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Symmetries of Gaussian measures and operator
colligations

YURY NERETIN'

Consider an infinite-dimensional linear space equipped with a Gaussian measure
and the group GLO(00) of linear transformations that send the measure to equivalent
one. Limit points of GLO(c0) can be regarded as ’spreading’ maps (polymorphisms).
We show that the closure of GLO(c0) in the semigroup of polymorphisms contains
a certain semigroup of operator colligations and write explicit formulas for action of
operator colligations by polymorphisms of the space with Gaussian measure.

1 Introduction. Polymorphisms, Gaussian mea-
sures, and colligations

1.1. The group Gms(M). Let M = (M, u) be a Lebesgue space M with a
probability measure p ([29], see, also [14]), let LP(M, ) be the space of mea-
surable functions on M with norm

”pr = </M |f(m)|p d,u(m)>;7 where 1 < p < o0.

Denote by Gms(M) the group of all bijective a.s. maps M — M that send
the measure p to an equivalent measure. For g € Gms(M) we denote by ¢'(m)
the Radon—Nikodym derivative of g.

Fix A € C lying in the strip 0 < Re A < 1,
)\Z%—I—is, where 1 < p < o0, s € R. (1.1)
For any g € Gms(M) we define the linear operator T)(g) by

Tx(9)f(m) = f(mg)g'(m)*. (1.2)

Evidently, the operators T)(g) form a representation of the group Gms(M) by
isometric operators in the Banach space LP(M, ). For p = 2 we get a unitary
representation in L2(M, p).

Polymorphims, which are introduced below, are ”limit points” of the group
Gms(M).

1.2. Gaussian measures. Consider R equipped with the Gaussian mea-
sure \/%6’12/2 dr. Let n =1, 2, ..., co. Denote by R“ the product of n copies
of R equipped with the product measure p,, = g X u X .... We denote elements
of R¥ by r = (.’El,$27. . )

ISupported by grants FWEF, P22122, P19064, and by RosAtom, contract
H.4e.45.90.11.1059.



Proposition 1.1 If Zb? < 00, then the series ) b;x; converges a.s. on R>
with respect to the measure oo .

This is a special case of the Kolmogorov—Hinchin theorem about series of
independent random variables, see, e.g., [32].

1.3. Groups of symmetries of Gaussian measures. Denote by O(c0)
the infinite-dimensional orthogonal group, i.e., the group of all infinite real ma-
trices A satisfying the conditions

AAY = ATA =1,

where ¢ denotes the transposition.

For an invertible real infinite matrix A we consider the polar decomposition
A = SU, where U € O(c0), and S is a positive self-adjoint operator. We define
the group GLO(o0) consisting of matrices A = SU such that S —1 is a Hilbert—
Schmidt? operator. Equivalently, we can represent A as A = exp(T)U, where
U € O(c0) and T is a Hilbert—Schmidt self-adjoint operator.

Thus the set GLO(o00) is the product of O(co) and the space of self-adjoint
Hilbert—Schmidt matrices. We take the weak operator topology® on O(oo) and
the natural topology on the space of Hilbert-Schmidt matrices* . We equip
GLO(o0) with the topology of product. Then GLO(o0) is a topological group
with respect to this topology (the Shale topology, [30]).

Consider an infinite matrix A = {a;;}. Apply it to a vector z € R*,
A = (Il o .. ) G21 a2 ... = (Z TiQ41 Z TiQz2 .. ) (13)

Let A be an operator bounded in the space 5. By Proposition 1.1 the vector
xA is defined for almost all z € (R*, o).

Theorem 1.2 a) For A € O(co) the map x — xA preserves measure fioo.

b) For A € GLO(c0), the map x — xA is defined a.s. on (R*, i) and
sends the measure |1 to an equivalent measure u(xA).

c) Let A= (1+T)U, where A € O(c0) and T is in the trace class®. Then
the Radon—Nikodym derivative is given by the formula

dp(zA)
dp(z)

=|det A| - exp(—3(zA, zA) + L(z,2)) ==

= |det(1+T)|-exp( — (aT,x) — $(aT,2T)) (1.4)

2An operator T is Hilbert-Schmidt, if 2 [tij]? < oo, see, e.g., [28]

3See e.g., [28].
4See e.g. [28].
5See, [28].



d) Let A = 1+ T, where T is o diagonal matriz with entries t; > —1
satisfying Zj t? < 00. Then the Radon—Nikodym derivative is given by

[ee]
H 1—|—t — (25413 )m2/2

the product converges a.s. on (R, l).
e) For A, B € GLO(00) the identity

(xA)B = z(AB)
holds a.s. on (R*, u).

The theorem is a reformulation of the Feldman—Hajeck Theorem on equiv-
alence of Gaussian measures (see, e.g., [11], [4]), the most comprehensive expo-
sition is in [31].

REMARK. For A € GLO;(c0), the absolute value of determinant | det(A)| :=
| det(1 + T')| is well-defined (see, e.g, [17]), it satisfies

|det(A;A2)| = | det(A7)] - | det(Az].

The det(A) makes no sence. O

REMARK. In our definition the action is defined a.s, and the identity x(AB)
(zA)B also is valid a.s. The removing of "a.s.” is impossible, the group O(co
can not act pointwise by measure preserving transformations, see [8].

VDVH

1.4. Polymorphisms (spreading maps), for details, see [22]. [17], [20]).
Denote by R* the multiplicative group of positive real numbers, denote by ¢
the coordinate on R*, by « * 8 we denote the convolution of measures on R*.
Let M = (M, u), N = (N,v) be Lebesgue spaces with probability measures. A
polymorphism® P : (M, 1) ~ (N, v) is a measure B = PB(m,n,t) on M x N x R*
satisfying two conditions:

a) the projection of P(m,n,t) to M is p;

b) the projection of ¢ - P(m,n,t) to N is v.

We denote by Pol(M, N) the set of all polymorphisms (M, u) ~ (N, v).

There is a well-defined associative multiplication
Pol(M, N) x Pol(N, K) — Pol(M, K)

1.5. Convergence of polymorphisms. For ¢ € Pol(M, N) and measur-
able subsets A C M, B C N we consider the projection A x B x R* — R* and
denote by p[A x B] the pushforward of 9 under this projection.

SThese objects were introduced in [16], see also [17]. The term was proposed be Vershik
[33], who used it for measures on M x N, see also ”bistochastic kernels” from [10]. On some
appearances of polymorphisms in variation problems and mathematical hydrodynamics, see

(2].



We say that a sequence PB; € Pol(M, N) converges to B if for any A C M,
B C N we have weak convergences

p[A x B] — p[A, x B, t-p;jl[AxB] —t-p[AxB].

Proposition 1.3 The product of polymorphisms is separately continuous, i.e.
if B; converges to P in Pol(M,N) and Q; converges to Q in Pol(N, K), then
0 oP,; converges to QP and Q; oP converges to Q o P.

Note that there is no joint continuity, generally 9;B; does not converge to
0 oP.

1.6. Embedding J : Gms(M) — Pol(M, M). Now let a measure p on M
be continuous. We consider the embedding

J:Gms(M) — Pol(M, M) (1.5)

given by the following way. Take the map M — M x M x R* given by m
(m,g(m),g'(m)). Then the pushforward of the measure p is a polymorphism
J3(g): M — M.

Proposition 1.4 ([16], [22]) The group Gms(M) is dense in Pol(M, M).

1.7. Formulation of problem. We wish to describe the closure of
GLO(o0) in the semigroup of polymorphisms” of R>. Our solution is not final,
we show a large semigroup (see the next subsection) in this closure.

1.8. Operator colligations. Fixw =0, 1, ..., co. Denote by GLO(w+00)
the group consisting of (w + o0) X (w + co) matrices g that are elements of the
group GLO (i.e, GLO(w + c0) is another notation for GLO(c0)). Consider the
subgroup O(o0) € GLO(w 4 o0) consisting of block (w+ 00) X (w4 c0) matrices

0
We say that an operator colligation is an element g of GLO(w + 00) defined
up to the equivalence

1 . .
( 2), where u is an orthogonal matrix.

g ~ highs, where hq, hy € O(00),

a By (1 0\ fa B) (1 O

v 4 0 u/\y 6/J\0 v
where u, v are orthogonal matrices. Denote by Coll(w) the set of all operator
colligations. In other words, Coll(w) is the double coset space

or, in more details,

Coll(w) = O(00) \ GLO(w + 00)/O(c0).

"The closure of O(c0) gives action of the semigroup of all contractive linear operators by
polymorphisms of R°°, see Nelson [15], .



The product of operator colligations is defined by the formula

a B 0\ f¢ 0 ¢ ap B oy
(a ?)o(? ¢> =1~y 6 O 01 0)=|~rp & v
v ” 00 1/ \o 0 0 0 i

The resulting matrix has size
(w4 (00 +0)) X (W4 (00 +0)) = (w4 00) x (w+ ),
i.e., we again get an element of Coll(w).

Proposition 1.5 The product o is a well-defined associative operation on the
set Coll(w).

This can be verified by a straightforward calculation. For a clarification of
this operation, see [17], Section IX.5. Classical operator colligations are matrices
determined up to the equivalence

5 5)~6 )6 96 5)

Colligations, their multiplication, and characteristic functions appeared in the
spectral theory of non-self-adjoint operators (M. S. Livshits, V. P. Potapov,
1946-1955, [12], [13], [27], see survey in [3], see also algebraic version in [7]).

1.9. Results of the paper. First (Theorem 3.2), we prove the following
statements:

— The closure of GLO(00) in polymorphisms of (R, y1.,) contains the semi-
group Coll(co).

— For n < oo the semigroup Coll(n) admits a canonical embedding to
semigroup of polymorphisms of the space (R™, u.,).

Our main purpose is to write explicit formulas (Theorems 5.2, 6.1) for this
embedding.

1.10. A general problem. Many interesting actions of infinite dimen-
sional groups on spaces with measures are known, see survey [18] and recent
'new’ constructions [9], [26], [21], [1]. In all cases there arises the problem of
description of closure of the group in polymorphisms, in all the cases this gives
semigroups that essentially differ from the initial groups® . In this work and in
[20] the problem was solved in two the most simple cases (Gaussian and Poisson
measures). In both cases we get unusual interesting formulas.

8This is counterpart of Olshanski problem about weak closure of image of unitary repre-
sentation, see [24]; for a finite-dimensional counterpart, see [6].



2 Polymorphisms. Preliminaries

First, we need some preliminaries on polymorphisms.

1. Measures on R*. Denote by R* the multiplicative group of positive
real numbers, denote by ¢ the coordinate on R, by %1 we denote convolution
of finite measures ¢ and ¥ on R*, it defined by

() d(p* ) / F(pa) dv(p) dio(a).
RX Rx JRX

Recall that a sequence of finite measures ¢; on R* weakly converges to a measure
1 if for any continuous function f on R* we have the convergence

/ FO s — [ g i)

2.2. Product of polymorphisms. Here we give a formal definition of
the product of polymorphisms, but actially we use Theorem 2.4 instead of the
definiton. For details, see [22].

Let p be a function on M x N taking values in finite measures on R*. Such
a function determines a measure 3 on a product M x N x R*|

/// f(m,n,t) dP(m,n,t) := ///f(m,n,t) dp(m,n)(t) dv(n) du(m).
M x N xRX AXBRx

If p satisfies two identities
/ / / dp(m, m)(t) dp(m, ) (t) dv () dyu(m) = p(A),
AJN JRX
/ / / tdp(m, n)(t) dp(m, n) () dv(n) dp(m) = v(B)
M JB JRX

for any measurable subsets A C M, B C N, then B is a polymorphism. If
has such aform, we say that 3 is absolutely continuous.

Now let B € Pol(M, N), Q € Pol(N, K) be absolutely continuous polymor-
phisms, p, ¢ be the correspondin functions. Then the function r on M x K is
determined by

r(a,c) = /Np(m,n) xq(n, k) dv(n).

The integral is convergent a.s.

Theorem 2.1 This product admits a unique separately continuous extension to

an operation Pol(M, N) x Pol(N, K) — Pol(M, K).

2.3. Involution in the category of polymorphisms. Let B : M ~~ N
be a polymorphism. We define the polymorphism B* : N ~ M by

PB*(n,m,t) =t- ‘B(m,mt_l)



For any polymorphisms B : M ~» N, Q : N ~» K, the following property holds
(QoP)" =P o

If g € Gms(M), then
3(g)* =3(g7)

Our next purpose is to extend the operators (1.2) to arbitrary polymorphisms.

2.4. Mellin transform of polymorphisms. Here we present without
proof some simple statements from [22]. Notice that below we use Theorem 2.4
and do not refer to the definition of product of polymorphisms.

Fix A = % +is € C as above (1.1). Let ¢ is defined from % + % = 1. For

a polymorphism B : M ~» N we consider the bilinear form on LP(M, u) x
LY(N,v) — C given by

st = [[[ femgne apm.n.o.

Proposition 2.2 ( [22]) a)
1S\(fr 9l < Iz, - llgllz,-
b) B is uniquely determined by the family of forms Sx(-,-).
Corollary 2.3 a There exists a unique linear operator
TA(R) : LP(N,v) — L¥(M, p)

such that
S(f.9) = y f(m) - T (B) - g(m) du(m).

b) |Ta(B)|| < 1, where a norm is the norm of an operator LP(N,v) —
LP(M, ).

c¢) A polymorphism B is uniquely determined by the operator-valued function
A= Th(B), and, moreover, by its values on each line % +is for fized p.

For h € Gms(M), we have
Tx(e(h)) = Tx(h),
where T)\(h) is defined by (1.2).

Theorem 2.4 T) is a representation of a category, i.e.

T\(Q o) = Ta(QTH(P). (2.1)

2.5. Convergence.



Theorem 2.5 a) T)\(P) is weakly continuous, i.e., if P; converges to P, then

f(m) - Tx(B;)g(m)) dp(m)  converges to / Fm)TA(B)g(m) dp(m)
M M

(2.2)
forany f € LY(M), g € LP(N).

b) Conversely, if (2.2) holds for each A in the strip 0 < Re X < 1, then B,
converges to B. Moreover, it is sufficient to require the convergences on the

lines ReA =0 and Re\ = 1.

3 Abstract statement

3.1. Polymorphisms [,. Let (M, ) be a space with measure. Denote by
A(m,m’) the measure on M x M supported by the diagonal of M x M such
that the projection of A to the first factor M is p.

Let w =0, 1, ..., co. Consider the space R¥ x R*> equipped with the
MEASUTE flytoo = Mo X fhoo- Let x, 2’ range in R¥ y in R*°, ¢ in R*. Consider
the polymorphism

Lo+ (RY, preo) ~ (RY X R, 1oy X fioo)

given by
(2 2,y3t) = Az, 2") X poo(y) x 6(t — 1),

where d is the delta-function.
The following statement is straightforward.

Lemma 3.1 a) For a function f on R“ we have

Ta(L)f(z,y) = f(x)

b) For a function g(z,y) on R¥T>° we have

T.02)9() = | _oe.9) dus)

c) [Fol, : RY ~» RY is A(z,z') x 6(t — 1).
d) The polymorphism
t, = [, o[} t R¥T® ~y RWFT
equals
Az, @) X poo(y) X poo(y') x 6(t — 1),
where (z,y) is in the first copy of R®T>° and (x',y’) is in the second copy.

e) The operator corresponding to t,, is

T\(tw)f(z,y) = - f(@,2) dpoo (2)-



In particular, in L? this operator is the orthogonal projection to the space of
functions independent on y.

f) Consider a sequence hj = ((1) 15)) € O(oo) where u; weakly converges
J
to 0. Then J(h;) converges to t, = I, o [f,.

An example of a sequence u; is

3.2. Action of colligations. Let w =0, 1, ..., co. Let a € Coll(w), let A
be its representative in GLO(w + 00). Consider the polymorphism

(@) (R, o) ~ (R, )

given by
7@ (a) = LI(A)L.

Theorem 3.2 The map ) : Coll(w) — Pol(R¥,R¥) is a homorphism of
Semigroups.

Theorem 3.3 For w = oo the image 7 (Coll(c0)) C Pol(R*,R>) is con-
tained in the closure of J(GLO(c0)).

3.3. Proof of Theorem 3.2. We must verify the identity
Th(a1)Th(a2) = Th(ag o az). (3.1)
or, equivalently,
T (ty Arto) T (t Agty) = T (4, A, Aaty).

Let p be a unitary representation of GLO(w 4+ o0) ~ GLO(c0) continuous
with respect to the Shale topology. Denote by H (w) the space of O(co)-invariant
vectors. Denote by P(w) the orthogonal projection on H(w). For A € GLO(w+
o0), we define the operator

p“)(a) := P(w)p(A) : H(w) — H(w). (3.2)

It can be easily checked that p(®) (g9) depends on a operator colligation a and
not on A itself.

Theorem 3.4 We get a representation of the semigroup Coll(w) in the space
H(w).
p (a1)p™) (az) = p™ (a1 © ag). (3.3)



See [24], [17], see a simple proof in [23].
We need this theorem for representations 77 /51, of the group GLO(w + 00)
in L2(RYT°°), f1y 100, in this case P(w) is T /244s(1),

T 2+is(@) = T j24is ()T j24i5 (A) T j2145 (1),

the identity 3.3 can be written as

T1(72)+is(a1)T1(72)+is(a2) = T1(72)+is(a1 o daz) (3.4)

Since T depends holomorphically in A, we get (3.1).

REMARK. Identity 3.4 can be verified by a long straightforward calculation
(and in fact this was done in [24]).

3.4. Proof of Theorem 3.3. Let a € Coll(co), let A € GLO(co0 + 00) be
its representative. We define the polymorphism

O'(Cl) : (ROOJFOOM“OO-&-OO) ~ (ROOJFOO, ,Uoo-i-oo)

by
o(a) =t o 7(A4) o t5.

By Lemma 3.1.f, the element t, is contained in the closure of O(c0). By
separate continuity of the product, to, ¢ 7(A) ¢t is contained in the closure of
GLO(00 + 0)

Next, represent the set of natural numbers N as a union of two disjoint sets
I, J. Consider the monotonic bijections I — N, J — N. In this way we identify
R> and R>®*T°°. Denote by o(a; I) : R® ~» R the image of the polymorphism
o(a) under this identification. By construction o(a, I) is contained in the closure

of GLO(00).
Now take
I,={1,2,3, ..., k,k+2, k+4, k+6,...},
Then o(a, I};) converges to 7(a). O

3.5. Injectivity. We formulate without proof the following statement.

Theorem 3.5 The maps Coll(w) — Pol(R¥,R¥) are injective.

This is equivalent to the statement: the family of representations a
P(w)Tx(a)P(w) separates points of Coll(w).

4 Canonical forms

4.1. Canonical forms. Let n < oo, g € Coll(n). Let g = (511 §12> be a
21 g22

representative of g.

10



Lemma 4.1 Assume that rank of gi2 is mazximal. Then g has a representative
of the form

a b tn a by b\ In
G = C d }TL = C d1 d2 }Tl
0 H/ }oo 0 0 h/) }o (4.1)
A NSNS
n n+oo n n oo

where h is a diagonal matrriz with positive entries hj, > (h; —1)* < oo.

B
)

s=1+5) (5 ).

where S is a Hilbert-Schmidt matriz and u € O(o0).

Lemma 4.2 Anyg = <3 ) € O(n+o0) admits a representation in the form

PrOOF OF LEMMA 4.2. The matrix 6/ — 1 is Hilbert-Schmidt and § is
Fredholm of index 0, therefore § can be represented as

6 =vHu,

where u, v € O(c0), and H is a diagonal matrix, the matrix H — 1 is Hilbert—
Schmidt. Therefore g has the form

(1 0\ [a B\[(1 O
=10 v ~ HJ\0 u
The middle factor is (1+ Hilbert—Schmidt matrix). Finally, we get a desired
representation

1 oy e g\t oo\ [/1 0\(1 0
9= \0 v v H)\0 v 0 v/\0 u
PrOOF OF LEMMA 4.1. By Lemma 4.2, we can assume that G — 1 is a

Hilbert—Schmidt matrix. Since rk g12 = n, a left multiplication by an orthogonal

matrix w can reduce gi2 to the form 8 .

a b
Thus we get a matrix R = | ¢ d | such that R’ — 1 is Hilbert—Schmidt.
0 H
We transform R’ by
a b 1 0 0 a b 1 0 0
c d]—10 1 0 c d 0 vi1 v ],
0 H 0 0 u 0 H 0 V21 V22



vip v . . .
where u and (Ull 1112) are orthogonal matrices. Consider (n+00) x 0o matrix
21 V22

J = (O 1). Then H — J is a Hilbert—Shmidt operator, therefore the Fredholm
index of H equals n. Since G is invertible, ker H = 0, Hence codim Im H = n.
Such H can be reduced to the form (0 h), where h is diagonal. The standard
proof of the theorem about singular values (see [28]) can be adapted to this
case. O

4.2. Coordinates. Take a colligation reduced to a canonical form (4.1).
We pass to Potapov coordinates (see [27]) on the space of matrices,

P Q\. _ (b—ac'd —ac!
R T) cld c !

P P Q) _ (bi—actdy by—acldy —ac™!
Ri Ry, T) ctdy ¢ ldy ¢t

or

the size of the block matrices is (n + 0o + n) x (n + n). Formulas below are
written in the terms of P, @, R, T, and h.
5 Calculations. Finite matrices

5.1. Measures ®[b, M;t]. Let M > 0, b € R. We define the measure ®[b, M; t]
on R* by

—forb>0
_1 _41/b(_ —1/2 Ana _4AM dt s )
b, M;t] = vzt (=bInt) CObhmt ifo<t<l;
0 i > 1.
—forb=0
®[0, M;t] =Mt — 1)
— for b <0,

fo<t<l1

0
Db, M;t] =
[ ] {\/%tl/b(ZLMblnt)l/Z cosh /4 Int 4 if¢>1

Lemma 5.1

1 N 1 M
— t*®[b, M; t] = .
V2 /RX | ] V1+0bA eXp{1+b/\}

PROOF. To be definite, set b > 0. We must evaluate
1/t [ 4M
—/ A/ (—bInt) /2 cosh ——lnt@.
vV 2T 0 b t

12



We substitute y = Int and get

10 [ 4M
Elw e(A+1/b)y(7by)71/2 cosh 77ydy

Next, we set z = ,%% and come to
1 o0
m / 67ﬁ(bA+1)Z271/2 COSh\/EdZ =
V2 0
1 o 1 2
- - — 57 (OA+D)u
= e M cosh u du.
Vom -V M /0
Writing coshu = 1(e* + e™"), we get
1 o 1 2 1 M
— 7 (bA+1D)u” u _ { }
e i e"du = ex .
VQW-QVM/—OO Viron P4

5.2. Formula. We consider coordinates on Coll(n) defined above. For z,
u € R™ we define the following J-measure dN, ,,(t) on R

sz:u(t) = A(xvu) 5(t - B({E,u)),
where

1 1
Alw,u) = |det T|exp{ =3 2Q + uT | = S|P +uR)H'(1 — HH') 7|},

Bla,u) = |det Glexp{ 5 (1#Q + uT | ~ [la]” +
— @P+uR)(1 — H'H) ' (zP + uR)") } (5.1)

where || - || is the standard norm in R™.
Denote by h; the diagonal entries of the matrix h. Denote by (i1, %, ... )
the coordinates of the vector z Py + uRs.

Theorem 5.2 Let g € Coll(n) have a representative

a bl bQ 0 }’fl
& d1 d2 0 }n
{0 0 A Of }m—n
=0 0 0 1) }o (5.2)
R o
and h; # 1. Then the polymorphism 7(a) is given by
m-—n
2 2
N dlp2 -1 2. )
< wou(t) * j>f1 [hj ,2(1}15),75})@66[117 (5.3)

13



where * denotes the convolution in R* and X is the symbol of multiple convo-
lution with respect to j.

5.3. Transformation of the determinant. Note that

a b1 b2

detG=det|c di do| =
0 0 h

= det (Z‘ 21> -det(h) = % det(c) det(by — ac™'dy) det(h).
1
Thus det(Py) det ()
_ et(P)det
| det G = | —ee) ‘

5.4. Calculation. We wish to write explicitly operators (3.2) for the
representations Th(G).

T (G) = Th(DTA(G)TA(1).

Let x € R", y € R™, z € R™ ", ¢ € R*. The operator T)([*) sends a function
f(x) on R™ to the same function f(z) on R™ x R™ x R™~"™ x R*>°. We apply
T (G) and come to

t

| det G|* f (za + ye) exp —% (z vy 2) (GG =1)[y"] ;. (5.4)

ey
S

Next, the operator Th(l) is the average with respect to variables (y,z,£) €
R™ x R™~" x R*°. Since the function (5.4) is independent on &, we take average
with respect to (y, z). We come to

100(G)f () = |det G [ flwat yeyx
RnxR™m—n
t

k dpin(y) dppm—n(2) =

X exp —% (z y 2)(GG"-1) i
A
= [det(G)[7 ez // f(za+ yc)x

ey

(27T)m/2
Rn xR™—n
t t
A t xt A-1 xt
X exp ) (:z: y z)GG yt + 5 (x y z) yt dydz (5.5)
z z

We change variable y by u according

u = za + yc, y:uc_1 — zac L.
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Then

where

Quadratic form in (5.5) transforms to

A T\ A z!
{—2 (x u z) SGGtS! (ut> + g (1’ U z) Sst (ut) }
2t 2t

Passing to Potapov coordinates, we get

1+QQ" QT 0

SSt = TQ* TT! 0

0 0 1
0 P pPP* PR* PH!
SG=|1 R SGG'S' = [ RP* 1+ RR' RH!
(o H) (HPt HR? HHt)

We come to the expression of the form

(@) fe) = | K(wu)f(u)du,

RTL
where the kernel K is given by

K(z,u) = (27) /2| det(G)[*| det |~ exp{V(x,u)}/me exp{U(z,u, z)} dz,

where

t t
eXp{V(x,u = exp{§ —_— (x ) (Q%Q—r 1 g§t> < ) —
PPt PR\ (!
( v) (RPt RR' + 1) (wf)} -
- A
:exp{—guxmufen% @+ Tl + (el ~ ul®) ) (56)
and

/m,n eXp{U(m, u, Z)} ds —

—(m— 1
= (2m)~ (™ ")/2/ exp{2 (“AHH'4+)\~1)z }exp{ )\zH(Ptxt—l—Rtut)}dz:
= det(\HH! — X\ +1)"1/2x

2
X exp A—xP—FuRHt AHH' — X+ 1)"'H(zP + yR)* 5.7
2
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We wish to examine the exponential factor in (5.7). Recall that H is an
(m x n) matrix of the form

0 0 hi O 0

0 0 0 h 0
H= .

0 ... 0 0 0 ... hmen

Therefore H H? is the diagonal matrix with entries h2 and Ht()\HHt A+1)"tH

is the diagonal matrix with entries 0 (n times) and m Therefore, (5.7)

equals
mon - R
o)™ TT (1 £ A(h2 = 1)) P expl 2907 5.8
(2m) ]1;[1( Ay~ 1) eXp{Q(AhffAJrl)} (5:8)
Next, we write
21,2 2 2 2
A2h2 AR2 h2 h2 1 59)

2 2 2 2 2
A —A+1  hi—1 (h—1)2  (hf—1)2 AhZ—A+1
and represent the product (5.8) as
1
exp{—§(xp Y uR)HY(1 — HHY) " 2H(aP + uR)t} X

X exp _A zP+uR)H'(1 — HHY) 'H(zP + uR)' } x
{

H _ 12 il
DD Xp{2(;z§—1)2 A(h§_1)+1} (5-10)

Uniting (5.6) and (5.10), we come to a final expression for the kernel of
integral operator

Ki(z,u) =
=|det ¢| ! exp{—%HxQ T - %H(xP +uR)H'(1 - HHt)’1||2}>< (5.11)
A
x | det(G)} ~exp{§(lle +uT ||+ ||z)f* = Jlul*~ (5.12)
— (P +uR)(1 thH)*l(cherR)t)}x (5.13)
E A 1
_ 1/2 il”
U D +1)7 2 exp -1 AN -1 b (5.14)

Now we must represent the kernel as a Mellin transform of a measure

ICA(x,u):/ tAde,u(t).
0
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The expression for Ky(x,u) is a product, therefore its Mellin transform is a
convolution. We must evaluate inverse Mellin transform for all factors. The
first factor (5.11) is constant. The second factor (5.12)—(5.13) has the form
erel@u) e have

era(@u) — /C>C t’\5(t — ea(m’u)).
0

For factors in (5.14) the inverse Mellin transform was evaluated in Lemma 5.1.
This proves Theorem 5.2.

6 Convergent formula

6.1. Formula. Now consider arbitrary g € Coll(n) being in the canonical form

(4.1),
a b1 b2
C dl dQ
0 0 h

To write a formula that is valid in general case, we rearrange factors in (5.3).
First, we define J-measures on R™ x R™ by

dN;u(t) = Ao(a:,u)é(t — B°(x, u)),

where 1
A°(z,u) = det(T) exp{—§||mQ + uT||2}
det P 1
5ou) = LT exp {3 (10Q + o2 = loPy -+ uka|? = ol + ul?) .

In fact, dNZ ,(t) is the measure dN, ,(t) defined for the matrix (Z Zl>
’ 1

Next, we define the following probability measures =; = =[h;, ¢;] on R*:
Elhj, 5] =
[51°h3 1 2, Il
= exp{—27} -(5(75 —h; eXp{i}) * @{hj -1, 31— h02 t}

(1—h2)2 2(1 - h?) (1—h%)2’
(6.1)
if hj #1. For h; =1 we set
1 1 In®¢t y dt
2[1,¢,] = —e 51l —— 2[1,0] = 6(¢t — 1).
Ll = e enl{ g ban, S0 =de-1)

Theorem 6.1 Let a € Coll(n) be arbitrary. Then the polymorphism 7(a) is
given by
00
(dN;?,u(t) « K E[hj7¢j])dx du. (6.2)
J=1
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Lemma 6.2 a) Measures E[h;, ;] are probabilistic.
b) The products

X Z[hy, 0, X (t-Elhy, ) (6.3)
i=1 j=1

weakly converge in the semigroup of measures on R*.

Theorem 6.3 a) For a matriz g denote by denote by g™ the matriz <(Z) (1)>,
where z is the upper left (n +m) x (n 4+ m) corner of the matriz g. Then the

the polynorphism 7(g(™) coincides with

(dN;’,u(t)* * E[hj,l/)j]>da:du. (6.4)
j=1

b) The sequence of polymorphisns (6.4) converges in semigroup of polymor-
phisms of (R™, ). to 7(a).

6.2. Rearrangement of factors (Lemma 6.3.a. First, rearrange factors
in (5.11)—(5.14):

Kon(z,u) = | det T exp{—%”:ﬂ@ + uT||2}(|jZ:E§;|)|)A (6.5)
x exp{ 5 (1@ + Tl + > — ] ~ oy + Ry )} (6.6)
x 7ﬁb<exp{2(h§_w2;)2} b exp{%}x (6.7)
P ; ;
X(AM?—1)+1)]/amp{iié%ﬂj2 Mh§j1)+1}) (6.8)

Factors in the product (6.5)—(6.6) looks as singular near h; = 1. But this
singularity is artificial, it appears due division in the line (5.9). Returning to
the previous line (5.8) of the calculation, we get for h; = 1 the following factor

1 1 1 ae [ In®t \ dt
TS S S W R

e AT : 20,1 S B
6.3. Proof of Lemma 6.3.b).

Lemma 6.4 The embedding ¢ : GLO(c0) — Pol(R*°,R*) is continuous.
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PRrROOF. According Proposition 2.5.b it is sufficient to prove that the repre-
sentations Ty (g) of GLO(oc0) are weakly continuous for all A. It is sufficient to
take f = €'® and g = €™ in (2.2) and to verify continuity of the corresponding
matrix elements with respect to the Shale topology. O

Let g be of the form (4.1). For finite matrices formulas (5.3) and (6.2)

coincide. Denote by ¢("™) the matrix (8 (1)), where z is the upper left (n +

m) x (n+m) corner of the matrix g. For g™ the formula (6.4) gives a correct
result. Next, g™ converges to g in the Shale topology. Therefore T(g(m))
converges to 7(g) as g — oo. This proves the last statement of the theorem.

6.4. Proof of Theorem 6.1. We must prove convergence of the infinite
convolution in (6.3). The characteristic function of Z[h;, ;] is given by

/Oo P Z51hy, 5] = B (1 4 A(h2 — 1))_1/2ex {M _ i|w|2}
o | = 7 Pz ar ) 2
We have Y (h; — 1) < 00, > |¢;|*> < co. Under these conditions we have a
convergence of the product in the strip 0 < ReA < 1. This implies the weak
convergence of measures on R*.

The convergence is uniform on compacts sets with respect to x, u, and this
implies coincidence of (6.2) and limit of (6.4).
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