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a chapter of mathematical physics which is far from beingetb

Abstract. The derivation of the Nordheim-Boltzmann transport equrator weakly in-
teracting quantum fluids is a longstanding problem in matteral physics. Inspired by
the method developed to handle classical dilute gases\@ctonal approach is the use
of the BBGKY hierarchy for the time-dependent reduced dgnsiatrices. In contrast,
our contribution is motivated by the kinetic theory of theakly nonlinear Schrodinger
equation. The main observation is that the results obtamé#te latter context carry over
directly to weakly interacting quantum fluids provided oreed not insist on normal or-
der in the Duhamel expansion. We discuss the term by termecgaxice of the expansion
and the equilibrium time correlatiofa(t)*a(0)).



1 Introduction

With the discovery of quantum mechanics, evidently, Boldnmis kinetic theory of rari-
fied gases had to be revised. The modification turned out tabienal, in a certain sense.
Only the classical differential scattering cross sectiad to be replaced by its quantum
version, which thus depends on whether the gas particleeargons or bosons. Other-
wise the structure of the equation remains unaltered. Itiquéar, the stationary solutions
are still the Maxwellians. In addition, a natural task wagtestigate the kinetic regime
for weakly interacting quantum fluids with no particulartregion on the density. Time-
dependent perturbation theory, or even the more basic Feguoiden rule, provides a
convenient tool. Since the interaction is weak, the difféiegd cross section appears now
only in the Born approximation. The resulting quantum kimetjuation has a cubic colli-
sion operator, rather than a quadratic one as in Boltzmamork. As a consequence, the
Maxwelliansexp|—((w(k)— )] are no longer stationary. The correct stationary solutions
are of the form(exp[3(w(k) — )] F1)~! in accordance with the statistics of the quantum
fluid under consideration.

The quantum transport equation was first written down by [Neneh [1] in a paper
submitted on May 30, 1928 and published a few weeks later.wdik is an ingenious
guess, supported by an H-theorem and by the physically egstationary momentum
distributions. Later on more systematic derivations fekal [2]. In the kinetic literature
the transport equation mostly carries the names of Uehlntglhlenbeck [3]. In their
1933 paper they study properties of the transport equaiioparticular its linearization
around equilibrium and the long time hydrodynamic appraadion.

There is a fundamental difference between weakly intangatlassical and quantum
fluids in the kinetic regime. For two classical particles aainmteraction results in a
small change of the relative momentum. Therefore the @ollisperator is not an inte-
gral operator, as in Boltzmann’s classic work, but it is alm@ar differential operator,
apparently first realized in 1936 by Landau [4] in the contaxqplasmas and fluids with
long range interactions. On the other hand, two weakly aging quantum particles will
pass through each other with probability- ©O()\?), X the coupling constant, and will
s-wave scatter with probabilit§?(\?). Therefore the collision operator is still an integral
operator.

In our notes we will consider only quantum fluids interactthgough a weak pair
potential.

The conventional formal derivation of the transport equatproceeds via Fermi’s
golden rule. Over the years there have been many attemptgimve on the argument.
On the theoretical side we mention in particular van Hove Pigogine [6], and Hugen-
holtz [7]. With the work of Lanford [8] on the microscopic jifscation of the classical
Boltzmann equation and the work of Davies [9] on the weak toggimit for a small
guantum system coupled to a large heat bath, the derivatikinetic equations was rec-
ognized as a problem of interest to mathematical physicsfadty it is already stated
verbally in Hilbert’s famous collection of problems as plerin No. 6 [10]. The derivation
of quantum kinetic equations still stands as a challengewilVexplain its current status

2



in due course.

Regarding a quantum fluid as starting point, there are twe$er’ce orthogonal ways
to proceed with a semiclassical approximation. Within thaetiple picture, it is natural to
take the limit of a large mass which leads to classical poantigles interacting through
a pair potential. On the other side, from the point of view pémtor-valued fields, the
natural limit is a weak, long range (on the scale of a typictdi-particle distance) poten-
tial which leads to the nonlinear Schrodinger equatiorp &lsown as Hartree equation.
Both limits can be formulated as an Egorov theorem for opesdtll, 12, 13, 14]. In the
former case one is back to the model studied by Boltzmannewhithe latter case the
kinetic issue concerns a weakly nonlinear wave equatiotr@ady studied by Peierls [2].

In [15] we investigate the weakly nonlinear Schrédingeraopn and develop a ma-
chinery for dealing with the high-dimensional oscillatangegrals as they arise in the
Duhamel expansion of the solution of that equation. The gb#iis paper is to explain
how these novel techniques can be used for the derivationaritgm kinetic equations.
In fact, we will provide mostly sketches of the argument anolvp only a few crucial
points. Otherwise we would be overwhelmed by technicalassuBut we do clearly
indicate where, to our understanding, there are gaps andd&as will be required.

To give a brief outline: Weakly interacting lattice bosomsldattice fermions are in-
troduced in Section 2 together with the Duhamel expansidhesfime evolution operator.
In Section 3 we explain how this expansion differs from thpamsion resulting from the
guantum BBGKY hierarchy and in Section 4 we make a compangitim wave turbu-
lence for the weakly nonlinear Schrodinger equation. Thenrbady of novel results are
in Sections 5 to 7 where we discuss equilibrium time corietet and spatially homo-
geneous nonequilibrium states in the kinetic limit. In apepdix we summarize a few
properties of spatially homogeneous quantum kinetic egust

Acknowledgments.We would like to thank Laszl6 Erdés for many illuminatingdus-
sions on the subject. The research was supported by a DF&agrahy the Academy of
Finland. The work was partially done at the the Erwin Schmgér Institute for Mathe-
matical Physics (ESI), Vienna, Austria, whom we thank faitimospitality.

2 Weakly interacting quantum fluids, Duhamel expan-
sion

We consider quantum particles on theimensional lattic&? with lattice pointse € Z<.
Later on there will be conditions which requide> 3. The particles “hop” independently
to nearby sites. The hopping amplitude for the relative ldisgment is given byy :
74 — R with a(z) = a(—=x). « is of compact support, i.eq(z) = 0 for |z| > R with
suitableR. The Fourier transform of is the dispersion relation(k) = a(k). Clearly
w(k) = w(k)* = w(—k) andw is real analytic. This by itself will not be enough and
further conditions, originating from the analysis in [18}ill be imposed. The particles
interact through the weak pair potentidV, V : Z¢ — R, V(z) = V(—z). V is assumed
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to be of compact support and> 0, A < 1. Particles are either bosons or fermions. We
introduce the corresponding annihilation/creation ofwesau (), a(z)*, € Z%. In the
case of bosons they satisfy the commutation relations

[a(2),a(y)"] = Ouy,  [a(x),a(y)] =0, fa(z)",aly)’] =0, (2.1)

while in the case of fermions they satisfy the anticommatatelations

{a(x),a(y)"} = 0wy, {alz),aly)} =0, {a(x)" a(y)’} =0, (2.2)

r,y € 2% Here[A, B = AB — BA and{A, B} = AB + BA. With this notation the
Hamiltonian of our system of particles reads

H= > alx—ya@)aly)+3ix Y V(z—ya@) ay)ayalz). (2.3)

z,y€Z4 z,y€Z4

H at A = 0 is quadratic and denoted k¥,.,. Clearly the number of particlesy, is
conserved,
N = Z a(x)*a(x) and [H,N]=0. (2.4)

xcZ4

For f : Z* — C we introduce its Fourier transform as

flky =" fla)e e, (2.5)
x€Z4
with k& € T¢ = [—1, 3]%, thed-dimensional unit torus. The physical momentunzis:,

but our convention has the advantage of minimizing the nurobé@r prefactors. The
inverse transform to (2.5) reads

flz) = /T dk Fk)e2™ e (2.6)

Sometimes it is more convenient to have a function, Baydefined onT?. Then its
inverse Fourier transform will be denoted By. With this notation we have in momentum
space

1
H= | dkw(k)a(k)alk) + 5X / dheydkadksdksd (ky + ks — ks — k)

Td (Td)4
XV (ky — ks)a(ky ) a(ky)*a(ks)a(ks) . (2.7)
Remark 2.1 (Infinite volume limit)Tlhe Hamiltonians (2.3), resp. (2.7), define a unitary

dynamics for initial states which have a bounded number dighes. To be more precise,
we introduce the Fock space

F=EPF., Fu=b@)". (2.8)

n=0



and the projection$y, § = +. P, § is the subspace of symmetric aRdg is the subspace
of antisymmetric wave functions. Sin¢#, N| = 0, P3,, is invariant andH restricted
to 35, is a self-adjoint and bounded operator for each Of particular interest will
be translation invariant initial states. Then the numbepaiticles is infinite and the
expression (2.3) is only formal. Thus one first has to retsthe fluid to a boxA with
periodic boundary conditions. In the kinetic limit its sitbngth must be of ordex—2.
Thus, for constant density, the average number of partisldinite and of order\—2<.
Hence, for fixed\ the dynamics is well defined. Conceptually one would predfefirst
let A T Z¢ and then\ — 0 together with the appropriate rescaling of space-time s Thi
program can be carried through for fermions, in which casedperatorsi(x), x €
74, are bounded and the dynamics is defined as a group of autbisore on theC'*-
algebra of quasi-local observables [16]. Thus one can wodctlly at infinite volume.
For lattice bosons the dynamics at infinite volume is not st wederstood. For our
purposes the infinite volume limit is not a central issue. @ae first write down the
Duhamel expansion in finite volume and then establish that, for the particular initial
state and the observables of interest, the estimates ai@mnin A, hence hold when
AT 74, &

Remark 2.2 (Stability) We will study equilibrium time correlations in the kinetimit.
For this the3-KMS state(-)s .\ for H — uN, u the chemical potential, has to be well-
defined and, hencé#] has to be a thermodynamically stable potential. For latéomions
no further conditions are needed. For lattice bosons a sisfficient condition would
be

V>0. (2.9)
For a discussion of equilibrium states at smalve refer to [17, 18]. In the kinetic limit
thermodynamic stability does seem to play a role. &

Remark 2.3 (Continuum limit)In [15] we study a classical field theory by regarding
a(x),a(x)* as commutative complex-valued field. To avoid ultravioligedyence, it was
necessary to introduce a spatial discretization, as withtained in more detail in Sec-
tion 4. Since we plan to transcribe the results from [15] targfum fluids, we stick to
the lattice theory. Thus our model is appropriate, for exianior a fluid of electrons in a
crystal background potential and for bosons in an optiddicta To understand whether
a continuum limit is feasible, we recall that

1
~ s A7) - ot + + _
(@(k) a(¥))po = 6k =KW (), Wi () = —m—y (2.10)
Hereg is the inverse temperaturé,> 0, andy is the chemical potential chosen such that
w(k) — p > 0 (and suppressed in our notation). We adopt the standarcention Wg,
wheref = 1 stands for bosons arfd= —1 for fermions.

In the continuum limit, i.e., for a fluid in empty space, oneultbreplace the position
spaceZ? by R? andax by —A, implying the dispersion relation(k) = k2. Clearly in
this case

W (k)dk < oo, (2.11)

R4
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indicating that there is no ultraviolet divergence. Indeasl discussed in [17, 18], the
equilibrium state for small, and with restrictions on the density, is well-defined. [tib
be of considerable interest to find out whether the analysjd5] could be extended to
weakly interacting quantum fluids iR. &

For an arbitrary operatof we define its Heisenberg evolution Byt) = !/t Ae 11,
A(0) = A. Using L A(t) = i[H, A(t)], one obtains the evolution equation

d a(z,t) = —i Z alx —y)a(y,t) —iA Z V(z —y)aly,t)a(y,t)a(x,t), (2.12)

dt
yezZd yezZd
which in momentum space becomes

% d(k’l, t) = —iw(kzl)d(k‘l, t) — 1)\/ dk?gdk?gdk?4(5(k’1 + k’z — k’g — k’4)
(T)3

XV (ky — ks)a(ka, t)a(ks, t)a(ka, t) . (2.13)

Equations (2.12) and (2.13) will be solved as a Cauchy prolgizen the initial, time
t = 0, state. In general one should allow for spatial variatiorttenscale\ 2. To keep
matters simple we will restrict ourselves to a spatially lbg@neous situation. Thus the
initial state(-) is assumed to be translation invariant with good clustepraperties. In
particular
(a(k) a(k")) = 6(k — KW (k) (2.14)

for some smoothV. In addition,(-) has to be gauge invariant, i.e.,
(N A7) = (A) (2.15)

for ¥ € [0, 27]. One quantity of interest will be the two-point functionmét. Since the
dynamics preserves translation and gauge invariance,st nacessarily be of the form

(a(k,t) a(k, 1)) = 6(k — KYWr(k, 1), (2.16)

Wy >0, Wi(k,0) = W(k), together with{a(k, t)) = 0, (a(k,t)a(k’,t)) =0
Kinetic theory studiedV,(k,t/\?) for small \. A special role will be played by
guasifree states, which we define first.

Definition 2.4 (quasifree state).et p; be a self-adjoint operator of,(Z<) with integral
kernel p;(z,y). For bosons we imposg, > 0 while for fermions0 < p; < 1. A
gauge invariant staté-) is called quasifree with correlatop,, if for all z;,y; € Z¢,
1=1,...m,j=1,...,n,itholds

m n

<( H a(gjl))* ( H a(yj))> = Opp det 9<p1 (x4, yj))m.:l - (2.17)

.....



Here the operators are ordered from left to right as they appethe]] symbol and
the empty product is interpreted as det_ is the usual determinant, whil&t, is the
permanent. Translation invariance is reflectegbir, y) depending only or — v, resp.
in momentum space by (2.14).

Kinetic theory puts forward a rather simple picture of th@dmics for small: Onthe
microscopic time scale the initi&il’ (k) does not change while the unperturbed dynamics
forces the state to become quasifree. To say, after aitiwiach is short on the kinetic
scale and long on the microscopic scale, for arbitrarg N, the higher moments are
approximately of the formiji” denoting the inverse Fourier transform,

n n

<(Ha(xi,t))*<Ha(yj,t))> ~ detg(W(xi — yj))m,:1 . (2.18)

.....

i=1 j=1

with all other moments vanishing. On the kinetic time scales O(\72), Wy (k,t)
changes while preserving the quasifree property. Of counsky in the limit A — 0 we
obtain such a strict separation of the two space-time scalée initial time slip with
the dynamics generated b, .. was studied by Ho and Landau [19]. Under suitable
assumptions ow, they prove quasifreeness in the limit— oo provided the initial state

is /1 -clustering.

We are mostly interested in the kinetic time scale and thysose the staté) to be
guasifree to begin with. As argued in [20], see also [21],nEé@ssumes, up to small
errors, the state still to be quasifree at the long time A\~27, 7 = O(1), then it is not
too difficult to determine the (approximate) evolution et for W, (k, t).

To study(a(k,t)*a(k’,t)) the only method currently available is to expand the expec-
tation value of interest with respect 29 which is achieved through the Duhamel expan-
sion. It will be convenient to work in the interaction repeasation and we introduce

alk,1,t) = “®ta(k,t),  alk,—1,t) = e “Wia(—k )" (2.19)
Then (2.13) becomes

ia(kl, g, t) —i)\U/ dk?gdk?gdk?4(5(k?1 — k’g — k’g - k’4)
dt ('H‘d):i

X L1+ )V (ky + ks) + (1 — o)V (ks + ka))

x exp [ —it( — ow(kr) — w(ks) + ow(ks) + w(ky))]

Xd(k’g, —1, t)d(k’g, ag, t)d(k’4, 1, t) . (220)

For a product it holds that

d n n m—1 A d A n A
d_H k]>aj> - Z ( H a(kj>0—j>t))£ a(kWL>UWL>t)< H a(kj>aj>t)) > (221)
7=1 m=1 j=1 Jj=m+1
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Figure 1. A Feynman diagram withy = 2, n = 3. Up (down) arrows correspond to
parity +1 (—1). The operator ordering at= 0 is a*a*aa*aa*aa. The interaction history
is (1,4,1).

which, using (2.20), integrates in time to

n n t
a(kj, 05,1 :Ha(kj,aj)—uzam/ ds/ Ak, dks dk,
=1 m=1 0 (T4)?

X (km — kg — k= k)5 (1 + 0m)V (k) + ) + (1 — o)V (K + )

n

7=1

X exp [ = is(—omw(km) — w(k}) + omw(k}) + w(k)))] (2.22)
m—1 n

< ([T alks, 05, ))alks, =1, 8)a(ks, o, $)a(ky, 1,5) ([ alks,05,5)) -
j=1 Jj=m+1

Here the products are ordered from left to right with incregdabely;.
Iteration of (2.22) yields the Duhamel expansion for pradwt the form

no

[Tk 05t), t>o0. (2.23)

J=1

The expansion is most concisely organized through Feynmagrains, compare with
Fig. 1. We explain a generic term.

We denote the final time by ¢t > 0. The initial time is 0. There will be “collisions”
or interactionsy, > 0, which in the Feynman diagram are represented as fusions. We
subdivide|0, t] inton + 1 time slices with index € 1, ,, = {0, ...,n}. Omitting the zero
we setl, = {1,...,n}. Thei-th slice has length;. Thus) " s; = t and the slices are
0,s0],...,[s0+ ...+ sn_1,t]. TO describe the fusions we start in slice 0 with+ 2n
line segments, see Fig. 1 for the orientation of the time.akidime t = s, exactly one
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triplet of neighboring line segments fuses into a single kegment, while all remaining
line segments are continued vertically. Thus in time sli@n#& has exactly, + 2n — 2
line segments. Attime = sy + s; exactly one triplet of neighboring line segments fuses
into a single line segment, etc.. The last fusion ig at s, + ... + s,_1 and in slice
n one hasng line segments. Sometimes it is convenient to read the Feyrdizgram
backwards in time. The only change is that “fusion” is turiv@ad “branching”. We now
label the line segments by momertg € T¢ and by paritiesr; ; € {—1,1}. The first
index is the label of the slice. In theth slice we label the momenta and parities from
left to right by ;7 = 1,...,m; with m; = ng + 2n — 2i. The corresponding index set is
denoted byZ,,.,, = {(i,7)|0 <i <mn,1 < j <m;}. Aninteraction history is denoted by
(= (t,...,0,), wherel; refers to the index of the fused line segment in slioghich is
also the index of the leftmost line segment in the fusingetiin slicei — 1. The set of
all interaction histories is denoted I6y,. ClearlyGy = ) andG,, = I,,,, X ... X I, .

With these preparations theth term of the expansion reads

fn(t, kn,l; ceey k?nm(), Only--- ,Onmo)[d] (224)

:(—iA)”Z Z / dkAn (k. 0)

d)Zn;
(€Gn ge{—1,1}Tnim0 (Td)*mino

X H {z(1+ 010V (kic1e, + kire41) + 51— 10 )V (Kiz1,0,41 + kic1e42) }

dsd(t—Y " si) [ [ expl=iti(s)Q 1, (k, 0:0.)]
1=0 =1

no+2n

X H k?oj,O'()J /

(Ry)T0m

as a polynomial of ordet, + 2n in the initial fields. Here we have introduced the follow-
ing shorthands,

i—1
§):Z$j, i=1,...,n, (2.25)
=0

and
Qij(k,0) = —ow(kij + kijp1 + kijio) — wlkiy) + ow(kiji) +w(kijr2).  (2.26)

A, ¢ contains thej-functions restricting the integral ovér and the sum oves to the
graph defined by the interaction histofy As can be seen from (2.22), for non-fusing
line segments the momentum and the parity are transporigthnged, while the triplet
of neighboring line segments with parities +, + fuses into a line segment with parity
+ and the triplet of neighboring line segments with parities—, + fuses into a line
segment with parity-. In other words, the middle line conserves parity, while lefe
neighbor carries parity- and the right neighbor parity-. Thus, if the parities in slice
are given, then they are already determined for the remgidiagram. At a fusion the
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total momentum is conserved (Kirchhoff’s rule). Expligjtl

7

Ak, 0) H{ H1 [0(kij = kim13) 100 = 0im15)]
p

=1

Kig, — Z kicvgrg) oy, = =D W01, = 0ie)1(0i16,, = 1)

m;

X H [(5(/{3@73 — ki—l,j+2)1(ai,j = 0'1'_173'4_2)} } s (227)

j=4;+1

with 1 the symbol for the indicator function.
The Duhamel expansion of the product (2.23) cut at ordés given by

[Taks 05t) Z]—“ (T S I 7]

+/ deN(t — S, k’l,. . .,k‘no,al,. o ,O'HO)[&(S)} . (228)
0

As before, in (2.28) denotes the time 0 field, whilg s) is the times field as it appears in
(2.22). To complete the Feynman diagrams the expansion28)Bas still to be averaged
over some initial state. Note (i) the error term still contathe full time evolution and (i)
the operator order for the product appearingfndepends on the particular interaction
history.

Given an initial quasifree state of the form (2.17) with bdad!¥/, one can estimate
roughly the magnitude of a Feynman diagram with respectigoititial state. As an ex-
ample, let us considefi(k, t)*a(k’,t)) for whichny, = 2. At ordern of the expansion,
from the momentum and time integrations one obtains the ¢hatiti’'c” /n! with a suit-
able constant. The initial state has! terms of the same size. Thus a Feynman diagram
is bounded by"t"¢". However the number of collision histories is algi thus yielding
azeroradius of convergence for the infinite series.

One possibility to improve the situation would be to extrsmine extra decay in time.
A pointin case is a Fermi fluid where particles interact ohthey are inside a prescribed
bounded region. Outside this region they do not interactivigienerates a controllable
decay. As proved in [22, 23] the Duhamel expansion convergagerator norm provided
the coupling strength satisfigs| < Ay with small ).

For the kinetic limit no such improved time decay seems toMadable and one is left
with the following tentative program.

1.) One studies the convergence of each Feynman diagramdoaled time\—2¢, ¢ > 0,
in the limit A\ — 0.

2.) Following the pioneering work of Erdos and Yau [24] inea&d the linear Schrodinger
equation with a weak random potential, one cuts the serissraeA-dependentV, the
generic choice being N! = 1, or perhaps\" N! = 1 with a suitable choice of > 0, and
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tries to control the error term by some other means. In coation with 1.) this would
allow one to determine the two-point function

(a(k, \"2t)*a(K', A"2t))  ash — 0. (2.29)

We will argue that step 1 can be carried out under specifieditons on the dis-
persion relationv. For step 2, at present our only other help is stationarityis means
that we take as initial state) the KMS state for? with a suitable choice of the chemical
potential. Of course, (2.29) is then time-independent.r@tias of interest would be two-
time correlations in equilibrium a&i(k, A~%t)*a(k’)) and, considerably more difficult to
handle, the number density time correlati@iik, \=2¢)*a(k, A\=2t)a(k')*a(k')).

3 The quantum BBGKY hierarchy

We return to position space. Theth reduced density matrix, at times given by the
expectation

1

Pl y1s o wn g 1) = (] L alys ) ([ el 0)) (3.1)

j=n

Herep, (t) should be regarded as the kernel of a positive operatorgaotir, (Z4)®" via
summation ovey,.

For both fermions and bosons,(¢) is symmetric in the arguments;,y;), j =
1,...,n. In addition, for fermions,(t) is separately antisymmetric in the arguments
(x1,...,2,) and(ys, ..., y,) , while it is symmetric for bosons. To differentigtg(t) in
time we use (2.12). The resulting operator ordering is n@émormal, in general, and
one has to normal order so as to get a closed evolution equiaiidhe p,,(t)’s. Let us
define, as operators dp(Z4)®",

H™ = g + v ™ (3.2)
with
H(n¢nx1,..., ZZ Ty — W)Y (21, .., W, ..., Ty) (3.3)
J=1 wezd
and
Ve, (21, .., 2,) Z Vi(zi — ) tn(z1,. .., 20) . (3.4)
i£j=1

We also define
(On,n+lpn+1)(371> s >yn) = _IZ Z (V(.Tj—UJ)—V(yj—W))pn+1($1, s Yny W, UJ) :
(3.5)
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Then the reduced density matrices satisfy

d

%pn (t) = _I[H(n)> Pn (t)] + )‘On,n—i-lpn—i-l (t) ’ (36)

which is the quantum BBGKY hierarchy.

On purely mathematical grounds, the unitary evolution ma$enaturally to the full
Fock space§. A state orf is given through some positive density matsixvith trzS = 1.
We require gauge invariance &S, ¢V] = 0 for all ¥ € [0,2x] with N the number
operator ong. Thus, denoting by, the projection onto the-particle subspacg,, it
holds

PSP, = 0mnSh . (3.7)

S, 1S a positive operator of,, andtrg,S,, < 1. Since particles are taken to be indistin-
guishable, we requirg,, to be permutation invariant as an operatorgn Let us denote
by trp, ., m < n, the partial trace off,, over the tensor product factors with labelsto
n, in particulartrp, ,,) = trg,. In this general context the-th reduced density matrix is
defined through
= (n+m)!

Pn = 2) Ttr[n+1,n+m] Sn—i—m (38)
as a positive operator dg},, with the conventionry, . ,;.S, = S,. The normalization is
such that

trp ) pn = trg[SN(N —1)... (N —n+1)], (3.9)
which is assumed to be boundeddyy Then (3.8) can be inverted as
Sp = i ﬂtr (3.10)
n — n'm' [n—i—l,n—i—m]pn—i-m . .
m=0

If trz[PyS] = 1, 8 = £1, then, using the realization afz), a(z)* on Fock space, it is
easy to check that (3.8) agrees with the definition (3.1).
The density matrixS evolves in time through

PS(H) Py = Spne HEG, 0 H T (3.11)

We insert in the definition (3.8) and differentiate with resptot. The permutation sym-
metry of the state is preserved in time. This leads to

d . e
Zoon(t) = =iH™, pu (] =AY trpustmi (Vi s (9)]) (3.12)
j=1

whereV; ;1 is multiplication byV (z; — x,,+1) as an operator of,;. Clearly, (3.12) is
identical to (3.6).
The time-integrated version of (3.6) reads

t
pmwzaww%#““+A/d%””“”cmﬂmﬂwwm%*% (3.13)
0
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Of interest isp; (¢). Its perturbation series is generated by iterating (3.I8)s will not
be an expansion ii, since ™ depends itself on. Expanding:xp[—it(H{" + AV ()]
with respect to\ and inserting in (3.13) yields a perturbation expansioa.ifror bosons
and fermions it has to be in one-to-one correspondence wéhH-eynman diagrams of
Section 2. By construction, for the BBGKY hierarchy the esaéion with respect to the
initial state is over a normal ordered product of operatwisile for Feynman diagrams
normal order does not hold, in general, compare with (2.24) the other hand, reading
Feynman diagrams backwards in time, single line segmemdbnch only into three
line segments, while the perturbation expansion of the BBGi#erarchy in the form
(3.13) consists of particles interacting amongst themselves and one exttelesadded
through the “collision”C,, ;1.

The BBGKY hierarchy is used by Benede#bal. [25, 26, 27] in their study of the
kinetic limit. One observes that for the free evolution gened byH(g”) the kinetic limit,
space~ )2, time~ A2, is equivalent to the semiclassical limit. This can be eitptb
by transformingp,, in each of its variable$z;, y;) to a Wigner function. Thereby the
BBGKY hierarchy turns into a hierarchy of multi-point Wignkeinctions. The free part
corresponds to classical particles with kinetic energ¥) and the difficulty resides in
handling the nonlocal “collisions”. Benedettbal. work in the continuumR? instead of
73, and use the quadratic dispersion lay) = k2. The initial reduced density matrices
are assumed to be of the factorized form

pn(xbyl?"'witn?yn) = le(xj>yj)7 (314)

at least asymptotically for smal. (3.14) does not have the antisymmetry required for
fermions. For bosons the equaljty = p; ® p; forcesp, to be a pure state as can be seen
from

Remark 3.1 (Factorization)Using the spectral representationgfwith eigenfunctions

¢; and eigenvalues; > 0, symmetry inx;, z, implies

Z AiAj@i(21) i (Y1) 05(22) D (y2)” Z AiNj @i (21)Di(y1) di(w2)95(y2)" . (3.15)

i,7=1 i,7=1

Taking the inner product with,, (z5) from left and right yields\, (1 — A\,) = 0. &

p1 defines the scaled Wigner function through

Wi(r,v,t) = /dn eMpi (N Pr + I, NP — i, 1) (3.16)
It is assumed that, far= 0,

lim Wy (r,v) = Wy(r,v) (3.17)

A—0
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with Wy (r, v) sufficiently smooth and of rapid decay in both arguments.eBlettoet al.
prove that the perturbation series fidf, (r, v, \=2t) converges to a limit term by term.
We describe their limit in Section 5. The convergence imgasg3.17) cannot hold for
a sequence of Wigner functions coming from a pure state. &htofization (3.14) is
satisfied only for states which have some suppoftin P, — P_)§ and thus rules out
bosons and fermions. (3.14) is a property characteristibdttzmnannions.

For bosons and fermions one can switch freely between thekBBlBerarchy and the
Duhamel expansion of Section 2. Once we assume the fadiori8.14), the BBGKY
hierarchy refers to a larger class of states, not restricte®, + P_)§, and the mapping to
the Duhamel expansion of Section 2 is lost. Thus in the woBBesfedetteet al. some of
their oscillatory integrals reappear in the Feynman diagraf the Duhamel expansion.
But there are still other diagrams. Conversely Benedsttd. have to consider oscillatory
integrals which do not correspond to any of the Feynman dragrstudied here.

4 A comparison with the weakly nonlinear
Schrédinger equation

For the Hamiltonian (2.3) we regardx) as a complex-valued commutative field and, to
distinguish, denote it by : Z¢ — C. The classical Hamiltonian functional reads

H= Y ale-ye@) ) +32 Y Vie-9k@PRel. @1

We set 1

Q/J(ZE) = E(Qm + ipm) (4.2)

and regard,, p, as canonically conjugate variables. Then the fielelolves in time as

%iﬁ(x, t)=—i> ale—y)ly,t) =AY V(e -y, t)b(e,t),  (4.3)

yeZe yeZe

which has the same form as (2.12). In particular, using ttexaction representation as in
(2.19), the Duhamel expansion for products of the fml zﬁ(kj, g;,t) is identicalto
(2.28) derived for the quantum evolution. The only diffecemesides in the average over
the initial state. For the quantum case one has

no+2n

(T atks,00) (4.4)

j=1

with an operator ordering inherited from the Feynman diaguader consideration, while
in the classical case one has to substitute (4.4) by

no+2n

< H sz(k‘)j»Uj»? (45)
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where(-) denotes the average over a suitable initial probabilitysneaon the)-field.
Since they-field is commutative, the ordering is irrelevant.

Let us pursue this difference in more detail. For a quasifte¢e it holds, compare
with Definition 2.1 and Appendix A,

2n

(lLatkion= > H k() On(5))WUKn(nts) s Onnr)) - (4.6)

j=1 TEP(2n)

Heres3(2n) is the set of all pairings dfn elements with labeling such that, in each factor
of the product, the operator order is the same as on the leil ke and=(7) = 1

for bosonsg(m) = +1 for fermions depending on whether the permutation induged b
the pairing is even or odd. Sinde*a*) = 0 = (aa), the average vanishes whenever
22” o; # 0. The classical analogue of a quasifree state is a Gaussiasungfor which
the only nonvanishing moments are of the form

<HQZJ(]€J)* n—i—j Z H QZJ QZJ n+7r(j )> (47)

meP(n) j=1

with P(n) denoting the set of all permutationsoklements. Note that (4.7) agrees with
the bosonic version of (4.6) except for operator ordering.
For bosons it holds

(a(k) a(k)) = o(k — K YW (k) , (a(k")a(k)") = o(k — k') (1 + W (k)) (4.8)
and for fermions
(a(k) a(k)) = o(k — KYW(k), (a(K')a(k)") = 6(k — K')(1 — W(k)). (4.9)

If W is smooth, then so is+01/ (k), and for a subleading Feynman diagram the particular
operator order makes no difference. On the other hand foadirng diagram one has to
keep track of the order and the limit will differ classicaipd quantum mechanically, as it
should be. In fact, the collision operator of the Boltzmaguoagion is purely cubic for the
commutative field while it picks up an additional quadratiege quantum mechanically
with a relative sign which depends on the statistics of théges.

Remark 4.1 (Rayleigh-Jeans catastropH&pne replaceZ by R¢ andQx by —A, then
(4.3) turns into the Hartree equation

0
(e t) = ~Au( 0 +A [ V- Piy, @10
Rd
and for aj-potential into the dispersive nonlinear Schrodinger ¢igngalso called Gross-
Pitaevskii equation)

.0
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At A = 0 the corresponding equilibrium measure is Gaussian, gawgerant, and has
the covariance

(k) D)) = 3(k — K) (B2 — ), p<0. (4.12)

For dimensioni = 3, the covariance (4.12) is ultraviolet divergent. This is #nalogue
of the classical Rayleigh-Jeans catastrophe for the Maxiedd, in which case the co-
variance iy (k — k') |k| . %

5 The spatially homogeneous Boltzmann-Nordheim equa-
tion

We consider an initial state which is quasifree, gauge amastation invariant, and thus
completely characterized by its two-point function

(k) a(k)) = o(k — &YW (k). (5.1)

By constructionit/’ > 0 and for fermiong¥ < 1 in addition. The dynamics preserves
gauge and translation invariance. Therefore

(a(k,t) a(k, 1)) = 8(k — K YWr(k, ). (5.2)

As argued above, one expects that, for smallV, (&, ¢t) will in approximation be gov-
erned by a nonlinear transport equation.

Conjecture 5.1 Under suitable assumptions anand on the covariancé/ in (5.1), it
holds

lim Wy (k, \"%t) = W (k, 1), (5.3)

A—0

W(k,0) = W (k), and with this initial conditionV (¢) satisfies the Boltzmann-Nordheim
equation

%W(k, t) = C(W(t)(k). (5.4)

Here the collision operator is given by

C(W)(k’l) = 7T/ dk?gdk?gdk?4(5(k’1 + k’g — k’g — k:4)5(w1 + Wy — w3 — Ld4)
(T<)3

X |‘7(/{32 — k’g) + 9‘7(/{32 — k4)|2(W1W2W3W4 — W1W2W3W4) . (55)

Since the expressions tend to become lengthy we use, here aidt follows, the stan-
dard shorthand; = w(k;), W; = W(k;),j7 =1,2,3,4.

Remark 5.2 (Further collision operators)inserting the definitiodV = 1 + 6, the
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Boltzmann-Nordheim collision operator becomes

C(W)(k’l) = 7T/ dk?gdk?gdk?4(5(k’1 + k’g — k’g — k:4)5(w1 —+ Wy — w3 — Ld4)
(T4)3
|V (ky — k3) + OV (ky — k)2 (O(WoWa Wy + Wi W W,
WA Wa Wy — WiWaWs) + WsWy — WiTW,) . (5.6)

In case of the nonlinear Schrodinger equatie(t;) is replaced by the commutative field

(k). Then(-) is a translation and gauge invariant Gaussian measuré&lgmd in (5.1)
defines its covariance. In this case the collision operatads

CNLs(W)(k’l) = 7T/ , dk?gdk?gdk?4(5(k?1 + k’g — k’g — k:4)5(w1 + Wy — w3 — Ld4) (57)
(T?)F

x|V (ky — ks) + V(ky — k) |P2(WaWs Wy + Wi Ws Wy — WiWo Wy — Wi W W)

and thus differs from (5.4) with = 1 only through the quadratic terms.
If one imposes the initial condition (3.14) correspondiadbltzmannions, then the
collision operator becomes

CCL(W)(kl) = 27T/ dk?gdk?gdk4(5(k?1 + k’g — kg — k:4)5(w1 + Wy — w3 — w4).
(T)3

x|V (ke — ks) [2(Ws Wy — Wi TW3). (5.8)

In their set-up Benedettet al. prove (5.8) in the sense that the perturbation series gen-
erated by the BBGKY hierarchy (3.6) converges term by terrtheoperturbation series
generated by (5.4) with collision operatGg;.. Since they do not renormalize the dis-
persion as in (6.11) below, they have to impose th&l) = 0. One recognizes (5.8) as
the classical Boltzmann equation with the Born approxiorato the differential cross
section. Thus on the kinetic level boltzmannions behawedikssical point particles.

Note that for bosong) = 1,

C = Cnis + Ccr, (5.9)

to say, adding the collision operators for classical waves@assical particles yields the
guantum mechanical collision operator. Itis surprisirg tjuantizing either the nonlinear
Schrddinger equation or classical point particles resalsuch a small modification on
the level of the kinetic equation. O

Remark 5.3 (Spatially inhomogeneous Boltzmann equatidrgne adds in (5.4), (5.5)
the spatial variation, then the Boltzmann-Nordheim equmaltiecomes

%W(r, k,t)+ %ka(k) VW (rk,t) =C(W(r,-,t))(k), (5.10)
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where our notation is supposed to indicate thaicts on the argumentat fixedr, t. Of
course, the same holds f6rreplaced byCyrs or Ccr.. (5.10) can be interpreted as com-
ing from the motion of classical particles with kinetic egeto(k). Collisions between
particles are implicitly defined through the conservatibemergy and momentum,

witws =w3+wy, ki+ko=ks+ky. (511)

The collision rule thus depends on the particular formwodind can be very counterin-
tuitive when viewed from the perspective of potential seratig of mechanical particles.
In the case of the special dispersion relatigit) = k?/2 onR3, energy and momentum
conservation can be parameterized in the form

ks =k — @ (ky — ko), hy=ho+ 0 (Fy — ko), (5.12)

with |&] = 1, i.e.,& € S% Then the collision operator acquires the more conventiona
form

CW)(k1) = | dky | dolw- (ki — k)| [V (& - (k. — ko))
R3 52

OV (ky — by — @ - (k1 — ko)) [P (WAWa W Wy — WiW,Wa W) . (5.13)

For a rotational symmetric potential,(k) = V;(|k|), the collision cross section simplifies
to

& (e — ko) [Vl - (By — ko) ]) + OV, (ko — ka)? — (@ - (k1 — k2))®)V?) 2. (5.14)

One notes that for a smooth potential the decay is exponamibeven for hard spheres
the decay is proportional td; — k»| 2. Thus at high energies there is only little scatter-

ing. %

Remark 5.4 (History) Equations (5.4), (5.5) were first written down by Nordheii, [
where he had in mind the true quantum mechanical scatterogs section, rather than
only its Born approximation. In 1929 Peierls [2] studiedita vibrations with small non-
linearity both classically and quantized. For this patacwveakly nonlinear wave equa-
tion he derives (5.4) with the analogue of the collision t€¢517). Later on it was realized
that Peierls’ ideas apply to a more general class of weakhjimear wave equations, e.g.
see [28]. For quantized lattice vibrations Peierls usesnFgigolden rule and arrives at
(5.4) with the analogue of the collision operator (5.5)for 1. The terminology is not
uniform. In kinetic theory the name Uehling-Uhlenbeck seeémbe most frequent be-
cause they studied the equation in their pioneering work{8f phonon transport Peierls
or Boltzmann-Peierls is used. For dilute Bose gases BolimiNordheim seems to be
rather established. We follow this latter convention fasens of priority. &

To approach the Conjecture one expafids, t)*a(k’, t)) in the Duhamel series (2.28)
up to someV depending suitably oik. Currently there seems to be no good idea of how
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to control the error term. This leaves one with the prograrthefterm by term conver-
gence, which to some extent will be explained in Section 6.iMportant improvement
as regards to Section 2 is to renormalize the bare dispe«ston

WMk, t) = w(ki) + /\/ kW (Ko, 1) (V(0) + OV (k1 — k»)) - (5.15)

’]I‘d

In contrast to Section 6, in the present contextis time-dependent through the itself
unknownW, (t).
By mass conservation

/dk1W(k1,t):/ dley W (K1, 0) . (5.16)
Td

Td

Thus the term proportional tﬁ’(o) is in fact constant. For the second term one has the
trivial estimate

‘)\/Td ey W (o, )0V (ke — k)| < )\/Td dkW (k1 0) Y |V (2)]. (5.17)

xcZ4

These observations leave us with two choice$? (If) = 1/ (0), then the fermions become
noninteracting and one is left with lattice bosons intaracthrough a quartic on-site
potential.w is renormalized by a constant proportionahtevhich is easily taken care off.
If V (k) depends o, the situation is more complicated. Because of the conimiut*
depends smoothly o, but it could be rapidly oscillating ih Whether the bound (5.17)
suffices to ensure thig dispersivity, the constructive interference, and the sirggbound
of Section 6 remains to be investigated.

In this section we discuss a more modest step, namely thengepdrt of the main
term. For this purpose we make the following definitions.

Definition 5.5 (pairing property).Let us consider a Feynman diagram of even order,

even, where the integration over all momentétfunctions has been carried out. The
Feynman diagram satisfies the pairing rule if for every everetslice the momenta are
paired, i.e., to each line segment with momentuand parityo there exists, in the same
even time slice another line segment with momentinand parity —o.

Definition 5.6 (leading diagrams)A Feynman diagram is leading, if it satisfies the pairing
property and if it does not contain the factor(0).

Note that in the O-th time slic@), sq| the pairing is induced by the initial state. Thus the
structure of a leading diagram can be obtained by iteration.

So let us assume that for the time slice with even laladll line segments are paired.
If there are2n line segments, they carry momentgk;, j = 1,...,n, 0; = £1. k;
and —k; are paired. At the end of time sligethree neighboring lines fuse to the line
segment with momentum'k’. If two momenta would be paired, the diagram necessarily
contains the factor’(0). Thus we label neighboring lines by three distinct momenia,
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Figure 2: A leading Feynman diagram witlh = 4, n = 4, and interaction history
(3,3,5,1). Up (down) arrows correspond to parity (—1). The pairing from the initial
state is indicated, where right (left) pointing arrow staffior the ordera*a) ((aa*)).

j =1,2,3. Inthe next step there can be two cases which are both desplayrig. 2. Case
a) corresponds to tH# and4™ fusion, while case b) corresponds to tfeand2" fusion.
In case a) the line segmemtt’ does not participate in the fusion at the end of time slice
i + 1. The fusing triplet has momentg,;)k~(;), 7 = 1,2,3, and the momentum of the
fused line segment i8”%k”. By the same argument as above, #1i¢)'s must be distinct.
To have pairing in time sliceé + 2 requiresk’ = k", o/ = —¢”. In turn this is possible
only if {1,2,3} = {=n(1),7(2),7(3)}. In case b) the line segmemtt’ participates in the
fusion at the end of time slice+ 1. The fusing momenta ar€%’, o (1)kx(1), Tr(2)kr(2)-
The fused momentum i8”k". In slice: 4 2, o”k"” must be paired with, say;(3)kx(3)-
There will be a factoﬂ7(0) unless all threer(;)’s are distinct. The pairing of”%£” and
ox3)kx(3) is possible only if{ 1,2, 3} = {n (1), 7(2),7(3)}.

We conclude that for a leading Feynman diagram there musdtree paired line seg-
ments in slice which connect through two fusions to a single paired linevsegt in slice
1+2,i=0,2,...,n,n even, compare with Fig. 2. This property allows us to repreae
leading diagram through a contracted diagram which we @xplext, see Fig. 3.

In a contracted diagram we draw only the even time slices act pair as a single
line segment. A line segment thus carries a momerkuBut we still have to distinguish
the relative order within the pair. If in the original Feynmdiagram the order from left
to rightis—, +, then the line carries the order parity= +1, while for the order-, — the
order parity istT = —1. In the contracted diagram, at the end of each time slicegketri
of neighboring line segments fuses into a single line segmarour case, if the leading
Feynman diagram has orde, then each contracted diagram hasollisions and there
are(2n + 1)!/2"n! contracted diagrams.

To compute the vertex strength for the contracted diagraeh@s to sum over all
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Figure 3: Contraction of the diagram from Figure 2. The orgarity, 7, of each con-
tracted line is indicated.

Feynman diagrams which fuse 3 pairs at even time slice ir@itingle pair at time slice
1+ 2. There are 16 such diagrams. Their sum yields the verterginegiven below in
(5.18).

To write down the integral corresponding to a contractedidim, it is useful to intro-
duce the “correlation” functiong, : (T¢ x {—1,1})" — C and to define time-dependent
collision operatorg’; .o (t) with j = 1,...,n. We set

(Cj7n+2 (t)ﬁn+2) (k17 Ty -y kn? Tn) = 2/ dg?dg3dg46(kj + g2 — g3 — 94)
(T4)3
x cos ((w(ky) +w(g2) — w(gs) — w(ga))t)V (g2 — g3) (V (92 — g3) + 0V (92 — 94))
X (ﬁn+2(' s 92, =T, - ,93,’7—3',94,’7—]') + 9ﬁn+2(- R kj>7—j> -5 93, 17947 1)
_ﬁn+2(' B kj>7—j> - 92, 17937 _1) - 9ﬁn+2(- B kj>7—j> -5 92, 17947 1)) ) (518)
which acts on the argumentsn + 1,n + 2 of p,,,o, and

Chni2 (t) = Z Cj,n+2 (t) . (5-19)
Let
M (K, )5 (ko — k1) (5.20)

be the sum over all contracted diagrams at ordesith time spant. Then
Mf\l(k‘lly )\—Qt)

n+1 n

= )\2n / dﬁ/ d§(5(z tj + Z Sj — )\_2t) (Cg(sl) e C2n+1($n)ﬁ2n+1) (k’l, 1)
(Ry )t (R4 )™ j=1 j=1

_ / dt / d5(Ca(s1) . . Coner(50) s (ks 1) . (5.21)
0SS <t JOSY s <A2(t-Y0 1)

In our particular case the input function is given by

pukr,m, k) = [[W (ki) (5.22)
j=1
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with
Wik, 1) =W(k), W(k,—-1)=1+60W(k)=W(k). (5.23)
To prove the limitA — 0 one needs a first assumption®n
Assumption A1l (¢5 dispersivity).Let us define

pt(«T) _ /d dke—itw(k‘)ei%rz-k ] (524)
T
Then there exist > 0, § > 0 such that
S p(@)fP < ety (5.25)
ez

with the shorthandt) = /1 + ¢2.
As in [15] one proves the following bound.

Proposition 5.7Let || p,|l1 < (co)™, where]| - |1 is the¢;(Z4)®" norm in position space.
Then there exists a constansuch that

/00 ds sup [(Cs(s1) ... Cons1(Sn)p2ns1) (K1, 1)| < c"nl. (5.26)
0

k1 €Td

Note thatC,,,1(s) has2n — 1 terms of equal size. The! in (5.26) thus results from the
product of collision operators.
With this bound one can introduce the collision operator

(Cp3(ky,7) = 27T/ dkodks6 (w(ky) + w(ks) — w(ks) — w(ky + ko — k3))

(T)2
X‘/}(k’g — k’g)(‘/}(k’g — k’g) + 9‘7(/{32 — k’4)) (b\g(k’g, -7, k’g,T, k’l + k’g — k’g,T)
+9ﬁ3(/€1,7’, k’g, 1, k’l + k’g — k’g, 1) — ﬁg(k’l,T, k’g, 1, k’g, —1)

—Qﬁg(k’lﬂ', k’g,l,k’l —|—/€2 —k’g,l)) 5 (527)
where the)-function is defined through the limit
1
5(Q) = lim - . (5.28)

As before, fromC we construct; ., which isC now acting on the variables;, k1,
kn.2, and

n+2 Z C_] n+2 - (529)

Under the conditions of Proposition 5.7 one concludes that

1 A
lim ./\/l (k’l, ) = —t”(Cg e C2n+1p2n+1)(/€1, 1) (530)

A—0 n!



uniformly in k£, and

sup |(C3 e C2n+1ﬁ2n+1)(/€1, 1)| S c”n! . (531)
kler

Thus the sum over reads

e}

t" -
W(k’, t) = Z E(C;), e C2n+1p2n+1)(/{3, 1) . (532)
n=0

By (5.26) there exists thentg, such that the sum converges provided

If of interest, the time, can be computed explicitly. Up to numerical factors of ortler
to IS proportional to

> [V(z)| and /mdt2|pt(x)|3. (5.34)
zeZd 0 zeZd

Because of the particular initial conditions (5.22), (5,2Be limit in (5.32) can be
written more concisely. One recognizBs(k, t) as the power series solution of the non-
linear Boltzmann-Nordheim equation (5.4) with collisiopevator

C(W)(k’l) = 27T/ dk?gdk?gdk?4(5(k?1 + k’z — k’g — k:4)5(w1 + Wy — w3 — Ld4)

(T4)
XV (ky — ks) (V (ky — k3) + 0V (ky — k1))
X (WoWsWy + W W Wy — Wi WoWs — OW Wo W) | (5.35)

which is identical to (5.5).

6 Two-point time correlations in thermal equilibrium

6.1 Set-up In this and the following section we consider a quantum fiaidhermal
equilibrium. We fix some inverse temperatute- 0 and a chemical potential € R such
that

wk)—p>0 (6.1)

forall & € T¢. (-)5, denotes the expectation value with respect totHeMS state for
the hamiltoniand — N, N the number operator. The two-point function is denoted by

(k) a(k))sa = o(k — K )Wj (k)
(a(k)a(k')y g = 0k — KYWS (k) = 6(k — k') (1 + W5 \(K)) . (6.2)

In the limit A\ — 0, the stat€-) 5o is quasifree with

(k) a(k’))p.o = 6(k — KYWi(k). (6.3)
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Sincewg is smooth, the two-point function decays exponentially Bgdjuasifreeness
all fully truncated correlation functions of order greatiean two vanish.
In this section we study the effective propagator as the imasit two-point function,
namely
(a(k) a(k',t))sx = (a(k) a(k))saCr(k, 1), (6.4)

which defines” (k, t) since both sides of (6.4) are proportionab{@ — £’). More com-
plicated equilibrium time correlation functions will besgussed in Section 7. Because of
thea-term, clearly,Cy will contain the oscillatory factos—“(*)* varying on time scale 1.
To first order in the Duhamel expansion one has

e a (ko) alkr, 1)) s = (ko) a(k1)) s
t
—1)\/ dS/ dk?gdk?gdk?4(5(k’1 + kfz — k’g — k’4)V(/€2 — k’g)
0 (Td)3
x explis(w + ws — ws — wa)|(@lko) a(ks) alks)a(ke))gn + ON2). (6.5)

We write

, (ks))s,
+0{a (ko) a(ks))sa(a(kz) a(ka)) s + (alko) a(ks) a(ks)a(k)) g,y - (6.6)
The truncated part i© () and, when first integrated over momenta as in (6.5), is abso-

lutely integrable ins. Therefore this contribution will be part of the error terithe first
two terms inserted in (6.5) yieldi t(a(ko)*a(k1)) s Ra(k1), where

Ry(ky) = /T kW (k) (V(0) + 0V (k1 — k) . (6.7)
Our computation suggests th@f has a second oscillatory factor of the form
S (6.8)
varying on the time scala—!. The kinetic time scale is order2. Thus it suffices to

expand up to\ as
Ry(k1) = Ro(k1) + AR1 (k1) + O(\?) (6.9)

with
Ro(ky) = / koW (ko) (V (0) + 0V (k1 — ko))
Ri(ki) = -3 9 kW8 (ko)W (k2) (V(0) + OV (k1 — k)

x / dks W0 (ks) (V (0) + 6V (k1 — ks)) .
Td
(6.10)
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Potentially the oscillatory term (6.8) could be dangeroesduse in an expansion in
A it may mask the kinetic terms. As we will see, fortunately, can be absorbed by
renormalizingw to
W =w+ AR, . (6.11)

The second order term of the Duhamel expansion will not béevwriout explicitly. It
consists of 18 diagrams, 12 of which combine to

—é/\%?Ro(k)Q . (6.12)
The remaining 6 diagrams sum up to
—d(k — k’)Wg(k)y(k)/\Qt (6.13)

valid for larget. The decay coefficient is obtained as

I/(k’l) = —/ dt/ dk?gdk?gdk?4(5(k?1 -+ k’z — k’g — k’4) exp[it(w1 + Wy — w3 — w4)]
0 (Td)3

XV (ka — ks) (V (ko — ka) + OV (ke — ks)) (WE WS, — WE,WE, — OWS,WE,)
(6.14)

with the shorthandV§ ; = W (k;). For the real part of one obtains

%I/(kl) = 7T/ dkﬁgdk’gdk4(5(kﬁ1 + k’g — kg — k4)5(w1 + Wy — w3 — w4)
(T4)3
L (V (ks = k) + 0V (ks — ka))*(WE) " WEWE,WE, . (6.15)

In particular
Rv(ky) > 0. (6.16)

On the basis of this second order expansion the obvious cioingeis that
Ca(k,t) 2 exp [ — (i + Nu(k))t] (6.17)
fort > 0 andt = O(\7?), the casé < 0 following from time reversal as
Cr(k,t)" = C\(k,—t1). (6.18)

Our goal is to prove (6.17). For this purpose we have to asstluster properties of
the equilibrium state and the decay of certain oscillatatggrals.

6.2 ¢;-clustering of fully truncated correlation functiong=or the KMS statg-) s, we
consider the fully truncated correlation functions dedoby (I, a(z;,0;))5,. We
refer to Appendix A for their definition. They vanish whene\E}L1 o; # 0 and, as
proved in Appendix A, fom > 4 they do not depend on the operator ordering except for
an overall sign.
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Assumption A2 (¢,-clustering).Let 5 > 0 andx satisfy (6.1). There exists, > 0 and
co > 0 independent of such that for0 < A < ). and alln > 4 one has the bound

n

>~ deso ([T alws o)) < Meo)™n! (6.19)
z€(Z4)n J=1
In addition,
> [a(0) a(@))sx — (a(0)"a(@))s| < X2(co)* . (6.20)

xcZ4

Ginibre [17] studied;-clustering for low density quantum gases in the continuum,
i.e., for position spac®? and dispersion relatiow(k) = k2. It is rather likely that
his analysis could be carried through also for lattice ga3é® L'-bound by Ginibre is
based on an expansion with respect to the fugacity, hencarth coupling regime is not
optimally covered. In particular, the prefactom (6.19) cannot be deduced from [17]. It
seems that extra work is needed.

6.3 Oscillatory integrals.The /3-dispersivity has been stated already in Assumption A1l.
In addition we need an assumption which controls the coosiiinterference between
two frequencies.

Assumption A3 (constructive interference).There exists a set/*™¢ C T? consisting
of a union of a finite number of closed, one-dimensional, smeobmanifolds, and a
constantC' such that for allt € R, ko € T?, ando € {+1},

. - c{)!
it(w(k)+ow(k—ko)) <
‘/Tddke < o1 (6.21)

whered(kq, M*"8) is the distance of, from M/sine,

Remark 6.1 (DimensionAssumption A3 allows us to cut out a small tube around each
curve. If one would cut out too much, e.g. two-dimensionaiastes, this will show up

in other parts of the proof. For this reason Assumption A3tated requires in addition

d > 4. 1f (6.21) would hold for)M*"¢ merely a collection of a finite number of points,
then we could accommodate> 3. &

Next we need a mechanism which allows to distinguish betwessding and sublead-
ing diagrams. For the linear Schrodinger equation with aoam potential, this mecha-
nism has been identified in [24]. In the graphical represemaleveloped in this article,
it corresponds to the crossing of two edges. Our conditidhesatural generalization of
the crossing estimate in [24].

Assumption A4 (crossing bounds)Define forty, ¢, t, € R, ui, us € T¢, andx € Z4,
K(.CE, t0> tl; t2, uq, U2) — / dk ei27rz.ke—i (tow(k)—i-tlw(k—i-ul)+t2w(k+u2)) ) (622)
Td

We assume that there is a measurable functién: T? x R, — [0, oo] so that constants
0 <~ <1, ¢, co for the following bounds can be found.
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(i) Foranyu; € T¢, o; € {£1},i = 1,2,3, and0 < 3 < 1, the following bounds are
satisfied:
/ dsydss e~ AlsulHsz)) | K (s1+ 52,0182, 0252, U1, U2) ||3]|Psy 4, H%
R2

S ﬁ«/—chr(uz — Uy; ﬁ) , (623)
3
/ dsydsy e P TT (1K (51 + 82,058, 0, us,0)
R2 i=1

< B F*(u,;3), foranyn e {1,2, 3}. (6.24)
(i) For all 0 < ¢ < ¢, we have

/ dk F(k: ) < c1(In €)°, (6.25)
Td

and if alsou, ko € T, a € R, 0 € {£1}, andn € {1,2,3}, and we denoté =
(k1, ko, ko — k1 — ko), then

1

cr . 1+eco
/(Td)2 dk’ldk’gF (k:n—i—u, C)|Q—Q(k¢70)—|—IC| §61<1I1C> s (626)
whereQ : (T4)3 x {1} — R is defined by
Qk,0) = w(ks) —w(ki) + o(w(ks) — w(ks + ko + k3)) . (6.27)

Remark 6.2 (Reduction)The reader may wonder whether the stated assumptions can
be proved for a specified class ©fs. Let us first emphasize that the reduction of the
many, very high-dimensional oscillatory integrals to a fiewr dimensional oscillatory
integrals involving onlyw is already a big step in the right direction. It is also cldaatt
the reduction cannot be pushed any further. Thdispersivity is needed already to define
the limit equation. Constructive interference occurs gisvatk, = 0. Thus some control
of the phenomenon is required. The crossing bound refleeteitchanism how only a
few diagrams survive in the limit. At present, A4 is one versiwhich works, but its
optimal form could eventually look differently. In any casgssumptions Al, A3, and
A4 rely on results from a disjoint mathematical discipliria.this sense, the situation is
similar to A2. Clustering is proved within rigorous staittstt mechanics. In our context it
is a necessary input stated in a form which is regarded a®ob\y the experts. A1 can
be proved by stationary phase methods and holds generfoaltdimensiond > 3. We
are not aware that A3 has ever been studied systematicatlipdpe that our work might
serve as a motivation. A4 in the somewhat simpler contexhefrandom Schrodinger
equation has been proved for nearest neighbor coupling®ireind is investigated more
systematically in [30, 31]. O

Remark 6.3 (Example)For on-site and nearest neighbor couplings only, i€z,) = 0
for |z| > 1, a(x) = a4 for |z| = 1, and arbitraryx(0), Al is proved in [19] ford > 3 and
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A3, A4 are proved in [15] fokl > 4. The choice of the constantss= % c = 0, and
the functionF'* is taken to be

d 1

o1 | sin(2mur) |%

F(u;¢) = (6.28)

with a certain constartt’ depending only ol andw. &

6.4 Main result.To formulate our main result it is convenient to integrate fileld against
a test functionf € /5. Interpreting(-, -) as inner product, we set

=3 f@)ya(@), (f.a) = flz)a(z) (6.29)

xcZ4 xcZ4

and correspondingly for our other conventions Asu(t)) and(f, a(o,t)). In particular

() = [ k) = (7.a). (6.30)
Td
Note that by Schwarz inequality for operators and statibyar

[((frra) (fo ), |7 < (s a) (s a)), ((for @) (fora))
= [ BWEBIAME [ WL mIR0E. (631

Hence the quadratic forrfif;, fo) — < (f1,a)*(fa,alt )>>[M is uniformly bounded on
/5 x {5. Our main result concerns the behavior of this quadratimfon the kinetic time
scale.

Theorem 6.4Let ()., satisfy Assumption A2, let satisfy Assumptions A1, A3, and A4,
and letd > 4. Then there exist > 0 such that foil) < ¢ < t, one has

lim ((fa, @)* (exp[—itA 2w ] f1, a(A\7%1))) o= / dkWE (k) fi(k) e ™t fy(k)
A—0 ) Td

(6.32)
for all fi, fo € 4y (Zd)

Remark 6.5 (Short kinetic time)rhe restriction to a short kinetic time,< t,, has no
physical significance. The decay is expected to hold fortiatyit, and most likely for
even longer times. The smallnesstgfmerely reflects that in our context it is difficult
to properly bound the error terms. Technically it arisesause in the error term one
obtains high order diagrams which are close to the spatmipogeneous case as studied
in Section 5. One needs that the leading part of the main tesmall. Since the leading
diagrams are bounded &g't,)", one has to require< t. O

6.5 Link to the nonlinear Schrodinger equation as discusegd5]. [15] is written in
such a way that the operator ordering, as of relevance inantegt, is already respected.
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Thus, with the proper reinterpretation, most formulas rad¢b for the quantum evolution.
In particular, the analysis of the Feynman diagrams caowesverbatim The Duhamel
expansion (2.28) is preliminary and one still needs thredifioations to reach the starting
point of [15].

— partial time integration. This refers to the time integoas and thus remains valid in
the quantum mechanical context.

— insertion of the cutoff function®}, ®}. This refers to thek-integrations and thus
remains valid in the quantum mechanical context.

— removal of fast oscillations. As argued above the disparsitationw is renormalized
tow?*. Thus, as a modification of (2.19), we define
a(k,1,t) = " Btak, 1), alk,—1,t) = e Btg(—k, )" (6.33)

In addition we introduce the pair truncation

P(a(kr, 1)k, 0)a(ks, 1))
= d(k’l, —1) (k’g, O')d(k’g, 1) - ((d(k’l, —1)&(/{32, 0)>,37>\d(k’3, 1)
+0{a(ki, —1)a(ks, 1)) g a(ko, o) + (a(ka, 0)a(ks, 1)) gra(ki, —1)),  (6.34)

o = £1 and omitting theé argument. Then(k,, o, t) satisfies the evolution equation

id(k’l, g, t) = —i)\U/ dk?gdk?gdk?4(5(k?1 — k’g — k’g - k’4)
dt (Td)3
X1+ o)V (ky + ks) + (1 — a)f/(kg + k)
x e BN DY (ky, ks, ka) ko, —1,t)alks, 0, t)a(ka, 1,1)

+®3 (Ko, ks, ka)Pla(ka, —1,t)a(ks, 0, t)a(ks, 1, 1))}, (6.35)

where

Qk,0) = —ow(ky) — w(ka) 4+ ow(k3) 4+ w(ks) . (6.36)
(6.35) agrees with the corresponding formula of [15] witk ¢mly modification consisting
of a general interaction potential. In [15] we consider thead/ (k) = V(0). Therefore

the factor in (6.35) containing is replaced by a constant and (k) = w(k) + ARo,
whereR, depends on but not onk. In frequency difference®, thus drops out.

We are confident that the estimates of the oscillatory imtiegroved in [15] still hold
for the case under consideration here. Of course, a simpleas as
e — 7B < Ot (6.37)

uniformly in k is too crude. Rather each oscillating integral has to beneséd with an
w depending weakly on. This step remains to be carried out.

The classical average in [15] becomes the quantum avera@g; , over the KMS
state. With the assumption A2, higher cumulants do not daurte. For the quasifree

29



part one has eithdi’ or IV as timet = 0 input. Since both functions are smooth, the
estimates from the commutative case remain valid.

6.6 Error terms.We adopt the notation from [15]. There are three error teriti@same
structure, namely

(Fra) [ st 90as)), (6.39)

with X any ofG, Z, or A. We use the Schwarz inequality for operatdrsB according
to which

(4" Banl? < (AP B} (6.39)
with the shorthandi* A — | A[%. Then
(4Ot [ dsls )
(/ s\ { U, 0) s (s a5, )
< I aO)),,, / 45{) (o, alt, AN ) - (6.40)

X,.(t, s) is a monomial of orden in the factorsu(k, o, s) which differ by a phase factor
froma(k, s), a(k, s)*. The latter field operators are invariant fey; , and, at the expense
of a phase factoig(s) in (6.40) can be replaced by0). Thus, at given cutoffV, the
two-point function of (6.32) is reduced to a main term and ewreterm, which both
involve only the free time evolution and are monomials of tinee O fieldsa averaged
with respect to thed-KMS state(-) 5

6.7 Convergence of the leading part of the main tevwe.refer to Section 5 for the general
structure. For the case under consideration the Feynmaymasines are constrained. In
(6.32) the oscillating term is combined witlf,, @)*. The Feynman diagram has one line
segment0, t] with parity —1, which is constrained not to fuse at all. In the time slice
[t — s,,t] there is only one further line segment. Thus = 2. A leading diagram is
still defined by the pairing property for even time slices ahd absence of the factor
V(0). The line corresponding t6f,, a)* has momentun, . The collision operator acting
onks, ...k, is defined as in (5.18). Because of the constraint the amflisperator
acting onk; reads

(Clnga(OPns2) (R, 71, o Koy 7o) = 2/ . dg2dg3dgsd(ky + g2 — g3 — g4)
(T’
x it (@ (k1) +o(92) ~(93)~w(90) T (y — ks) (17(/{2 — k3) + OV (ky — k)
X <9ﬁn+2(k177—17 -5 03, 17947 1) - ﬁn—i—l(kl,’ﬁ; -5 92, 17937 _1)

_eﬁn+2(k1> Tiy---5 925 17 g4, 1)) . (641)
The initial conditions are
pulkr, s k) = [ [ Waks, ) - (6.42)
j=1
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We set
C7;+2( Cl_n+2 + Z Cjnta(t (6.43)

Let us defineM (¢) as the sum of all leading Feynman diagrams at ordé#ith the
above notation it is given by

n+1

A _ \2n . P * p
MA#) = A /(R+)”+1 dt/ dso( Zt +Zsj t) / dky fir (k)" fa(kr)
(C?,_(sl) e 'Czn+1(sn)p2n+1) (kh ) : (6-44)

Proposition 5.7 remains valid. Thus one can pass to the éisit

lim M)A~ )_i't” / dky fir(k1)* f2 (k1) (Cq - . Capyyr Pansr) (Kn,y 1) . (6.45)
n: Td

A—0
Let p3 be given by (6.42). Then

~ d
<C173($)p3) (k’l, 7'1) = —s / dk?gdk?gdk?4(5(k’1 + k’g - k’g — k’4)
(T4
x (sin Q)71 — 1) (V (ko — ks) + 0V (ko — ka))’

xWpa(k1, 71)Wa(ke, 71)Wa(ks, —71)Wp(ks, —71) , (6.46)

with Q = w; + wy — w3 — wy. Therefore
/ dS(CLg(S)ﬁg) (k’l,Tl) =0. (647)
0

Returning to (6.45) we conclude that when acting wdgh, ,, wherej = 1,...,n, only
its first summand, i.eC; ,,,,, contributes. Hence, there exiggssuch that fol) < ¢ < ¢,
one has

lim M Zﬁ — / dk f1(k)* foa(K)YWS (k)v(k)". (6.48)

|
n 0 nzOn

Remark 6.6 (Radius of convergencéhe integral in (6.46) decays at leastsa$. There-
fore the error in (6.47) is ordex?. The leading diagrams at orderhave a single term
which yields the non-zero limit in (6.48), while the remaigi(n! — 1) terms are of order
A\¥_ Therefore one can cut the series at ortfewith A>’ N! = 1. Since the series of con-
tributing terms has an infinite radius of convergence, tis¢riction to bounded, can be
lifted and (6.48) holds in fact for atl. On the other hand the error term can be controlled
only for |t| < t, and the extra effort will not improve Theorem 6.3. &
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7 Time correlations for the number density

Physically of great interest are the density current andggneurrent time correlations.
They differ in two respects from the correlation functiondied in the previous section:
they are four-point functions and, more importantly, irweé spatial summation. Slightly
formal, these correlation functions are particular cagege@number density time corre-
lations in equilibrium, i.e., ofa(k, t)*a(k, t)a(k’, 0)*a(k’, 0))s.x.

Letn : Z¢ — C such thaty(x)* = n(—2z) andn has bounded support. We define the
energy-like, resp. number-like, observable

H"= " n(z —y)a(z) aly) (7.1)
x,ycZ4
and represent it by a sum of local terms as

H" = HJ,

weZ4

Hl =3 (a(w) n(w = y)aly) + aly)n(y — w)a(w)). (7.2)

yeZl

For H" = Hy,., one hagj(k) = w(k), for the energy currenj(k) = (Viw(k))w(k), and,
correspondinglyp(k) = 1, (k) = Vyw(k) for number and number current.

As before(-)s ) is the 3-KMS state forH — NV at infinite volume withy satisfying
(6.1) and we set-)s = (-)g. Itis also convenient to introduce the Kubo inner product
defined through

3
(A Bhpa =57 [ Ao (AP B )y — (A)anBlan) . (13
0
The fluctuations of{” in a large boxA are given by

=AY (H) — (HD)s.0) (7.4)

weA

and the quantity of interest is the time-displaced covaeanf (7.4), which reads

lim (€3, X (D)o = Y (HD Hi (8o = CI(1) - (7.5)

AZ4
f weZa

In particular, at = 0,

i lim (€1, €00 = Y (B2 B = [ da®PWIRTI®). (7.0

A—0 A1Z4
f weZa T

Note that in the limit\ — 0 the Kubo and standard inner product coincide for the observ-
ables under consideration.

32



As before the kinetic limit provides information afiy(A\~%¢) for small A\. There is
a simple formal argument how to guess this correlation bydmg on the results from
Section 5. Let-)3 1 (¢) be the3-KMS state forH — uN + (¢/8)H". Then

CR1) = A HD)5a(2)], 17)

We now perform first the limi\ — 0 and then the limit — 0. For timet = 0 one has

lim(a(k)"a(k))s(e) = o(k = K)W=(k), (7.8)
where
We (k) = (elf®-mtenth)] _ gy=1 (7.9)
which is well-defined foe sufficiently small. Now, by Section 5,
m(a(k, A2 a(K N2 )) () = 6(k — KYWe(k, 1), (7.10)

andWWe(k, t) solves (5.4) with initial conditionV<(k). It follows that

lim (H (A "2t))g(¢) = /T dki(k)W# (k). (7.11)

A—0
We linearize the collision operator as
C(Wg+ef) =cAf+0(?). (7.12)
It is convenient to introduce the multiplication operatdrthrough

1/2

(Usf)(k) = (WE(R)WS(K)) "~ f(k) (7.13)
and to define
Lf =—-AU3f. (7.14)
Expanding (7.11),
3} 9
o [ kW 0], = . Vi), (715)

where(-, -) denotes now the inner producti#(T¢, dk). Using the definition of., (7.15)
can be written in the more symmetric form as

(, e UEH) = (Usi), exp|=U; ' LU t]Us) . (7.16)
From the linearization one obtains

(Lf)(k’l) = 7T/ dk?gdk?gdk?4(5(k’1 + k’z — k’g — k:4)5(w1 + Wy — w3 — Ld4)
(T)3

|V (ks — k) + OV (ky — k) PWS WO WE W (fr + fo— f3 — f2) . (7.17)
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The quadratic form associated kaeads then
<f, Lf> = % / dk?ldkigdkigdk?4(5(k?1 + k’g — k’g — k:4)5(w1 + Wy — w3 — Ld4)
(T)*

|V (ks — k) + OV (ka — ki) PWh WS, WEWE,(fi + fo— f5 — f1)?. (7.18)

ThereforeL = L* andL > 0. Clearly L1 = 0 andLw = 0. Thus the zero subspace is at
least two-fold degenerate. If the H-theorem holds, see AppeB, then the 0 eigenvalue
of L is exactly two-fold degenerate. In brackets, we note thatnemum conservation
is destroyed by the underlying lattice. More precisely,riecetsf (k) = £ mod 1, then
Lf # 0, since the umklapp; + ks — ks — k4 = n, n integer vector ana # 0, is permitted
according to the momentumfunction.

Allowing for the interchange of limits we arrive at

Conjecture 7.1Under suitable conditions an it holds

lim CY(\?t) = (Ugi), exp[—Ug ' LU [t Usn) . (7.19)

A—0

Duhamel expansionWe want to explore whether, at least in principle, the Duhame
expansion of Section 2 could work. The starting point is§2rn, = 2. This results in

Hg( ) Hgmaln( ) + ngI‘I‘OI‘( )' (7'20)

The main term is discussed first.
We insert the main term in the definition 6f(¢). Then the time = 0 input for the
Feynman diagrams is of the generic form

n a n
> mD [T atks,o))en = 5 (JTak; o)), - (7.21)

weZ Jj=1 j=1
Therefore we have to require a slightly modifigdclustering as

Assumption A5. (strengthened, -clustering).Let 5 > 0 and satisfy (6.1). There exists
Ao > 0 andc¢y > 0 independent of such that for0 < A < )y and alln > 4 one has the
bound

0 .

=TTty 2:0)5a )] o] < Aeo)"n. (7.22)
J

In addition the following limit exists uniformly ik

3 - a(e) al0)) )]y ~ (U3 ()] =0, (7.23)

A—0 €

Under Assumption A5, the input function for the Feynman daags has the same
regularity as used in Section 6. We conclude that togethier A8sumptions Al, A3, and
A4, the Duhamel expansion converges term to the conjectumad(7.19).
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For the error term one has symbolically

Y, oon(t) = / A5l (t — 8)[a(s)] (7.24)

For the Kubo inner product we use Schwarz inequality as B9)ao conclude

(3 (2 )

weZA
t
<t 3 (Y ) [ ds 3 (Flt = )a(s)) P ult = 9)alo)])n (7.25)
weZd weZa
The first factor is bounded. In the second factor we use siatjoto arrive at
t
| s S (Frolal. Pl (7.26)
0 weZA

Proceeding as before, one would like to take}he in the exponential to modify the state
(-)s.x. But this would be a high order polynomial, hence difficultciantrol. One may
view (7.26) also as Feynman diagrams with singular inittadditions resulting from the
oned-function because of thg_ . This would require to redo the oscillatory integrals.
At present it is not clear whether such an approach could week in principle.

A Appendix. Truncated correlation functions

We follow Bratelli and Robinson [18], pages 39 and 43.

Let (-) be an even state on the CCR, resp. CAR, algebra. The momenassumed
to exist and odd moments vanish. We useas shorthand fo(f;,a;(c;)). Then the
moments are

([T e (A1)
j=1
and the fully truncated moments are denoted by

(T e (A.2)

To define them, le§ denote an index set arfda function from the non empty ordered
subsets ofj to the complex numbers. The truncatiéip of F' is now given recursively by

F(Iy=>ePn [] Fr(), (A-3)
Pr JEP;
where the sum is over all partitior® of I into ordered even subse®; = {.J1,..., J,}

ande(P;) = 1 for bosons and:(P;) = +1 is according to whether the permutation
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I — (J,...,J,) is even or odd. In our casgé are the moments anfl; their full
truncation.

Theorem A.1(truncated correlations).etn be evenp > 4, and letr be a permutation
of I =(1,...,n). Then

(H a;)’ = 5(7T)<H ()" s (A.4)

wheres(7) = 1 for bosons and for fermiong ) = sign, the sign of the permutation

Proof: Let! ={1,....,n}anda = {m,m+ 1} C I. We set

F(I)={(a1...an), F{)=(a1...0m410m...a0p). (A.5)
It holds
F(I)= > e(J,INJ)Fr(J)F(INJ), (A.6)
acJCI

wheres(J, I~ J) = 1 forbosons and(J, I . J) = £1 for fermions according to whether
I — (J,I~ J)is an even or odd permutation 6f Sincea,,a,,+1 — Oami1a, = cl,
c € C, one has

cF(INa)=F(I)—0F(I)= Y e(J, I~ J)(Fr(J) = 0FPp())F(I~J) (A7)

aeJCI

= (Fr(a) —0Fp(a))F(I~a)+ Y e(J, I~ J)(Fr(J) — 0Fp(J))F(I~J).

acJCl,J#a
SinceFy () — 0Fy () = ¢, we conclude

0= > (L INI)(Fr(J) = 0F(J)F(IN ). (A.8)
acJCl,J#a

For |I| = 4, the only summand i§ = I and F(I) = 0F(I) since F(§) = 1. By
iterating (A.8), one concludes the validity of (A.4). O

B Appendix. Some properties of the spatially homoge-

neous Boltzmann-Nordheim equation
The purpose of this appendix is to provide a rather compddissteof the basic properties
of the spatially homogeneous Boltzmann-Nordheim equatimhto point at the relevant
literature. It will be convenient to discuss fermions anddias separately.
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B.1 Fermions
The Boltzmann-Nordheim equation reads, see (5.4), (5.5),

%mmqumw, (B.1)

C(W)(k’l) = 7T/ dk?gdk?gdk?4(5(k’1 + k’z — k’g — k:4)5(w1 + Wy — w3 — Ld4)
(T4)3

V(ks — k3) — V (ks — ka) POVIWAWS W, — WiWL,WsWL),  (B.2)

W = 1-W. Ithas to be solved for initial dat& such thad < W (k) < 1. Ifthere would
be a first timet such thatW (ko,t) = 0, thenC(W (t))(ko) > 0, and correspondingly
W (ki,t) = 1 implies thatC(W(t))(k1) < 0. Hence the constrairt < W < 1 is
preserved in time. Note th&(11) = 0 in caselA/(k) = 17(0).

At least formally, total number and energy are conserved,

/Td dkiC(W) (k1) =0, /Td dki1w (k1) C(W) (k1) = 0. (B.3)
According to the Fermi statistics, the entropy per voluma glasifree state is given by
SMUz—AﬂMW%ﬂgW%%HW@b@M@) (B.4)
The entropy changes in time as
CSr(n) = o (W) (8.5)

with the entropy production
cwm:@Lmﬂmmm%m%+@—@—mwM+W—M—M)
IV (ky — ks) = V (kg — ka) | 2F (Wi Wa Wa Wy, Wy Wo W5 TWy) (B.6)
andF(z,y) = (xr — y) log(x/y). Hence
o >0, (B.7)

which is the H-theoremz = 0 if and only if

WiWs  WsW
Wi, WaW,

(B.8)
on the collision seD, = {(/{31, k’g, k’g, k’4) € Rm“{?l + ko = k’g —+ k’4, W1 +wer = ws + Ld4}.
If one introduces

¢ = log(W/W), (B.9)
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then¢ is a collisional invariant in the sense that
O1+ ¢2=¢3+ ¢4 OND.. (B.10)

Under some regularity om and for [, dk|¢(k)| < oo, it is proved in [32] that the only
solutions to (B.10) are
o(k) =a+bw(k). (B.11)
If W is stationary and if{,., dk|log (W/(1—W))| < oo, thenW is necessarily of the
form

W (k) = (eﬁ(w(k)—u) + 1)_1 (B.12)
for somegs, i € R. In the limit 5 — oo, one obtains
Wi (k) = Lw(k) < p) (8.13)
and forg — —oo
W) = 1w (k) > p). (B.14)

Although the corresponding collision invariant is not gptable, one checks directly that
W, andWZ-_  are stationary solutions of (B.1), (B.2). Presumably ostrédomprises
all stationary solutions of the Boltzmann-Nordheim eqoati

Let us introduce the density, and energy, of W through

(W) = /T ARV (E), e(W) = /T k(R (R). (B.15)

If one picks soméV, then there is a unique pai; p such thap(W) = p(Wj ), e(W) =
(W), provided one also admits the valugs- +-cc. Because of the conservation laws,
this strongly suggests that for the solution with tlisas initial datum it holds

Jim W (t) =W, . (B.16)

On the mathematical side, besides the study of collisioariants, the main focus
so far is the existence and uniqueness of solutions. We tefitre review [33]. These
authors consider the momentum sp&eand dispersion (k) = k%, see Remark 5.3. To
be concise we quote one result from Dobeault [34].

Theorem B.1Letd > 2 andw(k) = k. LetV be radial with [, dk|k||V (k)|> < oo.
For the initial datum,JV, we assumél’ € L>(R¢) and0 < W < 1. Then the integrated
version of the Boltzmann-Nordheim equation,

Wty =W + /Ot dsC(W(s)) . (B.17)

has a unique solution if([0, co), L>=(R?)), which satisfie§ < W (¢) < 1 forall ¢ > 0.
If p(W) < 00, e(W) < 0o, andS(W) < oo, then it holds, for alt > 0,

/Rdde(k,t)=p(W), /RddkkW(k:,t):/ dkkW (k) ,

Rd

/Rd dkE*W (k,t) = e(W), S(W(t)):S(W)+/0tdsa(W(s)). (B.18)
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Apparently, the case of interest in our context has neven be@stigated. One diffi-
culty results from the constraint due to the enefgynction. On the other hand, sin@
is compact, finite number, energy, and entropy holds auticaibt Under the Assump-
tion A2 we expect Theorem B.1 still to be valid.

B.2 Bosons
The Boltzmann-Nordheim equation reads, see (5.4), (5.5),

%W(k,t) — c(W(t)(k), (B.19)

C(W)(k)=n /(W dkadksdkyd (ky 4 ko — ks — ka)d(wy + wy — ws — wy)
[V (ky — ks) + V (ks — k) PWAWo W3 Wy — Wi W, W5 W4),  (B.20)
W = 14 W. It has to be solved with initial datd” such thatV’ > 0, [ dkW (k) < oo.
_Positivity is preserved in the course of time and number araiigy conservation holds as
" (ifgt.nrding to the Bose statistics, the entropy per volume gfiasifree state is given
by
S(W) = — /T ) dk(W (k) log W (k) — W (k) log W (k)) . (B.21)

Then (B.5) to (B.11) still hold, providet” = 1+ W and in (B.6)|V (ks — ks) — V (ks —
k’4)|2 is substituted bYV(/{?Q — k’g) + V(k’g — k’4)|2.
If W is stationary and/,, dk|log W/(1 + W)| < oo, thenW is necessarily of the
form
1

Wi, (k) = (2B — 1) (B.22)

where, in order to havﬁ/gfﬂ > (), one is restricted to
6>0, wpn=>p and <0, 4> Whax- (B.23)

The density and energy of a statéis still given by (B.15). Clearly, the range of this
map isD = {(p,e)|0 < p < 00, pWmin < € < PWmax, . HOWever ford > 3 and under
our assumptions o, the map(3, 1) — (p(Wj,),e(W5,)) has a rangé,,, which is
a proper subset ab. Therefore, for an initiall” with (p(W),e(W)) € D \ Dy, the
solution of the Boltzmann-Nordheim equation has no lingtstationary state. Physically
the excess mass condenses to a superfluid component, whiefleisted by a)-peak
atk = 0 in the Wigner function. Based on self-similar solutionssitargued that the
condensate is nucleated at some finite time. We refer to thewg35], see also [36, 37].

On the mathematical side, the cubic nonlinearity of the Bodnn-Nordheim equa-
tion poses severe difficulties. Only the case of momenturnesia, dispersionuv(k) =
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k% /2 has been studied in detail and even then only for isotrogiatisms which makes
W(k,t) to depend onk| only. We use: as energy variable, = k%/2, and setV (k,t) =
f(e,t). IncaseV (k) = V(0) = 1/(2(27)?) the Boltzmann-Nordheim equation for the
energy distribution reads

5¢/ (€1 8) = C(f(D) (1) (B.24)
with the collision operator

C(f)(er) = /{ - }degda%mmwa, VE N E N Y FuFafofi — fufofofi).

) (B.25)
see [36]. Herey, =5 +c4 —e1, fj = f(g5), 7 =1,...,4, f =1+ f. Lu [38] considers
Equation (B.24) in the weak form

d [e.e]

& [ vorenvee= [ e o) evae (B.26)

with test functionsp € C?(R,) and proves that (B.26) remains meaningful even if
f(e,t)\/ede is a positive measure dR,. We denote such a measure iz, t). The
possible roughness df(de, t) is balanced by rewriting the right hand side of (B.26) in
such a way that the collisional differenggs;) + ¢(c2) — ¢(e3) — ¢(e4) appears. For

t = 0 we assume finite mass and energy, i, f(de) < oo and [ cf(ds) < oo.
Then (B.26) has a solution which conserves mass and endngystationary measures of
(B.26) are necessarily of the form

faulde) = (77" — 1) /ede + neond(e)de (B.27)

with eitherp < 0 and condensate density,, = 0 or x = 0 andn.., > 0. The critical
Iine dividing the normal quid from the condensate is giveneby) = (p/po) % *e with

= [ dey/E(eF — 1)~ = [ de/ee(e —1)7!
Forthe particular case (B 24) one has some ngorous infooman the concentration.
Let the initial data be given by a density, i.¢(ds) = f..(¢)\/ede, such that

— /00 fac(e)Vede < 00, e=ce(f) = /oo efac(e)V/ede < 0. (B.28)
0

0

In general, the solution to (B.26) is then a measuyftgle, t), which can be uniquely
decomposed into an absolutely continuous and a singulgr par

flde,t) = fac(e, t)Vede + fo(de, ). (B.29)

Now let f3 , be the equilibrium distribution corresponding46f), e(f), wherey = 0 in
casenc,, > 0. Lu [39] proves that, fop < p.,

i [ Ade) =0, i [ o)~ fau@VEE <0, (©30)

t—o0 0 0
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On the other hand fgy > p. one has

(e}

lim [ |faclen) = fro(e)lev/ede = 0 (B.31)
s
and
lim flde, t) =p — pe, (B.32)

700 Jielo<et<r(t)}
wherer(t) is the integral in (B.31). Thus for large times the soluti@velops a&-peak at
e = 0 with weightn.,,.
Whether such a concentration appears after some finite troalg asymptotically,
ast — oo, is left unanswered by the theorem.
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