C] = [X;Y ]C , [XV ; Y C] = [X;Y ]V , [XV ; Y V ] = 0, and they preserve S. BecauseS(XC) = XV , it is clear that S(ker!L0) = V (ker!L0), and therefore any Lagrangian func-tion such that ker!L0 is a tangent distribution is necessarily a type II Lagrangian. TypeII Lagrangians such that their kernels are tangent distributions are distinguished becauseonly in this case (assuming the existence of a global dynamics) it is possible to obtain a La-grangian description in the reduced space (see [7] for more details). If a Lagrangian functionL0 satis�es this property, it can be shown that L0 induces a regular Lagrangian system inthe quotient space TQ=TF �= TN . For instance, the integrable almost tangent structureSQ in TQ projects onto the integrable almost tangent structure SN in TN . Finally, it isimportant to remark that the Cartan 1-form �L0 is projectable if and only if the Lagrangianfunction L0 is projectable.From the previous discussion it is natural to think that singular Lagrangian functions suchthat their kernel is a tangent distribution are the natural candidates to have a Lagrangianregularization. Therefore, we will assume in what follows that the kernel of the Cartan 2-form is a tangent distribution TF (this assumption can be relaxed as it is shown in ExampleIV.1).III.1 Local expressionsIt will be useful in what follows to have explicit expressions in local charts for some of theobjects we are dealing with. In Q we will consider local coordinates qi = (xa; f�) adapted10



to F , xa being local coordinates in N such that �a(q) = xa, and f� are local coordinatesalong the leaves of F . Then we can de�ne local coordinates in TQ adapted to the integrabledistribution TF by (qi; _qi) = (xa; _xa; f�; _f�), where (xa; _xa) are local coordinates in TN and(f�; _f�) are local coordinates along the �bres of K = TF . Because K� = (TF )�, we denoteby b� = (g�; _g�) the system of local coordinates along the �bres of K� dual to the systemde�ned by (f�; _f�). Therefore, a local coordinate system in P adapted to K and K� is givenby (xa; _xa; f�; _f�; g�; _g�); (12)and in these coordinates, the symplectic 2-form 
 given by Eq. (8) has the form,
 = !L0 + df� ^ dg� + d _f� ^ d _g�: (13)The Hamiltonian HP , Eq. (7), is written asHP (x; _x; f; _f ; g; _g) = 12���00 g�g� + 12���11 _g� _g� + ���01 g� _g� + EL(x; _x): (14)where the metric � on the bundle K� above can be chosen adapted to the distribution TF asfollows: let �0 be a metric on the vertical bundle of Q! Q=F = N , then ���00 = ���11 = ���0 (x),and �01 = 0. From now on, we will omit the subindex 0 for this adapted metric.III.2 Tangent structure on the coisotropic embeddingLet M be a tubular neighbourhood of the zero section of the vector bundle F � ! Q. Wewill denote by l:Q ,! M the embedding of Q on the zero section of F �. In M we canchoosse local coordinates (qi; g�) = (xa; f�; g�). Let TM be its tangent bundle, with localcoordinates (xa; f�; g�; _xa; _f�; _g�). Then there is a local di�eomorphism �:TM ! P de�nedby �(xa; f�; g�; _xa; _f�; _g�) = (xa; _xa; f�; ���g�; ��� _f�; _g�): (15)Notice that � exchanges _f� with g� (compare the r.h.s. of (15) with the expression (12)).Of course, this de�nition of the di�eomorphism � : TM ! P , though useful for concretecomputations, is local. Therefore, we should provide a global construction of the di�eomor-phism � that will allow us to identify the coisotropic manifold P with the tangent manifoldTM . We will prove �rst the following lemma:Lemma 1 Let X ,! Y and X ,! Z be two embeddings of X in Y and Z respectively, and�:X ! X a di�eomorphism. If A:TXY ! TXZ is an isomorphism of vector bundles suchthat AjTX = T�, then there exists a neighbourhood U of X in Y , a neighbourhood V of Xin Z, and a di�eomorphism � : U ! V such that �jX = � and T�jTXY = A.Proof: Let us consider a supplementary subbundle of TX in TXY , de�ned for instance byusing a metric g, i.e., TXY = TX � TX?. Consider the geodesic spray �gt de�ned by g. Wede�ne the exponential mapping expg : TX? �! Yv 7! �g1(v)11



where �gt (v) is the geodesic such that _�g0(v) = v. The exponential mapping expg induces adi�eomorphism from a tubular neighbourhood W of X in TX? to a tubular neighborhoodU of X in Y . The image A(TX?) of TX? in TXZ de�nes a decomposition TXZ = TX �A(TX?). Let h be a metric adapted to such decomposition, then we use the exponentialmapping exph, which is a di�eomorphism from the tubular neighborhood A(W ) in A(TX?)to a tubular neighborhood V of X in Z, to de�ne�((expg)�1(v)) = exph(Av);for any v 2 U . Clearly, � is a di�eomorphism such that T�jTXY = A. 2Let us now consider the submersion Q �! N . We can pull-back the tangent bundle�N :TN ! N along � and we will obtain the bundle ��(TN) = f (q; v) 2 Q� TN j �(q) =�N(v) g, i.e., in local coordinates, the points in ��(TN) have the form (xa; f�; _xa). We willdenote this bundle by X in the discussion to follow. Then, there is a canonical projectionp:TQ ! X de�ned by p(U) = (�Q(U); T �(U)), or in local coordinates, p(xa; f�; _xa; _f�) =(xa; f�; _xa). Then, TQ is a vector bundle over X with projection p. We can consider theembedding i:X ,! TQ de�ned by the zero section of this bundle, and we can �nally composeit with the zero section of the bundle TM ! TQ. We have de�ned in this way an embeddingX ,! TM . On the other hand we have the coisotropic embedding j:TQ ,! P . Composingit with i, we have another embedding X ,! P . In order to apply the previous lemma weneed a linear isomorphism A:TX(TM)! TXP . Clearly we have the vector bundles over X,TX(TM) �= TX � F � � (F � F �);with local coordinates (U;�; b; �), U 2 TX, b 2 F , �; � 2 F �; where � represents a tangentvector in the direction of the bundle F � over X (the g direction), and b; � represent tangentvectors in the tangent directions to ( _f; _g). Similarly we have,TXP �= TX � F � (TF )� �= TX � F � (F � � F �);where the �rst factor F represents the tangent direction to _f in TQ and (TF )� = K�.Therefore, we can de�ne the linear isomorphismA(U;�; b; �) = (U; b; �; �): (16)Furthermore it is clear that AjTX = idTX. Hence, we can apply the lemma above to thedi�eomorphism � = idX and the vector bundle isomorphism A given by Eq. (16); then thereexists a di�eomorphism � from a neighbourhood U of X in TM to a neighbourhood V ofX in P . Therefore, we have proved the following theorem:Theorem 1 Let L0 be a singular Lagrangian such that ker!L0 is a tangent distribution TFand �:Q! Q=F = N is the canonical projection. If j : (TQ;!L0)! (P;
) is a coisotropicembedding, then there exists a neighbourhoodM of Q in K� ! Q such that P is di�eomorphicto TM along the submanifold ��(TN).Remark: Notice that the di�eomorphism � does not leaves invariant the submanifoldTQ, i.e., TQ is a submanifold both in TM and P , but ��1(TQ) does not coincide withthe submanifold TQ in TM de�ned by the zero section of the bundle TM ! TQ. Theconstraints de�ning TQ in P are g� and _g� but then, the submanifold ��1(TQ) � TM isde�ned by _f� = 0 and _g� = 0. Then, when dealing with a Lagrangian regularization ofa singular Lagrangian, the original system is recovered in the submanifold de�ned by theconstraints _f�; _g� and not in the submanifold de�ned by g� and _g�.12



III.3 Construction of the symplectic structure in TMLet us consider the pull-back of the 2-form 
 in P to TM along the di�eomorphism �. Weobtain in this way a symplectic 2-form 
reg = ��
 in TM . In the adapted local coordinates(12), 
reg has the form,
reg = @2L0@ _xa@ _xbdxa ^ d _xb + ���df� ^ d _f� + ���dg� ^ d _g� + horizontal terms ; (17)where the adapted metric � in xIII.1 has been used for the construction. The horizontal partin the previous equation means that the contraction with any vertical vector on TM ! Mvanish. Notice that the vertical distribution V (TM) is a Lagrangian distribution for 
reg,thus it is a good candidate for a Cartan 2-form.The tangent structure in TM is, in these adapted local coordinates,SM = @@ _xa 
 dxa + @@ _f� 
 df� + @@ _g� 
 dg�:Now, the question is when the symplectic 2-form 
reg is the Cartan 2-form of a Lagrangianfunction Lreg in TM . In order to answer this question, we will make use of the geometricaldescription of the inverse problem in Lagrangian mechanics. Given a vector �eld � which isa second order di�erential equation (SODE) in TM , necessary and su�cient conditions forthe vector �eld � to be the vector �eld solution of the Euler-Lagrange equations associatedto a (locally de�ned) Lagrangian function Lreg are that it must exists a 2-form ! satisfying([18],[19], see also [20] for a thorough discussion on the inverse problem):i) ! is closed and non-degenerate,ii) L�! = 0,iii) !(V1; V2) = 0 for any couple of vertical vector �elds V1 and V2.In the particular case we are discussing, ! = 
reg is by construction, closed and non-degenerate. If we consider the vertical distribution V (TM) in TM generated by the vector�elds of the form Z = Xa@=@ _xa + F �@=@ _f� + G�@=@ _g�, it is clear from Eq. (17), that 
regis zero acting on two vertical �elds.The vector �eld � = ��1� �HP de�ned by the pull-back of �HP is Hamiltonian with respectto 
reg because of ��1� �HP = ���HP and Ereg = ��HP is the corresponding energy. On theother hand, since L�HP 
 = 0, then L�
reg = 0, becauseL�
reg = L��1� �HP (��
) = ��(L�HP 
) = 0:Now, if we compute the pull-back under � : TM ! P of the Hamiltonian function HPde�ned by Eq. (7) or by Eq. (14) we obtain,Ereg = ��HP (x; _x; f; _f; g; _g) = 12���(x) _f� _f� + 12���(x) _g� _g� + EL0: (18)From the structure of Ereg we can readily conclude that the vector �eld �, the solution of thedynamical equation i�
reg = dEreg, is a SODE, and Ereg de�nes the energy of a regular localLagrangian Lreg with associated SODE the image by ��1� of �HP . Therefore, 
reg satis�es13
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C1 S1T �QC1 ��������66 6... v1l1l1Figure 2: Lagrangian regularization and Dirac's theory of constraints.the conditions for the existence of a regular local Lagrangian Lreg such that 
reg is preciselythe Cartan 2-form associated with it. Hence the expression for the Lagrangian Lreg is,Lreg(x; _x; f; _f; g; _g) = 12���(x) _f� _f� + 12���(x) _g� _g� + L0: (19)III.4 Lagrangian regularization and Dirac's theory of constraintsOnce we have a Lagrangian regularization of a singular Lagrangian L0 as is described forinstance in the previous section, we can de�ne the Legendre transformation Freg:TM ! T �Mwhich is a local di�eomorphism. In fact,Freg(xa; f�; g�; _xa; _f�; _g�) = (xa; f�; g�; @L0@xa ; ��� _f�; ��� _g�);using the regular Lagrangian (19). The map Freg ���1:P ! T �M is a symplectic di�eomor-phism. In fact, this identi�cation between P and T �M can be obtained directly using thecharacterization of symplectic manifolds with Lagrangian �brations [21].We already notice that it could happen that the �rst class constraints b� �� de�ning TQinside TM are not symmetries of Ereg, in such case we have shown, Eq. (11), that restrictingto the subspace of TQ where this �rst class constraints are symmetries, is equivalent to startthe PCA at the �rst step, i.e., that they de�ne the submanifoldM1. Then we will reproducethe PCA directly in the presymplectic system (TQ;!L0; E0) described in xII.5 (see Fig. 2).On the other hand we can pull back the constraints b� to T �M using the local di�eo-morphism Freg. In this way we will obtain a family of �rst class functions p� = b� �� �F�1reg .Again, these �rst class functions do not have to be symmetries of the regularized hamiltonianHreg. If we impose that fHreg; p�gjf p�=0 g = 0;14



then we are de�ning a submanifold of T �Q. This submanifold coincides with the �rstconstraint submanifold C1 in the ordinary Dirac's algorithm, i.e., is the image of TQ underthe Legendre transformation de�ned by L0.Finally, we must remark that the �rst class/second class decomposition in both ap-proaches, the regularized Lagrangian setting and Hamiltonian Dirac's theory of constraints,that correspond to the left hand side and right hand side respectively in diagram 2, andthat are characterized globally by the submanifolds P1, S1 and the respective symplecticembeddings s1 and v1, are not related, in the sense that the natural map �1:P1 ! S1 isnot symplectic (see Fig. 2 again); then second class constraints in the Hamiltonian formalismcan transmute into �rst class constraints in the Lagrangian setting and viceversa.
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IV. Examples and applicationsIV.1 A �nite dimensional exampleThe �nite dimensional example proposed in the introduction can be discussed, withoutrestricting its generality, in two dimensions. Then, once that one of the masses have beentaken to be zero, we �x the other constants to 1, and the Lagrangian L0 can be written inthe con�guration space R2 with coordinates (q; x) asL0 = 12( _q +A(q; x))2� V (q); (20)and @A=@x 6= 0. This Lagrangian shares some of the features of the (in�nite dimensional)Lagrangian of a pure Yang-Mills theory. After simple computations we get the Cartan 1-and 2-forms, �L0 = ( _q +A)dq; !L0 = dq ^ d _q + @A@x dq ^ dx: (21)This Lagrangian is clearly degenerate and the kernel K of the Cartan 2-form !L is spannedby vector �elds of the form, Z = a @@x � a@A@x @@ _q + b @@ _x; (22)with a; b arbitrary functions. The energy function of this system is given byEL0 = 12 _q2 � 12A(q; x)2+ V (q): (23)Notice that V (ker!L0) = hb @=@ _xi and then S(ker!L0) = V (ker!L0). The Lagrangian L0is then of type II but K is not a tangent algebra because of the term a(@A=@x)@=@ _q. Thisis possible because there is no global dynamics for L0. In fact, if we solve the dynamicalequation Eq. (2) we obtain that a dynamical vector �eld � exists only on the submanifoldM1 of TR2 de�ned by the constraint � = _q+A(q; x) = 0. On this submanifold the dynamicalvector �eld has the form,� = _q @@q + c @@x +  A@A@q � @V@q � c@A@x! @@ _q + d @@ _x; (24)again with c; d arbitrary functions. In addition the restriction of !L0 to the submanifoldM1vanishes identically, then the reduced space will have just one point. Thus the PCA appliedto the presymplectic system (TR2; !L0; EL0) gives a trivial answer. The same happens ifwe apply the ordinary Dirac's theory of constraints in the Hamiltonian formalism. Theimage of the Legendre transformation gives the submanifold C1 = f px = 0 g of T �R2.The stability of the primary constraint � = px gives the secondary constraint  = pq andC2 = f px = pq = 0 g. The reduced phase space again reduces to a point. However, wemust remark that L0 is invariant under K, and �L0 and S are projectable under K. Thequotient space R = TR2=K can be identi�ed with TR (�xing, for instance, the coordinatesx; _x to zero), hence L0 is reducible. The gauge algebra is an abelian Lie algebroid and thequotient space can be readily computed integrating a basis of commuting vector �elds in K,Eq. (22), and observing that points along the orbits can be parametrized by x and _x. Thus,16



the quotient space inherits a tangent bundle structure and there is a well de�ned Lagrangianon it. Denoting by A0(q) = A(q; x0) we obtain the reduced Lagrangian functionLR = 12( _q +A0)2 � V (q); (25)the Cartan 2-form is simply !R = dq ^ d _q and the dynamical SODE is given by�R = _q @@q +  A0@A0@q � @V@q ! @@ _q ; (26)(compare with Eq. (24)). It is remarkable that EL0 is not invariant under K out of thesubmanifold � = 0. We will choose as the true physical phase space the reduced space TRwith the reduced Lagrangian LR. This is consistent with a physical interpretation of x asan external control parameter for the magnetic �eld of the true system. On the other handif we insists in the interpretation of this Lagrangian as a system with a negligible mass forthe x-component, then we must restore this mass, or in other words, we have to regularizethe system.The coisotropic regularization of this system is obtained as follows. The vector bundleK ! TR2 is trivial, thenK �= TR2�R2, hence, the dual bundleK� ! TR2 is trivial and canbe identi�ed with TR2�R2. We will denote the coordinates onK� ! TR2 as (q; x; _q; _x;'; ).The symplectic 2-form 
, Eq. (13), on the coisotropic embedding TR2 ,! TR2�R2 is givenby 
 = dq ^ d _q + @A@x dq ^ dx+ dx ^ d'+ d _x ^ d :The regularized Hamiltonian HP , Eq. (14), can be chosen asHP = 12 _q2 � 12A2 + V (q) + 12'2 + 12 2:Even if the gauge algebra is not a tangent algebra, the di�eomorphism � constructed inxIII.2 exists and K� acquires a (non unique) tangent bundle structure. In fact, de�ning�( _x) = ' and �(') = _x we obtain that the total space of the bundle K� is di�eomorphic toTR3 with  = _'. The Cartan 2-form of the regularized system becomes
reg = dq ^ d _q + @A@x dq ^ dx+ dx ^ d _x+ d' ^ d _';and the regularized Lagrangian is given byLreg = 12( _q +A(q; x))2+ 12 _x2 + 12 _'2 � V (q):The dynamical vector �eld for the regularized system is� = _x @@x + _q @@q + ( _q +A)@A@x @@ _x +  A@A@q � _x@A@x � @V@q ! @@ _q + _' @@ _' :If we project on the subspace x = x0, _' = 0, then _x = 0 and the equations of motion reduceto eqs. (26). 17



IV.2 Lagrangian regularization of the EM LagrangianThe con�guration space Q will be the Hilbert space H1�H1 where H1 denotes the Sobolevspace on R3 of class (1,2) and H1 = H1 � H1 � H1. Points in Q will be denoted byA = (A?;A), A? 2 H1, A 2 H1. The velocity phase space is TQ = (H1 �H1)� (L2�L2),with L2 the Hilbert space of all square integrable functions on R3. Points in TQ will bedenoted by (A; _A) = (A?;A; _A?; _A) with _A? 2 L2 and _A 2 L2. The 3+1 decomposedMaxwell Lagrangian for electromagnetism can be written as:L0(A; _A) = 12 jj _A+rA?jj2 � 12 jjr ^Ajj2: (27)where jjMjj2 = R jMj2d3x. More explicitly, L0 can be written asL0(A; _A) = 12 Z ( _A2 + 2 _A � rA? + jrA?j2)d3x� 12 Z jr ^Aj2 d3x:A short computation give us the Cartan 2-form !L0,!L0 = �A ^ � _A�r � �A? ^ �A: (28)The energy EL0 is given byEL0(A; _A) = 12 jj _Ajj2 � 12 jjrA?jj2 + 12 jjr ^Ajj2; (29)(compare the formuli (27), (28) and (29) with (20), (21), (23)). The dynamical conditioni�!L0 = dEL0 is satis�ed for some � i� the following condition is satis�edr( _A+rA?) = 0; (30)i.e., there is a dynamical equation of motion only in the submanifold de�ned by the Gausslaw. The primary constraint submanifold M1 is given in the Lagrangian picture by theGauss law, Eq. (30), (which becomes a primary constraint in this approach, contrary towhat happens in the Hamiltonian picture, where it appears as the secondary constraint),and then it is easy to check that the dynamical vectors � de�ned by the relations beforeleave invariant this constraint then, there are no further constraints.Computing now the kernel of !L0 , i.e., vector �elds Z such that iZ!L0 = 0 we obtain,Z = �? ��A? �r�? � �� _A + �? �� _A? ; �?; �? 2 L2:Clearly K = ker!L0 = L2 � L2, then L0 is a Lagrangian of type II but its kernel is nota tangent algebra because of the term r�? � �=� _A (notice again the similarity with theprevious example). Clearly, the tangent structureS = �� _A? 
 �A? + �� _A 
 �A;is invariant under K, then S projects to TQ=K �= TH1. Furthermore, both L0 and �L0 areinvariant under K as in the example before. The reduced Lagrangian in TH1 isLR(A; _A) = 12 jj _Ajj2 � 12 jjr ^Ajj2;18



which is obviously nondegenerate, with Cartan 2-form !R = �A ^ � _A and energy ER =12jj _Ajj2 + 12jjr ^Ajj2. The reduced vector �eld �R de�ned by i�R!R = �ER is given by�R = _A ��A +r^ r^A �� _A :It is obvious that this Lagrangian is not the one that we �nd when we remove �rst thegauge invariance of the theory. That Lagrangian is de�ned on the tangent space of the modulispace of orbits of vector potentials under the action of the group of gauge transformations.But the constraint submanifold M1 de�nes a submanifold M1 \ TH1, namely the space ofpairs (A; _A) such that r _A = 0, and the restriction of !R to it has a kernel spanned preciselyby the group of gauge transformations. Once this �nal reduction is performed we get thetrue physical space.Because the bundle K ! TQ is trivial, we can identify K with (L2 � L2) �Q and alsowith K�. The regularized Lagrangian will be de�ned on the extended space TQ� L2 � L2.The symplectic form will be 
 = !L0 +�A?^��?+� _A?^��?, �?, �? being the �elds alongthe �bres of K�. The total space admits a tangent bundle structure using the immersion�:T (Q�H1)! TQ� L2 � L2 given by �( _A?) = �? and �(�?) = _A?, and �? = _�?. TheCartan 2-form of the regularized system becomes
 = �A ^ � _A�r � �A? ^ �A+ �A? ^ � _A? + ��? ^ � _�?;and the regularized Lagrangian results,Lreg = 12 jj _A�rA?jj2 + 12 jj _A?jj2 + 12 jj _�?jj2 � 12 jjr ^Ajj2:IV.3 The electron-monopole systemWe will consider now the third example quoted in the introduction. The singular Lagrangiandescribing an electron moving in the �eld created by a magnetic monopole is given by [3],L0 = 12m _xi _xi + inTr�3sy _s; (31)where xi, i = 1; 2; 3 are coordinates on R3 and s denotes an arbitrary unitary unimodular2� 2 matrix, i.e., an element of the SU(2) group.We obtain this Lagrangian in the following way. The con�guration space of a chargedparticle moving in the presence of a magnetic monopole is R30 = R3�f0 g and the equationsof motion are m�xi = nr3 �ijkxj _xk;where r > 0 denotes the radial coordinate and n is an integer such that 4�n = eg, e beingthe electric charge and g the magnetic charge of the monopole. It is well-known that thereis no a Lagrangian function describing such system on T (R30), but there is a principal U(1)-bundle Q over R30 such that there is a global Lagrangian L0 on TQ describing this system.The principal bundle Q is given by R+ � SU(2) and the projection map �:Q ! R30 isgiven by �(r; s) = x, where x = rx̂ and s�3sy = �ix̂i. Notice that this is nothing but the19



Hopf �bration S3 ! S2 times the identity on the radial coordinate r. The total space Q isC 2 � f0 g. The magnetic �eld created by the monopole de�nes a 2-form F0 on R30,F0 = �ijkxidxj ^ dxkr3 ;that can be pulled back to Q, F = ��F0. Because H2(Q) = 0, F is exact and it is easyto see that F = dA where A = iTr�3� where � = syds is the canonical left invariantMaurer-Cartan 1-form on SU(2). In fact, F can be written as,F = iTr�3� ^�:Then, in TQ we can de�ne the Lagrangian function Eq. (31) and then we compute theCartan 1-form �L0 to obtain �L0 = (T�)��0 + nA;where T�:TQ! TR30 denotes the tangent map to the projection map �, and �0 denotes theCartan 1-form on TR30 de�ned by the kinetic energy term K0 = 12m _xi _xi. It is clear that!L0 = (T�)�!0 + nF;where !0 = mdxi^d _xi is the Cartan 2-form of the kinetic energy termK0. From the form of!L0 we see immediately that its kernel is given by the kernel of (T�)�!0, i.e., by the kernelof the tangent map to T�. This kernel is a tangent distribution as discussed in section IIIand it is spanned by the vectors lying on the kernel of the map T�, this is ker!L0 = TF andF = kerT�. Notice that the bundle F ! Q has rank one and it is spanned by the generatorof the U(1) group acting on S3. The bundle F ! Q is trivial, as well as TF and its dual(TF )�. Then, the total space for the coisotropic embedding of TQ is simply TQ�R2, andthe extended con�guration space is simply M = Q � R, thus TM = TQ� TR. Denotingthe coordinate along the new direction on Q �R by  , we get that the regularized Cartan2-form has the expression,
reg = (T�)�!0 + F + d� ^ d _�+ d ^ d _ ;where the coordinate � is the angular coordinate on Q corresponding to the action of theU(1) de�ning the Hopf map. Notice that this 2-form corresponds to a Lagrangian functionLreg of the form Lreg = L0 + 12 _�2 + 12 _ 2;or equivalently, Lreg = K + inTr �3sy _s, where K is a kinetic energy term on Q�R.Ackwnoledgements The author AI wishes to ackwnoledge the partial �nancial supportprovided by CICYT under the programme PB92-0197 during the realization of this projectand the hospitatily of the Erwing Schr�odinger Institute were the �nal stages of this workwere completed. The authors also want to thank G. Marmo for helpful suggestions on themanuscript as well as the referee whose comments and remarks have helped to improve the�nal form of this paper. 20
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