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REGULAR AND RESIDUAL EISENSTEIN SERIES AND THE
AUTOMORPHIC COHOMOLOGY OF 5p(2,2)

HARALD GROBNER

ABSTRACT. Let G be the simple algebraic group Sp(2,2), to be defined over Q.
It is a non-quasi-split, Q-rank 2 inner form of the split symplectic group Spg of
rank 4. The cohomology of the space of automorphic forms on G has a natural
subspace, which is spanned by classes represented by residues and derivatives
of cuspidal Eisenstein series. It is called Eisenstein cohomology. In this paper
we give a detailed description of the Eisenstein cohomology Hltz;‘is(Gv E) of G
in case of regular coefficients E. It is spanned just by holomorphic Eisenstein
series. For non-regular coefficients E we really have to detect the poles of our
Fisenstein series. Since G is not quasi-split, we are out of the scope of the
so-called 'Langlands-Shahidi method’, cf. [Shd2, Shd3]. We apply recent re-
sults of N. Grbac in order to find the poles of Eisenstein series attached to the
minimal parabolic Py of G. Having collected this information, we prove of a
vanishing-result of square-integrable Eisenstein cohomology supported by Py
with respect to arbitrary coeflicients. It will serve as some evidence for a gen-
eral conjecture we post in this paper on the distribution of residual Eisenstein
cohomology classes of an arbitrary semisimple algebraic group defined over Q.
However, this conjecture is proved for a certain class of residual Eisenstein
series in the beginning of this paper.

INTRODUCTION

Let G be a connected, semisimple algebraic group defined over Q of Q-rank
rkg(G) > 1, E a finite-dimensional, irreducible complex representation of the Lie
group G(R) of real points of G, and ' C G(Q) an arithmetic congruence subgroup.
The study of the cohomology spaces H*(T', E') has been carried out over the last
40 years from various points of view and motivations, using and comparing several
techniques. Beside others, the cohomology of arithmetic groups has major appli-
cations within the Langlands Program, which itself is originated in the attempt
to solve classical problems of algebraic and analytic number theory, such as giving
a satisfactory non-abelian class field theory. This approach to cohomology of an
arithmetically defined group indicates a close connection to the theory of automor-
phic forms, in particular to cusp forms and Eisenstein series.

The link between H*(T', F) and automorphic forms was first provided in a con-
ceptual way by G. Harder in the case of groups of Q-rank one, [Harl, Har2]. His
method is of differential geometric nature and uses the fact that the cohomology
of T is isomorphic to the cohomology of a certain compact space I'\ X, which is a
manifold with boundary 9(I'\X). In fact, X = G(R)/K is the Riemannian sym-
metric space associated to the Lie group G(R) and a maximal compact subgroup
K and T\ X is the Borel-Serre-Compactification of the locally symmetric quotient
M\X. With this framework at place, Harder showed that one can construct the

Date: 2008 May, 15.
2000 Mathematics Subject Classification. Primary: 11F75; Secondary: 11F70, 11F55, 22E55.
Key words and phrases. cohomology of arithmetic groups, Eisenstein cohomology, cuspidal
automorphic representation, Eisenstein series.
The author’s work was supported in part by the “F'124-N Forschungsstipendium der Universitat
Wien” and the Junior Research Fellowship of the ESI, Vienna.
1



2 HARALD GROBNER

“cohomology at infinity”, i.e. (up to isomorphy) the image of the natural restriction
map H*(I'\X, E) — H*(9(I'\X), E) by means of Eisenstein series. This image is
complementary within H*(T', E) to the cohomology of a space of square-integrable
automorphic forms, which contains the cusp forms.

In the early 90’s, J. Franke finally proved in [Fra] that such a decomposition can
also be given in the general framework of an arbitrary connected, reductive alge-
braic group G. More precisely, Franke particularly showed that the cohomology of
an arithmetic congruence subgroup I' C G(Q) decomposes as

H*(Fa E) = chsp(ra E) @ HELS(F7 E)

into the cohomology-space of classes represented by cuspidal automorphic forms
and a natural complement called Eisenstein cohomology of I'. This is due to the
adelic interpretation of H*(T', E) as a subspace of the space of Kt fixed vectors in

H*(G,E) := H" (g, K, A(GQ\G(A)) © E)

and an analogous decomposition of this cohomology as H*(G, E) = Heysp(G, E) &
Hpgis(G, E). (Here Kt is an appropriate open, compact subgroup of the group of
finite adelic points G(Ay) and A(G(Q)\G(A)) is the usual space of (adelic) auto-
morphic forms on G.)

In the case of regular coefficients E, i.e. the highest weight A of E lies inside the
open, positive Weyl chamber, the space of Eisenstein cohomology was investigated
by J. Schwermer in [Schwl] and together with J.-S. Li in [Li-Schw2]. Tt was shown
that under this assumption on E each class in Hj,, (G, E) can be represented by a
bunch of Eisenstein series evaluated at a certain point in the region of holomorphy
([Schwl], section 2 and section 6). This lead to a vanishing result in lower degrees

of cohomology (cf. [Li-Schw2] Thm. 5.5).

Still, for non-regular coefficients E| little is known in general: In contrast to the
regular case | residues of Eisenstein series really enter the game (i.e. can contribute
non-trivially to cohomology), when regarding non-regular coefficient modules E.
The results gained so far suggest that the poles of Eisenstein series are encoded by
poles and zeros (i.e. so-called special values) of automorphic L-functions. But even
for square-integrable residues the situation is not fully understood, since e.g. a sat-
isfactory theory of describing the residual spectrum of a non-quasi-split algebraic
group G is not yet available.

On the other hand, finding the poles of Eisenstein series is not the only difficulty
one encounters in this case. One also has to understand if residual Eisenstein series
contribute non-trivially to cohomology and - if they contribute - in which degrees of
cohomology. Again, all these problems are entirely linked to deep questions of local
and global representation theory and number theory, in particular the Langlands
Program.

In the present work we consider the above questions and approaches to Eisenstein
cohomology regarding the connected, simple algebraic group Sp(2,2) defined over
Q. Tt is a non-quasi-split Q-rank two form of the split symplectic group Sps/Q, the
classical group of Cartan type Cy.

In section 1 the necessary facts about the automorphic cohomology H*(G, E)
for a connected, semisimple algebraic group G/Q are reviewed. We recall the de-
composition of Eisenstein cohomology Hj,, (G, E) along the cuspidal support of the
Eisenstein series in question, see theorem 1 (resp. the original sources [Fra-Schw]
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or [Mee-Wal2]): This is a decomposition along associate classes { P} of proper, par-
abolic Q-subgroup P of G and certain (collections ¢ of) cohomological, cuspidal
automorphic representations 7 of the corresponding Levi subgroups L of P.

In section 2, still for an arbitrary connected, semisimple algebraic group G/Q,
we deal with the question how to breed the space of Eisenstein cohomology out
of cohomological cuspidal automorphic representations 7 of the Levi subgroups L
of parabolic Q-subgroups P ; G. Recall that P has a Levi- and a Langlands-
decomposition P = LN resp. P = M AN, N being a maximal unipotent subgroup
of P and A a maximal central Q-torus of L. As in [Fra-Schw] we use the Eisenstein
intertwining operator to get a map on the level of (g, K)-cohomology

B
(1) H(g, K, Wpz @ 5y(a") @ E) — Hp; (G, E).

Here, Wp 5 is essentially the representation induced parabolically from 7. Further,
Sy (a*) denotes the symmetric tensor algebra of the linear dual of a = Lie(A(R)).
(The symbol “x” shall indicate an action of a onto Sy (a*) by means of a character
x of A(R)°. See section 2.2 for details). This construction procedure of Eisenstein
cohomology is explained in detail. In particular we recall the notion of a class of
type (m,w) (w a so-called Kostant representative with respect to the right action
of the Weyl group of L(C) on the Weyl group of G(C)): This is a non-trivial class
in the right hand side of (1). Tt follows from general results on (g, K)-cohomology
that the derivative of x must satisfy dy = —w(X + p)|ae-

In 2.3 we explain how the behaviour of holomorphy of an Eisenstein series Ep(f, A),
f € Wpz, A € ag, interacts with the degree(s) of cohomology in which the image
of EI lies. The case of holomorphic Eisenstein series was already solved by J.
Schwermer in [Schw2] and is summarized shortly in section 2.3.1.

Again, the residual case is most difficult and in its full generality unsolved. We
know by Langlands [Lan3] that the poles of the Eisenstein series Ep(f, A) are the
ones of its constant terms along parabolic subgroups. Assume that P is a self-
associate, standard parabolic, then it suffices to consider the constant term along
P itself. Putting W(A) = Ngq)(A(Q))/L(Q) (which is a subgroup of the Weyl
group attached to the Q-roots of G) we arrive at a decomposition of this constant
term as a finite sum

(2) EP(fa A)P = Z Af(A,%’u))(fe<A+PP,HP(.)))’
weW (A)

where M (A, 7, w) are certain well-known meromorphic functions associated to A, 7
and w € W(A) (cf. section 2.3.2 for their precise definition respectively for the other
symbols not explain here). So the behaviour of holomorphy of Ep(f, A) is given by
the interplay of the poles and zeros of the finitely many functions M (A, 7, w). We
prove the following new theorem in section 2.3.2 (cf. theorem 2) on the degree of
residual Eisenstein cohomology classes:

Theorem. In the notation used above, let 0 # [w] € H(g, K,Wp5 ® Sy (a*) @ E).
If all Eisenstein series Ep(f,\), f ® 1 in the image of w, have got a pole at dx =
—wW(A+ p)lac € af coming just from the term M (A, T, wo), wo the longest element
in W(A), then the image of |w] under E contributes in degree ¢ := q+dim N(R) —
2l(w), l(w) the length of w.

This theorem is supplemented by a small conjecture, see conjecture 3: We believe
that the condition that just the operator M (A, 7, wq) gives the pole can be weak-
ened to the condition that the pole of Ep(f, A) should be of maximal possible order.
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Some evidence for our conjecture will be given in section 6.5 for G = Sp(2,2)/Q
(see also below). The arguments used there should work in a more general setup.

Form section 3 on, we concentrate on the case G = Sp(2,2)/Q. As mentioned
earlier; G is a simple, connected, simply connected algebraic group over QQ, which
i1s an non-quasi-split, Q-rank 2 inner form of Spg — the classical split group over
Q of Cartan type C4. Hence, the classes of associate and conjugate parabolic Q-
subgroups of G coincide and can be represented by the choice of three standard
parabolic subgroups Py (a minimal one) and P; and P, (two maximal ones). In
order to construct Eisenstein cohomology, we need to get some knowledge on co-
homology classes of type (m,w) as remarked before: © = x7 with x a certain
character of A;(R)° and T a cohomological cuspidal automorphic representation of
L;(A) (i =0,1,2); and w is a Kostant representative of a coset with respect to the
right action of the Weyl group of L(C) on the Weyl group of G(C). In section 4
the possible archimedean components 7, of cohomological cuspidal automorphic
representations 7 are classified (cf. lemma 4 and proposition 5). These are irre-
ducible unitary cohomological representations of the semisimple part M;(R) of the
reductive Lie groups L;(R). We use the well known Vogan-Zuckerman classification
of such representations, cf. [Vog-Zu].

Having gained this knowledge, section 5 gives then a complete description of the
G(Af)-module structure of the Eisenstein cohomology spaces Hp. (G, E), under
the assumption that the coefficient module E is regular. The case of each parabolic
Q-subgroup P;, i = 0,1,2 is treated separately in three subsections. The main
theorems describing the internal nature of Eisenstein cohomology classes with re-
spect to regular coefficients are theorems 8, 9 and 10. The general phenomenon
that each Eisenstein class can be represented by (a finite number of) regular values
of Eisenstein series ([Schwl]) and the vanishing of H}. (G, E) below the half of
dim X = 16 ([Li-Schw2]) is verified concretely in this case.

The much more difficult case of a general - meaning, not necessarily regular - coeffi-
cient system E is dealt with in section 6. We concentrate on the contribution of the
minimal parabolic Py. The analysis of (residual) Eisenstein cohomology supported
in Py might be viewed as a case-study, which sources its interest in absence of a
good general theory from the following questions, which have been stated already
above: (a) How to find the poles of an Eisenstein series Ep, (f, A)? To work on this
question is particularly interesting in our concrete case, since G = Sp(2,2) (and
so L) is not quasi-split, whence we are out of scope of the 'Langlands-Shahidi-
method’; [Shd2, Shd3]; and (b): How to control the contribution of the various
resulting residues to Eisenstein cohomology?

In order to answer (a), i.e. calculate the poles of Ep, (f, A) we have to normalize the
operators M (A, 7T, w) of (2), meaning we have to find a function r(A, 7, w) “whose
behaviour of holomorphy we understand” such that N (A, 7, w) = r(A, 7, w)M (A, 7, w)
— to be called the normalized intertwining operator — is holomorphic and non-
vanishing in the region we need it. For quasi-split groups such a normalization is
provided by the Langlands-Shahidi-method. But as remarked before, our group is
not quasi-split. We apply a little trick (cf. proposition 12 resp. our original paper
[Gro], Prop. 3.1), which allows us to get a good normalization of M (A, 7, w) by
just normalizing the local operators M (A, 7, w), p a place where G(Q,) = Sps(Qp)
(i.e. G splits). Then we use proposition 11, which tells us that we can reduce the
problem of normalizing M (A, 7T, w) at such places to the Q-rank one case. Still,
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we need some extra information, since we have to normalize also cuspidal represen-
tations of Lo(A) which are not generic. At this point, we use the recent work of N.
Grbac ([Grbl, Grb2]), which solves the question of how to normalize our operators
for such non-generic local representations. The double poles of Eisenstein series are
finally listed in our propositions 16 and 18.

Question (b) is the most subtle matter. Here we confine ourselves to consider
the space of square-integrable Eisenstein cohomology, (supported by Fy), denoted
H(g,K,Lg p, ® FE). Tts coefficient system Lg p, is a subspace of the residual
spectrum of G and decomposes hence as a direct Hilbert sum over unitary residual
automorphic representations of G(A). The classification of cohomological, irre-
ducible, unitary representations of G(R) given by [Vog-Zu], essentially implies the
following vanishing-result (see theorem 19).

Theorem. Let Py be the minimal standard parabolic Q-subgroup of G = Sp(2,2)
and E any irreducible, finite-dimensional complex-rational representation of G(R).
If E # C, then square-integrable Eisenstein cohomology supported by Py vanishes
below degree 3
HYg,K,Lgp, ® E)=0 for ¢ <3.
If E = C, then there is an epimorphism
H°%g,K,Lc,p,) » H°(G,C)=C

and
HYg,K,Lc.p,)=0 forl1<q<3.

From the perspective of question (b), the point of this theorem is that it fits per-
fectly together with the analytic machinery developed above and our conjecture,
which explains the distribution in degrees of cohomology of maximally residual
Eisenstein cohomology classes: This is shown in section 6.5. We remark that “max-
imally residual” means that Ep (f, A) has a double pole, as rkg(G) = 2. (That is
also the reason why we just list the double poles in our propositions 16 and 18.)
Therefore, we think of theorem 19 as some evidence for the truth of our conjecture 3.

Finally, we give all necessary computational data (e.g. the sets of Kostant rep-
resentatives w) in six tables put in our small appendix.
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Notation and Conventions. Throughout this paper G will be a connected, sim-
ply connected, semisimple algebraic group over Q of rank rkg(G) > 1 with finite
center. Lie algebras of groups of real points of algebraic groups will be denoted by
the same but fractional letter, e.g. Lie(G(R)) = g. The complexification of a Lie
algebra will be denoted by subscript “C”, e.g. g®r C = gc¢. If U(g) is the universal
enveloping algebra of the complex algebra gc, Z(g) stands for its center.
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We use the standard terminology and hypotheses concerning algebraic groups and
their subgroups to be found in [Mee-Wal2] 1.1.4-1.1.12. In particular we assume
that a minimal parabolic subgroup Py has been fixed and that Ky = Kr X Ky,
is a maximal compact subgroup of the group G(A) of adelic points of G which is
in good position with respect to Py ([Mee-Wal2], 1.1.4). Then K = Ky is maximal
compact in G(R), hence comes with a Cartan involution ¥. If H is a subgroup of
G, we let Ky = KN H(R).

Assume that Ly is a Levi subgroup of Py which is invariant under 9 and Ny is
the unipotent radical of Py. Then we have the Levi decomposition Py = LNy and
if we additionally denote by Ay a maximal, central Q-split torus in Ly then we
also get the Langlands decomposition Py = MyAgNy. As usual, My = ﬂx ker x,
X ranging over the group X (Lg) of all Q-characters on Lg. Let P be a standard
parabolic Q-subgroup of G. It has a unique Levi decomposition P = LpNp, with
Lp D Ly and also a unique Langlands decomposition P = MpApNp with unique
J-stable split component Ap C Ag. If it is clear from the context we will also omit
the subscript “P”. We write A(P, A) for the set of weights of the adjoint action
of P with respect to Ap. pp denotes the half-sum of these weights. In particular,
p = pp, is the half sum of positive Q-roots of G with respect to Ao.

Extend the Lie algebra a of A(R) to a Cartan subalgebra b of g by adding a Cartan
subalgebra b of m. The absolute root system of g is denoted A = A(gc, he), a
simple subsystem (given by the obstruction that positivity on the system of abso-
lute roots shall be compatible with the positivity on the set Ag of Q-roots implied
by the choice of the minimal pair (Pp, Ag)) is denoted A°. We also write A§, for
the set of absolute simple roots of m with respect to b (so A° = Ag,). The Weyl
groups associated to A and Ag are denoted W = Wi(gc, hc) and Wy. We let
WP ={w e Wiw(a) >0 Va € AS,}. The elements of WF are called Kostant
representatives, cf. [Bor-Wall.

Using the fact that Kj is in good position, we can extend the standard Harish-
Chandra height-function Hp : P(A) — a* given by [[, [x(p)l, = eOHP () €
X (L) viewed as an element of af, to a function on all of G(A) by setting Hp(g) :=
Hp(p), g = kp.

Let G be a connected, reductive group over Q and Y a central character. As
usual L2, (G(Q)\G(A)) (resp. L2 (G(Q)\G(A), X)) denotes the discrete spectrum
of G (resp. the part of it consisting of functions with central character Y). Tt
can be written as the direct sum of the cuspidal spectrum L2, . (G(Q)\G(A))

cusp

(resp. L2,.,(G(Q\G(A),X)) and the residual spectrum L2, (G(Q)\G(A) (resp.
12, (GQ\G(A), X)) By [Gel-Gra-PS] the space L2, (G(Q)\G(A), X), decomposes
as direct Hilbert sum over all irreducible, admissible representations = of G(A) with
central character X, each of which occurring with finite multiplicity mg;s (7). The
same it therefore true for the cuspidal (resp. residual) spectrum, if we replace the
multiplicity by m(m) < ma;s(m) (resp. Myes(m) < Mmais(m)). Every m can be written
as restricted tensor product m = ®;7Tp, where pis a place of Q. 1.e. either a prime or
oo and 7, a local irreducible, admissible representation 7, of G(Qy), [Fla]. Further,
7 (and so all 7,) is unitary if and only if X is. Then 7 is the completed restricted

tensor product m = ®;7Tp.

For any G(A)-representation o, we will write o™ for the space of its smooth vectors
and o) for the space of K-finite vectors. Clearly, if o is unitary, then O'(()?() is a

unitary (g, K, G(Ay))-module.
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1. AuToOMORPHIC COHOMOLOGY

1.1. Let E be a finite-dimensional, irreducible, complex-rational representation of
G(R) characterized by its highest weight A. A starting point of our interest is the
G(Af)-module structure of the (g, K)-cohomology of the space of (E-valued) adelic
automorphic forms A(G(Q)\G(A)) ® E:

H*(G,E):=H"(g, K, A GQ\G(A)) ® E).
As it is well-known, and as we shall also see again later, in order to understand this
cohomology space, one should understand the cohomological contribution of those
automorphic representations m = 7o ® my of G(A) which have a cohomological
infinite component 7.

By [Lan4], Prop. 2, a (g, K, G(Ay))-module 7 is automorphic if and only if it is
isomorphic to an irreducible subquotient of a parabolically induced representation
Tnd %) pq(e-K)

P(Ay) (LKrL)
group L of a parabolic Q-subgroup of G. This can be proved by use of the so-called

Eisenstein intertwining operator (cf. section 2.2), which assigns, very roughly, to

[c], 0 being a cuspidal automorphic representation of a Levi sub-

each function f € 7 a regular value, a residue or a derivative of an Eisenstein series
at a certain point (cf. [Fra], Cor. 1, p. 236 for this more subtle approach).

Clearly, if 7 is cuspidal itself then we can take P = G and this Eisenstein sum-
mation process degenerates essentially to the identity function. Therefore, as a
(9, K, G(Ay))-module, A(G(Q)\G(A)) decomposes as the space of cuspidal auto-
morphic forms Acysp and the subrepresentation Ag;s, which is spanned as a repre-
sentation by all subquotients of parabolically induced representations
Indggifglndgﬁfg) [c], with P # G. By the very definition of the Eisenstein in-
tertwining operator, this subspace 1s spanned by Eisenstein series, residues and
derivatives of such. We get the decomposition as G(Af)-modules

H*(G,E)=H"(g,K, Acusp QE) @ H*(g, K, Agis ® E).

The first space is called cuspidal cohomology and denoted H;‘usp(G, E), the second
Eisenstein cohomology, to be denoted by H},, (G, E). Now, what we are interested
in is the space Hy, (G, E) of Eisenstein cohomology, on which we will focus in
this paper. Since (g, K)-cohomology just takes into account representations which
have a certain infinitesimal character, see [Bor-Wal], one can replace the space of all
automorphic forms A(G(Q)\G(A)) by the space Ag consisting of those automorphic
forms which are annihilated by a power of the ideal Z of Z(g), which annihilates
the dual representation of E:

Ag ={f € A(GQ)\G(A))|Z"f =0 for some n}

and

1.2. The spaces Ag p. In [Fra-Schw], J. Franke and J. Schwermer (and also in
[Moe-Wal2], C. Meeglin and J.-L. Waldspurger) were able to give a much more de-
tailed decomposition of the space Ag, taking into account the cuspidal support
along Levi subgroups of the Eisenstein series involved.

First of all, the space Agp admits a certain decomposition as a direct sum with
respect to the classes {P} of associate parabolic Q-subgroups P C G. This relies
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on such a decomposition of the space Vi of K-finite, left G(Q)-invariant, smooth
functions f : G(A) — C of uniform moderate growth, first proved by Langlands in
a letter to Borel, [Lan2]|. See also [Bor-Lab-Schw| Thm. 2.4: Vo = @ py, Ve ({P}),
where Vg ({P}) denotes the space of elements f in Vi which are negligible along Q
for every parabolic Q-subgroup Q C G, Q ¢ {P}. Putting Ag p = Voa({P}) N Ag
we get the desired decomposition of Ag as (g, K, G(Ay))-module

Ap =P Ap.r.
{P}
Observe that Ag ¢ C Va({G}) = LEUSP(G(@)\G(A))‘&’(). Hence,

ngsp(Ga E) = Hq(ga Ka -AE,G & E)a

and
HE, (G, E) = @ HY(g,K,Agp®FE).
{P},P£G
Since Va({G}) = LEUSP(G(@)\G(A))@) decomposes as a (g, K, G(Ay))-module
as a direct sum over all cuspidal automorphic representations of G(A), each of which
occurring with finite multiplicity m(w), we get by [Bor-Wal], XIII, a finite direct
sum decomposition

H;,(G E) = @ H" (9. Km0 E)"™ = (B(H" (9, K, (r0) (1) © E) @ 75 )™,

T

the sum ranging over all cuspidal automorphic representations 7 of G(A).

1.3. Eisenstein series. Also the summands Ag p giving Eisenstein cohomology
have a decomposition as (g, K, G(Af))-module. We refer the reader for details to
the original paper [Fra-Schw].

Some technical assumptions and notations have to be fixed:

For () = M AN associate to the standard parabolic P, ¢ is a finite set of irreducible
representations m = x7 of L(A), with x : A(R)® — C* a continuous character and
7 an irreducible, unitary subrepresentation of L2, (L(Q)A(R)°\L(A)) of L(A)
whose central character induces a continuous morphism A(Q)A(R)°\A(A) — U(1)
and whose infinitesimal character matches the one of the dual of an irreducible sub-
representation of H*(n, E). This means that 7 is a unitary, cuspidal automorphic
representation of L(A) whose central and infinitesimal character satisfy the above
conditions. Finally, three further “compatibility conditions” have to be satisfied be-
tween these sets ¢q, skipped here and written down in [Fra-Schw], 1.2. The family

of all collections ¢ = {pqg} of such finite sets is denoted Uy p.

Now, let Wp x be the space of all smooth, K-finite functions
[ LQN(A)AR)°\G(A) — C,

such that for every g € G(A) the function [ — f(lg) on L(A) is contained in the
F-isotypic component 7™ of LZ,sp(L(Q)A(R)°\L(A)). For a function f € Wpjx,

A € af and g € G(A) an Eisenstein series is formally defined as

Ep(f,M)(g):= Y.  flyg)e!tter-HrOo,
YEP(Q\G(Q)
If we set (a*)* := {A € a|Re(A) € pp + C}, where C equals the open Weyl-
chamber with respect to A(P, A), the series converges absolutely and uniformly on
compact subsets of G(A) x (a*)*. It is known that Ep(f,A) is an automorphic
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form there and that the map A — Ep(f, A)(g) can be analytically continued to a
meromorphic function on all of af, cf. [Moe-Wal2] or [Lan3] §7. It is known that
the singularities Ag (i.e poles) of Ep(f, A) lie along certain affine hyperplanes of the
form Rq 4 := {£ € af|({, a) = t} for some constant ¢ and some root a € A(P, A),
called “root-hyperplanes” ([Moe-Wal2] Prop. TV.1.11 (a) or [Lan3] p.131). Choose
a normalized vector v € af orthogonal to R, and assume that Ag is on no other
singular hyperplane of Ep(f,A). Then define Ag(u) := Ag + uv for v € C. If ¢
1s a positively oriented circle in the complex plane around zero which is so small
that Ep(f, Ao(.))(g) has as no singularities on the interior of the circle with double
radius, then

Resa, (Er(f0)(9)) i= 5 [ Er(f. Ao(w)(g)du

is a meromorphic function on R+, called the residue of Ep(f, A) at Ag. Tts poles
lie on the intersections of R, ; with the other singular hyperplanes of Ep(f, A). So
one gets a function holomorphic at A in finitely many steps by taking successive
residues as explained above.

1.4. The spaces Ag p,. Now we are able to turn to the desired decomposition of
Ap,p: Form=xm € pp € p € ¥ p let Ag p, be the space of functions, spanned
by all possible residues and derivatives of Eisenstein series defined via all f € Wp
at the value dy inside the positive Weyl chamber defined by A(P, A). Tt is a
(9, K, G(Ay))-module. Thanks to the functional equations (see [Mcoe-Wal2] IV.1.10)
satisfied by the Eisenstein series considered, this is well defined, i.e. independent
of the choice of a representative for the class of P (whence we could take P itself)
and the choice of a representation 7 € pp. Finally, we get

Theorem 1 ([Fra-Schw] Thm. 1.4. + Thm. 2.3.; see also [Mee-Wal2] III, Thm.
2.6.). There is direct sum decomposition as (g, K, G(Ay))-module

Ap.p = @ AEg, Py

peVE, p
qiving rise to

Hyp (G.E)= @ @ H(9.K App,®E).

{P},P#G ¢€V 5 (py

2. CONSTRUCTION OF EISENSTEIN COHOMOLOGY

We review now a method to construct Eisenstein cohomology, using the notion
of so-called “(7r, w)-types”.

2.1. Classes of type (m,w). Take 1 = x7T € pp and consider the symmetric

tensor algebra
n
=P0Ou

n>0

o" ag being the symmetric tensor product of n copies of ag, as module under ac:
Via the natural identification ac = ag it is an ag-module acted upon by £ € ac = ag
via multiplication with (£, pp +dx)+¢& (within the symmetric tensor algebra). This
explains the subscript “x”. We extend this action trivially on [¢ and n¢ to get an
action of the Lie algebra pc on the Banach space Sy (a*). Observe that one can
equivalently regard Sy (a*) as the space of polynomials pon ac. Thus, we can define
a P(Ay)-module structure via the rule

(q-p)(&) = el&Fdxter Hr(@)pg),
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for ¢ € P(Ay), £ € ac and p € Sy (a*). There is a continuous linear isomorphism
- m(7)

G(A K * ~ *
IndPEA;glndgf‘KL)) |:7T(KL) ® SX(a ) - WP,'TT’ ® SX(a )a

induced by the tensor map ® and the evaluation of functions f € C®(G(A), (7>°)™™))
at the identity, f — eviq(f) : g — f(g)(id), so in particular one can view the right
hand side as a (g, K, G(Af))-module by transport of structure. Doing this, [Fra]

pp- 256-257 show

H(g, K,Wpz® Sy (a") ® E) =
(3)

G(A —l(w ~ o ~00
@ IndPEA;% |:Hq i )(ma K, (ﬂ'oo)(KM) ® Fw) ® CdX-‘rPP ® s !

weWw?r
—w()\+p) | ac =dx

m(7T)

Here °F, is the finite dimensional representation of M (C) with highest weight w(A+
p) — ploc and Cgyyp, the one-dimensional, complex P(Ay)-module on which ¢ €
P(Ay) acts by multiplication by eldxt+pp,Hr(a)) = A non-trivial class in a summand
of the right hand side is called a cohomology class of type (m,w), ™ € ¢p, w € W
(this notion was first introduced in [Schw2]).

Further, as L(R) =2 M(R) x A(R)°, T can be regarded as an irreducible, unitary
representation of M (R). Therefore, a (7, w) type consists out of an irreducible
representation m = x7 whose unitary part T = T®7s has at the infinite place
an irreducible, unitary representation T, of the semisimple group M (R) with non-
trivial (m, Kjs)-cohomology with respect to °F,.

2.2. The Eisenstein map. In order to construct Eisenstein cohomology classes,
we start from a class of type (7, w). Since we are interested in cohomology, we can
by (3) assume without loss of generality that dxy = —w(\ + p)|q. lies inside the
closed Weyl chamber defined by A(P, A).

We reinterpret S, (a*) as the (Banach) space of formal, finite C-linear combina-
tions of differential operators dd% on the complex, I-dimensional vector space ac.
It is understood that some choice of Cartesian coordinates z;(A), ..., z;(A) on ac has
been fixed and o = (ny,...,n;) € N} denotes a multi-index with respect to these.
As a consequence of [Mce-Wal2] Prop. IV.1.11, there exists a polynomial 0 # g(A)
on ac such that for every f € Wpx the function

A= q(M)Ep(f,A)

is holomorphic at dx. Since Ag p, can be written as the space which is generated
by the coefficient functions in the Taylor series expansion of q(A)Ep(f,A) at dx,
f running through Wp 5, we are able to define a homomorphism of (g, K, G(Ay))-
modules Ep .

Ep x

Wpz® Sx(a*)

AEg, Py

o o
79 gxs = gas @B A) lax.

and get a well-defined map in cohomology

B
(4) H(g, K, Wpz @ Sx(a") @ E) — H"(g, K, Ap.pp © E).
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It can very well happen, that E? just hits zero if Hi(g, K, Ag p, ® E) is taken as
its target for a certain q. However, by the very construction of the spaces Ag p,,,
at least Ef = @,EY is surjective onto H*(g, K, Ag p, ® E).

2.3. Degrees of Eisenstein cohomology classes.

2.3.1. Regular Eisenstein series. Suppose that for every f € Wpx the Eisenstein
series Ep(f,A) are holomorphic at dxy = —w(A + p)|a. inside the closed Weyl
chamber given by A(P, A). Then the construction map Ep, induces a degree-
preserving isomorphism

(5) Hq(gaKawP,ﬁ@)SX(a*)@E)lHq(gaKaAE,P,tp@E)a
This is a consequence of [Schw2], theorem 4.11.

2.3.2. Residual Eisenstein series. In the residual case, there might be no longer
a unique degree, in which the image of EI lies. But we can still determine the
degree for residual Eisenstein series which have a pole of mazimal possible order at
A = dx and satisfy some extra condition to be introduced below. (Observe that
this maximum is precisely the dimension of ac).

Let us explain this. As a matter of fact, the poles of the Eisenstein series Ep(f, A)
are the ones of its constant terms, [Lan3]. Further more, it is enough to consider
the constant term along associate parabolic subgroups. Indeed, due to the func-
tional equation satisfied by Eisenstein series (cf. [Moe-Wal2], TV.1.10) it suffices to
consider the constant term along the standard parabolic subgroup P’ € {P}, which
is conjugate to P, the parabolic opposite to P. For sake of simplicity we assume
that P is self-associate, i.e. P = P’. Put

G(Ay) K . m(7)
IP,%F,A = IndP(A;)IHdEEK;) |:7T(KM) ®CA+pP y
where we assume that ¢ € P(Ay) acts on Cp4p, by multiplication with eter Hp(a),
Then the constant term along P can be written as a finite sum over certain Weyl

group elements w € W(A) := Ng(q)(A(Q))/L(Q)

(6) Ep(f,hN)p= 3 M(AF w)(feld+er e,
weW (A)

see e.g. [Moe-Wal2], prop. I1.1.7 and the poles of the Eisenstein series are de-
termined by the mutual influence of the poles of the (g, K, G(Ay))-intertwining
operators

MA, 7T, w) : Ipz A — 1pw@E)wa)

M(A, 7, w)i(g) = / Swng)dn,
NQNuwN(@Q)w~t\N(A)

Let us assume that Ep(f, A) has got a pole of order ¢ at the point dx for an
f € Wpz. Then the residue of the Eisenstein series Resq Ep(f,A) will be via
the constant term map in the sum of the images of those intertwining operators
M (dx, 7, w) which have a pole of at least order £ at A = dx. If we particularly
assume that just M (dy, T, wp), with wg the longest element of W (A), gives the pole
then ¢ is maximal and the residue will be in the image of M (dy, 7, wq). Hence, if
[w] € Hi(g, K, Wpz® Sy (a*) ® E) is a class represented by a morphism w having
just functions f ® 1 in its image whose associated Eisenstein series Ep(f, A) have a
pole at the uniquely determined point A = dy, coming just from the longest element
wo € W(A), then we see that in order to find out the degree(s) ¢’ of cohomology
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in which this residual class E4([w]) contributes, we have to determine the degree(s)
in which the image of the local intertwining operator M (dy, Teo, wo) contributes.

As Pis self-associate, we have L(R) = woL(R)wy ' = L(R) and N(R) = woN (R)w, '
This implies that we can rewrite the intertwining operator M (A, Too, wg) as

M(A, Foo, wo)hoo (g) = /

N(R)

Voo (nwy ' g)dn.

Considering the intertwining operator

G(A) - d{F ) [(Foo) 1) ® Cagpp] ™ = Id (T [(Foo) 1) ® Cag )™

N(R)

(Ao (g) = / Yoo (ng)dn,

we see that left-translation of functions by wo_l maps the image of M (dx, oo, wo)
isomorphically onto the image of j(dx). Therefore it is justified to look at the image
of M(dx, oo, wp) as a subspace of

K ~ m(7T
1d(® ) (7o) (k) ® Catyrps] ™,

the representation induced from the opposite parabolic P. As a consequence of
the first half of the proof of [Bor-Wal] V, Prop. 1.5, the image of [w] under EY
contributes in this case, i.e. if all Eisenstein series Ep(f,A), f ® 1 in the image of
w, have got a pole at dy = —w(A + p)|ae. coming just from the longest element wq
in W(A), in degree ¢’ := ¢+ dim N(R) — 2/(w).

By (3) » = ¢ — l(w) is a degree, in which T has (m, Kjs)-cohomology. So we
have proved:

Theorem 2. Let [w] be a non-trivial class of type (m,w), @ = x7, w € WF
such that Too has non-zero (m, Kyr)-cohomology in degree v with respect to °Fy,.
Suppose that all Eisenstein series Ep(f,\), f ® 1 in the image of w, have gol a
pole at the uniquely determined point dx = —w(\ + p)|ae, subject to the condition
that among the summands M (A, 7, v)(feATer-Hr()) o € W(A), in (6) only the
term corresponding to the longest element in W(A) has got a pole at A = dx. Then
Ei(w]) is a cohomology class in degree r + dim N(R) — I(w).

Remark (Maximal parabolic P). If P maximal, then P will automatically be self-
associate if G is not of type A, (n > 2), D,, (n odd) or Eg. Assume that P is
self-associate. Then just the longest (since it is the only non-trivial) Weyl group
element w € W(A) can contribute a pole to an Eisenstein series and we are in the
situation considered above.

Clearly, if rkg(G) = 1 then any proper parabolic P will be self-associate and hence
the above said always applies to these groups.

We hazard the following

Conjecture 3. The condition that the pole of Ep(f, \) just comes from the longest
element wy € W(A) can be relaxed to the condition that its order ¢ is mazimal for
theorem 2 to still hold true.

We will give some evidence for this conjecture in section 6.5.
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3. THE GROUP Sp(2,2)

3.1. We collect now necessary, basic facts concerning the group G = Sp(2,2).
Therefore let B be a quaternion algebra over Q with canonical involution z — T,
s.t. BRgR = H where H equals the real Hamilton quaternions. We denote by S(B)
the finite set of places p where B does not split, i.e. B ®qg Q, is a division algebra.
Suppose f: B"™ x B® — B is a Hermitian form of signature (p, ¢), where 0 < ¢ <p

with n = p+ ¢ and B"™ is being regarded as a B-right module. We suppose that f

is equivalent to (x,y) — Y.b_ 25, — Zj‘:1 TjypY;+p- LThen we define Sp(p,q) to

be the group of all B-linear automorphisms of B" leaving invariant f:

Sp(p,q) = {9 € Mn(B)|g"Kp,q9 = Kpq}-

Here, g* = (g;;)i.; = g' and

Sp(p, q) is a connected, simply connected, simple algebraic group over Q of ranks
rko(G) = rkr(G) = min(p, ¢). It is a non-quasisplit inner form of Spa,, the split
group of type C,,. From now on let G = Sp(2,2). A maximal compact subgroup
K of G(R) is isomorphic to K = Sp(2) x Sp(2).

3.2. Parabolic groups. We fix a minimal parabolic Py = LoNg = MyAgNg as in
the introduction. We see that
LQ = GLl(B) X GLl(B)

and so
Afg = SLl(B) X SLl (B)
Further, Ag can be chosen such that Lie(Ag(R)) = ag, with

ag = {( 2 8 > ,a = diag(ay, aq) € ]VIQ(R)}
and we can 1dentify the set of Q- and R-roots of G with

Ag = A(g,a0) = {6 + B,1 < i < j < 2} U{26, £26,},

0; being the linear functional on ag extracting the value a;. The simple Q-roots are
hence Ag = {81 — 2, 2(2}. The unipotent radical Ny of Py is of dimension 14.

There are two standard, maximal parabolic Q-subgroups Py, P5 (the latter being
the Siegel parabolic). Explicitly we get

L, = GLi(B) x Sp(1,1)

M, = SLi(B)x Sp(1,1)

A = {g€ Aplag =1}
dim N (R) = 11

Ky, = SLy(H) x Sp(1) x Sp(1)

and
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Ly = GLo(B)

My = SLy(B)

Ay = {g€ Aolar = as}
dimNo(R) = 10

Ky, = Sp(2)

3.3. Root data. Fori =0,1,2 extend a; to a Cartan subalgebra h of g by adding
a Cartan subalgebra b; of m;. We can take

w={(4})

Then the absolute root system of G is given as

A(gc,hc)Z{ﬂ:)\lﬂ:)\J,1S7<]S4}U{:|:2)\1,1S7S4}

b= diag(bl, bg) S 7Af2(R)} .

where \; equals the functional sending H € h¢ to

B b; + a; 1<i<2,
MH)_{ bi—a—ai—2 3<i<A

A simple subsystem which is compatible with the choice of positivity on ag is hence

A° = {)\1 4+ A3, =2 — A3, Ag + Ay, —2)\4}.
—_—— —— —— ——
= =g =:a3 =4
The highest weight A of an irreducible, finite-dimensional representation E of G(R)

may be written as A = Zle c;a;, where ¢; are non-negative half-integers.
The corresponding systems of simple roots for the three standard parabolics are

?wg = {01, @3}
A?yjl = {0[1,(13,0[4}

o

My — {0[1,0[2,0[3}.

Clearly, the restrictions of the roots a; € A°\Aj3, to a; gives the set of simple
roots within A(P;, A;).

For later purpose we also fix the following notation for the corresponding funda-
mental weights: w;j, j = 1,2, 3, denotes the j-th fundamental weight of M;(C),
1 = 1,2. The fundamental weights of My(C) are denoted by w1 and wps.

We list the tables of values w(X\ + p) — plo,., w € WF and (—w(X + p)la,., a;),
aj € A(Pi, A;), w € WFi | (and therefore also the sets W) in the appendix of this
paper.

4. COHOMOLOGICAL REPRESENTATIONS FOR THE THREE STANDARD LEVI
SUBGROUPS

4.1. Recall the notion of (7, w)-types and the construction process of Eisenstein
cohomology described in section 2. We need to find the cohomological, irreducible,
unitary representations of M;(R). Denote the set of irreducible, unitary represen-

tations by M;(R), the cohomological ones among them by Jmcoh. Connected,

semisimple Lie groups are of "type I” (or “tame” in the sense of Kirillow and Bern-
stein), so by the Kiinneth rule (cf. [Bor-Wal], 1.1.3)
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My(R)., = SLi (H)Coh®SL1 (H)op»
Afl(R)coh = SLl (H)coh®8p(1? 1)coh’
AIQ(R)coh = SL2 (H)coh'

4.2. Compact factors. The cohomological representations of a SL; (H)-factor of
M;(R), i = 0,1 are easily determined in the next lemma. For sake of simplicity we
identify °F,, with its restriction to this factor:

Lemma 4. Let w € WP (P =Py or Pi) and V be an irreducible, unitary repre-
sentation of SLy(H). Then

C fq=0andV =°F,

0 else

H(sly (H), SL; (H),V ® °F,) = {

Proof. Since SLq(H) is compact, relative Lie algebra-cohomology with respect to
V ® °F,, is one-dimensional, if V' = °F, (the representation contragredient to °F,)
and ¢ = 0 and vanishes otherwise. By [Schwl], prop. 4.13 and our tables 5 and 6,
respectively our table 1 we see that °F,, = °F,,. U

4.3. Non-compact factors. The paper [Vog-Zu] provides a full classification of
irreducible; unitary, cohomological representations of a connected semisimple Lie
group. In order to apply it to the simple Lie groups Sp(1,1) and SLo(H), let us
fix a maximal compact Cartan algebra t; = u(1) @ u(1) of sp(1,1) (resp. t3 =
u(l)®u(l) ®R of sly(H)). We can arrange that with respect to this Cartan algebra
the system of positive roots looks like AT = {1 £ p2, 211, 212}, (vesp. AF = {1 +
Mo, 1 s, potus}). Take afinite-dimensional, irreducible, complex representation
F of Sp(1,1) (resp. SLy(H)) with highest weight p with respect to AT (resp. AF).

Skipping the details, we get

Proposition 5 ([Vog-Zu]). For each p there is an integer ji1(u), 0 < ji(p) < 2
such that the irreducible, unitary (sp(1,1),Sp(1) x Sp(1))-modules with non-trivial
cohomology with respect to F' are the uniquely determined irreducible, unitary rep-
resentations A;(p), j1(p) < j <1 having the property

0 otherwise

H(sp(1,1), Sp(1) x Sp(1), A; (1) © F) ={ C da=jorg=4-j

together with the two irreducible, unitary (sp(1, 1), Sp(1) x Sp(1))-modules AT (p),
A= (u) with

C fqg=2
H(sp(1,1), Sp(1) x Sp(1), A= (1) & F) ={ 0 heruise

This integer is given as

0 #fu=0
jl(:u): 1 Zf,M:]C/Ll, k:17273a"'

2  otherwise

Analogously, there is an integer jo(u), 0 < jo(u) < 3 such that the irreducible,
unitary (sla(H), Sp(2))-modules with non-trivial cohomology with respect to F are
the uniquely determined irreducible, unitary representations Bj(p), ja(p) < j < 2
having the property

0 otherwise

Hq(5[2(H)a5p(2),Bj(u)®F):{ C ifqg=jorg=5-j
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This integer is given as

0 #fu=0
. )1 fpu=kn, k=1,2,3,..
J2(p) = 2 dfpod=np

3  otherwise

Remark. One can see this also by use of the isomorphisms SO(4,1)° = PSp(1,1)

and SO(5,1)° = PSLy(H) of real Lie groups and the classification of SO(n, 1)
as given essentially in [Bor-Wal] and later on completely in [Roh-Speh].
The condition ja(1) = 3 can be interpreted as F 2 F, see [Bor-Cas], Cor. 1.6.(a).

coh

4.4. We will have to compare weights with respect to maximally non-compact
Cartans to weights in t; . Therefore, let w;; € t;_, be the fundamental weights
corresponding to the simple roots in Aj' and consider the linear maps given by

* *
@11 (sp(1,1) N bl)c — b, w2 Wiz, wizt Wil
and
2105, — 5., war b w2, Wap e W21, Wz > Wa3.

These are isomorphisms respecting the choices of positivity on each side and trans-
ferring fundamental representations to fundamental representations.

In particular, we can compare highest weights of irreducible representations of
Sp(1,1) and SLo(H) with respect to the two Cartan subalgebras and their choices
of positivity by applying the corresponding map ;.

5. EISENSTEIN COHOMOLOGY OF Sp(2,2) WITH RESPECT TO REGULAR
COEFFICIENTS

5.1. Having listed the sets Wi i =0, 1,2, in our appendix, and the cohomological
representations of the groups M;(R) in the last section we are now ready to attack
the problem of determining the Eisenstein cohomology of G. In view of our section
2, we need to construct the spaces H(g, K, Ag p® E) for each class { P} of proper,
associate parabolic Q-subgroups of G. We remark that for G = Sp(2,2) the asso-
ciate classes and conjugacy classes of parabolic Q-subgroups coincide, hence we can
suppose that P is one of the groups Py, P, or Ps.

This section deals with the case of regular coefficients E. That means the highest
weight A of E has got strictly positive integer coefficients with respect to a decom-
position according to the fundamental weights. Recall the following crucial result
on Eisenstein cohomology with respect to regular coefficients E, which reads in our
particular case as

Theorem 6 ([Schwl]; see also [Fra], Thm. 19.1T1). Residual Fisenstein series do
not contribute to the Eisenstein cohomology of G with respect to reqular E. More
precisely, if I is a set of representatives of irreducible representations m = x7 of
the Levi components L(A) of standard parabolic Q-subgroups of G, which give rise
to non-trivial maps E.. Then E1 is an isomorphism and we get

H%is(G’ E) =

, 1 m(7)
G(A “Uw ~ o ~00
@ @ IndPEA;g |:Hq i )(ma K, (ﬂ'oo)(KM) ® Fw) ® Cdx-‘rpp ® Ty !

mell wew?
—w()\+p) | ac =dx
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5.2. The minimal parabolic subgroup. In order to perform the construction
via (7, w)-types, we need to know for which w € W A, = —w(\ + P)lao,. lies
inside the closed Weyl chamber. This is achieved explicitly in tables 7 and 8 and we
see that just very few elements in W' can actually satisfy this condition. These
are underlined in table 8. Among them, only six elements satisfy it for sure, i.e
for all coefficient systems E (even non-regular ones). The others need some extra
condition on the highest weight A which might also be not satisfied by a regular
representation E. It is given in table 8. We will denote by W™ ()) the set of
w € W giving rise to A,, € C.

Remark 7. General theory, as developed in [Schwl], tells us that A, to make part
of the closed Weyl chamber must at least satisfy [(w) > 1 dim No(R) = 7. However,
instead of looking at all w € W having [(w) > 7, it would have been enough to
consider those w € W1 giving rise to the inequality

Py /Py dim Ny (R) .
(7) I(wh/ )ZMTW(R)’ i=1,2.

This follows from [Schw1], Thm. 6.4. Here, the Weyl group element w?/%o is
defined as follows: Let WFi/Fo be the set of representatives of minimal length for
the right cosets of W(mg, bo.) in W(m,, b;.). Such representatives are unique
by [Kos], Prop. 5.13. Now, for a given w € W there are uniquely deter-
mined elements w?i/Po € WH/Po P ¢ WP satisfying w = w?/™ o w? and
l(w) = (w7 4 I[(w?), see [Schwl], Prop. 4.7.

In our cases, (7) reads as

7 7
Pl/P(] > PQ/P(] >
l(w ) > 1 and I(w ) > 10

meaning that we just have to consider those w € W which are neither in W
nor in W2, In fact, these elements can be excluded by direct means as tables 7
and 8 in our appendix show.

Collecting this information we get the following theorem:

Theorem 8. Let E be an wrreducible, finite-dimenstonal complex-rational represen-
tation of G = Sp(2,2) with regular highest weight \ = Zle c;o;. The summand

HYg, K, App,@E)= & HYg K, App,e @ E)
$€¥g (ry)

in the Eisenstein cohomology H},. (G, E) is given as a G(Af)-module by

G(A; 00§ (5
Wi kdenoB) = @ @ W) Ca, 7
wewt(y)  _m=xT
l(’u}):q Moo= Fu,,
dx=—w(A+p)lag,
E2#£0
Jor8<q<13
G(A; 00§ (5
HYg, K, App,@E) = @ W3 () [Caipp, 07570
T=XT
%x:ElAJO(R)s
dx=XA+plag,
HY g, K, App,® E) = 0 else

All these spaces are entirely built up by cohomology classes representable by reqular
values of Eisenstein series.
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Proof. Recalling the construction process via (m,w)-types, and the result on coho-
mological, irreducible, unitary representations in lemma 4, it is clear that 7o, and
dx must satisfy the above conditions. By theorem 6, EZ is already an isomorphism,
if it is not identically zero. Looking up in tables 7 and 8 the possible w € W10,
that can give rise to values dx = —w(A + p)lq,. inside the closed Weyl chamber
defined by the positive restricted roots A(Py, Ag) or recalling remark 7, proves that
Hi(g,K,Ag p, ® E) = 0if ¢ < 7. Our table 8 shows that W (\) can actually
contain representatives w having I(w) equal to 8, 9, 10, 11, 12, 13 and 14, whence
we have to list cohomology in all these degrees. Again by our table 8 there is a
unique Kostant representative of length 14 in W T () for all A and its corresponding
evaluation point dy = )\—|-p|a0C lies in the region C'+ pp, of absolute convergence of
the Eisenstein series Ep, (f, A), since A is regular. Hence, we can omit the condition
E* 2£ 0. This is not true for the other degrees 8 < g < 13, see table 8. This proves
the theorem. O

5.3. The first maximal parabolic subgroup. We explain now which classes of
type (m,w), 7 € ¢p, € ¢ € Y py and w € W contribute to the Eisenstein
cohomology of G.

Since the highest weight A of E is supposed to be regular, each irreducible module
°Fy is a regular as well ([Schwl], Lemma 4.9). Therefore, To, must equal the ten-
sor product of the representation V' = °Fy|gr, @) as in lemma 4 with one of the
two discrete series representations A% (p1y), ttw = ©1(WA + p) = pl(sp(1,1)n61)c), S€€
4.4, having non-trivial (sp(1,1),Sp(1) x Sp(1))-cohomology just in degree 2, as it
is proved in proposition 5. The actual contribution of the first maximal parabolic
Q-subgroup to Eisenstein cohomology is given in the next

Theorem 9. Let E be an wrreducible, finite-dimenstonal complex-rational represen-
tation of G = Sp(2,2) with regular highest weight \ = Z?Zl c;aj. The summand

Hq(gaKa-AE,P1®E) = @ Hq(gaKaAE,Pl,AP@E)
$€¥g (P}

in the Eisenstein cohomology H},. (G, E) is given as a G(Af)-module by

G(Ay ~00 f1m(F
HYg, K. App ®E) = P . Inde(Aff?) [Caxtpp, @77 ™0

weW 1 T=XT
H(w)=g—2 Foo=VRAT (11,),
dX:—w()\+p) | aic

E2+#0

for8<q¢<13

= 0 else

All these spaces are entirely built up by cohomology classes representable by reqular
values of Eisenstein series.

Proof. The assertions on dy and T, are already explained. By theorem 6, we just
need to sum over those 7, which satisfy EZ # 0 and for which EZ is therefore an
isomorphism. Now proposition lemma 4 and 5 imply that we must have [(w) = g—2,
since H" (sl (H) @ sp(1,1),SLy(H) x Sp(1) x Sp(1),V ® A (1) ® °F,) = 0 for
r # 2. By table 3 there is no element w € W of length I(w) > 12 but also
dx = Ay, does not lie inside the closed Weyl chamber for [(w) < 5. This proves the
vanishing of H%(g, K, Ag p, ® E) in the degrees ¢ <7 and ¢ > 14. O

Remark. In fact, table 3 also shows that all w € Wt with I(w) > 9 give rise to
evaluation points dy = —w(A + p)la,. Which lie in the region C' + pp, of absolute
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convergence of the Eisenstein series Ep, (f, A). Hence, we could have omitted the
condition E,lr(q‘”H_2 # 0 for these w.

5.4. The second maximal parabolic subgroup. We conclude the analysis
of Eisenstein cohomology of G with respect to regular coefficients E describing
the remaining summand H*(g, K, Ag p, ® E). Again, since E is supposed to
be regular, each representation °F,, w € W2 of the group My(C) is regular,
too. Recalling proposition 5, there can only be one single cohomological, irre-
ducible, unitary representation of My (R) with respect to °F,,, namely B () with
pw = p2(w(A + p) — plo,, ), see 4.4. Proposition 5 now gives us the appropriate
tool to decide, when ja(pw) = 2, i.e. when Ba(fu,) exists. This is the case if and
only if the first and the third coefficient of w(A + p) — ple,_ in its decomposition
according to the basis of fundamental weights we1, was and wez coincide. Our table
2 answers in details the question, when exactly this happens. Observe that the
two conditions ¢; — ¢4 = 1 and ¢3 — ¢4 = ¢; from table 2 contradict each other,
so they cannot be satisfied at the same time. It can very well happen that they
are both not satisfied, e.g. if ¢; < c3 — ¢4, or equivalently if the first coefficient of
w(A+p) = ple,,. in its decomposition according to the basis of fundamental weights
wo1, woo and wag 18 strictly smaller than the third coefficient. Clearly, there are
even regular representations E satisfying ¢; < ¢ — ¢4. In this case jo(p) = 3
for all w € W2, implying that P, does not give any contribution to Eisenstein
cohomology with respect to such E. Generally, this contribution is described in the
following

Theorem 10. Let E be an irreducible, finite-dimensional complex-rational repre-
sentation of G = Sp(2,2) with regular highest weight \ = Z?Zl ¢ Let us write
WP2(\) :={w € WP|j(uy) = 2}. The summand

Hq(gvKaAE,PQ(X)E) = @ Hq(gaKaAE,PQ,W(g)E)
PEVE Py}
in the Eisenstein cohomology H},. (G, E) is given as a G(Af)-module by
G(Ay ~00 F1m(F
Hi(g,K,App, ®E) = @ @ Indpz,((,s{f?)[cdx—s-ppg QT f] @

wewF2(\) = m=xT
l(w)=g—3 With Teoc=DB2(piw),
dX:_w(AJ"p)lﬂgc

E21#£0
G(Ay ~00f1m(T
D @ @ IndPQ((Aff?)[CdX-‘rPPQ ®7'rf f] (7)
weW P2 (X) T=XT

l(w)=g—2 With Teoc=B2(piw),
dX:—w()\+p) | ase
E1#£0

for8<q<13

= 0 else

All these spaces are entirely built up by cohomology classes representable by reqular
values of Eisenstein series.

Proof. This is proved similarly to Theorem 8 and 9, so we will be very brief. Recall
from proposition 5 that By (p.,) has got non-trivial (sl (H), Sp(2))-cohomology with
respect to °F,, only in degrees 2 and 3. Therefore H(g, K, Wp, z ® E) is built up
by classes of type (m,w), having [(w) = ¢—2 or I(w) = ¢ — 3. The rest follows from
table 4. O

Remark. The vanishingof H}, (G, E) for ¢ < 7 is also a consequence of [Li-Schw2],
Thm. 5.5.
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6. RESIDUAL EISENSTEIN COHOMOLOGY CLASSES SUPPORTED BY THE MINIMAL
PARABOLIC

6.1. In section 5 we discussed the contribution of the various standard parabolic
Q-subgroups to the Eisenstein cohomology H, (G, E), for finite-dimensional irre-
ducible representations E of G with regular highest weight. The regularity condition
assured that residual Eisenstein series would not contribute to cohomology, so we
did not really have to check the analytic behaviour of Eisenstein series at the vari-
ous points of evaluation in question.

However, in principle it is possible to give a complete description of Eisenstein
cohomology even if the regularity condition is dropped, but therefore we first have
to understand the analytic behaviour of the Eisenstein series Ep(f, A) at the points
dx = —w(A+p)|ac. As our parabolics are all self-associate, we can reduce this prob-
lem by section 2.3.2 to the following task: Understand the interplay of the various
poles of the intertwining operators M (A, 7, w), w € W(A).

But when dealing with general coefficients E, also a second problem arises: Namely,
we also have to determine the cohomological contribution of the residual Fisenstein
series. In particular we have to be able to determine the degree of cohomology in
which residual Eisenstein series contribute. Our section 2.3.2 solves this problem
only for residues, which exclusively come from a pole of the operator M (A, 7, wy),
wo € W(A) being the longest element of W(A). We mentioned there that the
formula given in theorem 2 should still hold true if we relax this condition by re-
quiring that the order £ of the pole of Ep(f, A) should be maximal,i.e. £ =dimac.
Unfortunately, we are not able to prove this right now.

In order to leave this statement as a founded conjecture we will present some
evidence for its truth in this section by analyzing the case G = Sp(2,2). We claim
the results leading to this are also interesting in their own right: In fact, we will
single out those finitely many points in the closed, positive Weyl chamber defined
by A(Py, Ap) which are candidates for double poles of Eisenstein series Ep(f, A)
(cf. propositions 16 and 18). This will point out again that our first and our sec-
ond problem are entirely linked to each other. Further, section 6 can be seen as
a case-study of residual Eisenstein cohomology, exemplifying the difficulties of its
analysis and general phenomena.

6.2. When trying to find out the various poles of the intertwining operators

M(A, 7T, w), w € W(A), the actual problem is to give a suitable normalization, i.e.
to find a function r(A, 7, w) such that N(A,7,w) = r(A, 7, w)M (A, T, w) — to be
called the normalized intertwining operator — is holomorphic and non-vanishing on
the positive Weyl chamber defined by the pair (P, A). The difficulty relies on the
fact that each standard Levi group L of G is a non-quasi-split algebraic group,
whence one cannot apply the Langlands-Shahidi-method, as developed in [Shd2],
[Shd3] in order to normalize the local intertwining operators at the non-split places.
However, if L(Q,) is compact moduloits center, we can use the same trick as in [Gro]
(see Proposition 3.1) and show that the local intertwining operator at the place p
is itself holomorphic and non-vanishing inside the open Weyl chamber defined by
A(P, A). Clearly, only the minimal parabolic P = Py gives a Levi subgroup L = Lg
which satisfies the condition to be compact modulo its center at all non-split places.

For the rest of this section let P be the standard minimal parabolic Q-subgroup Py of
G = Sp(2,2) with decompositions P = LN = M AN. As already remarked, L(Q,)
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is compact modulo its center at all places p € S(B), since M = SL,(B) x SL1(B).
We have W(A) = Wp.

Let 1 = x7 € vp € ¢ € Vg (py, f € Wpz and identify A = zas + yay € ag
with s = (s1,82) € C? via s, = 5 and s = y — 3. As in the sequel, we assume
here for sake of simplicity that all roots o; mean their restriction to ac. Further,
observe that since L = GL1(B) x GL1(B), each 7 factors as T = @7, where 6 and
7 are cuspidal automorphic representations of G L1 (B).

Now, as mentioned in section 2.3.2, the holomorphic behaviour of the Eisenstein
series Ep(f, A) is the same as of its constant term along P, which can be rewritten

as

Ep(fA)p= Y M(s,7 w)(fet®terHel)
weWqy
Therefore the poles of Ep(f, A) are determined by the poles of M (s, 7, w), w € Wy.
We recall the following fact:

Proposition 11 (Section 2.1 of [Shd2] + Section 2 of [Mui-Sav]). Let w € Wy be
an element of the Weyl group with decomposition w = Wy, ...wy, according to the
reflections wy,, corresponding to the simple Q-roots av,,, n; € {2,4}. Then the local
intertwining operator M (s, Tp, w) decomposes as

M (s, Tp, w) = M (Sk, Tk,p, Wny) .M (81, T1,p, Wn, )

%, S; = Wn,_,(8;_1) with s; = s and T; , =
Wn,_, (Ti—1,p) with T1 p, = Tp. The action of a Weyl group element on a represen-

tation 7, = 0,7, is given by wa(Tp,) = 7,80, and wa(T,) = 0,87F,.

where we put recursively s; =

The point of this proposition is that for each w € Wg we can write the local inter-
twining operator M (s, 7p, w) as a finite product of the analogous local intertwining
operators M (s;, T; p, wp,) attached to the two standard maximal Levi subgroups of
G: If n; =4 it is Sp(1,1), if n; = 2 it is GLy(B) (Since GL1(B) is compact, we
may ignore it in the first case). Hence, on the one hand, we can apply the following
proposition

Proposition 12 ([Gro], Prop. 3.1). Let p € S(B). Then M (s;, T p, Wn,) is holo-
morphic and non-vanishing for Re(s;) > 0.

and get

Corollary 13. The poles of M(s, T, w) in the region Re(s1) > RNe(s2) > 0 are the
poles of ®;¢S(B)]ﬂ(§, Tp, W).

One the other hand, we can therefore normalize each local operator M (s, Tp, w) by
normalizing the factors M (s;, T; p, wn,) and get in such a way a global normalization

k

~ ~ ~
(8) (s, T w) = | | @pgs(m)T(Sk—it1, Th—it1,ps Wnp_si1)-
=1

6.2.1. Sp(1,1). The corresponding normalizing factors for n; = 4, i.e. our max-
imal Levi looks like Sp(1,1), can be found in [Gro], section 5, where the whole
residual spectrum of Sp(1, 1) was calculated. For the convenience of the reader, we
review these results shortly: The only proper parabolic Q-subgroup inside Sp(1,1)
has a Levi subgroup isomorphic to GLi(B). Now suppose p ¢ S(B). If 7; is
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not one-dimensional, then the needed normalization followed from the Gindikin-
Karpelevich-integral-formula, as shown in [Lanl], p. 27 (see also [Shd3], p.554) and
had been already given in [Kim] and [Moe-Wall]:

L(si, Tip) L(2si, Xi,p)
L(1 4 si,Tip)e(siy Tip) L1+ 28i, Xip)e(28i, Xip)

(9) T(Sia%ispawni) =

Here we wrote X; ,, for the central character of 7; ,. The L- and e-functions are the
standard Jacquet-Langlands- resp. Hecke- L- and e-functions.

If ™, = Xi is one-dimensional, then we used the concrete normalization of [Grbl1],
who himself had applied the idea of [Moe-Wall], Lemme 1.8, i.e. induction from
generic representations of smaller parabolic subgroups:

(10)
L(Sl - %, ;’Lp)L(2S’L7 5(/12;0)

T(S'a%\ y W 1): = = = = p
vone L(si+ 5, Xiw)e(si — 5, Xip)e(si + 3, Xip) L(1 + 285, X7 ,)e(281, X7 )

6.2.2. GLy(B). Here we have to distinguish three cases: Suppose T; = 0, Q1;
satisfies dim#; > 1 and dim7; > 1. Then again after having used the Gindikin-
Karpelevich-integral-formula our local normalizing factor at p ¢ S(B) looks like

L(Si, 191-,,, X %i,p)
L(l + Si, Gi,p X 7:1'4,)5(81', Gi,p X %i,p).

(11) T(Sia%i,iﬂawﬂi) =

Here, the L-functions and the e-factor are of Rankin-Selberg-type. See again
[Moe-Wall].

Suppose now that one factor of 7; is one-dimensional, without loss of generality
say dim6; = 1. We can use [Grb2] to normalize M(s;, T; p, Wy,) and get

L(s; — %v 0: p7ip)

12 7(Si, Tipy Wn,) = .
(12) (81 T pr ) L(si + 5,05 p7i p)e(si — 5,05 pTi p)e(si + 5, i pTi p)

In the third case, i.e. both factors 6; and 7; are one-dimensional again [Grb2]
provides a normalization by

T(S’ia %’i,pa wnl) -

(13)
L(Si, Gi,pTi’_pl)L(Si — 1, Gi,pTi’_pl)
L(s; + 2, ei,pTiTpl)L(Si + 1, ei,pTiTpl)E(Si, Gi,pTi’_pl)QE(Si -1, Gi,pTiTpl)E(Si +1, Gi,pTi’_pl)

Therefore, we have defined recursively the global normalization factor r(s, 7, w)
as in (8) for each w € Wgy. We conclude finally

Proposition 14. Let s be inside the open region Re(s1) > Re(se) > 0. Then there
is an f € Wp such that the Eisenstein series Ep(f,A) has got a pole at s if and

only if

r(s,7) = > r(sTw)

weWy

has got a pole at s.
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6.3. Double-Poles of normalizing factors. Recall the well known facts on the
analytic behaviour of Jacquet-Langlands-, Hecke- and Rankin-Selberg- L-functions,
summarized in our next

Lemma 15 ([Jac-Lan],[Tate],[Jac]). (i) Let ¢ = ®;O'p be a cuspidal automor-

phic representation of GL1(B) with central character x, = ®;Xap7 assuming that
dimo > 1. Then: The local Jacquet-Langlands-L-function L(s, o) is holomorphic
and non-zero on RNe(s) > 1 al each place p. For the infinite place we particularly
get L(s,000) = 2(2m) " 2D(s+n+ 1) if 0 15 the n-th symmetric power O" C?
and hence this local L-factor is holomorphic and non-vanishing for Re(s) > 0. The
global Jacquet-Langlands L-function L(s, o) is an entire function and has no zeros
for Re(s) > 1.

(ii) The local Hecke-L-function L(s, xs,) has got a simple pole at s =0 if x5, = 1,
and is enlire otherwise. It vanishes nowhere. The global Hecke-L-function L(s, X )
has simple poles at s =0 and s =1 if xo = 1 (and L(s,1) = 7~ 2['(£)((s)) and s
entire otherwise. It is non-zero for Re(s) > 1.

(i) Let 0 = ®;t9p, T = ®;Tp be two cuspidal automorphic representations of
GLy(A). Then: The local Rankin-Selberg-L-function L(s,8p,71,) is holomorphic
and non-vanishing for Re(s) > 1. If 0, and 7, are both square-integrable, then
L(s, 0, 7p) is holomorphic and non-zero in Re(s) > 0. The global Rankin-Selberg-
L-function L(s,0,7) has got simple poles at s = 0,1 if and only if 0 = 7 and is
entire otherwise. It has no zeros in Re(s) > 1.

Proposition 16. For an Eisenstein series Ep(f,A) to have a double pole at
s = (s1,82) inside the region RNe(s1) > Re(s2) > 0 it is necessary that one of
the following three conditions holds:
(A) dimf > 1 and dim7 > 1:
s=A:= (%, %), T =00, xo =1 and L(%,G) #0.
(B) dim# =1, dim7 > 1:
§:B::(%,%), xr=1,0=1
(C) dimf =dim7 =1:

1) s=0C ::(%,%)7’#1, =11,#1,YpeSB), 0=7
2) §:CQ::(%,%)T7§1, ™=11#1,YpeSB), 0=r1
3) 5= Cyim (3.5) —pp 7=101

Sketch of a proof: As the determination of these necessary conditions is easy (by
the concrete form of our normalizing factors r(s, 7) and lemma 15) but rather cum-
bersome, we will confine ourselves in exemplifying the general procedure in the
case (A). There is no loss of generality if we assume that s € R?, since this can
be achieved by just twisting a cuspidal automorphic representation of L(A) with
an appropriate imaginary power of the absolute value of the reduced norm of the
determinant.

So let T be a cuspidal automorphic representation whose two cuspidal factors 6 and 7
are both not one-dimensional. We need to regard the global function r(s, 7). Each of
its summands r(s, T, w), w € Wy, is according to (8) a finite product of some of the
following five functions r1(s, ) = r(s1— 82, T, wa), r2(s, T) = r(s2, T, w4), r3(8,7) =
r(s1,0,ws), T4(5,7) = (51 + 52, TR0, wy) or 75(s, T) = 7(51 + 52, 07, wy). Here we
already calculated the various infinite products ®;¢S(B)T(Sk_i+1, T h—it1,ps wnk—i+1)
according to the rule of proposition 11. By the concrete form of r1(s, 7), given by
(11), lemma 15 now gives that the poles of r1 (s, 7) are the ones of L(sy —sa2, JL(6) x
JL(7)), where JL(o) denotes the global Jacquet-Langlands-lift of the cuspidal au-
tomorphic representation ¢ of GLi(B) to a cuspidal automorphic representation
JL(o) of GLg, see [Gel-Jac], Thm. (8.3). Therefore, again by the above lemma,
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r1(s, ) has simple poles in the region Re(s1) > Re(s2) > 0if and only if 57 —s9 =1
and @ = 7. Analogously, the poles of ra(s, ) are by its concrete form given in (9)
the ones of L(s2,7)L(2s2, x7). We apply lemma 15 and see that r2(s, 7) has sim-
ple poles in the region Re(s1) > Re(sz) > 0 if and only if 2s9 = 1, x» = 1 and
L(%, 7) # 0. An analog and easy observation shows that r3(s,7) has simple poles
along 2s; = 1 if xy = 1 and L(%, ) # 0 and that the poles of r;(s,7), j = 4,5 lie
along s1 + so = 1 for # = 7. Only the singular hyperplanes of 71 (s, 7) and ra(s, 7)
intersect in the region Re(sy) > Re(s2) > 0 and they intersect in s = (3, 1). O

Remark 17. Only the longest element wy = wowswows in Wy gives rise to a
normalizing factor r(s, T, w) which carries r1(s,7) and ra(s, 7). The remaining
other two factors r3(s, 7) and r4(s, 7) showing up in the decomposition of r(s, 7, w)
have no zero at A = (%, %) So for any cuspidal automorphic representation 7 of
L(A), satisfying 7 = @0, xp = 1 and L(%, 0) # 0, the necessary condition given
above is also sufficient to ensure that there will be an f € Wpx such that the
Eisenstein series Ep(f, A) has a double pole at A.

In fact, by the same argument also the points C and C5 will really give rise to
double poles of Eisenstein series attached to cuspidal automorphic representations
7 of the Levi L that satisfy the indicated condition. So also for these points the
given conditions on 7 will be sufficient for an appropriate choice of f € Wp .

Proposition 18. For an Eisenstein series Ep(f, A) to have a double pole al s =
(s1,82) on the boundary of the positive Weyl chamber, i.e. either Re(s1) —Re(s2) =
0 or Re(s1) =0, it is necessary that
(A) dimf > 1 and dim7 > 1:
s = (%’ %)7 (%’ O) or (15 O)
(B) dimé =1, dim7 > 1:
5=(33) (5.3
(B’) dim# > 1, dim7 = 1:
s = (%v %)7 (%v %)7 or (%,0)

= (%’ %)? (15 1)7 (%’ %)7 (%’ 0)7 (%’ O) or (25 O)
Sketch of a proof: Again this is easy, but not very instructive, so we will again con-
fine ourselves to case (A). We cannot decide by our means chosen here if the root
hyperplanes Ry := {s € C?|Re(s1) — Re(s2) = 0} and Ry := {s € C?|Re(s1) = 0}
forming the boundary of the positive Weyl chamber are actually singular hyper-
planes for Eisenstein series attached to cuspidal automorphic representations 7 of
L(A). But in order to have a double pole at a point s on this boundary, we need
to have one of our singular root hyperplanes, given by the five factors r;(s,7),
1 < i <5, tocross R; or Ry in s. From the proof above we know that these
singular hyperplanes are s1 — sy = 1, 2s9 = 1, 257 = 1 and s; + so = 1. Their
intersection points with one of the boundary hyperplanes R; and Rs are precisely
the points we claim to be the only candidates for double poles of Eisenstein series
on the boundary of the positive Weyl chamber in case (A). U

6.4. Square-integrable Eisenstein cohomology. We will now prove a vanish-
ing result on square-integrable Eisenstein cohomology, which will essentially follow
from the results of D. Vogan and G. Zuckerman in [Vog-Zu]. From the viewpoint
of our discussion on residual Eisenstein cohomology classes its interest lies in the
fact that 1t fits perfectly together with our results on the analytic behaviour of the
Eisenstein series Ep,(f, A) achieved in the last section as well as with our conjecture
3, which describes the distribution of residual Eisenstein cohomology classes in the
situation of poles of maximal possible order. We will show this after having proved
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the announced vanishing-theorem.
Therefore, let

Lgpy, CAg Py
be the subspace of Ag, p, which consists of square-integrable automorphic forms.
By [Lan3] or [Mce-Wal2] it is spanned by all two-times iterated, square-integrable
residues of Eisenstein series Ep(f,A), f € Wpz, m=xT € op € ¢ € U p at the
point dx inside the closed, positive Weyl chamber defined by A(P, A). Hence, it is
spanned by the square-integrable residues at dy of those Fisenstein series attached
to a cuspidal automorphic representation 7 of L(A) which have a double pole there.
This is, since simple poles integrate to zero. Put

LE,P = @ LE,P,L,O'
weVE, p
We define the space of square-integrable Eisenstein cohomology (supported by P)
by
HYg,K,Lpp®E)= @ HY9,K Lpp,®E).

peVE, p

Theorem 19. Let P = LN be the minimal standard parabolic Q-subgroup of G =
Sp(2,2) and E any irreducible, finite-dimensional complex-rational representation
of G(R) of highest weight A = Zle cioy; with respect to AT,
If E # C, then square-integrable Eisenstein cohomology supported by P vanishes
below degree 3

HYg,K,Lgp®FE)=0 forq<3.
If E = C, then there is an epimorphism

H°%g,K,Lcp) - H°(G,C)=C

and
HYg,K,Lcp)=0 forl1<gqg<3.

Proof. For any E, Lg p is a direct summand of the residual spectrum of G(A), so
L, pis the direct Hilbert sum of certain residual automorphicrepresentations. Soin
order to give a non-trivial cohomological contribution in the degrees 0 < ¢ < 3, it is
necessary that there is an irreducible, unitary representation m = ®;7Tp of G(A) with
Too cOhomological with respect to E. However, if mo # C then HI(g, K, 7o Q@ E) =
0 for ¢ < 3, as it follows from Thm. 8.1 of [Vog-Zu]. Conversely, we can just have
Too = C if E = C itself, and then we know that

C ifg=0,4,12,16
q — ) 5 )
(14) H (Q,K,C)—{ CQ 1fq=8

and vanishes in all other degrees. This is, since H4(g, K, C) equals the de Rham co-
homology of the quaternionic Grassmannian G (H*) of 2-dimensional H-subspaces
in H*. Further, identifying H%(G, C) with the de Rham cohomology of G(Q)\G(A)/K
proves H°(G,C) = C. Observe that we have now showed every assertion except
that there is a surjection H(g, K, Lc p) - H°(G, C).

Therefore, recall that for E = C the longest element in W will give the evaluation

point dy = (%, %) = pp and Ty = 1o ® 1o and consider the image of the local
normalized intertwining operator N((Z,2), 10 ® 1oo, wo). As 00 € S(B), 1o ® 1o

1s compactly supported modulo the center, whence tempered, and so the image of
the local normalized operator is the Langlands quotient of the local trivial repre-
sentation. As C3 = (%, %) = pp, this quotient is the local trivial representation
of G(R). A two-times iterated residue at dy = pp of a singular Eisenstein series
will be square-integrable, by [Mce-Wal2] Lemma I.4.11. Therefore, there is a global
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residual automorphic representation @ C L, p, namely the image of the global nor-
malized intertwining operator N((%, %), 1 ® 1,wp), such that 7 = C. (In fact,
by the above local argument, one can also easily see that the image of the global
operator is the global trivial representation 1 of G(A)). By (14) we are done. [

6.5. We will now give some evidence for the truth of our conjecture by showing
that it is compatible with theorem 19 and the results in [Vog-Zu] and [Li-Schwl].
From now on, let us therefore assume that conjecture 3 holds: We are going to prove
just by our knowledge on the double poles of the Eisenstein series Ep(f, A) that
the natural map

’[/)q : Hq(gaKa LEP®E) - Hq(gaKa-AE,P@E)

behaves as it should, namely that it is trivial for E # C in degrees 0 < ¢ < 3 and
also for E = C in degrees 1 < ¢ < 3, but surjective for E = C and ¢ = 0.

Proof of this assertion: By assumption our conjecture holds. Hence, a class of type
(m,w) which should contribute to the image of 1 in degree ¢, 0 < ¢ < 3 must
satisfy m = x7 with

(1) weWr J(w)=14—q.

(2) dx = —w(A + p)lac

(3) oo =°F
q = 0: For all X there is just one element w € W+ ()) of length 14 and its correspond-
ing point of evaluation is given by dy = —w(A+ p)|a. with s = (L5, 3t2a=cay of
8. Since ¢y > 0 and 2¢4 — ¢o > 0 we have s; > % and sy > % Further, co > ¢4, so
s1 > 89 > 0. By proposition 16 and remark 17 there is an Eisenstein series Ep(f, A)
which has a double pole at dy = sifand only if 7 = 1®1 and s = pp. Hence c; =0
and ¢4 = 0. Our table 6 implies that T, = @2C1_C2 C’® @_C2+2c3_2c4 C2. So the
condition Too = 1o ® 14 forces ¢; = 0 and ¢3 = 0. Hence, A = 0. This shows that
there is an Eisenstein series Ep(f, A) which has a double pole at dx = —w(A+p)|a,
with w € WP the only element of length 14, if and only if E = C. The sec-
ond part of the proof of theorem 19 hence shows H%(g, K, Lc p) - H°(G,C) and
YO(H (g, K, Lg p®E)) =0 for E #C.

q=1: For any ), there are exactly two elements w,w’ € W+()\) of length 13
1

and their corresponding points of evaluation s and s’ satisfy s; > z Sg >

2 — 95 2
resp. s§ > 3, s, > 2. By proposition 16 and 18 the only possible double pole
of an Eisenstein series at such points s and s’ could be at s = C3. But as

dim7 > dim 7o = 3 — c2 + 2¢4 > 3, see table 6, we cannot be in case (C). Hence,
there are no double poles of Eisenstein series in this case and we have proved

VY HY (g9, K, Lp.p ® E)) =0 for all E.

q=2: Again, for any )\ there are exactly three elements w,w’,w” € W+()\) of
length 12 and their corresponding evaluation points s, s’ and s” satisfy s; > 3,
so > 1,8 > %, sh > % resp. s} > %, sy > % In the first case we get from table
6 that dim 6 > 2 and dim 7 > 4, whence by proposition 16 there is no double pole.
In the second and in the third case, proposition 16 and 18 immediately imply that
there are again non double poles, either. It follows ¢?(H?(g, K, Lg p® E)) = 0 for

all E.

g = 3: The situation here is analog to the preceding case: There are (at most)
three w, w’, w” € WT(X) of length 11. For the first one, dim@ > 3 and dim7 > 5
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and proposition 16 shows that there 1s no double pole. Once again the second co—
ordinate of the remaining two evaluation points s’ and s is greater or equal to 3 5,
hence the claimed assertion follows. O

In [Vog-Zu] Thm. 8.1 and [Li-Schw1], section 5 and section 6, it is proved that ¢ =
3 is in fact a (possibly sharp) upper bound for the vanishing of (g, K)-cohomology
of G = Sp(2,2) in low degrees. Our conjecture 3 should reflect this, too. In fact,
if we consider g = 4, then for all A the element w = wiwowswswiwowswiwowy of
length 10 is in W+ ()) as indicated in our table 8. We get 7o, = *T1 71?4 C2g
@4_c1+C3 C?, whence dim@ > 5 and dim7 > 5 and we are in case (A). The corre-
sponding evaluation pomt dx = —w(A+p)|a. reads as s = (tadaz2o 1i2e-a—c)

bl

g, Sg > 5 and is always inside the open, positive Weyl chamber By
proposition 16 and remark 17 there will be really an Eisenstein series Ep(f, A)
which has a double pole at A = (2, 2) for all cuspidal automorphic representations
7 = 0®7 of L(A) subject to the condition § = 7 and xy = 1. Playing around with
the concrete form of T, and s given above yields A = kwy, k = 0, 1,2, 3... and w4 the
fundamental weight of gc which corresponds to the fourth simple root ay. Hence

our conjecture is really compatible with the results in [Vog-Zu] and [Li-Schw1].

satisfies 51 >

Remark. Of course we could have gained the result in degrees ¢ = 0,1 for a lower
price: For example, in degree ¢ = 0 we could have used the equality H°(G, E) =
th E' and A. Borel’s “Density Theorem” (cf. e.g. [Pla-Rap]) or in degree ¢ = 1
we could have referred to the well-known vanishing results of G. A. Margulis and
M. S. Raghunathan, which give H'(G, E) = 0 (see [Mar, Rag]). We decided not to
go this easy way because we wanted to demonstrate the well-fitting of our results
and our conjecture in each degree separately.

APPENDIX: TABLES FOR THE THREE STANDARD PARABOLIC (@—SUBGROUPS

As before, E denotes a finite-dimensional, irreducible, complex-rational represen-
tation of G(R) = Sp(2,2) with highest weight A = Zle cia. As ) is algebraically
integral and dominant, we can easily see that we get the following relations among
the coefficients:

3 €2 C3
2~ 273
Let wo1 and wge be the two fundamental weights of My(C). Analogously, w;;,

j =1,2,3, denotes the j-th fundamental weight of M;(C), i =1,2.

C2

>0 and ¢ >

(15) C4 Z

The first two tables give the values w(A+p)—plp, , w € W¥Fi i =1,2in terms of the
fundamental weights w;;. Recall that p = 4a1+702—|—903—|—5a4 Table 2 additionally
says for which w € W2 the principal series representation Ba (i) exists. If some
condition is added, then it is necessary and sufficient for the existence of Ba(fiy):
“¥” means “cg — ¢4 = ¢ and “sx¥” means “c; — ¢4 = 17, while “?” indicates that for
these w the representation Bz (g, ) never exists. The next two tables give the values

of the inner product of the point dx = —w(A + p)la,. of evaluation of Eisenstein

series and the only simple root within A(P;, A;). Using (15), we can therefrom read
off which points dx lie inside the closed Weyl chamber defined by the above system.

The last four tables give the previous data for the standard minimal parabolic
Q-subgroup FPy. For lack of space we divided the set of Kostant representatives
W in a “lower” and in an “upper” half, according to the length of the elements
w € W In table 8 the Kostant representatives w which can give rise to values
Ay = —w(A 4 p)lay. € C are underlined. No point A,, in table 7 will lie inside C.
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All lists were compiled by a computer program, developed by Jakub Orban.

w4+ p) = ploy

id

w2

w2wiy

w2w3
w2w3zwiy
w2w3zwyqg
W2W3zwawy
W2wW3zwi w2
W2wW3zw4awg
W2W3W4aw3awi
W2W3wawy w2
W2W3W4awa w2

(2¢1 — c2)wi1 + (—c2 + 2¢3 — 2cq)wiz + (—c3 + 2¢cq)wis
(I1+c1+e2—c3)wir + (1 —c1+c2+c3 —2cq)wiz + (—c3 +2cq)wis
(=c1 +2¢c2 —c3)wir + (2+c1 +c3 — 2¢q)wiz + (—c3 + 2¢4)wis
(2+c1 +e3 —2cq)wir + (—c1 +2c2 — ez)wiz + (1 — c2 + e3)wis

(1 —c1+ec2+ce3—2cq)wir +(1+e1 +c2 —c3)wiz + (1 —ca2 +c3)wis
(4+c1 —e3 +2cq)wir + (—c1 +2c2 — ez)wiz + (1 — c2 + c3)wis
(3—c1+ec2—c3+2cq)wir +(1+e1 +c2 —ecz)wiz + (1 —ca2 +c3)wis
(—c2 +2¢c3 — 2¢cq)wir + (2c1 — e2)wiz + (2 — c1 + e2)wis

(5+c1 —c2 +e3)wir + (1 —c1+c2+c3 —2cq)wiz + (—c3 + 2cq)wis
(4 —c1+ez)wir + (24 c1 +e3 — 2cq)wiz + (—c3 + 2cq)wis

(2 = c2 +2c4)wir + (2c1 — e2)wiz + (2 — c1 + e2)wis

(6 + co)wir + (—ca +2¢3 — 2¢q)wia + (—c3 + 2c4)wis

W2W3W4aWwa3wawi
W2W3W4W3 w1 w2

W2W3W4wW wa2wg
W2W3W4W3WwWwa2w3
W2W3W4AW] W2W3W2
W2W3W4W] W2W3W4
W2W3W4AW] W2W3W2W]
W2W3W4AW] W2W3W4W2
W2W3W4W] W2W3W4W2W]
W2W3W4W] W2W3W4W2W3
W2W3W4AW] W2W3W4W2W3 W]
W2W3W4AW] W2W3W4W2W3 W1 W2

(6 + c2)wi1 + (—c2 +2c3 — 2¢4)wiz + (—c3 + 2cq)wis
(4 —c1+ez)wir + (2+c1 +e3 — 2¢cq)wiz + (—c3 + 2cq)wis
(2 = c2 +2c4)wir + (2c1 — e2)wiz + (2 — c1 + e2)wis
(5+c1 —c2+e3)win + (1 —c1+c2+c3 —2cq)wiz + (—c3 + 2cq)wis
(3—c1+ec2—c3+2cq)wir +(1+e1 +c2 —c3)wiz + (1 —c2+c3)wis
(—c2 +2¢c3 — 2¢cq)wir + (2c1 — e2)wiz + (2 — c1 + e2)wis
(4+c1 — ez +2cq)wir + (—c1 +2c2 — ez)wiz + (1 — c2 + c3)wis
(I —c1+ec2+e3—2cq)wir +(1+e1 +c2 —c3)wiz + (1 —ca2 +c3)wis
(2+c1 +e3 — 2cq)wir + (—c1 +2c2 — ez)wiz + (1 — c2 + c3)wis
(=c1 +2c2 —cz)wir + (2+c1 +e3 — 2cq)wiz + (—c3 + 2¢4)wis
(I+c1+e2—c3)wir + (1 —c1+c2+c3 —2cq)wiz + (—c3 +2cq)wis
(2¢1 — c2)wi1 + (—c2 + 2¢3 — 2¢c4)wiz + (—c3 + 2¢4)wis

TABLE 1

wX+p) = ploy,

id

wq

waw3s
Wawazw2
wawazwg
WaWwazwaw
Wawazwawi
WQAW3Waw2wWy

(2c1 — e2)war + (—c1 + 2c2 — c3)waz + (—c2 + 2c3 — 2ca)wag

(2¢1 — c2)wa1 + (—c1 + 2c2 — c3)waz + (2 — c2 + 2cq)was

(2¢1 — c2)wa1 + (1 —c1 + c2 + ¢3 — 2c4)waz + (2 — c2 + 2¢q4)was
(1+c1+eca —c3)war + (—c2 + 23 — 2eq)waz + (3 — c1 + c2 — c3 + 2¢q)was
(2¢1 — c2)wa1 + (3 —c1 + c2 — c3 + 2cq4)waz + (—c2 + 2¢3 — 2¢4)was
(1+c1+eca —c3)war + (2 —ca +2cq)waz + (1 —c1 +ca + c3 — 2cq)was
(—c1 + 2c2 — cz)war + (—c2 +2¢3 — 2eq)waz + (4 + c1 — c3 + 2cq)was

(—c1 +2co —cz)war + (2 — ca + 2cq)waz + (2 + 1 + ¢c3 — 2¢q)was

WaWwazwawaws
WQaW3wWw4aw2wawy
WQaW3W4aWw2 W3 Wy
WQAW3W4W2W3W4W]
WQAW3W4AW2W3W] W2
WQAW3W4AW2WIW4W]W2
WQAW3W4AW2WIW4W]W2W3
WAW3W4AW2WIWL4W]W2W3 WY

[Bor| A. Borel, Regularization t
(1983), pp. 605-623

(2+c1 +c3 —2cq)war + (2 — c2 + 2cq4)waz + (—c1 + 2¢c2 — c3)was
(4+c1 — ez + 2cq)war + (—c2 + 2¢3 — 2cq4)waz + (—c1 + 2¢2 — c3)was
(1 —c1+e2+c3—2cq)war + (2 —c2 + 2¢q)waz + (1 + c1 + c2 — c3)was
(3 —c1 +c2 —c3 +2cq)war + (—c2 + 2¢3 — 2cq)waz + (1 + c1 + c2 — c3)was
(—c2 +2¢c3 — 2c4)war + (3 — c1 + c2 — c3 + 2ca)waz + (2¢1 — c2)was
(2 = c2 +2¢c4)war + (1 —c1 + c2 + c3 — 2¢4)waz + (2¢1 — c2)was
(2 — c2 + 2c4)war + (—c1 + 2¢2 — c3)waz + (2¢1 — c2)was
(—c2 + 2¢3 — 2cq4)war + (—c1 + 2¢2 — c3)waz + (2¢1 — c2)was
TABLE 2
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(—wA +P)lay s azlay)

id (-7 —c3) < —14

wo 2(—6 —c1 +cg —c3) < —12
wowq 2(=54c; —cz) < —10

woaw3s 2(—=5 —c1 +c3 —2cq) < —10
wowgzgwi 2(—4+4+c1 —cg+c3 —2cq) < -8
wawgzwq 2(=3 —c1 —c3 +2c4) < =6

W2wW3zwi w2
W2wW3zwawi
W2W3zw4awg
W2W3W4aw3awi
W2W3zwawy w2
W2W3Wwawa w2

2(—=3 4+ ca2 —2cq) < —6
2(—24c1 —cg —c3 +2c4) < —4
2(=2—c1 —ca2+c3) < —4
2(—=14c¢3 —2cg +c3) < =2
2(—14co —2c3 +2c4) < —2
2(=1—2¢cy t+cp) < -2

W2W3W4aWw3w2wi
W2W3W4W3 w1 w2
W2W3W4W1 Ww2wg
W2W3W4W3 w1 Wwa2w3
W2W3W4AW] W2W3W2
W2W3W4W] W2W3Wq
W2W3W4AW] W2W3W2wW7]
W2W3W4AW] W2W3W4W2
W2W3W4W] W2W3W4W2W]
W2W3W4AW] W2W3W4W2W3
W2W3W4AW] W2W3W4W2W3 W]
W2W3W4AW] W2W3W4W2W3 W1 W2

2(142c1 —c2) > 2

2(1 —c1 +2¢2 —c3) > 2

2(1 —co + 2c3 —2¢cq) > 2
2(24c1 +c2—c3) >4
2(2—cy+catec3—2cq) >4
2(3 —ca+2c4) > 6

2(83+c1 +c3—2cq4) > 6

2(4 —c1+c2—c3+2cq) 28
2(5+cp —c3+2cq)>10
2(5 —c1 +ec3)>10

2(64+c1 —cg+c3) > 12

2(7 + c3) > 14

TABLE 3

(—w +Plag. s dalag,)

id (=5 —cz) < 20

wyq 4(—4 —c3 +cq) < —16

waws 4(—3 —cg+c3 —cqg) < —12
wawzwsa 4(=2—c1+ca2—cq) < -8
wawzwg 4(—2 —catcq) < -8
wawWzwawa 4(—1—c1+ecax—cz3tcyg) <-4

Wawazwawiy
WQAW3W4aW2wWy

4(—1+c1 —ecq) 7
4(c1 —cgtca) ?

29

WaWzWaW2W3 4(—cy +ec3 —cq) 7
WaWzwWawowgwWy 41 —c1 4+ cq4) 7
WQaW3WLWoWgWy 41 +c1 —co+c3z —cq) >4
WAW3WAWRW3WAWT 4(2+c1 —ca2tca) 28
WAWIZWAWRWIWL W2 4(2+ca —cq) 28
WAWZWAWRWIWAWI W2 4(3 +c2 —cg +cq) > 12
WQAWZWLWoW3W4W] W WG 4(4 +c3 —cq) > 16
wawgwawowgwawiwawgwy | 4(5 +cq) > 20

TABLE 4

[Gel-Gra-PS] I. M. Gelfand, M. I. Graev, I. Piatetski-Shapiro Representation theory and auto-
morphic functions, W. B. Saunders Company, (1969)

[Grb1] N. Grbac, Correspondence between the Residual Spectrum of Rank Two Split Classical
Groups and their Inner Forms, in: Functional Analysis IX - Proceedings of the Postgraduate
School and Conference held at the Inter-University Centre, Dubrovnik, Croatia, 15-23 June,
2005, eds. G. Muic and J. Hoffman-Jgrgensen, Various Publication Series 58 (2007) pp. 44-57

[Grb2] N. Grbac, On a Relation between Residual Spectra of Split Classical Groups and their
Inner Forms, preprint to appear in Canad. J. Math. (2008)

[Gro] H. Grobner, The Automorphic Cohomology and the Residual Spectrum of Her-
mitian Groups of Rank One, submitted preprint (2008), electronically available at
http://homepage .univie.ac.at/harald.grobner/publication.html

[Har1l] G.Harder, On the cohomology of SL(2,9), In: Lie groups and their representations, Proc.
of the summer school on group representations, I. M. Gelfand ed., London (1975), pp. 139-150

[Har2] G. Harder, On the cohomology of discrete arithmetically defined groups, In: Discrete Sub-
groups of Lie Groups and Applications to Moduli, Papers presented at the Bombay Collo-
quium, 1973, Oxford University Press, (1975), pp. 129-160

[Har3] G.Harder, Some results on the Eisenstein cohomology of arithmetic subgroups of GLy, In:
Cohomology of Arithmetic Groups and Automorphic Forms, Proceedings Luminy/Marseille
1989, J.-P. Labesse, J. Schwermer eds., Lecture Notes in Mathematics, No. 1447, Springer-
Verlag (1990), pp. 85-154

[HCh] B. Harish-Chandra, Automorphic Forms on Semisimple Lie Groups, Notes by J.G.M.
Mars, Lecture Notes in Mathematics, No. 62, Springer-Verlag (1968)

[Jac] H. Jacquet, Automorphic forms on GL(2), Part II, Lecture Notes in Mathematics, No. 278,
Springer-Verlag (1972)



30 HARALD GROBNER

wA +p) = plog,.
id (2c1 — c2)wor + (—c2 + 2¢3 — 2cq)wo2
wa (I+c1+e2—c3)wor + (1 —c1+c2+ c3 —2cq)wo2
wq (2¢1 — c2)wo1 + (2 — c2 + 2cq4)wo2
wawy (=c1 +2c2 — e3)wor + (2 + c1 +c3 — 2eq)wo2
waw2 (I+c1+e2—c3)wor + (3 —c1 +ca2 —c3 + 2cq)wo2
wawg (2 +c1 + ez — 2ca)wor + (—c1 + 2¢2 — c3)wo2
wawg (2¢1 — c2)wo1 + (2 — c2 + 2cq)wo2
wawawq (=c1 +2c2 — c3)wor + (44 c1 — 3 + 2cq)wo2
wawzwi (1 —c1+e2+c3 —2cq)wor + (L +c1 + c2 — e3)wo2
wawgzwz (I+c1+e2—c3)wor + (3 —c1+c2 —c3+ 2cq)wo2
wawawg (2 +c1 +e3 — 2ca)wor + (4 — c1 + c3)wo2
wawzwg (4 +c1 — ez + 2ca)wor + (—c1 + 2¢c2 — c3)wo2
wawzwy (2¢1 — c2)wo1 + (—c2 + 2¢3 — 2eq)wo2
wawzwawi (—c1 +2c2 — e3)wor + (4+c1 — 3 + 2eq)wo2
wawawzwi (1 —c1+e2+c3 —2cq)wor + (5+c1 — ca + c3)wo2
wawzwawi (3 —c1+c2 —c3 +2cq)wor + (L +c1 + c2 — c3)wo2
wawzwiwe (—c2 +2¢c3 — 2cq4)wor + (2¢1 — c2)wo2
wawawzwa (2 +c1 + ez — 2cq)wor + (4 — c1 + e3)wo2
wawzwawe (I+c1+e2—c3)wor + (1 —c1 +c2+ c3 —2cq)wo2
wawzwawsg (5+c1 —c2+c3)wor + (1 —c1 +c2 + c3 — 2eq)wo2
wawawzwy (4 +c1 — ez + 2ca)wor + (4 — c1 + e3)wo2
wawawzwawi (1 —c1+ec2+c3 —2cq)wor + (5+c1 — ca + e3)wo2
wawzgwawawy (=c1 +2c2 — e3)wor + (2+ c1 +c3 — 2eq)wo2
wawzwawzwi (4 —c1 + e3)wor + (24 c1 + 3 — 2eq)wo2
Wwawawzwawy (3 —c1+c2 —c3 +2cq)wor + (5+c1 — c2 + c3)wo2
WawawzwWi W (—c2 +2¢c3 — 2cq4)wor + (6 + c2)woz
Wawzgwawiwe (2 = c2 + 2c4)wo1 + (2¢1 — c2)wo2
Wawzwawzwe (6 + c2)wor + (—c2 + 2¢3 — 2eq)wo2
WawawzwWawWe (4 +c1 — ez + 2ca)wor + (4 — c1 + c3)wo2
wawzgwawawg (2 +c1 +e3 — 2cq)wor + (—c1 + 2c2 — e3)wo2
wawawzwaws (5+c1 —c2+c3)wor + (3 —c1 +c2 — c3 + 2eq)wo2
WaW2WzWL W2 W (—c2 + 2¢c3 — 2¢cq4)wor + (6 + c2)woz
W2 W3wWawzwawy (6 + c2)wor + (—c2 + 2c3 — 2¢q)wo2
WaW2WzwWaWa W (3 —c1+ec2 —c3 +2cq)wor + (5+c1 — ca + e3)wo2
WaWzWaW2W3wW1 (1 —c1+ec2+c3—2cq)wor + (L +c1 + c2 — c3)wo2
WaW2wWzwWaW3zwW1 (4 —c1 + e3)wor + (44 c1 — c3 + 2cq)wo2
W2 WaWawWzwWL W (4 —c1 +c3)wor + (24 c1 + 3 — 2eq)wo2
WaW2W3WaWL W2 (2 = 2 + 2c4)wo1 + (6 + c2)wo2
WaW2W3WaW3W2 (6 + c2)wor + (2 — c2 + 2cq4)wo2
W2 W3wWaWWaw3 (2 = c2 + 2c4)wo1 + (2¢1 — c2)wo2
WaW2WzWaW2W3g (5+c1 —c2+c3)wor + (3 —c1 + c2 — c3 + 2eq)wo2
WaWzWaW2W3Wy (4 +c1 — ez + 2cq)wor + (—c1 + 2c2 — e3)wo2
wawgwagwazwiwzwi | (5+c1 —c2+c3)wor + (1 —c1 +c2+ ez — 2cq)wo2
wawawzwawiwawi | (2 —c2 + 2¢4)wor + (6 + c2)woz
wawawzwawgwawi | (6 +c2)wor + (2 — c2 + 2¢4)wo2
wawawzwawawzwi | (4 —c1 +c3)wor + (4 +c1 — 3 + 2¢q)wo2
wawzwagwawzwawi | (3 —c1+c2 —c3 +2¢q)wor + (1 +c1 + c2 — c3)woz
wawgwawawgwiwe | (—c2 + 2c3 — 2¢q)wor + (2¢1 — c2)wo2

TABLE 5. °F, for lower-half representatives

[Jac-Lan] H. Jacquet, R. P. Langlands, Automorphic forms on GL(2), Lecture Notes in Mathe-
matics, No. 114, Springer-Verlag (1970)

[Kim] H. H. Kim, The residual spectrum of Sps, Comp. Math., 99, (1995) pp. 129-151

[Kos] B. Kostant, Lie algebra cohomology and the generalized Borel- Weil theorem, Ann. of Math.,
74, (1961) pp. 329-387

[Lanl] R. P. Langlands, Euler products, Yale University Press, New Haven, (1971)

[Lan2]| R. P. Langlands, Letter to A. Borel, dated October 25, (1972)

[Lan3] R. P. Langlands, On the functional equations satisfied by Fisenstein series, Lecture Notes
in Mathematics, No. 544, Springer-Verlag (1976)

[Lan4] R. P. Langlands, On the notion of an automorphic representation. A supplement to the
preceding paper, in: Proc. Sympos. Pure Math., Vol. XXXIII, part I, AMS, Providence, R.1.,
(1979), pp. 189-202

[Li-Schwi] J.-S. Li, J. Schwermer, On the Cuspidal cohomology of arithmetic groups, submitted
preprint, (2008)

[Li-Schw2] J.-S. Li, J. Schwermer, On the FEisenstein cohomology of arithmetic groups, Duke
Math. Journal Vol. 123, no. 1, (2004), pp. 142-169

[Mar| G. A. Margulis, Discrete Subgroups of Semisimple Lie Groups, Springer-Verlag, (1991)

[Moe-Wall] C. Moeglin, J.-L. Waldspurger, Le Spectre Résiduel de GL(n), Ann. Sci. de 'ENS,
4¢ série, tome 22, no. 4, (1989), pp. 605-674

[Moe-Wal2] C. Meeglin, J.-L. Waldspurger, Spectral decomposition and Eisenstein series, Cam-
bridge Univ. Press (1995)

[Mui-Sav] G.Muié¢, G. Savin, Complementary Series for Hermitian Quaternionic Groups, Canad.
Math. Bull., 43, (2000), pp. 90-99
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wA +p) = plog,.
WAW2W3WAW3WI W2 (4 —c1 +e3)wor + (4+ c1 — e3 + 2ca)wo2
W2W3WaWIW2wW3wWe (3 —c1 +eca —c3+2cq)wor + (1+c1 +c2 — c3)wo
WAW2W3WAWR2W3W2 (6 + c2)wor + (2 — c2 + 2cq)wo2
WAW2W3WAW W2W3 (2 — e2 + 2¢c4)wo1 + (6 + c2)wo2
WAW3WAW2W3WAWS (5+c1 —eca2 +eg)wor + (1 —e1 + c2 + c3 — 2ca)wo2
W2W3WaWIW2wW3wWye (—c2 +2¢c3 — 2cq4)wo1 + (2¢1 — c2)wo2
WAW2W3WAWZWL W2 W (5+c1 —eca2 +ez)wor + (3 —e1 + c2 — 3 + 2cq)wo2
W2W3WaW W2wW3Wawy (4+c1 — ez +2cq)wor + (—c1 + 2c2 — c3)wo2
WAW2W3WAWR2W3WR W (6 + c2)wor + (2 — c2 + 2¢c4)wo2
WAW2W3WAW W2W3 W (2 = c2 +2¢cq)wo1 + (6 + c2)wo2
WAW3WAW2WIWAWI W (4 —c1 +e3)wor + (2 + c1 + ez — 2ca)wo2
WAW2W3WAWRW3WI W2 (4 —c1+e3)wor + (4 +c1 — ez + 2ca)wo2
WAW3WAW2WIWAWI WD (2 = c2 + 2cq)wo1 + (2¢1 — c2)wo2
WAWR2W3WAW W2W3 W2 (3 —c1 +eca —c3+2cq)wor + (5+c1 —ca+c3)wo
WAW3WAW2WIWAWI WD (6 + c2)wor + (—c2 + 2c3 — 2ca)wo2
W2W3WaWI W2W3Wawe (1 —c1+eca+c3 —2cq)wor + (1 +c1 +c2 — c3)woz
WaWR2W3WAW W2W3We (—c2 +2c3 — 2ca)wor + (6 + c2)wo2
WAW2W3WAW2W3W] W2 W] (5+c1 —eca2 +e3)wor + (3 —e1 + c2 — c3 + 2cq)wo2
WAW2W3WAW W2W3W2W] (4+c1 —e3 +2ca)wor + (4 — c1 + c3)woz
WLW3WAW2W3WAW3W2W] (6 + c2)wor + (—c2 + 2e3 — 2ca)wo2
W2W3WaW W2W3WaW2W] (2+c1 + ez — 2cq)wor + (—c1 + 2¢2 — e3)wo2
WAW2W3WAW W2W3WAW] (—c2 +2c3 — 2ca)wor + (6 + c2)wo2
WAW2W3WAW W2W3 W W2 (3 —c1+eca —c3+2cq)wor + (5+c1 —ca+c3)wo
WLW3WAW2WIWAWI W WS (4 —c1+e3)wor + (2+ c1 + ez — 2ca)wo2
WAW2W3WAW W2W3WAWS (1 —c1+eca+ec3 —2cq)wor + (5+c1 —ca + c3)wo
WAW3WAW2W3WAW] W2 W3 (2 = c2 + 2cq)wo1 + (2¢1 — c2)wo2
W2W3WaW W2W3WaW2wW3 (=c1 +2c2 — e3)wor + (2 + c1 + c3 — 2¢cq)wo2
WLW2W3WAW W2W3 W W2W (4+c1 — ez +2ca)wor + (4 — c1 + c3)woz
WAWZWAW2WZWAWZ WL W2 W] (5+c1 —eca2 +eg)wor + (1 —e1 + c2 + c3 — 2cq)wo2
WAW2W3WAW W2 W3 WA WRWT (2+ec1 + ez — 2ca)wor + (4 — c1 + e3)wo2
W2 W3WAW W2 W3WAW2WIW] (L+e1+e2 —eg)wor + (1 —e1 + 2 + c3 — 2c4)wo2
WAW2W3WAW W2 W3 WAWI WD (1 —c1+eca+c3 —2cq)wor + (5+c1 —ca+ c3)wo
WLWZWAW2WIWAW] W2W3W2 (3 —c1+eca —c3+2cq)wor + (1+c1 + c2 — c3)woz
WAW2W3WAW W2 W3 WA W2W3S (—c1 +2c2 — e3)wor + (4 + c1 — c3 + 2cq)wo2
WLW3WAW2WIWAW] W2W3We (—c2 +2¢c3 — 2cq4)wo1 + (2¢1 — c2)wo2
WAW2W3WAW W2 W3 WAWI WRW] (2+ec1 + ez — 2ca)wor + (4 — 1 + e3)wo2
WAW3WAW2WIWAW] W2W3W2W] (44 c1 —c3 + 2cq)wor + (—c1 + 2¢c2 — c3)wo2
WAW2WIWAW] W2 W3 W4AW2WIW] (14 c1+c2 —c3)wor + (3 —c1 + c2 — c3 + 2cq)wo2
W2W3WAW W2 W3WAW2WIWL W2 (2¢1 — e2)wo1 + (—c2 + 2¢c3 — 2cq)wo2
WAWZWAW2WIWAW] W2W3WAW2 (1 —c1+eca+c3 —2cq)wor + (1 +c1 + c2 — c3)woz
WAW2W3WAW W2 W3 WAW] WR2WS (—c1 +2c2 — e3)wor + (4 + c1 — c3 + 2cq)wo2
WAW3WAW2WIWAW] W2W3WAW2W] (24 c1 + c3 — 2cq)wo1 + (—c1 + 2¢c2 — c3)wo2
WAW2WIWAW] W2 W3 WAW L W2W3W] (14 c1+c2 —c3)wor + (3 —c1 + c2 — c3 + 2cq)wo2
WAW2WIWAW] W2 WZWAW2WIWL W2 (2¢1 — e2)wo1 + (2 — c2 + 2¢4)wo2
WAW3WAW2WIWAW] W2W3WAW2W3 (=c1 +2c2 — e3)wor + (2 + c1 + c3 — 2¢c4)wo2
WAWZWAW2WIWAW] W2W3W4AW2WI W (14 c1+c2—c3)wor + (1 —c1 +c2 + c3 — 2cq)wo2
WAW2WIWAWI W2 W3 WAW L W2WIWL W2 (2¢1 — e2)wo1 + (2 — c2 + 2¢4)wo2
WAW3WAW2W3WAW Wo2w3Wwawawazwiwe | (2¢1 — c2)wor + (—c2 + 2¢3 — 2¢4)wo2

TABLE 6. °F,, for upper half representatives

[Pla-Rap] V. Platonov, A. Rapinchuk , Algebraic Groups and Number Theory, London Academic
Press, (1993)

[Rag] M. S. Raghunathan, Cohomology of Arithmetic Subgroups of Algebraic Groups: I, Ann.
Math., 86, (1967), pp. 409-424

[Roh] J. Rohlfs, Projective limits of locally symmetric spaces and cohomology, J. reine angew.
Math., 479, (1996), pp. 149-182

[Roh-Speh] J. Rohlfs, B. Speh, Representations with cohomology in the discrete spectrum of sub-
groups of SO(n,1)(Z) and Lefschetz numbers, Ann. Sci. de 'ENS, 4¢ série, tome 20, no. 1,
(1987), pp. 89-136

[Schwi] J. Schwermer, Eisenstein series and cohomology of arithmetic groups: The generic case,
Invent. Math., 116, Springer-Verlag (1994), pp. 481-511

[Schw2] J. Schwermer, Kohomologie arithmetisch definierter Gruppen und Eisensteinreihen, Lec-
ture Notes in Mathematics, No. 988, Springer-Verlag (1983)

[Schw3] J. Schwermer, On arithmetic quotients of the Siegel upper half space of degree 2, Comp.
Math., 58, No. 2, (1986), pp. 233-258

[Shd2] F. Shahidi, On Certain L-functions, Amer. J. Math., 103, (1981), pp. 297-355

[Shd3] F. Shahidi, On the Ramanujan conjecture and finiteness of poles for certain L-functions,
Ann. Math., 127, (1988), pp. 547-584

[Tate] J. Tate, Fourier Analysis in Number Fields and Hecke’s Zeta-Functions, in: Algebraic
Number Theory, ed. J. W. S. Cassels, A. Frohlich, Academic Press, Boston, (1967), pp.
305-347

[Vog-Zu] D. A. Vogan Jr., G. J. Zuckerman, Unitary representations with nonzero cohomology,
Comp. Math. 53, no. 1, (1984), pp. 51-90
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id

w2

wq

w2wiy

waw2

w2w3

waw3s

waw2wy

Ww2w3zwiy

Wawaz w2

waw2w3

w2w3zwqg

wawzwyg
Wawazw2wiy
WaWw2w3awiy
W2wW3zw4awi
W2w3z w1 w2
WaWw2w3a w2
WaWwazwqaw2
W2wW3zw4aw3s
Waw2w3z Wy
WQaW2W3zWw2w7
WQaW3wawa2wi
W2W3W4awW3zwi
WQaW2W3WawW7
WQaW2W3 W1 w2
W2W3W4awWw1 w2
W2W3W4aWw3z w2
WQaW2W3WawW2
WQaW3zwaw2ws3s
WQaW2W3Waw3
WAW2W3 W1 Ww2w7
W2W3W4W3zw2wi
WAW2W3WaaWw2wW7
WQAW3W4aW2wW3 W1
WQaW2W3W44W3 W1
W2W3W4W3wWw1 w2
WQAW2W3W4aW1 W2
WQAW2W3W4a4W3W2
W2W3W4W1Ww2w3g
WQAW2W3W4aW2wW3g
WQaW3W4W2w3awy
W2W3W4W3WWw2w3q
WQAW2W3W4a4W]W2W]
WAW2W3W4aW3W2W]
WAW2W3W4a4W2W3W]
WQAW3W4W2W3W4W]
WQAW3W4W2W3W]1 W2

2(—2—ca +cq) < —4
2(=1—c1+ca—ecz+cq) < -2
2(—=3—ca+cg—cq) < —6
2(cy —c3 +ca)?

2(=2—c1 +ca—cq) < -4
2(—c1 +ec3—ca)?

2(—4 —c3+cq) < -8
2(—1+4cy1 —cqg)?

2(14+c1 —catc3—cq) =2
2(—4 —c3+cq) < -8
2(=2—c1 +ca—cq) < -4
2(l—c1 +ecq)?

2(—5 —cq) <10

2(—4 —c3+cq) < -8
2(—1+4+cy1 —cqg)?

2(2+cp —catecq)>4
2(24ca —cq) >4
2(—3—cat+cg—cq) < —6
2(—=5—cq) < —10

2(1—c1 +ecq)?
2(=1—c1+ca—ecz+cq) < -2
2(—=3—ca+cg—cq) < —6
2(—=5—cq) < —10

2(2+cp —catcq)>4
2(cy —ec3 +cq) ?

2(—1+4+c1 —cqg)?
2(3+c2—c3t+ca)>6
2(l—c1 +ecq)?

2(=2—ca +cy) < —4
2(—=5—cq) < —10

2(—c1 +ec3—ca)?
2(=2—c1 +ca—cq) < -4
2(2+cp —catecq) >4
2(=2—ca +cy) < —4

2(—=5 —cq) < —10

2(14+c1 —catec3—cq) =2
2(3+ca2—c3t+ca)>6
2(c1 —ec3 +cq)?

2(—c1 +ec3—ca)?

2(44+c3 —cq) > 8
2(=2—ca+cy) < —4

2(—4 —c3+cq) < -8

23+ ca—c3t+eca)>6
2(=1—c1+ca2—cgtecq) < -2
2(14+c1 —catec3—cq) =2
2(=2—ca+cy) < —4

2(—4 —c3 +cq) < -8
2(—=5—cq) < —10

2(—3 4+ co —2cq4) < —6
2(—4+c1 —ca+ecz—2cq) <
2(—1+4co — 2c3 +2¢c4) < —2
2(—5 —c1 +c3 —2¢cq) < —10
2(=2+4c1 —ca —c3+2cq) <
2(—=5 4¢3 —c3) < —10

2(1 —co + 2c3 —2cq) > 2
2(=3 —cp —c3+2c4) < -6
2(—6 —c1 +co —c3) < —12
2(2—c1+ec2te3—2cy) >4
2(=1+4c1 —2c3 +ec3) < -2
2(—=5 4¢3 —c3) < —10

2(3 —ca+2c4) >6

2(3+ec1 +ec3—2cq) >6
2(-2—cp —catec3) < —4
2(—6 —c1 +co —c3) < —12
2(—7 — e) < —14

2(1 — ey +2cp —c3) > 2
2(4—c1+c2 —c3+2c4)>8
2(—4+c1 —catecg —2cq) <
2(=1+4c1 —2c3 +ec3) < -2
2(2+c1 +eca—c3) >4
2(5+c1 —c3 + 2¢cq4) > 10
2(—5 —c1 +c3 —2¢cq) < —10
2(=2—c1 —cat+cg) < —4
2(=1—2¢c1 4+ c2) <=2

2(—7 — e) < —14

2(—=3 4+ co —2cq4) < —6

2(1 — ey +2cp —c3) > 2

2(5 — ¢1 + c3) > 10
2(=2+4c1 —ca —c3+2cq) <
2(1+2cy —co) >2

2(—=3 4+ co —2cq4) < —6
2(2+c1 +eca—c3)>4
2(6+cy —co +ec3g)>12
2(=3 —cp —c3+2¢cq4) < -6
2(—5 —c1 +c3 —2¢cq) < —10
2(—=1—2¢c1 4+ c2) <=2
2(—1+4co — 2c3 +2¢c4) < —2
2(—7 — c) < —14
2(2—c1+ec2te3—2cy) >4
2(5 — ¢1 + c3) > 10
2(—4+c1 —ca+c3—2cq) <
2(1+2cy —co) >2
2(—1+4co — 2c3 +2¢c4) < —2
2(3+c1 +ec3 —2cq) >6
2(6+cy —co +ec3g)>12
2(7 + cp) > 14

TABLE 7. A, for lower-half representatives

Current address: Erwin Schrédinger International Institute for Mathematical Physics, Boltz-

manngasse 9, A-1090 Vienna, Austria

E-mail address: harald.grobner@univie.ac.at

URL: http://homepage .univie.ac.at/harald.grobner
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WQAW2W3W4W3W]1 W2
W2W3W4AW] W2W3W2
WQAW2W3W4W2W3W2
WQAW2W3W4WW2w3g
WQAW3W4AW2W3W4W3
W2W3W4W] W2W3W4
WQAW2W3W4W3W]W2W]
W2W3W4AW] W2W3W2W]
WQaW2W3W4W2W3W2W]
WQaW2W3W4 W1 WawW3wW3

WQAW3W4AW2W3W4W3W]
WAW2W3W4W2W3W] W2
WQAW3W4AW2WIW4W]W2
WQAW2W3W4W]W2W3W2
WQAW3W4AW2WI3W4W3W2
W2W3W4AW] W2W3W4W2
WQAW2W3W4W]W2W3Wq
WQaW2W3W4W2W3W] W2W3

WAW2W3W4W]W2W3W2W]
WQaW3W4AW2W3W4W3W2W]

W2W3W4W] W2W3W4W2W]
WAaW2W3W4 W] W2W3W4W]

WQaW2W3W4 W] W2W3W]1 W2

WAW3W4AW2WIW4W3W] W2
WAW2W3W4W] W2W3W4W2
WAW3W4AW2WIW4W]W2W3
W2W3W4W] W2W3W4W2W3
WQaW2W3W4 W] W2W3W] W2W)

WQaW3WAW2W3W4W3W] W2W)

WAW2W3W4W]W2W3W4W2W]
W2W3W4AW] W2W3W4W2W3 W]
WAaW2W3W4W] W2W3W4W]1 W2

WAW3WAW2WIWL4W]W2W3 W2
WAW2W3W4W]W2W3W4W2W3
WAW3W4AW2WIWL4W]W2W3 WY
WQaW2W3W4 W] W2W3W4W] W2W]

WQaW3W4AW2W3W4W] W2W3W2W]

WAW2W3W4W] W2W3W4W2W3W]
W2W3W4AW] W2W3W4W2W3 W1 W2
WAW3WAW2WIWL4W]W2W3W4W2
WQaW2W3W4 W] W2W3W4W] W2W3

WQaW3WAWRWIWAW] W2W3W4W2W]

WQaW2W3W4W] WRW3W4W] W2W3W]

WAW2W3W4W] W2W3W4W2W3W]1 W2
WQaW3WAW2WIWAW] W2W3W4W2W3
WQaW3W4AW2W3W4W] W2W3W4W2W3W7

WAW2W3W4W] W2W3W4W] W2W3W]1 W2

WAW3WAW2WIWAW] W2W3W4W2W3W]1 W2

22 +cy—cq) >4

2(4+c3 —cq) > 8
2(=1—c1+ca—ecz3+cq) < -2
2(1+c1 —catec3—cq)>2
2(=3 —cat+cg—cq) < —6
2(5 + cq) > 10
2(2+ca—cq) >4

2(4+c3 —cq) > 8

2(c1 —e3+eq) ?
2(—cy1 +c3 —cq)?

2(—3 —cat+cg—cq) < —6
2(=1—cy+ca—ecz3+cy) < -2
2(—4 —c3+cq) < -8
2(2+ca—cq) >4
2(=2—c1+ca—cq) < —4
2(5 + cq) > 10

2(24+cp —catecy) >4
2(c1 —e3+ecq) ?
2(2+ca—cq) >4
2(—1+4c1 —cq)?

2(5 + cq) > 10

2(1 —c1+eq)?
2(—cy +c3 —cq)?
2(=2—c1+eca—cq) < —4
2(3+c2—c3t+cq)>6
2(=3 —cat+cg—cq) < —6
2(5 + cq) > 10
2(1+c1—catc3—cq) =2
2(—1+4c1 —cq)?
2(3+c2—c3t+ca)>6

2(5 + cq) > 10

2(1 —c1+ea)?
2(=2—c1+ca—cq) < —4
2(4+c3 —cq) > 8
2(=2—ca+cy) < —4
2(24cp —catcq) >4
2(—1+4c1 —cq)?

2(4+c3 —cq) > 8

2(5 + cq) > 10
2(—=1—cp+ca—cgteq) < -2
2(1 —c1+ea)?

2(c1 —e3+ecq) ?

2(24cp —catcq) >4
2(4+c3 —cq) > 8
2(—cy +c3 —cq)?

2(1+c1 —catec3—cq)>2
2(3+c2—c3t+ca)>6
2(24ca—cq) >4

2(=3 —c1 —c3 +2c4) < —6
2(—6 —cy +c2 —c3) < —12

2(1 —cog + 2c3 —2¢cq4) > 2
2(=1—2¢c; +c2) < -2
2(4—c1+eca—c3+2cq)>8
2(—7 —ep) < —14

2(—=2+c1 —c2 —c3+2cq) < —4
2(—=5+c; —e3) < —10

2(1 —cog + 2c3 —2¢cq4) > 2
2(142c; —cg) > 2
2(5+c1 —ec3+2cq) > 1
2(3+c1 +c3g—2cq) 26
2(7 4 cp) > 14
2(=2—c1 —cgy +ec3) < —4
2(3—ca+2cq4) >6

2(—6 —c1 +c2 —c3) < —12
2(=1—2¢c; +c2) < -2
2(2—c1teatecg—2cq) >4
2(=1+4ec1 —2c3 +c3) < =2
2(3—ca+2¢cq4) >6

2(=5+c; —ec3) < —10

2(142c; —cg) > 2

2(2+cr +ec2—c3) >4

2(5 4+ c1 —c3 + 2cq) > 10
2(=2—c1 —ca2tec3) < —4
2(7 + cp) > 14

2(—=5 —c1 +c3 —2¢cq) < —10
2(1 —c1 + 2cp —c3) > 2
2(4—c1+eca—c3+2cq)>8
2(=1+4ec1 —2c3 +ec3) < =2
2(—4+c1 —catez —2cq) < -8
2(2+cp +c2—c3) >4

2(64+c1 —co+ec3) > 12
2(=3—c1 —c3 +2c4) < -6
2(7 + cp) > 14

2(1 —c1 + 2cp —c3) > 2

2(5 — c1 + ¢3) > 10

2(—=2+c1 —ca—c3+2cq) < —4
2(—=3+co —2cq4) < —6

2(64+c1 —co+ec3) > 12
2(3+ec1 + ez —2ca) 26

2(5 — e1 + ) > 10

2(2—c1 teatcg—2cq) >4
2(—1+co —2c3 +2c4) < —2
2(54+c1 —c3 + 2cq) > 10
2(4—c1+ea2—c3+2cq)>8
2(1 —cog + 2c3 — 2¢cq4) > 2
2(3—ca+2¢cq4) >6

0

TABLE 8. A, for upper half representatives



