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REGULAR AND RESIDUAL EISENSTEIN SERIES AND THEAUTOMORPHIC COHOMOLOGY OF Sp(2, 2)HARALD GROBNERAbstra
t. Let G be the simple algebrai
 group Sp(2,2), to be de�ned overQ.It is a non-quasi-split,Q-rank 2 inner form of the split symple
ti
 group Sp8 ofrank 4. The 
ohomology of the spa
e of automorphi
 forms on G has a naturalsubspa
e, whi
h is spanned by 
lasses represented by residues and derivativesof 
uspidal Eisenstein series. It is 
alled Eisenstein 
ohomology. In this paperwe give a detailed des
ription of the Eisenstein 
ohomology H
q

Eis
(G, E) of Gin 
ase of regular 
oe�
ients E. It is spanned just by holomorphi
 Eisensteinseries. For non-regular 
oe�
ients E we really have to dete
t the poles of ourEisenstein series. Sin
e G is not quasi-split, we are out of the s
ope of theso-
alled 'Langlands-Shahidi method', 
f. [Shd2, Shd3℄. We apply re
ent re-sults of N. Grba
 in order to �nd the poles of Eisenstein series atta
hed to theminimal paraboli
 P0 of G. Having 
olle
ted this information, we prove of avanishing-result of square-integrable Eisenstein 
ohomology supported by P0with respe
t to arbitrary 
oe�
ients. It will serve as some eviden
e for a gen-eral 
onje
ture we post in this paper on the distribution of residual Eisenstein
ohomology 
lasses of an arbitrary semisimple algebrai
 group de�ned over Q.However, this 
onje
ture is proved for a 
ertain 
lass of residual Eisensteinseries in the beginning of this paper.Introdu
tionLet G be a 
onne
ted, semisimple algebrai
 group de�ned over Q of Q-rank

rkQ(G) ≥ 1, E a �nite-dimensional, irredu
ible 
omplex representation of the Liegroup G(R) of real points of G, and Γ ⊂ G(Q) an arithmeti
 
ongruen
e subgroup.The study of the 
ohomology spa
es H∗(Γ, E) has been 
arried out over the last40 years from various points of view and motivations, using and 
omparing severalte
hniques. Beside others, the 
ohomology of arithmeti
 groups has major appli-
ations within the Langlands Program, whi
h itself is originated in the attemptto solve 
lassi
al problems of algebrai
 and analyti
 number theory, su
h as givinga satisfa
tory non-abelian 
lass �eld theory. This approa
h to 
ohomology of anarithmeti
ally de�ned group indi
ates a 
lose 
onne
tion to the theory of automor-phi
 forms, in parti
ular to 
usp forms and Eisenstein series.The link between H∗(Γ, E) and automorphi
 forms was �rst provided in a 
on-
eptual way by G. Harder in the 
ase of groups of Q-rank one, [Har1, Har2℄. Hismethod is of di�erential geometri
 nature and uses the fa
t that the 
ohomologyof Γ is isomorphi
 to the 
ohomology of a 
ertain 
ompa
t spa
e Γ\X, whi
h is amanifold with boundary ∂(Γ\X). In fa
t, X = G(R)/K is the Riemannian sym-metri
 spa
e asso
iated to the Lie group G(R) and a maximal 
ompa
t subgroup
K and Γ\X is the Borel-Serre-Compa
ti�
ation of the lo
ally symmetri
 quotient
Γ\X. With this framework at pla
e, Harder showed that one 
an 
onstru
t theDate: 2008 May, 15.2000 Mathemati
s Subje
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ation. Primary: 11F75; Se
ondary: 11F70, 11F55, 22E55.Key words and phrases. 
ohomology of arithmeti
 groups, Eisenstein 
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uspidalautomorphi
 representation, Eisenstein series.The author's work was supported in part by the �F124-N Fors
hungsstipendiumder UniversitätWien� and the Junior Resear
h Fellowship of the ESI, Vienna.1



2 HARALD GROBNER�
ohomology at in�nity�, i.e. (up to isomorphy) the image of the natural restri
tionmap H∗(Γ\X,E) → H∗(∂(Γ\X), E) by means of Eisenstein series. This image is
omplementary within H∗(Γ, E) to the 
ohomology of a spa
e of square-integrableautomorphi
 forms, whi
h 
ontains the 
usp forms.In the early 90's, J. Franke �nally proved in [Fra℄ that su
h a de
omposition 
analso be given in the general framework of an arbitrary 
onne
ted, redu
tive alge-brai
 group G. More pre
isely, Franke parti
ularly showed that the 
ohomology ofan arithmeti
 
ongruen
e subgroup Γ ⊂ G(Q) de
omposes as
H∗(Γ, E) = Hcusp(Γ, E) ⊕HEis(Γ, E)into the 
ohomology-spa
e of 
lasses represented by 
uspidal automorphi
 formsand a natural 
omplement 
alled Eisenstein 
ohomology of Γ. This is due to theadeli
 interpretation of H∗(Γ, E) as a subspa
e of the spa
e of KΓ �xed ve
tors in

H∗(G,E) := H∗(g, K,A(G(Q)\G(A))⊗ E)and an analogous de
omposition of this 
ohomology as H∗(G,E) = Hcusp(G,E)⊕
HEis(G,E). (Here KΓ is an appropriate open, 
ompa
t subgroup of the group of�nite adeli
 points G(Af) and A(G(Q)\G(A)) is the usual spa
e of (adeli
) auto-morphi
 forms on G.)In the 
ase of regular 
oe�
ients E, i.e. the highest weight λ of E lies inside theopen, positive Weyl 
hamber, the spa
e of Eisenstein 
ohomology was investigatedby J. S
hwermer in [S
hw1℄ and together with J.-S. Li in [Li-S
hw2℄. It was shownthat under this assumption on E ea
h 
lass in H∗

Eis(G,E) 
an be represented by abun
h of Eisenstein series evaluated at a 
ertain point in the region of holomorphy([S
hw1℄, se
tion 2 and se
tion 6). This lead to a vanishing result in lower degreesof 
ohomology (
f. [Li-S
hw2℄ Thm. 5.5).Still, for non-regular 
oe�
ients E, little is known in general: In 
ontrast to theregular 
ase , residues of Eisenstein series really enter the game (i.e. 
an 
ontributenon-trivially to 
ohomology), when regarding non-regular 
oe�
ient modules E.The results gained so far suggest that the poles of Eisenstein series are en
oded bypoles and zeros (i.e. so-
alled spe
ial values) of automorphi
 L-fun
tions. But evenfor square-integrable residues the situation is not fully understood, sin
e e.g. a sat-isfa
tory theory of des
ribing the residual spe
trum of a non-quasi-split algebrai
group G is not yet available.On the other hand, �nding the poles of Eisenstein series is not the only di�
ultyone en
ounters in this 
ase. One also has to understand if residual Eisenstein series
ontribute non-trivially to 
ohomology and - if they 
ontribute - in whi
h degrees of
ohomology. Again, all these problems are entirely linked to deep questions of lo
aland global representation theory and number theory, in parti
ular the LanglandsProgram.In the present work we 
onsider the above questions and approa
hes to Eisenstein
ohomology regarding the 
onne
ted, simple algebrai
 group Sp(2, 2) de�ned over
Q. It is a non-quasi-split Q-rank two form of the split symple
ti
 group Sp8/Q, the
lassi
al group of Cartan type C4.In se
tion 1 the ne
essary fa
ts about the automorphi
 
ohomology H∗(G,E)for a 
onne
ted, semisimple algebrai
 group G/Q are reviewed. We re
all the de-
omposition of Eisenstein 
ohomologyH∗

Eis(G,E) along the 
uspidal support of theEisenstein series in question, see theorem 1 (resp. the original sour
es [Fra-S
hw℄



EISENSTEIN SERIES AND THE AUTOMORPHIC COHOMOLOGY OF Sp(2, 2) 3or [M÷-Wal2℄): This is a de
omposition along asso
iate 
lasses {P } of proper, par-aboli
 Q-subgroup P of G and 
ertain (
olle
tions ϕ of) 
ohomologi
al, 
uspidalautomorphi
 representations π̃ of the 
orresponding Levi subgroups L of P .In se
tion 2, still for an arbitrary 
onne
ted, semisimple algebrai
 group G/Q,we deal with the question how to breed the spa
e of Eisenstein 
ohomology outof 
ohomologi
al 
uspidal automorphi
 representations π̃ of the Levi subgroups Lof paraboli
 Q-subgroups P $ G. Re
all that P has a Levi- and a Langlands-de
omposition P = LN resp. P = MAN , N being a maximal unipotent subgroupof P and A a maximal 
entral Q-torus of L. As in [Fra-S
hw℄ we use the Eisensteinintertwining operator to get a map on the level of (g, K)-
ohomology(1) Hq(g, K,WP,eπ ⊗ Sχ(a∗) ⊗E)
Eq

π−→ H∗
Eis(G,E).Here, WP,eπ is essentially the representation indu
ed paraboli
ally from π̃. Further,

Sχ(a∗) denotes the symmetri
 tensor algebra of the linear dual of a = Lie(A(R)).(The symbol �χ� shall indi
ate an a
tion of a onto Sχ(a∗) by means of a 
hara
ter
χ of A(R)◦. See se
tion 2.2 for details). This 
onstru
tion pro
edure of Eisenstein
ohomology is explained in detail. In parti
ular we re
all the notion of a 
lass oftype (π, w) (w a so-
alled Kostant representative with respe
t to the right a
tionof the Weyl group of L(C) on the Weyl group of G(C)): This is a non-trivial 
lassin the right hand side of (1). It follows from general results on (g, K)-
ohomologythat the derivative of χ must satisfy dχ = −w(λ + ρ)|aC

.In 2.3 we explain how the behaviour of holomorphy of an Eisenstein series EP (f,Λ),
f ∈ WP,eπ, Λ ∈ aC, intera
ts with the degree(s) of 
ohomology in whi
h the imageof Eq

π lies. The 
ase of holomorphi
 Eisenstein series was already solved by J.S
hwermer in [S
hw2℄ and is summarized shortly in se
tion 2.3.1.Again, the residual 
ase is most di�
ult and in its full generality unsolved. Weknow by Langlands [Lan3℄ that the poles of the Eisenstein series EP (f,Λ) are theones of its 
onstant terms along paraboli
 subgroups. Assume that P is a self-asso
iate, standard paraboli
, then it su�
es to 
onsider the 
onstant term along
P itself. Putting W (A) = NG(Q)(A(Q))/L(Q) (whi
h is a subgroup of the Weylgroup atta
hed to the Q-roots of G) we arrive at a de
omposition of this 
onstantterm as a �nite sum(2) EP (f,Λ)P =

∑

w∈W(A)

M(Λ, π̃, w)(fe〈Λ+ρP ,HP (.)〉),where M(Λ, π̃, w) are 
ertain well-known meromorphi
 fun
tions asso
iated to Λ, π̃and w ∈W (A) (
f. se
tion 2.3.2 for their pre
ise de�nition respe
tively for the othersymbols not explain here). So the behaviour of holomorphy of EP (f,Λ) is given bythe interplay of the poles and zeros of the �nitely many fun
tions M(Λ, π̃, w). Weprove the following new theorem in se
tion 2.3.2 (
f. theorem 2) on the degree ofresidual Eisenstein 
ohomology 
lasses:Theorem. In the notation used above, let 0 6= [ω] ∈ Hq(g, K,WP,eπ ⊗ Sχ(a∗)⊗E).If all Eisenstein series EP (f,Λ), f ⊗ 1 in the image of ω, have got a pole at dχ =
−w(λ + ρ)|aC

∈ a∗C 
oming just from the term M(Λ, π̃, w0), w0 the longest elementin W (A), then the image of [ω] under Eq
π 
ontributes in degree q′ := q+dimN(R)−

2l(w), l(w) the length of w.This theorem is supplemented by a small 
onje
ture, see 
onje
ture 3: We believethat the 
ondition that just the operator M(Λ, π̃, w0) gives the pole 
an be weak-ened to the 
ondition that the pole of EP (f,Λ) should be of maximal possible order.



4 HARALD GROBNERSome eviden
e for our 
onje
ture will be given in se
tion 6.5 for G = Sp(2, 2)/Q(see also below). The arguments used there should work in a more general setup.Form se
tion 3 on, we 
on
entrate on the 
ase G = Sp(2, 2)/Q. As mentionedearlier, G is a simple, 
onne
ted, simply 
onne
ted algebrai
 group over Q, whi
his an non-quasi-split, Q-rank 2 inner form of Sp8 � the 
lassi
al split group over
Q of Cartan type C4. Hen
e, the 
lasses of asso
iate and 
onjugate paraboli
 Q-subgroups of G 
oin
ide and 
an be represented by the 
hoi
e of three standardparaboli
 subgroups P0 (a minimal one) and P1 and P2 (two maximal ones). Inorder to 
onstru
t Eisenstein 
ohomology, we need to get some knowledge on 
o-homology 
lasses of type (π, w) as remarked before: π = χπ̃ with χ a 
ertain
hara
ter of Ai(R)◦ and π̃ a 
ohomologi
al 
uspidal automorphi
 representation of
Li(A) (i = 0, 1, 2); and w is a Kostant representative of a 
oset with respe
t to theright a
tion of the Weyl group of L(C) on the Weyl group of G(C). In se
tion 4the possible ar
himedean 
omponents π̃∞ of 
ohomologi
al 
uspidal automorphi
representations π̃ are 
lassi�ed (
f. lemma 4 and proposition 5). These are irre-du
ible unitary 
ohomologi
al representations of the semisimple part Mi(R) of theredu
tive Lie groups Li(R). We use the well known Vogan-Zu
kerman 
lassi�
ationof su
h representations, 
f. [Vog-Zu℄.Having gained this knowledge, se
tion 5 gives then a 
omplete des
ription of the
G(Af)-module stru
ture of the Eisenstein 
ohomology spa
es Hq

Eis(G,E), underthe assumption that the 
oe�
ient module E is regular. The 
ase of ea
h paraboli

Q-subgroup Pi, i = 0, 1, 2 is treated separately in three subse
tions. The maintheorems des
ribing the internal nature of Eisenstein 
ohomology 
lasses with re-spe
t to regular 
oe�
ients are theorems 8, 9 and 10. The general phenomenonthat ea
h Eisenstein 
lass 
an be represented by (a �nite number of) regular valuesof Eisenstein series ([S
hw1℄) and the vanishing of Hq

Eis(G,E) below the half of
dimX = 16 ([Li-S
hw2℄) is veri�ed 
on
retely in this 
ase.The mu
h more di�
ult 
ase of a general - meaning, not ne
essarily regular - 
oe�-
ient system E is dealt with in se
tion 6. We 
on
entrate on the 
ontribution of theminimal paraboli
 P0. The analysis of (residual) Eisenstein 
ohomology supportedin P0 might be viewed as a 
ase-study, whi
h sour
es its interest in absen
e of agood general theory from the following questions, whi
h have been stated alreadyabove: (a) How to �nd the poles of an Eisenstein series EP0(f,Λ)? To work on thisquestion is parti
ularly interesting in our 
on
rete 
ase, sin
e G = Sp(2, 2) (andso L0) is not quasi-split, when
e we are out of s
ope of the 'Langlands-Shahidi-method', [Shd2, Shd3℄; and (b): How to 
ontrol the 
ontribution of the variousresulting residues to Eisenstein 
ohomology?In order to answer (a), i.e. 
al
ulate the poles of EP0(f,Λ) we have to normalize theoperators M(Λ, π̃, w) of (2), meaning we have to �nd a fun
tion r(Λ, π̃, w) �whosebehaviour of holomorphywe understand� su
h thatN(Λ, π̃, w) = r(Λ, π̃, w)M(Λ, π̃, w)� to be 
alled the normalized intertwining operator � is holomorphi
 and non-vanishing in the region we need it. For quasi-split groups su
h a normalization isprovided by the Langlands-Shahidi-method. But as remarked before, our group isnot quasi-split. We apply a little tri
k (
f. proposition 12 resp. our original paper[Gro℄, Prop. 3.1), whi
h allows us to get a good normalization of M(Λ, π̃, w) byjust normalizing the lo
al operatorsM(Λ, π̃p, w), p a pla
e where G(Qp) = Sp8(Qp)(i.e. G splits). Then we use proposition 11, whi
h tells us that we 
an redu
e theproblem of normalizing M(Λ, π̃p, w) at su
h pla
es to the Q-rank one 
ase. Still,
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e we have to normalize also 
uspidal represen-tations of L0(A) whi
h are not generi
. At this point, we use the re
ent work of N.Grba
 ([Grb1, Grb2℄), whi
h solves the question of how to normalize our operatorsfor su
h non-generi
 lo
al representations. The double poles of Eisenstein series are�nally listed in our propositions 16 and 18.Question (b) is the most subtle matter. Here we 
on�ne ourselves to 
onsiderthe spa
e of square-integrable Eisenstein 
ohomology, (supported by P0), denoted
Hq(g, K, LE,P0 ⊗ E). Its 
oe�
ient system LE,P0 is a subspa
e of the residualspe
trum of G and de
omposes hen
e as a dire
t Hilbert sum over unitary residualautomorphi
 representations of G(A). The 
lassi�
ation of 
ohomologi
al, irre-du
ible, unitary representations of G(R) given by [Vog-Zu℄, essentially implies thefollowing vanishing-result (see theorem 19).Theorem. Let P0 be the minimal standard paraboli
 Q-subgroup of G = Sp(2, 2)and E any irredu
ible, �nite-dimensional 
omplex-rational representation of G(R).If E 6= C, then square-integrable Eisenstein 
ohomology supported by P0 vanishesbelow degree 3

Hq(g, K, LE,P0 ⊗E) = 0 for q ≤ 3.If E = C, then there is an epimorphism
H0(g, K, LC,P0) ։ H0(G,C) = Cand

Hq(g, K, LC,P0) = 0 for 1 ≤ q ≤ 3.From the perspe
tive of question (b), the point of this theorem is that it �ts per-fe
tly together with the analyti
 ma
hinery developed above and our 
onje
ture,whi
h explains the distribution in degrees of 
ohomology of maximally residualEisenstein 
ohomology 
lasses: This is shown in se
tion 6.5. We remark that �max-imally residual� means that EP0(f,Λ) has a double pole, as rkQ(G) = 2. (That isalso the reason why we just list the double poles in our propositions 16 and 18.)Therefore, we think of theorem 19 as some eviden
e for the truth of our 
onje
ture 3.Finally, we give all ne
essary 
omputational data (e.g. the sets of Kostant rep-resentatives w) in six tables put in our small appendix.A
knowledgments:This paper is partly an outgrowth of my Ph. D. thesis. I am grateful to myadvisor Joa
him S
hwermer for his varied kind support. Also, I want to express mygratitude to Neven Grba
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onversations. Besides, I want to thank Jakub Orbán, who developeda 
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h Fellowship of the ESI, Vienna.Notation and Conventions. Throughout this paper G will be a 
onne
ted, sim-ply 
onne
ted, semisimple algebrai
 group over Q of rank rkQ(G) ≥ 1 with �nite
enter. Lie algebras of groups of real points of algebrai
 groups will be denoted bythe same but fra
tional letter, e.g. Lie(G(R)) = g. The 
omplexi�
ation of a Liealgebra will be denoted by subs
ript �C�, e.g. g⊗R C = gC. If U(g) is the universalenveloping algebra of the 
omplex algebra gC, Z(g) stands for its 
enter.



6 HARALD GROBNERWe use the standard terminology and hypotheses 
on
erning algebrai
 groups andtheir subgroups to be found in [M÷-Wal2℄ I.1.4-I.1.12. In parti
ular we assumethat a minimal paraboli
 subgroup P0 has been �xed and that KA = KR × KAfis a maximal 
ompa
t subgroup of the group G(A) of adeli
 points of G whi
h isin good position with respe
t to P0 ([M÷-Wal2℄, I.1.4). Then K = KR is maximal
ompa
t in G(R), hen
e 
omes with a Cartan involution ϑ. If H is a subgroup of
G, we let KH = K ∩H(R).Assume that L0 is a Levi subgroup of P0 whi
h is invariant under ϑ and N0 isthe unipotent radi
al of P0. Then we have the Levi de
omposition P0 = L0N0 andif we additionally denote by A0 a maximal, 
entral Q-split torus in L0 then wealso get the Langlands de
omposition P0 = M0A0N0. As usual, M0 =

⋂
χ kerχ,

χ ranging over the group X(L0) of all Q-
hara
ters on L0. Let P be a standardparaboli
 Q-subgroup of G. It has a unique Levi de
omposition P = LPNP , with
LP ⊇ L0 and also a unique Langlands de
omposition P = MPAPNP with unique
ϑ-stable split 
omponent AP ⊆ A0. If it is 
lear from the 
ontext we will also omitthe subs
ript �P �. We write ∆(P,A) for the set of weights of the adjoint a
tionof P with respe
t to AP . ρP denotes the half-sum of these weights. In parti
ular,
ρ = ρP0 is the half sum of positive Q-roots of G with respe
t to A0.Extend the Lie algebra a of A(R) to a Cartan subalgebra h of g by adding a Cartansubalgebra b of m. The absolute root system of g is denoted ∆ = ∆(gC, hC), asimple subsystem (given by the obstru
tion that positivity on the system of abso-lute roots shall be 
ompatible with the positivity on the set ∆Q of Q-roots impliedby the 
hoi
e of the minimal pair (P0, A0)) is denoted ∆◦. We also write ∆◦

M forthe set of absolute simple roots of m with respe
t to b (so ∆◦ = ∆◦
G). The Weylgroups asso
iated to ∆ and ∆Q are denoted W = W (gC, hC) and WQ. We let

WP = {w ∈ W |w(α) > 0 ∀α ∈ ∆◦
M}. The elements of WP are 
alled Kostantrepresentatives, 
f. [Bor-Wal℄.Using the fa
t that KA is in good position, we 
an extend the standard Harish-Chandra height-fun
tion HP : P (A) → a∗ given by ∏

p |χ(p)|p = e〈χ,HP (p)〉, χ ∈

X(L) viewed as an element of a∗C, to a fun
tion on all of G(A) by setting HP (g) :=
HP (p), g = kp.Let G be a 
onne
ted, redu
tive group over Q and χ̃ a 
entral 
hara
ter. Asusual L2

dis(G(Q)\G(A)) (resp. L2
dis(G(Q)\G(A), χ̃)) denotes the dis
rete spe
trumof G (resp. the part of it 
onsisting of fun
tions with 
entral 
hara
ter χ̃). It
an be written as the dire
t sum of the 
uspidal spe
trum L2

cusp(G(Q)\G(A))(resp. L2
cusp(G(Q)\G(A), χ̃)) and the residual spe
trum L2

res(G(Q)\G(A) (resp.
L2

res(G(Q)\G(A), χ̃)). By [Gel-Gra-PS℄ the spa
e L2
dis(G(Q)\G(A), χ̃), de
omposesas dire
t Hilbert sum over all irredu
ible, admissible representations π of G(A) with
entral 
hara
ter χ̃, ea
h of whi
h o

urring with �nite multipli
ity mdis(π). Thesame it therefore true for the 
uspidal (resp. residual) spe
trum, if we repla
e themultipli
ity by m(π) ≤ mdis(π) (resp. mres(π) ≤ mdis(π)). Every π 
an be writtenas restri
ted tensor produ
t π = ⊗′

pπp, where p is a pla
e of Q. i.e. either a prime or
∞ and πp a lo
al irredu
ible, admissible representation πp of G(Qp), [Fla℄. Further,
π (and so all πp) is unitary if and only if χ̃ is. Then π is the 
ompleted restri
tedtensor produ
t π = ⊗̂

′
pπp.For any G(A)-representation σ, we will write σ∞ for the spa
e of its smooth ve
torsand σ(K) for the spa
e of K-�nite ve
tors. Clearly, if σ is unitary, then σ∞

(K) is aunitary (g, K,G(Af))-module.
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 Cohomology1.1. Let E be a �nite-dimensional, irredu
ible, 
omplex-rational representation of
G(R) 
hara
terized by its highest weight λ. A starting point of our interest is the
G(Af)-module stru
ture of the (g, K)-
ohomology of the spa
e of (E-valued) adeli
automorphi
 forms A(G(Q)\G(A)) ⊗ E:

H∗(G,E) := H∗(g, K,A(G(Q)\G(A))⊗ E).As it is well-known, and as we shall also see again later, in order to understand this
ohomology spa
e, one should understand the 
ohomologi
al 
ontribution of thoseautomorphi
 representations π = π∞ ⊗ πf of G(A) whi
h have a 
ohomologi
alin�nite 
omponent π∞.By [Lan4℄, Prop. 2, a (g, K,G(Af))-module π is automorphi
 if and only if it isisomorphi
 to an irredu
ible subquotient of a paraboli
ally indu
ed representationIndG(Af )

P(Af )Ind(g,K)
(l,KL)[σ], σ being a 
uspidal automorphi
 representation of a Levi sub-group L of a paraboli
 Q-subgroup of G. This 
an be proved by use of the so-
alledEisenstein intertwining operator (
f. se
tion 2.2), whi
h assigns, very roughly, toea
h fun
tion f ∈ π a regular value, a residue or a derivative of an Eisenstein seriesat a 
ertain point (
f. [Fra℄, Cor. 1, p. 236 for this more subtle approa
h).Clearly, if π is 
uspidal itself then we 
an take P = G and this Eisenstein sum-mation pro
ess degenerates essentially to the identity fun
tion. Therefore, as a

(g, K,G(Af))-module, A(G(Q)\G(A)) de
omposes as the spa
e of 
uspidal auto-morphi
 forms Acusp and the subrepresentation AEis, whi
h is spanned as a repre-sentation by all subquotients of paraboli
ally indu
ed representationsIndG(Af )
P(Af )Ind(g,K)

(l,KL)[σ], with P 6= G. By the very de�nition of the Eisenstein in-tertwining operator, this subspa
e is spanned by Eisenstein series, residues andderivatives of su
h. We get the de
omposition as G(Af)-modules
H∗(G,E) = H∗(g, K,Acusp ⊗E) ⊕H∗(g, K,AEis ⊗E).The �rst spa
e is 
alled 
uspidal 
ohomology and denoted H∗

cusp(G,E), the se
ondEisenstein 
ohomology, to be denoted by H∗
Eis(G,E). Now, what we are interestedin is the spa
e H∗

Eis(G,E) of Eisenstein 
ohomology, on whi
h we will fo
us inthis paper. Sin
e (g, K)-
ohomology just takes into a

ount representations whi
hhave a 
ertain in�nitesimal 
hara
ter, see [Bor-Wal℄, one 
an repla
e the spa
e of allautomorphi
 formsA(G(Q)\G(A)) by the spa
e AE 
onsisting of those automorphi
forms whi
h are annihilated by a power of the ideal Z of Z(g), whi
h annihilatesthe dual representation of E:
AE = {f ∈ A(G(Q)\G(A))|Znf = 0 for some n}and

H∗(G,E) = H∗(g, K,AE ⊗E)1.2. The spa
es AE,P . In [Fra-S
hw℄, J. Franke and J. S
hwermer (and also in[M÷-Wal2℄, C. M÷glin and J.-L. Waldspurger) were able to give a mu
h more de-tailed de
omposition of the spa
e AE , taking into a

ount the 
uspidal supportalong Levi subgroups of the Eisenstein series involved.First of all, the spa
e AE admits a 
ertain de
omposition as a dire
t sum withrespe
t to the 
lasses {P } of asso
iate paraboli
 Q-subgroups P ⊆ G. This relies
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h a de
omposition of the spa
e VG of K-�nite, left G(Q)-invariant, smoothfun
tions f : G(A) → C of uniform moderate growth, �rst proved by Langlands ina letter to Borel, [Lan2℄. See also [Bor-Lab-S
hw℄ Thm. 2.4: VG =
⊕

{P} VG({P }),where VG({P }) denotes the spa
e of elements f in VG whi
h are negligible along Qfor every paraboli
 Q-subgroup Q ⊆ G, Q /∈ {P }. Putting AE,P = VG({P }) ∩ AEwe get the desired de
omposition of AE as (g, K,G(Af))-module
AE =

⊕

{P}

AE,P .Observe that AE,G ⊂ VG({G}) = L2
cusp(G(Q)\G(A))∞(K). Hen
e,

Hq
cusp(G,E) = Hq(g, K,AE,G ⊗E),and

Hq
Eis(G,E) =

⊕

{P},P 6=G

Hq(g, K,AE,P ⊗E).Sin
e VG({G}) = L2
cusp(G(Q)\G(A))∞(K) de
omposes as a (g, K,G(Af))-moduleas a dire
t sum over all 
uspidal automorphi
 representations of G(A), ea
h of whi
ho

urring with �nite multipli
ity m(π), we get by [Bor-Wal℄, XIII, a �nite dire
tsum de
omposition

H∗
cusp(G,E) =

⊕

π

H∗(g, K, π⊗E)m(π) =
⊕

π

(H∗(g, K, (π∞)(K) ⊗E)⊗ π
∞f

f )m(π),the sum ranging over all 
uspidal automorphi
 representations π of G(A).1.3. Eisenstein series. Also the summands AE,P giving Eisenstein 
ohomologyhave a de
omposition as (g, K,G(Af))-module. We refer the reader for details tothe original paper [Fra-S
hw℄.Some te
hni
al assumptions and notations have to be �xed:ForQ = MAN asso
iate to the standard paraboli
 P , ϕQ is a �nite set of irredu
iblerepresentations π = χπ̃ of L(A), with χ : A(R)◦ → C∗ a 
ontinuous 
hara
ter and
π̃ an irredu
ible, unitary subrepresentation of L2

cusp(L(Q)A(R)◦\L(A)) of L(A)whose 
entral 
hara
ter indu
es a 
ontinuous morphism A(Q)A(R)◦\A(A) → U(1)and whose in�nitesimal 
hara
ter mat
hes the one of the dual of an irredu
ible sub-representation of H∗(n, E). This means that π̃ is a unitary, 
uspidal automorphi
representation of L(A) whose 
entral and in�nitesimal 
hara
ter satisfy the above
onditions. Finally, three further �
ompatibility 
onditions� have to be satis�ed be-tween these sets ϕQ, skipped here and written down in [Fra-S
hw℄, 1.2. The familyof all 
olle
tions ϕ = {ϕQ} of su
h �nite sets is denoted ΨE,P .Now, let WP,eπ be the spa
e of all smooth, K-�nite fun
tions
f : L(Q)N(A)A(R)◦\G(A) → C,su
h that for every g ∈ G(A) the fun
tion l 7→ f(lg) on L(A) is 
ontained in the

π̃-isotypi
 
omponent π̃m(eπ) of L2
cusp(L(Q)A(R)◦\L(A)). For a fun
tion f ∈WP,eπ,

Λ ∈ a∗C and g ∈ G(A) an Eisenstein series is formally de�ned as
EP (f,Λ)(g) :=

∑

γ∈P(Q)\G(Q)

f(γg)e〈Λ+ρP ,HP (γg)〉.If we set (a∗)+ := {Λ ∈ a∗C|ℜe(Λ) ∈ ρP + C}, where C equals the open Weyl-
hamber with respe
t to ∆(P,A), the series 
onverges absolutely and uniformly on
ompa
t subsets of G(A) × (a∗)+. It is known that EP (f,Λ) is an automorphi
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an be analyti
ally 
ontinued to ameromorphi
 fun
tion on all of a∗C, 
f. [M÷-Wal2℄ or [Lan3℄ �7. It is known thatthe singularities Λ0 (i.e poles) of EP (f,Λ) lie along 
ertain a�ne hyperplanes of theform Rα,t := {ξ ∈ a∗C|〈ξ, α〉 = t} for some 
onstant t and some root α ∈ ∆(P,A),
alled �root-hyperplanes� ([M÷-Wal2℄ Prop. IV.1.11 (a) or [Lan3℄ p.131). Choosea normalized ve
tor ν ∈ a∗C orthogonal to Rα,t and assume that Λ0 is on no othersingular hyperplane of EP (f,Λ). Then de�ne Λ0(u) := Λ0 + uν for u ∈ C. If cis a positively oriented 
ir
le in the 
omplex plane around zero whi
h is so smallthat EP (f,Λ0(.))(g) has as no singularities on the interior of the 
ir
le with doubleradius, then ResΛ0(EP (f,Λ)(g)) :=
1

2πi

∫

c

EP (f,Λ0(u))(g)duis a meromorphi
 fun
tion on Rα,t, 
alled the residue of EP (f,Λ) at Λ0. Its poleslie on the interse
tions of Rα,t with the other singular hyperplanes of EP (f,Λ). Soone gets a fun
tion holomorphi
 at Λ in �nitely many steps by taking su

essiveresidues as explained above.1.4. The spa
es AE,P,ϕ. Now we are able to turn to the desired de
omposition of
AE,P : For π = χπ̃ ∈ ϕP ∈ ϕ ∈ ΨE,P let AE,P,ϕ be the spa
e of fun
tions, spannedby all possible residues and derivatives of Eisenstein series de�ned via all f ∈WP,eπ,at the value dχ inside the positive Weyl 
hamber de�ned by ∆(P,A). It is a
(g, K,G(Af))-module. Thanks to the fun
tional equations (see [M÷-Wal2℄ IV.1.10)satis�ed by the Eisenstein series 
onsidered, this is well de�ned, i.e. independentof the 
hoi
e of a representative for the 
lass of P (when
e we 
ould take P itself)and the 
hoi
e of a representation π ∈ ϕP . Finally, we getTheorem 1 ([Fra-S
hw℄ Thm. 1.4. + Thm. 2.3.; see also [M÷-Wal2℄ III, Thm.2.6.). There is dire
t sum de
omposition as (g, K,G(Af))-module

AE,P =
⊕

ϕ∈ΨE,P

AE,P,ϕgiving rise to
H∗

Eis(G,E) =
⊕

{P},P 6=G

⊕

ϕ∈ΨE,{P}

H∗(g, K,AE,P,ϕ ⊗ E).2. Constru
tion of Eisenstein 
ohomologyWe review now a method to 
onstru
t Eisenstein 
ohomology, using the notionof so-
alled �(π, w)-types�.2.1. Classes of type (π, w). Take π = χπ̃ ∈ ϕP and 
onsider the symmetri
tensor algebra
Sχ(a∗) =

⊕

n≥0

n⊙
a∗C,

⊙n
a∗C being the symmetri
 tensor produ
t of n 
opies of a∗C, as module under aC:Via the natural identi�
ation aC

∼
→ a∗C it is an aC-module a
ted upon by ξ ∈ aC

∼= a∗Cvia multipli
ation with 〈ξ, ρP +dχ〉+ξ (within the symmetri
 tensor algebra). Thisexplains the subs
ript �χ�. We extend this a
tion trivially on lC and nC to get ana
tion of the Lie algebra pC on the Bana
h spa
e Sχ(a∗). Observe that one 
anequivalently regard Sχ(a∗) as the spa
e of polynomials p on aC. Thus, we 
an de�nea P (Af)-module stru
ture via the rule
(q · p)(ξ) = e〈ξ+dχ+ρP ,HP (q)〉p(ξ),



10 HARALD GROBNERfor q ∈ P (Af), ξ ∈ aC and p ∈ Sχ(a∗). There is a 
ontinuous linear isomorphismIndG(Af)

P(Af )Ind(g,K)
(l,KL)

[
π̃∞

(KL) ⊗ Sχ(a∗)
]m(eπ) ∼

→WP,eπ ⊗ Sχ(a∗),indu
ed by the tensor map⊗ and the evaluation of fun
tions f ∈ C∞(G(A), (π̃∞)m(eπ))at the identity, f 7→ evid(f) : g 7→ f(g)(id), so in parti
ular one 
an view the righthand side as a (g, K,G(Af))-module by transport of stru
ture. Doing this, [Fra℄pp. 256-257 show
Hq(g, K,WP,eπ ⊗ Sχ(a∗) ⊗E) ∼=(3)

⊕

w∈WP

−w(λ+ρ)|aC
=dχ

IndG(Af)

P(Af )

[
Hq−l(w)(m, KM , (π̃∞)(KM ) ⊗

◦Fw) ⊗ Cdχ+ρP
⊗ π̃

∞f

f

]m(eπ)

.Here ◦Fw is the �nite dimensional representation ofM(C) with highest weight w(λ+
ρ) − ρ|bC

and Cdχ+ρP
the one-dimensional, 
omplex P (Af)-module on whi
h q ∈

P (Af) a
ts by multipli
ation by e〈dχ+ρP ,HP (q)〉. A non-trivial 
lass in a summandof the right hand side is 
alled a 
ohomology 
lass of type (π, w), π ∈ ϕP , w ∈WP(this notion was �rst introdu
ed in [S
hw2℄).Further, as L(R) ∼= M(R) × A(R)◦, π̃∞ 
an be regarded as an irredu
ible, unitaryrepresentation of M(R). Therefore, a (π, w) type 
onsists out of an irredu
iblerepresentation π = χπ̃ whose unitary part π̃ = π̃∞⊗̂π̃f has at the in�nite pla
ean irredu
ible, unitary representation π̃∞ of the semisimple group M(R) with non-trivial (m, KM )-
ohomology with respe
t to ◦Fw.2.2. The Eisenstein map. In order to 
onstru
t Eisenstein 
ohomology 
lasses,we start from a 
lass of type (π, w). Sin
e we are interested in 
ohomology, we 
anby (3) assume without loss of generality that dχ = −w(λ + ρ)|aC
lies inside the
losed Weyl 
hamber de�ned by ∆(P,A).We reinterpret Sχ(a∗) as the (Bana
h) spa
e of formal, �nite C-linear 
ombina-tions of di�erential operators ∂α

∂Λα on the 
omplex, l-dimensional ve
tor spa
e aC.It is understood that some 
hoi
e of Cartesian 
oordinates z1(Λ), ..., zl(Λ) on aC hasbeen �xed and α = (n1, ..., nl) ∈ Nl
0 denotes a multi-index with respe
t to these.As a 
onsequen
e of [M÷-Wal2℄ Prop. IV.1.11, there exists a polynomial 0 6= q(Λ)on aC su
h that for every f ∈WP,eπ the fun
tion

Λ 7→ q(Λ)EP (f,Λ)is holomorphi
 at dχ. Sin
e AE,P,ϕ 
an be written as the spa
e whi
h is generatedby the 
oe�
ient fun
tions in the Taylor series expansion of q(Λ)EP (f,Λ) at dχ,
f running through WP,eπ, we are able to de�ne a homomorphism of (g, K,G(Af))-modules EP,π

WP,eπ ⊗ Sχ(a∗)
EP,π

// AE,P,ϕ

f ⊗
∂α

∂Λα
7→

∂α

∂Λα
(q(Λ)EP (f,Λ)) |dχ.and get a well-de�ned map in 
ohomology(4) Hq(g, K,WP,eπ ⊗ Sχ(a∗) ⊗ E)

Eq
π−→ H∗(g, K,AE,P,ϕ ⊗E).
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an very well happen, that Eq
π just hits zero if Hq(g, K,AE,P,ϕ ⊗E) is taken asits target for a 
ertain q. However, by the very 
onstru
tion of the spa
es AE,P,ϕ,at least E∗

π = ⊕qE
q
π is surje
tive onto H∗(g, K,AE,P,ϕ ⊗E).2.3. Degrees of Eisenstein 
ohomology 
lasses.2.3.1. Regular Eisenstein series. Suppose that for every f ∈ WP,eπ the Eisensteinseries EP (f,Λ) are holomorphi
 at dχ = −w(λ + ρ)|aC

inside the 
losed Weyl
hamber given by ∆(P,A). Then the 
onstru
tion map EP,π indu
es a degree-preserving isomorphism(5) Hq(g, K,WP,eπ ⊗ Sχ(a∗) ⊗ E)
∼
→ Hq(g, K,AE,P,ϕ ⊗E),This is a 
onsequen
e of [S
hw2℄, theorem 4.11.2.3.2. Residual Eisenstein series. In the residual 
ase, there might be no longera unique degree, in whi
h the image of Eq

π lies. But we 
an still determine thedegree for residual Eisenstein series whi
h have a pole of maximal possible order at
Λ = dχ and satisfy some extra 
ondition to be introdu
ed below. (Observe thatthis maximum is pre
isely the dimension of aC).Let us explain this. As a matter of fa
t, the poles of the Eisenstein series EP (f,Λ)are the ones of its 
onstant terms, [Lan3℄. Further more, it is enough to 
onsiderthe 
onstant term along asso
iate paraboli
 subgroups. Indeed, due to the fun
-tional equation satis�ed by Eisenstein series (
f. [M÷-Wal2℄, IV.1.10) it su�
es to
onsider the 
onstant term along the standard paraboli
 subgroup P ′ ∈ {P }, whi
his 
onjugate to P , the paraboli
 opposite to P . For sake of simpli
ity we assumethat P is self-asso
iate, i.e. P = P ′. PutIP,eπ,Λ := IndG(Af)

P(Af )Ind(g,K)
(l,KM )

[
π̃∞

(KM ) ⊗ CΛ+ρP

]m(eπ)

,where we assume that q ∈ P (Af) a
ts on CΛ+ρP
by multipli
ationwith e〈Λ+ρP ,HP (q)〉.Then the 
onstant term along P 
an be written as a �nite sum over 
ertain Weylgroup elements w ∈W (A) := NG(Q)(A(Q))/L(Q)(6) EP (f,Λ)P =

∑

w∈W(A)

M(Λ, π̃, w)(fe〈Λ+ρP ,HP (.)〉),see e.g. [M÷-Wal2℄, prop. II.1.7 and the poles of the Eisenstein series are de-termined by the mutual in�uen
e of the poles of the (g, K,G(Af))-intertwiningoperators
M(Λ, π̃, w) : IP,eπ,Λ → IP,w(eπ),w(Λ)

M(Λ, π̃, w)ψ(g) =

∫

N(Q)∩wN(Q)w−1\N(A)

ψ(w−1ng)dn.Let us assume that EP (f,Λ) has got a pole of order ℓ at the point dχ for an
f ∈ WP,eπ. Then the residue of the Eisenstein series ResdχEP (f,Λ) will be viathe 
onstant term map in the sum of the images of those intertwining operators
M(dχ, π̃, w) whi
h have a pole of at least order ℓ at Λ = dχ. If we parti
ularlyassume that justM(dχ, π̃, w0), with w0 the longest element ofW (A), gives the polethen ℓ is maximal and the residue will be in the image of M(dχ, π̃, w0). Hen
e, if
[ω] ∈ Hq(g, K,WP,eπ ⊗ Sχ(a∗) ⊗ E) is a 
lass represented by a morphism ω havingjust fun
tions f ⊗1 in its image whose asso
iated Eisenstein series EP (f,Λ) have apole at the uniquely determined point Λ = dχ, 
oming just from the longest element
w0 ∈ W (A), then we see that in order to �nd out the degree(s) q′ of 
ohomology
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h this residual 
lass Eq
π([ω]) 
ontributes, we have to determine the degree(s)in whi
h the image of the lo
al intertwining operator M(dχ, π̃∞, w0) 
ontributes.As P is self-asso
iate, we have L(R) = w0L(R)w−1

0 = L(R) and N(R) = w0N(R)w−1
0 .This implies that we 
an rewrite the intertwining operator M(Λ, π̃∞, w0) as

M(Λ, π̃∞, w0)ψ∞(g) =

∫

N(R)

ψ∞(nw−1
0 g)dn.Considering the intertwining operator

j(Λ) : Ind(g,K)
(l,KL)[(π̃∞)(KL) ⊗ CΛ+ρP

]m(eπ) → Ind(g,K)
(l,KL)[(π̃∞)(KL) ⊗ CΛ+ρ

P
]m(eπ)

j(Λ)ψ∞(g) =

∫

N(R)

ψ∞(ng)dn,we see that left-translation of fun
tions by w−1
0 maps the image of M(dχ, π̃∞, w0)isomorphi
ally onto the image of j(dχ). Therefore it is justi�ed to look at the imageof M(dχ, π̃∞, w0) as a subspa
e ofInd(g,K)

(l,KL)[(π̃∞)(KL) ⊗ Cdχ+ρ
P
]m(eπ),the representation indu
ed from the opposite paraboli
 P . As a 
onsequen
e ofthe �rst half of the proof of [Bor-Wal℄ V, Prop. 1.5, the image of [ω] under Eq

π
ontributes in this 
ase, i.e. if all Eisenstein series EP (f,Λ), f ⊗ 1 in the image of
ω, have got a pole at dχ = −w(λ + ρ)|aC


oming just from the longest element w0in W (A), in degree q′ := q + dimN(R) − 2l(w).By (3) r = q − l(w) is a degree, in whi
h π̃∞ has (m, KM)-
ohomology. So wehave proved:Theorem 2. Let [ω] be a non-trivial 
lass of type (π, w), π = χπ̃, w ∈ WPsu
h that π̃∞ has non-zero (m, KM )-
ohomology in degree r with respe
t to ◦Fw.Suppose that all Eisenstein series EP (f,Λ), f ⊗ 1 in the image of ω, have got apole at the uniquely determined point dχ = −w(λ + ρ)|aC
, subje
t to the 
onditionthat among the summands M(Λ, π̃, v)(fe〈Λ+ρP ,HP (.)〉), v ∈ W (A), in (6) only theterm 
orresponding to the longest element in W (A) has got a pole at Λ = dχ. Then

Eq
π([ω]) is a 
ohomology 
lass in degree r + dimN(R) − l(w).Remark (Maximal paraboli
 P ). If P maximal, then P will automati
ally be self-asso
iate if G is not of type An (n ≥ 2), Dn (n odd) or E6. Assume that P isself-asso
iate. Then just the longest (sin
e it is the only non-trivial) Weyl groupelement w ∈ W (A) 
an 
ontribute a pole to an Eisenstein series and we are in thesituation 
onsidered above.Clearly, if rkQ(G) = 1 then any proper paraboli
 P will be self-asso
iate and hen
ethe above said always applies to these groups.We hazard the followingConje
ture 3. The 
ondition that the pole of EP (f, λ) just 
omes from the longestelement w0 ∈ W (A) 
an be relaxed to the 
ondition that its order ℓ is maximal fortheorem 2 to still hold true.We will give some eviden
e for this 
onje
ture in se
tion 6.5.
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olle
t now ne
essary, basi
 fa
ts 
on
erning the group G = Sp(2, 2).Therefore let B be a quaternion algebra over Q with 
anoni
al involution x 7→ x,s.t. B⊗Q R ∼= H where H equals the real Hamilton quaternions. We denote by S(B)the �nite set of pla
es p where B does not split, i.e. B ⊗Q Qp is a division algebra.Suppose f : Bn ×Bn → B is a Hermitian form of signature (p, q), where 0 ≤ q ≤ pwith n = p+ q and Bn is being regarded as a B-right module. We suppose that fis equivalent to (x, y) 7→
∑p

i=1 xiyi −
∑q

j=1 xj+pyj+p. Then we de�ne Sp(p, q) tobe the group of all B-linear automorphisms of Bn leaving invariant f :
Sp(p, q) = {g ∈Mn(B)|g∗Kp,qg = Kp,q}.Here, g∗ = (gji)i,j = gt and

Kp,q :=

(
idp×p 0

0 −idq×q

)
.

Sp(p, q) is a 
onne
ted, simply 
onne
ted, simple algebrai
 group over Q of ranks
rkQ(G) = rkR(G) = min(p, q). It is a non-quasisplit inner form of Sp2n, the splitgroup of type Cn. From now on let G = Sp(2, 2). A maximal 
ompa
t subgroup
K of G(R) is isomorphi
 to K = Sp(2) × Sp(2).3.2. Paraboli
 groups. We �x a minimal paraboli
 P0 = L0N0 = M0A0N0 as inthe introdu
tion. We see that

L0
∼= GL1(B) ×GL1(B)and so

M0 = SL1(B) × SL1(B).Further, A0 
an be 
hosen su
h that Lie(A0(R)) = a0, with
a0 =

{(
0 a
a 0

)
, a = diag(a1, a2) ∈ M2(R)

}and we 
an identify the set of Q- and R-roots of G with
∆Q = ∆(g, a0) = {±βi ± βj , 1 ≤ i < j ≤ 2} ∪ {±2β1,±2β2},

βi being the linear fun
tional on a0 extra
ting the value ai. The simple Q-roots arehen
e ∆◦
Q = {β1 − β2 , 2β2}. The unipotent radi
al N0 of P0 is of dimension 14.There are two standard, maximal paraboli
 Q-subgroups P1, P2 (the latter beingthe Siegel paraboli
). Expli
itly we get

L1
∼= GL1(B) × Sp(1, 1)

M1 = SL1(B) × Sp(1, 1)

A1 = {g ∈ A0|a2 = 1}

dimN1(R) = 11

KM1
∼= SL1(H) × Sp(1) × Sp(1)and
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L2

∼= GL2(B)

M2 = SL2(B)

A2 = {g ∈ A0|a1 = a2}

dimN2(R) = 10

KM2
∼= Sp(2)3.3. Root data. For i = 0, 1, 2, extend ai to a Cartan subalgebra h of g by addinga Cartan subalgebra bi of mi. We 
an take

b0 =

{(
b 0
0 b

)∣∣∣∣∣b = diag(b1, b2) ∈ iM2(R)

}
.Then the absolute root system of G is given as

∆(gC, hC) = {±λi ± λj, 1 ≤ i < j ≤ 4} ∪ {±2λi, 1 ≤ i ≤ 4}where λi equals the fun
tional sending H ∈ hC to
λi(H) =

{
bi + ai 1 ≤ i ≤ 2,
bi−2 − ai−2 3 ≤ i ≤ 4.A simple subsystem whi
h is 
ompatible with the 
hoi
e of positivity on a∗0 is hen
e

∆◦ = {λ1 + λ3︸ ︷︷ ︸
=:α1

,−λ2 − λ3︸ ︷︷ ︸
=:α2

, λ2 + λ4︸ ︷︷ ︸
=:α3

,−2λ4︸ ︷︷ ︸
=:α4

}.The highest weight λ of an irredu
ible, �nite-dimensional representation E of G(R)may be written as λ =
∑4

i=1 ciαi, where ci are non-negative half-integers.The 
orresponding systems of simple roots for the three standard paraboli
s are
∆◦

M0
= {α1, α3}

∆◦
M1

= {α1, α3, α4}

∆◦
M2

= {α1, α2, α3}.Clearly, the restri
tions of the roots αj ∈ ∆◦\∆◦
Mi

to ai gives the set of simpleroots within ∆(Pi, Ai).For later purpose we also �x the following notation for the 
orresponding funda-mental weights: ωij, j = 1, 2, 3, denotes the j-th fundamental weight of Mi(C),
i = 1, 2. The fundamental weights of M0(C) are denoted by ω01 and ω02.We list the tables of values w(λ + ρ) − ρ|biC

, w ∈ WPi , and 〈−w(λ + ρ)|aiC
, αj〉,

αj ∈ ∆(Pi, Ai), w ∈WPi , (and therefore also the sets WPi ) in the appendix of thispaper.4. Cohomologi
al representations for the three standard Levisubgroups4.1. Re
all the notion of (π, w)-types and the 
onstru
tion pro
ess of Eisenstein
ohomology des
ribed in se
tion 2. We need to �nd the 
ohomologi
al, irredu
ible,unitary representations of Mi(R). Denote the set of irredu
ible, unitary represen-tations by M̂i(R), the 
ohomologi
al ones among them by M̂i(R)
oh. Conne
ted,semisimple Lie groups are of �type I� (or �tame� in the sense of Kirillow and Bern-stein), so by the Künneth rule (
f. [Bor-Wal℄, I.1.3)
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M̂0(R)
oh = ŜL1(H)
oh⊗̂ ̂SL1(H)
oh,
M̂1(R)
oh = ŜL1(H)
oh⊗̂ ̂Sp(1, 1)
oh,
M̂2(R)
oh = ŜL2(H)
oh.4.2. Compa
t fa
tors. The 
ohomologi
al representations of a SL1(H)-fa
tor of

Mi(R), i = 0, 1 are easily determined in the next lemma. For sake of simpli
ity weidentify ◦Fw with its restri
tion to this fa
tor:Lemma 4. Let w ∈ WP (P = P0 or P1) and V be an irredu
ible, unitary repre-sentation of SL1(H). Then
Hq(sl1(H), SL1(H), V ⊗ ◦Fw) =

{
C if q = 0 and V = ◦Fw

0 elseProof. Sin
e SL1(H) is 
ompa
t, relative Lie algebra-
ohomology with respe
t to
V ⊗ ◦Fw is one-dimensional, if V ∼= ˇ◦Fw (the representation 
ontragredient to ◦Fw)and q = 0 and vanishes otherwise. By [S
hw1℄, prop. 4.13 and our tables 5 and 6,respe
tively our table 1 we see that ˇ◦Fw

∼= ◦Fw. �4.3. Non-
ompa
t fa
tors. The paper [Vog-Zu℄ provides a full 
lassi�
ation ofirredu
ible, unitary, 
ohomologi
al representations of a 
onne
ted semisimple Liegroup. In order to apply it to the simple Lie groups Sp(1, 1) and SL2(H), let us�x a maximal 
ompa
t Cartan algebra t1 ∼= u(1) ⊕ u(1) of sp(1, 1) (resp. t2 ∼=
u(1)⊕u(1)⊕R of sl2(H)). We 
an arrange that with respe
t to this Cartan algebrathe system of positive roots looks like ∆+

1 = {µ1±µ2 , 2µ1, 2µ2}, (resp. ∆+
2 = {µ1±

µ2, µ1±µ3, µ2±µ3}). Take a �nite-dimensional, irredu
ible, 
omplex representation
F of Sp(1, 1) (resp. SL2(H)) with highest weight µ with respe
t to ∆+

1 (resp. ∆+
2 ).Skipping the details, we getProposition 5 ([Vog-Zu℄). For ea
h µ there is an integer j1(µ), 0 ≤ j1(µ) ≤ 2su
h that the irredu
ible, unitary (sp(1, 1), Sp(1)× Sp(1))-modules with non-trivial
ohomology with respe
t to F are the uniquely determined irredu
ible, unitary rep-resentations Aj(µ), j1(µ) ≤ j ≤ 1 having the property

Hq(sp(1, 1), Sp(1) × Sp(1), Aj(µ) ⊗ F ) =

{
C if q = j or q = 4 − j
0 otherwisetogether with the two irredu
ible, unitary (sp(1, 1), Sp(1) × Sp(1))-modules A+(µ),

A−(µ) with
Hq(sp(1, 1), Sp(1) × Sp(1), A±(µ) ⊗ F ) =

{
C if q = 2
0 otherwiseThis integer is given as

j1(µ) =






0 if µ = 0
1 if µ = kµ1, k = 1, 2, 3, ...
2 otherwiseAnalogously, there is an integer j2(µ), 0 ≤ j2(µ) ≤ 3 su
h that the irredu
ible,unitary (sl2(H), Sp(2))-modules with non-trivial 
ohomology with respe
t to F arethe uniquely determined irredu
ible, unitary representations Bj(µ), j2(µ) ≤ j ≤ 2having the property

Hq(sl2(H), Sp(2), Bj(µ) ⊗ F ) =

{
C if q = j or q = 5 − j
0 otherwise
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j2(µ) =





0 if µ = 0
1 if µ = kµ1, k = 1, 2, 3, ...
2 if µ ◦ ϑ = µ
3 otherwiseRemark. One 
an see this also by use of the isomorphisms SO(4, 1)◦ ∼= PSp(1, 1)and SO(5, 1)◦ ∼= PSL2(H) of real Lie groups and the 
lassi�
ation of ̂SO(n, 1)
ohas given essentially in [Bor-Wal℄ and later on 
ompletely in [Roh-Speh℄.The 
ondition j2(µ) = 3 
an be interpreted as F ≇ F̌ , see [Bor-Cas℄, Cor. 1.6.(a).4.4. We will have to 
ompare weights with respe
t to maximally non-
ompa
tCartans to weights in t∗iC

. Therefore, let ̟ij ∈ t∗iC
, be the fundamental weights
orresponding to the simple roots in ∆+

i and 
onsider the linear maps given by
ϕ1 : (sp(1, 1) ∩ b1)

∗
C → t∗1C

, ω12 7→ ̟12, ω13 7→ ̟11and
ϕ2 : b∗2C

→ t∗2C
, ω21 7→ ̟22, ω22 7→ ̟21, ω23 7→ ̟23.These are isomorphisms respe
ting the 
hoi
es of positivity on ea
h side and trans-ferring fundamental representations to fundamental representations.In parti
ular, we 
an 
ompare highest weights of irredu
ible representations of

Sp(1, 1) and SL2(H) with respe
t to the two Cartan subalgebras and their 
hoi
esof positivity by applying the 
orresponding map ϕi.5. Eisenstein Cohomology of Sp(2, 2) with respe
t to regular
oeffi
ients5.1. Having listed the sets WPi , i = 0, 1, 2, in our appendix, and the 
ohomologi
alrepresentations of the groups Mi(R) in the last se
tion we are now ready to atta
kthe problem of determining the Eisenstein 
ohomology of G. In view of our se
tion2, we need to 
onstru
t the spa
es Hq(g, K,AE,P ⊗E) for ea
h 
lass {P } of proper,asso
iate paraboli
 Q-subgroups of G. We remark that for G = Sp(2, 2) the asso-
iate 
lasses and 
onjuga
y 
lasses of paraboli
 Q-subgroups 
oin
ide, hen
e we 
ansuppose that P is one of the groups P0, P1 or P2.This se
tion deals with the 
ase of regular 
oe�
ients E. That means the highestweight λ of E has got stri
tly positive integer 
oe�
ients with respe
t to a de
om-position a

ording to the fundamental weights. Re
all the following 
ru
ial resulton Eisenstein 
ohomology with respe
t to regular 
oe�
ients E, whi
h reads in ourparti
ular 
ase asTheorem 6 ([S
hw1℄; see also [Fra℄, Thm. 19.II). Residual Eisenstein series donot 
ontribute to the Eisenstein 
ohomology of G with respe
t to regular E. Morepre
isely, if Π is a set of representatives of irredu
ible representations π = χπ̃ ofthe Levi 
omponents L(A) of standard paraboli
 Q-subgroups of G, whi
h give riseto non-trivial maps E∗
π. Then Eq

π is an isomorphism and we get
Hq

Eis(G,E) ∼=

⊕

π∈Π

⊕

w∈WP

−w(λ+ρ)|aC
=dχ

IndG(Af )

P(Af )

[
Hq−l(w)(m, KM , (π̃∞)(KM ) ⊗

◦Fw) ⊗ Cdχ+ρP
⊗ π̃

∞f

f

]m(eπ)

.
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 subgroup. In order to perform the 
onstru
tionvia (π, w)-types, we need to know for whi
h w ∈ WP0 , Λw = −w(λ + ρ)|a0C
liesinside the 
losed Weyl 
hamber. This is a
hieved expli
itly in tables 7 and 8 and wesee that just very few elements in WP0 
an a
tually satisfy this 
ondition. Theseare underlined in table 8. Among them, only six elements satisfy it for sure, i.efor all 
oe�
ient systems E (even non-regular ones). The others need some extra
ondition on the highest weight λ whi
h might also be not satis�ed by a regularrepresentation E. It is given in table 8. We will denote by W+(λ) the set of

w ∈ WP0 giving rise to Λw ∈ C.Remark 7. General theory, as developed in [S
hw1℄, tells us that Λw to make partof the 
losed Weyl 
hamber must at least satisfy l(w) ≥ 1
2 dimN0(R) = 7. However,instead of looking at all w ∈ WP0 having l(w) ≥ 7, it would have been enough to
onsider those w ∈WP0 giving rise to the inequality(7) l(wPi/P0 ) ≥

dimN0(R)

2 dimNi(R)
, i = 1, 2.This follows from [S
hw1℄, Thm. 6.4. Here, the Weyl group element wPi/P0 isde�ned as follows: Let WPi/P0 be the set of representatives of minimal length forthe right 
osets of W (m0C

, b0C
) in W (miC

, biC
). Su
h representatives are uniqueby [Kos℄, Prop. 5.13. Now, for a given w ∈ WP0 there are uniquely deter-mined elements wPi/P0 ∈ WPi/P0 , wPi ∈ WPi satisfying w = wPi/P0 ◦ wPi and

l(w) = l(wPi/P0 ) + l(wPi ), see [S
hw1℄, Prop. 4.7.In our 
ases, (7) reads as
l(wP1/P0) ≥

7

11
and l(wP2/P0) ≥

7

10
,meaning that we just have to 
onsider those w ∈ WP0 whi
h are neither in WP1nor in WP2 . In fa
t, these elements 
an be ex
luded by dire
t means as tables 7and 8 in our appendix show.Colle
ting this information we get the following theorem:Theorem 8. Let E be an irredu
ible, �nite-dimensional 
omplex-rational represen-tation of G = Sp(2, 2) with regular highest weight λ =

∑4
i=1 ciαi. The summand

Hq(g, K,AE,P0 ⊗ E) =
⊕

ϕ∈ΨE,{P0}

Hq(g, K,AE,P0,ϕ ⊗E)in the Eisenstein 
ohomology Hq
Eis(G,E) is given as a G(Af )-module by

Hq(g0, K,AE,P0 ⊗ E) =
⊕

w∈W+(λ)
l(w)=q

⊕

π=χeπ
eπ∞=◦Fw ,

dχ=−w(λ+ρ)|a0C

Eq
π 6=0

IndG(Af )

P0(Af)[Cdχ+ρP0
⊗ π̃

∞f

f ]m(eπ)for 8 ≤ q ≤ 13

H14(g, K,AE,P0 ⊗ E) =
⊕

π=χeπ
eπ∞=E|M0(R),

dχ=λ+ρ|a0C

IndG(Af)

P0(Af )[Cdχ+ρP0
⊗ π̃

∞f

f ]m(eπ)

Hq(g, K,AE,P0 ⊗ E) = 0 elseAll these spa
es are entirely built up by 
ohomology 
lasses representable by regularvalues of Eisenstein series.
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alling the 
onstru
tion pro
ess via (π, w)-types, and the result on 
oho-mologi
al, irredu
ible, unitary representations in lemma 4, it is 
lear that π̃∞ and
dχ must satisfy the above 
onditions. By theorem 6, Eq

π is already an isomorphism,if it is not identi
ally zero. Looking up in tables 7 and 8 the possible w ∈ WP0 ,that 
an give rise to values dχ = −w(λ + ρ)|a0C
inside the 
losed Weyl 
hamberde�ned by the positive restri
ted roots ∆(P0, A0) or re
alling remark 7, proves that

Hq(g, K,AE,P0 ⊗ E) = 0 if q ≤ 7. Our table 8 shows that W+(λ) 
an a
tually
ontain representatives w having l(w) equal to 8, 9, 10, 11, 12, 13 and 14, when
ewe have to list 
ohomology in all these degrees. Again by our table 8 there is aunique Kostant representative of length 14 inW+(λ) for all λ and its 
orrespondingevaluation point dχ = λ+ρ|a0C
lies in the region C+ρP0 of absolute 
onvergen
e ofthe Eisenstein series EP0(f,Λ), sin
e λ is regular. Hen
e, we 
an omit the 
ondition

E14
π 6= 0. This is not true for the other degrees 8 ≤ q ≤ 13, see table 8. This provesthe theorem. �5.3. The �rst maximal paraboli
 subgroup. We explain now whi
h 
lasses oftype (π, w), π ∈ ϕP1 ∈ ϕ ∈ ΨE,{P1} and w ∈ WP1 
ontribute to the Eisenstein
ohomology of G.Sin
e the highest weight λ of E is supposed to be regular, ea
h irredu
ible module

◦Fw is a regular as well ([S
hw1℄, Lemma 4.9). Therefore, π̃∞ must equal the ten-sor produ
t of the representation V = ◦Fw|SL1(H) as in lemma 4 with one of thetwo dis
rete series representations A±(µw), µw = ϕ1(w(λ+ ρ)− ρ|(sp(1,1)∩b1)C
), see4.4, having non-trivial (sp(1, 1), Sp(1)× Sp(1))-
ohomology just in degree 2, as itis proved in proposition 5. The a
tual 
ontribution of the �rst maximal paraboli


Q-subgroup to Eisenstein 
ohomology is given in the nextTheorem 9. Let E be an irredu
ible, �nite-dimensional 
omplex-rational represen-tation of G = Sp(2, 2) with regular highest weight λ =
∑4

i=1 ciαi. The summand
Hq(g, K,AE,P1 ⊗ E) =

⊕

ϕ∈ΨE,{P1}

Hq(g, K,AE,P1,ϕ ⊗E)in the Eisenstein 
ohomology Hq
Eis(G,E) is given as a G(Af )-module by

Hq(g, K,AE,P1 ⊗ E) =
⊕

w∈WP1

l(w)=q−2

⊕

π=χeπ
eπ∞=V ⊗A±(µw),
dχ=−w(λ+ρ)|a1C

Eq
π 6=0

IndG(Af)

P1(Af )[Cdχ+ρP1
⊗ π̃

∞f

f ]m(eπ)for 8 ≤ q ≤ 13

= 0 elseAll these spa
es are entirely built up by 
ohomology 
lasses representable by regularvalues of Eisenstein series.Proof. The assertions on dχ and π̃∞ are already explained. By theorem 6, we justneed to sum over those π, whi
h satisfy Eq
π 6= 0 and for whi
h Eq

π is therefore anisomorphism. Now proposition lemma4 and 5 imply that we must have l(w) = q−2,sin
e Hr(sl1(H) ⊕ sp(1, 1), SL1(H) × Sp(1) × Sp(1), V ⊗ A±(µw) ⊗ ◦Fw) = 0 for
r 6= 2. By table 3 there is no element w ∈ WP1 of length l(w) ≥ 12 but also
dχ = Λw does not lie inside the 
losed Weyl 
hamber for l(w) ≤ 5. This proves thevanishing of Hq(g, K,AE,P1 ⊗ E) in the degrees q ≤ 7 and q ≥ 14. �Remark. In fa
t, table 3 also shows that all w ∈ WP1 with l(w) ≥ 9 give rise toevaluation points dχ = −w(λ + ρ)|a1C

whi
h lie in the region C + ρP1 of absolute
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onvergen
e of the Eisenstein series EP1(f,Λ). Hen
e, we 
ould have omitted the
ondition El(w)+2
π 6= 0 for these w.5.4. The se
ond maximal paraboli
 subgroup. We 
on
lude the analysisof Eisenstein 
ohomology of G with respe
t to regular 
oe�
ients E des
ribingthe remaining summand H∗(g, K,AE,P2 ⊗ E). Again, sin
e E is supposed tobe regular, ea
h representation ◦Fw, w ∈ WP2 , of the group M2(C) is regular,too. Re
alling proposition 5, there 
an only be one single 
ohomologi
al, irre-du
ible, unitary representation ofM2(R) with respe
t to ◦Fw, namely B2(µw) with

µw = ϕ2(w(λ + ρ) − ρ|b2C
), see 4.4. Proposition 5 now gives us the appropriatetool to de
ide, when j2(µw) = 2, i.e. when B2(µw) exists. This is the 
ase if andonly if the �rst and the third 
oe�
ient of w(λ + ρ) − ρ|b2C

in its de
ompositiona

ording to the basis of fundamental weights ω21, ω22 and ω23 
oin
ide. Our table2 answers in details the question, when exa
tly this happens. Observe that thetwo 
onditions c1 − c4 = 1 and c3 − c4 = c1 from table 2 
ontradi
t ea
h other,so they 
annot be satis�ed at the same time. It 
an very well happen that theyare both not satis�ed, e.g. if c1 < c3 − c4, or equivalently if the �rst 
oe�
ient of
w(λ+ρ)−ρ|b2C

in its de
omposition a

ording to the basis of fundamental weights
ω21, ω22 and ω23 is stri
tly smaller than the third 
oe�
ient. Clearly, there areeven regular representations E satisfying c1 < c3 − c4. In this 
ase j2(µw) = 3for all w ∈ WP2 , implying that P2 does not give any 
ontribution to Eisenstein
ohomology with respe
t to su
h E. Generally, this 
ontribution is des
ribed in thefollowingTheorem 10. Let E be an irredu
ible, �nite-dimensional 
omplex-rational repre-sentation of G = Sp(2, 2) with regular highest weight λ =

∑4
i=1 ciαi. Let us write

WP2(λ) := {w ∈WP2 |j(µw) = 2}. The summand
Hq(g, K,AE,P2 ⊗ E) =

⊕

ϕ∈ΨE,{P2}

Hq(g, K,AE,P2,ϕ ⊗E)in the Eisenstein 
ohomology Hq
Eis(G,E) is given as a G(Af )-module by

Hq(g, K,AE,P2 ⊗E) =
⊕

w∈WP2 (λ)
l(w)=q−3

⊕

π=χeπwith eπ∞=B2(µw),
dχ=−w(λ+ρ)|a2C

Eq
π 6=0

IndG(Af )

P2(Af)[Cdχ+ρP2
⊗ π̃

∞f

f ]m(eπ)

⊕
⊕

w∈WP2 (λ)
l(w)=q−2

⊕

π=χeπwith eπ∞=B2(µw),
dχ=−w(λ+ρ)|a2C

Eq
π 6=0

IndG(Af)

P2(Af )[Cdχ+ρP2
⊗ π̃

∞f

f ]m(eπ)for 8 ≤ q ≤ 13

= 0 elseAll these spa
es are entirely built up by 
ohomology 
lasses representable by regularvalues of Eisenstein series.Proof. This is proved similarly to Theorem 8 and 9, so we will be very brief. Re
allfrom proposition 5 that B2(µw) has got non-trivial (sl2(H), Sp(2))-
ohomology withrespe
t to ◦Fw only in degrees 2 and 3. Therefore Hq(g, K,WP2,eπ ⊗E) is built upby 
lasses of type (π, w), having l(w) = q−2 or l(w) = q−3. The rest follows fromtable 4. �Remark. The vanishing ofHq
Eis(G,E) for q ≤ 7 is also a 
onsequen
e of [Li-S
hw2℄,Thm. 5.5.
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ohomology 
lasses supported by the minimalparaboli
6.1. In se
tion 5 we dis
ussed the 
ontribution of the various standard paraboli

Q-subgroups to the Eisenstein 
ohomology Hq

Eis(G,E), for �nite-dimensional irre-du
ible representations E ofG with regular highest weight. The regularity 
onditionassured that residual Eisenstein series would not 
ontribute to 
ohomology, so wedid not really have to 
he
k the analyti
 behaviour of Eisenstein series at the vari-ous points of evaluation in question.However, in prin
iple it is possible to give a 
omplete des
ription of Eisenstein
ohomology even if the regularity 
ondition is dropped, but therefore we �rst haveto understand the analyti
 behaviour of the Eisenstein series EP (f,Λ) at the points
dχ = −w(λ+ρ)|aC

. As our paraboli
s are all self-asso
iate, we 
an redu
e this prob-lem by se
tion 2.3.2 to the following task: Understand the interplay of the variouspoles of the intertwining operators M(Λ, π̃, w), w ∈ W (A).But when dealing with general 
oe�
ients E, also a se
ond problem arises: Namely,we also have to determine the 
ohomologi
al 
ontribution of the residual Eisensteinseries. In parti
ular we have to be able to determine the degree of 
ohomology inwhi
h residual Eisenstein series 
ontribute. Our se
tion 2.3.2 solves this problemonly for residues, whi
h ex
lusively 
ome from a pole of the operator M(Λ, π̃, w0),
w0 ∈ W (A) being the longest element of W (A). We mentioned there that theformula given in theorem 2 should still hold true if we relax this 
ondition by re-quiring that the order ℓ of the pole of EP (f,Λ) should be maximal, i.e. ℓ = dim aC.Unfortunately, we are not able to prove this right now.In order to leave this statement as a founded 
onje
ture we will present someeviden
e for its truth in this se
tion by analyzing the 
ase G = Sp(2, 2). We 
laimthe results leading to this are also interesting in their own right: In fa
t, we willsingle out those �nitely many points in the 
losed, positive Weyl 
hamber de�nedby ∆(P0, A0) whi
h are 
andidates for double poles of Eisenstein series EP (f,Λ)(
f. propositions 16 and 18). This will point out again that our �rst and our se
-ond problem are entirely linked to ea
h other. Further, se
tion 6 
an be seen asa 
ase-study of residual Eisenstein 
ohomology, exemplifying the di�
ulties of itsanalysis and general phenomena.6.2. When trying to �nd out the various poles of the intertwining operators
M(Λ, π̃, w), w ∈ W (A), the a
tual problem is to give a suitable normalization, i.e.to �nd a fun
tion r(Λ, π̃, w) su
h that N(Λ, π̃, w) = r(Λ, π̃, w)M(Λ, π̃, w) � to be
alled the normalized intertwining operator � is holomorphi
 and non-vanishing onthe positive Weyl 
hamber de�ned by the pair (P,A). The di�
ulty relies on thefa
t that ea
h standard Levi group L of G is a non-quasi-split algebrai
 group,when
e one 
annot apply the Langlands-Shahidi-method, as developed in [Shd2℄,[Shd3℄ in order to normalize the lo
al intertwining operators at the non-split pla
es.However, if L(Qp) is 
ompa
t modulo its 
enter, we 
an use the same tri
k as in [Gro℄(see Proposition 3.1) and show that the lo
al intertwining operator at the pla
e pis itself holomorphi
 and non-vanishing inside the open Weyl 
hamber de�ned by
∆(P,A). Clearly, only the minimal paraboli
 P = P0 gives a Levi subgroup L = L0whi
h satis�es the 
ondition to be 
ompa
t modulo its 
enter at all non-split pla
es.For the rest of this se
tion let P be the standard minimalparaboli
 Q-subgroup P0 of
G = Sp(2, 2) with de
ompositions P = LN = MAN . As already remarked, L(Qp)
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ompa
t modulo its 
enter at all pla
es p ∈ S(B), sin
e M = SL1(B)× SL1(B).We have W (A) = WQ.Let π = χπ̃ ∈ ϕP ∈ ϕ ∈ ΨE,{P}, f ∈ WP,eπ and identify Λ = xα2 + yα4 ∈ a∗Cwith s = (s1, s2) ∈ C2 via s1 = x
2 and s2 = y − x

2 . As in the sequel, we assumehere for sake of simpli
ity that all roots αj mean their restri
tion to aC. Further,observe that sin
e L = GL1(B)×GL1(B), ea
h π̃ fa
tors as π̃ = θ⊗̂τ , where θ and
τ are 
uspidal automorphi
 representations of GL1(B).Now, as mentioned in se
tion 2.3.2, the holomorphi
 behaviour of the Eisensteinseries EP (f,Λ) is the same as of its 
onstant term along P , whi
h 
an be rewrittenas

EP (f,Λ)P =
∑

w∈WQ

M(s, π̃, w)(fe〈w(Λ)+ρP ,HP (.)〉).Therefore the poles of EP (f,Λ) are determined by the poles ofM(s, π̃, w), w ∈WQ.We re
all the following fa
t:Proposition 11 (Se
tion 2.1 of [Shd2℄ + Se
tion 2 of [Mui-Sav℄). Let w ∈WQ bean element of the Weyl group with de
omposition w = wn1 ...wnk
a

ording to there�e
tions wni


orresponding to the simple Q-roots αni
, ni ∈ {2, 4}. Then the lo
alintertwining operator M(s, π̃p, w) de
omposes as

M(s, π̃p, w) = M (sk, π̃k,p, wnk
) ...M (s1, π̃1,p, wn1)where we put re
ursively si =

2〈si,αni
〉

〈αni
,αni

〉 , si = wni−1(si−1) with s1 = s and π̃i,p =

wni−1(π̃i−1,p) with π̃1,p = π̃p. The a
tion of a Weyl group element on a represen-tation π̃p = θp⊗̂τp is given by w2(π̃p) = τp⊗̂θp and w4(π̃p) = θp⊗̂τ̌p.The point of this proposition is that for ea
h w ∈WQ we 
an write the lo
al inter-twining operator M(s, π̃p, w) as a �nite produ
t of the analogous lo
al intertwiningoperators M(si, π̃i,p, wni
) atta
hed to the two standard maximal Levi subgroups of

G: If ni = 4 it is Sp(1, 1), if ni = 2 it is GL2(B) (Sin
e GL1(B) is 
ompa
t, wemay ignore it in the �rst 
ase). Hen
e, on the one hand, we 
an apply the followingpropositionProposition 12 ([Gro℄, Prop. 3.1). Let p ∈ S(B). Then M(si, π̃i,p, wni
) is holo-morphi
 and non-vanishing for ℜe(si) > 0.and getCorollary 13. The poles of M(s, π̃, w) in the region ℜe(s1) > ℜe(s2) > 0 are thepoles of ⊗̂′

p/∈S(B)M(s, π̃p, w).One the other hand, we 
an therefore normalize ea
h lo
al operatorM(s, π̃p, w) bynormalizing the fa
torsM(si, π̃i,p, wni
) and get in su
h a way a global normalization(8) r(s, π̃, w) =

k∏

i=1

⊗̂
′
p/∈S(B)r(sk−i+1, π̃k−i+1,p, wnk−i+1).6.2.1. Sp(1, 1). The 
orresponding normalizing fa
tors for ni = 4, i.e. our max-imal Levi looks like Sp(1, 1), 
an be found in [Gro℄, se
tion 5, where the wholeresidual spe
trum of Sp(1, 1) was 
al
ulated. For the 
onvenien
e of the reader, wereview these results shortly: The only proper paraboli
 Q-subgroup inside Sp(1, 1)has a Levi subgroup isomorphi
 to GL1(B). Now suppose p /∈ S(B). If π̃i is



22 HARALD GROBNERnot one-dimensional, then the needed normalization followed from the Gindikin-Karpelevi
h-integral-formula, as shown in [Lan1℄, p. 27 (see also [Shd3℄, p.554) andhad been already given in [Kim℄ and [Moe-Wal1℄:(9) r(si, π̃i,p, wni
) =

L(si, π̃i,p)

L(1 + si, π̃i,p)ε(si, π̃i,p)

L(2si, χ̃i,p)

L(1 + 2si, χ̃i,p)ε(2si, χ̃i,p)
.Here we wrote χ̃i,p for the 
entral 
hara
ter of π̃i,p. The L- and ε-fun
tions are thestandard Ja
quet-Langlands- resp. He
ke- L- and ε-fun
tions.If π̃i = χ̃i is one-dimensional, then we used the 
on
rete normalization of [Grb1℄,who himself had applied the idea of [Moe-Wal1℄, Lemme I.8, i.e. indu
tion fromgeneri
 representations of smaller paraboli
 subgroups:(10)

r(si, π̃i,p, wni
) =

L(si −
1
2
, χ̃i,p)L(2si, χ̃

2
i,p)

L(si + 3
2 , χ̃i,p)ε(si −

1
2 , χ̃i,p)ε(si + 1

2 , χ̃i,p)L(1 + 2si, χ̃
2
i,p)ε(2si, χ̃

2
i,p)6.2.2. GL2(B). Here we have to distinguish three 
ases: Suppose π̃i = θi⊗̂τisatis�es dim θi > 1 and dim τi > 1. Then again after having used the Gindikin-Karpelevi
h-integral-formula our lo
al normalizing fa
tor at p /∈ S(B) looks like(11) r(si, π̃i,p, wni

) =
L(si, θi,p × τ̌i,p)

L(1 + si, θi,p × τ̌i,p)ε(si, θi,p × τ̌i,p)
.Here, the L-fun
tions and the ε-fa
tor are of Rankin-Selberg-type. See again[Moe-Wal1℄.Suppose now that one fa
tor of π̃i is one-dimensional, without loss of generalitysay dim θi = 1. We 
an use [Grb2℄ to normalizeM(si, π̃i,p, wni

) and get(12) r(si, π̃i,p, wni
) =

L(si −
1
2 , θi,pτ̌i,p)

L(si + 3
2 , θi,pτ̌i,p)ε(si −

1
2 , θi,pτ̌i,p)ε(si + 1

2 , θi,pτ̌i,p)
.In the third 
ase, i.e. both fa
tors θi and τi are one-dimensional again [Grb2℄provides a normalization by

r(si, π̃i,p, wni
) =(13)

L(si, θi,pτ
−1
i,p )L(si − 1, θi,pτ

−1
i,p )

L(si + 2, θi,pτ
−1
i,p )L(si + 1, θi,pτ

−1
i,p )ε(si, θi,pτ

−1
i,p )2ε(si − 1, θi,pτ

−1
i,p )ε(si + 1, θi,pτ

−1
i,p )Therefore, we have de�ned re
ursively the global normalization fa
tor r(s, π̃, w)as in (8) for ea
h w ∈ WQ. We 
on
lude �nallyProposition 14. Let s be inside the open region ℜe(s1) > ℜe(s2) > 0. Then thereis an f ∈ WP,eπ su
h that the Eisenstein series EP (f,Λ) has got a pole at s if andonly if

r(s, π̃) =
∑

w∈WQ

r(s, π̃,w)has got a pole at s.
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tors. Re
all the well known fa
ts on theanalyti
 behaviour of Ja
quet-Langlands-, He
ke- and Rankin-Selberg-L-fun
tions,summarized in our nextLemma 15 ([Ja
-Lan℄,[Tate℄,[Ja
℄). (i) Let σ = ⊗̂
′
pσp be a 
uspidal automor-phi
 representation of GL1(B) with 
entral 
hara
ter χσ = ⊗̂

′
pχσp

, assuming that
dimσ > 1. Then: The lo
al Ja
quet-Langlands-L-fun
tion L(s, σp) is holomorphi
and non-zero on ℜe(s) > 1 at ea
h pla
e p. For the in�nite pla
e we parti
ularlyget L(s, σ∞) = 2(2π)−s−n−1

2 Γ(s+n+ 1
2) if σ∞ is the n-th symmetri
 power ⊙n C2and hen
e this lo
al L-fa
tor is holomorphi
 and non-vanishing for ℜe(s) ≥ 0. Theglobal Ja
quet-Langlands L-fun
tion L(s, σ) is an entire fun
tion and has no zerosfor ℜe(s) ≥ 1.(ii) The lo
al He
ke-L-fun
tion L(s, χσp
) has got a simple pole at s = 0 if χσp

= 1pand is entire otherwise. It vanishes nowhere. The global He
ke-L-fun
tion L(s, χσ)has simple poles at s = 0 and s = 1 if χσ = 1 (and L(s, 1) = π− s
2 Γ( s

2 )ζ(s)) and isentire otherwise. It is non-zero for ℜe(s) ≥ 1.(iii) Let θ = ⊗̂
′
pθp, τ = ⊗̂

′
pτp be two 
uspidal automorphi
 representations of

GL2(A). Then: The lo
al Rankin-Selberg-L-fun
tion L(s, θp, τp) is holomorphi
and non-vanishing for ℜe(s) ≥ 1. If θp and τp are both square-integrable, then
L(s, θp, τp) is holomorphi
 and non-zero in ℜe(s) > 0. The global Rankin-Selberg-
L-fun
tion L(s, θ, τ ) has got simple poles at s = 0, 1 if and only if θ ∼= τ̌ and isentire otherwise. It has no zeros in ℜe(s) ≥ 1.Proposition 16. For an Eisenstein series EP (f,Λ) to have a double pole at
s = (s1, s2) inside the region ℜe(s1) > ℜe(s2) > 0 it is ne
essary that one ofthe following three 
onditions holds:(A) dim θ > 1 and dim τ > 1:

s = A := (3
2 ,

1
2), π̃ = θ⊗̂θ, χθ = 1 and L(1

2 , θ) 6= 0.(B) dim θ = 1, dim τ > 1:
s = B := (3

2 ,
1
2 ), χτ = 1, θ = 1(C) dim θ = dim τ = 1:1) s = C1 := (3

2
, 1

2
) τ 6= 1, τ2 = 1, τp 6= 1p ∀p ∈ S(B), θ = τ̌2) s = C2 := (5

2 ,
1
2 ) τ 6= 1, τ2 = 1, τp 6= 1p ∀p ∈ S(B), θ = τ3) s = C3 := (7

2
, 3

2
) = ρP π̃ = 1 ⊗ 1Sket
h of a proof: As the determination of these ne
essary 
onditions is easy (bythe 
on
rete form of our normalizing fa
tors r(s, π̃) and lemma 15) but rather 
um-bersome, we will 
on�ne ourselves in exemplifying the general pro
edure in the
ase (A). There is no loss of generality if we assume that s ∈ R2, sin
e this 
anbe a
hieved by just twisting a 
uspidal automorphi
 representation of L(A) withan appropriate imaginary power of the absolute value of the redu
ed norm of thedeterminant.So let π̃ be a 
uspidal automorphi
 representation whose two 
uspidal fa
tors θ and τare both not one-dimensional. We need to regard the global fun
tion r(s, π̃). Ea
h ofits summands r(s, π̃, w), w ∈WQ, is a

ording to (8) a �nite produ
t of some of thefollowing �ve fun
tions r1(s, π̃) = r(s1−s2 , π̃, w2), r2(s, π̃) = r(s2, τ, w4), r3(s, π̃) =

r(s1, θ, w4), r4(s, π̃) = r(s1 +s2 , τ ⊗̂θ̌, w2) or r5(s, π̃) = r(s1 +s2, θ⊗̂τ̌ , w2). Here wealready 
al
ulated the various in�nite produ
ts ⊗̂′
p/∈S(B)r(sk−i+1, π̃k−i+1,p, wnk−i+1)a

ording to the rule of proposition 11. By the 
on
rete form of r1(s, π̃), given by(11), lemma15 now gives that the poles of r1(s, π̃) are the ones of L(s1−s2, JL(θ)×

JL(τ̌ )), where JL(σ) denotes the global Ja
quet-Langlands-lift of the 
uspidal au-tomorphi
 representation σ of GL1(B) to a 
uspidal automorphi
 representation
JL(σ) of GL2, see [Gel-Ja
℄, Thm. (8.3). Therefore, again by the above lemma,
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r1(s, π̃) has simple poles in the region ℜe(s1) > ℜe(s2) > 0 if and only if s1−s2 = 1and θ = τ . Analogously, the poles of r2(s, π̃) are by its 
on
rete form given in (9)the ones of L(s2 , τ )L(2s2, χτ). We apply lemma 15 and see that r2(s, π̃) has sim-ple poles in the region ℜe(s1) > ℜe(s2) > 0 if and only if 2s2 = 1, χτ = 1 and
L(1

2 , τ ) 6= 0. An analog and easy observation shows that r3(s, π̃) has simple polesalong 2s1 = 1 if χθ = 1 and L(1
2 , θ) 6= 0 and that the poles of rj(s, π̃), j = 4, 5 liealong s1 + s2 = 1 for θ ∼= τ̌ . Only the singular hyperplanes of r1(s, π̃) and r2(s, π̃)interse
t in the region ℜe(s1) > ℜe(s2) > 0 and they interse
t in s = (3

2 ,
1
2 ). �Remark 17. Only the longest element w0 = w2w4w2w4 in WQ gives rise to anormalizing fa
tor r(s, π̃, w) whi
h 
arries r1(s, π̃) and r2(s, π̃). The remainingother two fa
tors r3(s, π̃) and r4(s, π̃) showing up in the de
omposition of r(s, π̃, w)have no zero at A = (3

2 ,
1
2 ). So for any 
uspidal automorphi
 representation π̃ of

L(A), satisfying π̃ = θ⊗̂θ, χθ = 1 and L(1
2 , θ) 6= 0, the ne
essary 
ondition givenabove is also su�
ient to ensure that there will be an f ∈ WP,eπ su
h that theEisenstein series EP (f,Λ) has a double pole at A.In fa
t, by the same argument also the points C2 and C3 will really give rise todouble poles of Eisenstein series atta
hed to 
uspidal automorphi
 representations

π̃ of the Levi L that satisfy the indi
ated 
ondition. So also for these points thegiven 
onditions on π̃ will be su�
ient for an appropriate 
hoi
e of f ∈WP,eπ.Proposition 18. For an Eisenstein series EP (f,Λ) to have a double pole at s =
(s1, s2) on the boundary of the positive Weyl 
hamber, i.e. either ℜe(s1)−ℜe(s2) =
0 or ℜe(s1) = 0, it is ne
essary that(A) dim θ > 1 and dim τ > 1:

s = (1
2 ,

1
2), (1

2 , 0) or (1, 0)(B) dim θ = 1, dim τ > 1:
s = (1

2 ,
1
2), (3

2 ,
3
2 ), (1

2 , 0) or (3
2 , 0)(B') dim θ > 1, dim τ = 1:

s = (1
2
, 1

2
), (3

2
, 3

2
), or (1

2
, 0)(C) dim θ = dim τ = 1:

s = (1
2 ,

1
2), (1, 1), (3

2 ,
3
2), (1

2 , 0), (3
2 , 0) or (2, 0)Sket
h of a proof: Again this is easy, but not very instru
tive, so we will again 
on-�ne ourselves to 
ase (A). We 
annot de
ide by our means 
hosen here if the roothyperplanes R1 := {s ∈ C2|ℜe(s1) − ℜe(s2) = 0} and R2 := {s ∈ C2|ℜe(s1) = 0}forming the boundary of the positive Weyl 
hamber are a
tually singular hyper-planes for Eisenstein series atta
hed to 
uspidal automorphi
 representations π̃ of

L(A). But in order to have a double pole at a point s on this boundary, we needto have one of our singular root hyperplanes, given by the �ve fa
tors ri(s, π̃),
1 ≤ i ≤ 5, to 
ross R1 or R2 in s. From the proof above we know that thesesingular hyperplanes are s1 − s2 = 1, 2s2 = 1, 2s1 = 1 and s1 + s2 = 1. Theirinterse
tion points with one of the boundary hyperplanes R1 and R2 are pre
iselythe points we 
laim to be the only 
andidates for double poles of Eisenstein serieson the boundary of the positive Weyl 
hamber in 
ase (A). �6.4. Square-integrable Eisenstein 
ohomology. We will now prove a vanish-ing result on square-integrable Eisenstein 
ohomology, whi
h will essentially followfrom the results of D. Vogan and G. Zu
kerman in [Vog-Zu℄. From the viewpointof our dis
ussion on residual Eisenstein 
ohomology 
lasses its interest lies in thefa
t that it �ts perfe
tly together with our results on the analyti
 behaviour of theEisenstein series EP0(f,Λ) a
hieved in the last se
tion as well as with our 
onje
ture3, whi
h des
ribes the distribution of residual Eisenstein 
ohomology 
lasses in thesituation of poles of maximal possible order. We will show this after having proved
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ed vanishing-theorem.Therefore, let
LE,P,ϕ ⊆ AE,P,ϕbe the subspa
e of AE,P,ϕ whi
h 
onsists of square-integrable automorphi
 forms.By [Lan3℄ or [M÷-Wal2℄ it is spanned by all two-times iterated, square-integrableresidues of Eisenstein series EP (f,Λ), f ∈ WP,eπ, π = χπ̃ ∈ ϕP ∈ ϕ ∈ ΨE,P at thepoint dχ inside the 
losed, positive Weyl 
hamber de�ned by ∆(P,A). Hen
e, it isspanned by the square-integrable residues at dχ of those Eisenstein series atta
hedto a 
uspidal automorphi
 representation π̃ of L(A) whi
h have a double pole there.This is, sin
e simple poles integrate to zero. Put

LE,P :=
⊕

ϕ∈ΨE,P

LE,P,ϕ.We de�ne the spa
e of square-integrable Eisenstein 
ohomology (supported by P )by
Hq(g, K, LE,P ⊗ E) =

⊕

ϕ∈ΨE,P

Hq(g, K, LE,P,ϕ ⊗ E).Theorem 19. Let P = LN be the minimal standard paraboli
 Q-subgroup of G =
Sp(2, 2) and E any irredu
ible, �nite-dimensional 
omplex-rational representationof G(R) of highest weight λ =

∑4
i=1 ciαi with respe
t to ∆+.If E 6= C, then square-integrable Eisenstein 
ohomology supported by P vanishesbelow degree 3

Hq(g, K, LE,P ⊗E) = 0 for q ≤ 3.If E = C, then there is an epimorphism
H0(g, K, LC,P ) ։ H0(G,C) = Cand

Hq(g, K, LC,P ) = 0 for 1 ≤ q ≤ 3.Proof. For any E, LE,P is a dire
t summand of the residual spe
trum of G(A), so
LE,P is the dire
t Hilbert sum of 
ertain residual automorphi
 representations. So inorder to give a non-trivial 
ohomologi
al 
ontribution in the degrees 0 ≤ q ≤ 3, it isne
essary that there is an irredu
ible, unitary representation π = ⊗̂

′
pπp ofG(A) with

π∞ 
ohomologi
al with respe
t to E. However, if π∞ 6= C then Hq(g, K, π∞⊗E) =
0 for q ≤ 3, as it follows from Thm. 8.1 of [Vog-Zu℄. Conversely, we 
an just have
π∞ = C if E = C itself, and then we know that(14) Hq(g, K,C) =

{
C if q = 0, 4, 12, 16
C2 if q = 8and vanishes in all other degrees. This is, sin
e Hq(g, K,C) equals the de Rham 
o-homology of the quaternioni
 Grassmannian G2(H4) of 2-dimensional H-subspa
esin H4. Further, identifyingH0(G,C)with the de Rham
ohomology ofG(Q)\G(A)/Kproves H0(G,C) = C. Observe that we have now showed every assertion ex
eptthat there is a surje
tion H0(g, K, LC,P ) ։ H0(G,C).Therefore, re
all that for E = C the longest element inWP will give the evaluationpoint dχ = (7

2 ,
3
2) = ρP and π̃∞ = 1∞ ⊗ 1∞ and 
onsider the image of the lo
alnormalized intertwining operator N((7

2
, 3

2
), 1∞⊗1∞, w0). As ∞ ∈ S(B), 1∞⊗1∞is 
ompa
tly supported modulo the 
enter, when
e tempered, and so the image ofthe lo
al normalized operator is the Langlands quotient of the lo
al trivial repre-sentation. As C3 = (7

2 ,
3
2 ) = ρP , this quotient is the lo
al trivial representationof G(R). A two-times iterated residue at dχ = ρP of a singular Eisenstein serieswill be square-integrable, by [M÷-Wal2℄ Lemma I.4.11. Therefore, there is a global
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 representation π ⊂ LC,P , namely the image of the global nor-malized intertwining operator N((7
2
, 3

2
), 1 ⊗ 1, w0), su
h that π∞ = C. (In fa
t,by the above lo
al argument, one 
an also easily see that the image of the globaloperator is the global trivial representation 1 of G(A)). By (14) we are done. �6.5. We will now give some eviden
e for the truth of our 
onje
ture by showingthat it is 
ompatible with theorem 19 and the results in [Vog-Zu℄ and [Li-S
hw1℄.From now on, let us therefore assume that 
onje
ture 3 holds: We are going to provejust by our knowledge on the double poles of the Eisenstein series EP (f,Λ) thatthe natural map

ψq : Hq(g, K, LE,P ⊗ E) → Hq(g, K,AE,P ⊗E)behaves as it should, namely that it is trivial for E 6= C in degrees 0 ≤ q ≤ 3 andalso for E = C in degrees 1 ≤ q ≤ 3, but surje
tive for E = C and q = 0.Proof of this assertion: By assumption our 
onje
ture holds. Hen
e, a 
lass of type
(π, w) whi
h should 
ontribute to the image of ψq in degree q, 0 ≤ q ≤ 3 mustsatisfy π = χπ̃ with(1) w ∈WP l(w) = 14− q.(2) dχ = −w(λ + ρ)|aC(3) π̃∞ = ◦Fw

q = 0: For all λ there is just one elementw ∈W+(λ) of length 14 and its 
orrespond-ing point of evaluation is given by dχ = −w(λ+ρ)|aC
with s = (7+c2

2 , 3+2c4−c2

2 ), 
f.8. Sin
e c2 ≥ 0 and 2c4 − c2 ≥ 0 we have s1 ≥ 7
2 and s2 ≥ 3

2 . Further, c2 ≥ c4, so
s1 > s2 > 0. By proposition 16 and remark 17 there is an Eisenstein series EP (f,Λ)whi
h has a double pole at dχ = s if and only if π̃ = 1⊗1 and s = ρP . Hen
e c2 = 0and c4 = 0. Our table 6 implies that π̃∞ =

⊙2c1−c2 C2 ⊗
⊙−c2+2c3−2c4 C2. So the
ondition π̃∞ = 1∞ ⊗ 1∞ for
es c1 = 0 and c3 = 0. Hen
e, λ = 0. This shows thatthere is an Eisenstein series EP (f,Λ) whi
h has a double pole at dχ = −w(λ+ρ)|aCwith w ∈ WP the only element of length 14, if and only if E = C. The se
-ond part of the proof of theorem 19 hen
e shows H0(g, K, LC,P ) ։ H0(G,C) and

ψ0(H0(g, K, LE,P ⊗E)) = 0 for E 6= C.
q = 1: For any λ, there are exa
tly two elements w,w′ ∈ W+(λ) of length 13and their 
orresponding points of evaluation s and s′ satisfy s1 ≥ 7

2 , s2 ≥ 1
2resp. s′1 ≥ 3, s′2 ≥ 2. By proposition 16 and 18 the only possible double poleof an Eisenstein series at su
h points s and s′ 
ould be at s = C3. But as

dim τ ≥ dim τ∞ = 3 − c2 + 2c4 ≥ 3, see table 6, we 
annot be in 
ase (C). Hen
e,there are no double poles of Eisenstein series in this 
ase and we have proved
ψ1(H1(g, K, LE,P ⊗E)) = 0 for all E.
q = 2: Again, for any λ there are exa
tly three elements w,w′, w′′ ∈ W+(λ) oflength 12 and their 
orresponding evaluation points s, s′ and s′′ satisfy s1 ≥ 3,
s2 ≥ 1, s′1 ≥ 5

2 , s′2 ≥ 5
2 resp. s′′1 ≥ 5

2 , s′′2 ≥ 5
2 . In the �rst 
ase we get from table6 that dim θ ≥ 2 and dim τ ≥ 4, when
e by proposition 16 there is no double pole.In the se
ond and in the third 
ase, proposition 16 and 18 immediately imply thatthere are again non double poles, either. It follows ψ2(H2(g, K, LE,P ⊗E)) = 0 forall E.

q = 3: The situation here is analog to the pre
eding 
ase: There are (at most)three w,w′, w′′ ∈ W+(λ) of length 11. For the �rst one, dim θ ≥ 3 and dim τ ≥ 5
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e again the se
ond 
o-ordinate of the remaining two evaluation points s′ and s′′ is greater or equal to 5
2 ,hen
e the 
laimed assertion follows. �In [Vog-Zu℄ Thm. 8.1 and [Li-S
hw1℄, se
tion 5 and se
tion 6, it is proved that q =

3 is in fa
t a (possibly sharp) upper bound for the vanishing of (g, K)-
ohomologyof G = Sp(2, 2) in low degrees. Our 
onje
ture 3 should re�e
t this, too. In fa
t,if we 
onsider q = 4, then for all λ the element w = w4w2w3w4w1w2w3w1w2w1 oflength 10 is inW+(λ) as indi
ated in our table 8. We get π̃∞ =
⊙4+c1−c3+2c4 C2⊗⊙4−c1+c3 C2, when
e dim θ ≥ 5 and dim τ ≥ 5 and we are in 
ase (A). The 
orre-sponding evaluation point dχ = −w(λ+ρ)|aC

reads as s = (3+c1+c3−2c4

2
, 1+2c2−c1−c3

2
),satis�es s1 ≥ 3

2 , s2 ≥ 1
2 and is always inside the open, positive Weyl 
hamber. Byproposition 16 and remark 17 there will be really an Eisenstein series EP (f,Λ)whi
h has a double pole at A = (3

2
, 1

2
) for all 
uspidal automorphi
 representations

π̃ = θ⊗̂τ of L(A) subje
t to the 
ondition θ = τ and χθ = 1. Playing around withthe 
on
rete form of π̃∞ and s given above yields λ = kω4, k = 0, 1, 2, 3... and ω4 thefundamental weight of gC whi
h 
orresponds to the fourth simple root α4. Hen
eour 
onje
ture is really 
ompatible with the results in [Vog-Zu℄ and [Li-S
hw1℄.Remark. Of 
ourse we 
ould have gained the result in degrees q = 0, 1 for a lowerpri
e: For example, in degree q = 0 we 
ould have used the equality H0(G,E) =
lim
−→KΓ

EΓ and A. Borel's �Density Theorem� (
f. e.g. [Pla-Rap℄) or in degree q = 1we 
ould have referred to the well-known vanishing results of G. A. Margulis andM. S. Raghunathan, whi
h give H1(G,E) = 0 (see [Mar, Rag℄). We de
ided not togo this easy way be
ause we wanted to demonstrate the well-�tting of our resultsand our 
onje
ture in ea
h degree separately.Appendix: Tables for the three standard paraboli
 Q-subgroupsAs before, E denotes a �nite-dimensional, irredu
ible, 
omplex-rational represen-tation of G(R) = Sp(2, 2) with highest weight λ =
∑4

i=1 ciαi. As λ is algebrai
allyintegral and dominant, we 
an easily see that we get the following relations amongthe 
oe�
ients:(15) c4 ≥
c3
2

≥
c2
2

≥
c3
3

≥ 0 and c1 ≥
c2
2
.Let ω01 and ω02 be the two fundamental weights of M0(C). Analogously, ωij,

j = 1, 2, 3, denotes the j-th fundamental weight of Mi(C), i = 1, 2.The �rst two tables give the values w(λ+ρ)−ρ|biC
, w ∈WPi , i = 1, 2 in terms of thefundamental weights ωij. Re
all that ρ = 4α1+7α2+9α3+5α4. Table 2 additionallysays for whi
h w ∈WP2 the prin
ipal series representation B2(µw) exists. If some
ondition is added, then it is ne
essary and su�
ient for the existen
e of B2(µw):�∗� means �c3 − c4 = c1� and �∗∗� means �c1 − c4 = 1�, while �∄� indi
ates that forthese w the representation B2(µw) never exists. The next two tables give the valuesof the inner produ
t of the point dχ = −w(λ + ρ)|aiC

of evaluation of Eisensteinseries and the only simple root within ∆(Pi, Ai). Using (15), we 
an therefrom reado� whi
h points dχ lie inside the 
losed Weyl 
hamber de�ned by the above system.The last four tables give the previous data for the standard minimal paraboli

Q-subgroup P0. For la
k of spa
e we divided the set of Kostant representatives
WP0 in a �lower� and in an �upper� half, a

ording to the length of the elements
w ∈ WP0 . In table 8 the Kostant representatives w whi
h 
an give rise to values
Λw = −w(λ + ρ)|a0C

∈ C are underlined. No point Λw in table 7 will lie inside C.
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ompiled by a 
omputer program, developed by Jakub Orbán.
w(λ + ρ) − ρ|b1C

id (2c1 − c2)ω11 + (−c2 + 2c3 − 2c4)ω12 + (−c3 + 2c4)ω13
w2 (1 + c1 + c2 − c3)ω11 + (1 − c1 + c2 + c3 − 2c4)ω12 + (−c3 + 2c4)ω13
w2w1 (−c1 + 2c2 − c3)ω11 + (2 + c1 + c3 − 2c4)ω12 + (−c3 + 2c4)ω13
w2w3 (2 + c1 + c3 − 2c4)ω11 + (−c1 + 2c2 − c3)ω12 + (1 − c2 + c3)ω13
w2w3w1 (1 − c1 + c2 + c3 − 2c4)ω11 + (1 + c1 + c2 − c3)ω12 + (1 − c2 + c3)ω13
w2w3w4 (4 + c1 − c3 + 2c4)ω11 + (−c1 + 2c2 − c3)ω12 + (1 − c2 + c3)ω13
w2w3w4w1 (3 − c1 + c2 − c3 + 2c4)ω11 + (1 + c1 + c2 − c3)ω12 + (1 − c2 + c3)ω13
w2w3w1w2 (−c2 + 2c3 − 2c4)ω11 + (2c1 − c2)ω12 + (2 − c1 + c2)ω13
w2w3w4w3 (5 + c1 − c2 + c3)ω11 + (1 − c1 + c2 + c3 − 2c4)ω12 + (−c3 + 2c4)ω13
w2w3w4w3w1 (4 − c1 + c3)ω11 + (2 + c1 + c3 − 2c4)ω12 + (−c3 + 2c4)ω13
w2w3w4w1w2 (2 − c2 + 2c4)ω11 + (2c1 − c2)ω12 + (2 − c1 + c2)ω13
w2w3w4w3w2 (6 + c2)ω11 + (−c2 + 2c3 − 2c4)ω12 + (−c3 + 2c4)ω13

w2w3w4w3w2w1 (6 + c2)ω11 + (−c2 + 2c3 − 2c4)ω12 + (−c3 + 2c4)ω13
w2w3w4w3w1w2 (4 − c1 + c3)ω11 + (2 + c1 + c3 − 2c4)ω12 + (−c3 + 2c4)ω13
w2w3w4w1w2w3 (2 − c2 + 2c4)ω11 + (2c1 − c2)ω12 + (2 − c1 + c2)ω13
w2w3w4w3w1w2w1 (5 + c1 − c2 + c3)ω11 + (1 − c1 + c2 + c3 − 2c4)ω12 + (−c3 + 2c4)ω13
w2w3w4w1w2w3w2 (3 − c1 + c2 − c3 + 2c4)ω11 + (1 + c1 + c2 − c3)ω12 + (1 − c2 + c3)ω13
w2w3w4w1w2w3w4 (−c2 + 2c3 − 2c4)ω11 + (2c1 − c2)ω12 + (2 − c1 + c2)ω13
w2w3w4w1w2w3w2w1 (4 + c1 − c3 + 2c4)ω11 + (−c1 + 2c2 − c3)ω12 + (1 − c2 + c3)ω13
w2w3w4w1w2w3w4w2 (1 − c1 + c2 + c3 − 2c4)ω11 + (1 + c1 + c2 − c3)ω12 + (1 − c2 + c3)ω13
w2w3w4w1w2w3w4w2w1 (2 + c1 + c3 − 2c4)ω11 + (−c1 + 2c2 − c3)ω12 + (1 − c2 + c3)ω13
w2w3w4w1w2w3w4w2w3 (−c1 + 2c2 − c3)ω11 + (2 + c1 + c3 − 2c4)ω12 + (−c3 + 2c4)ω13
w2w3w4w1w2w3w4w2w3w1 (1 + c1 + c2 − c3)ω11 + (1 − c1 + c2 + c3 − 2c4)ω12 + (−c3 + 2c4)ω13
w2w3w4w1w2w3w4w2w3w1w2 (2c1 − c2)ω11 + (−c2 + 2c3 − 2c4)ω12 + (−c3 + 2c4)ω13Table 1

w(λ + ρ) − ρ|b2C
id (2c1 − c2)ω21 + (−c1 + 2c2 − c3)ω22 + (−c2 + 2c3 − 2c4)ω23
w4 (2c1 − c2)ω21 + (−c1 + 2c2 − c3)ω22 + (2 − c2 + 2c4)ω23
w4w3 (2c1 − c2)ω21 + (1 − c1 + c2 + c3 − 2c4)ω22 + (2 − c2 + 2c4)ω23
w4w3w2 (1 + c1 + c2 − c3)ω21 + (−c2 + 2c3 − 2c4)ω22 + (3 − c1 + c2 − c3 + 2c4)ω23
w4w3w4 (2c1 − c2)ω21 + (3 − c1 + c2 − c3 + 2c4)ω22 + (−c2 + 2c3 − 2c4)ω23
w4w3w4w2 (1 + c1 + c2 − c3)ω21 + (2 − c2 + 2c4)ω22 + (1 − c1 + c2 + c3 − 2c4)ω23
w4w3w2w1 (−c1 + 2c2 − c3)ω21 + (−c2 + 2c3 − 2c4)ω22 + (4 + c1 − c3 + 2c4)ω23 ∄
w4w3w4w2w1 (−c1 + 2c2 − c3)ω21 + (2 − c2 + 2c4)ω22 + (2 + c1 + c3 − 2c4)ω23 ∄
w4w3w4w2w3 (2 + c1 + c3 − 2c4)ω21 + (2 − c2 + 2c4)ω22 + (−c1 + 2c2 − c3)ω23 ∄
w4w3w4w2w3w4 (4 + c1 − c3 + 2c4)ω21 + (−c2 + 2c3 − 2c4)ω22 + (−c1 + 2c2 − c3)ω23 ∄
w4w3w4w2w3w1 (1 − c1 + c2 + c3 − 2c4)ω21 + (2 − c2 + 2c4)ω22 + (1 + c1 + c2 − c3)ω23 *
w4w3w4w2w3w4w1 (3 − c1 + c2 − c3 + 2c4)ω21 + (−c2 + 2c3 − 2c4)ω22 + (1 + c1 + c2 − c3)ω23 **
w4w3w4w2w3w1w2 (−c2 + 2c3 − 2c4)ω21 + (3 − c1 + c2 − c3 + 2c4)ω22 + (2c1 − c2)ω23 *
w4w3w4w2w3w4w1w2 (2 − c2 + 2c4)ω21 + (1 − c1 + c2 + c3 − 2c4)ω22 + (2c1 − c2)ω23 **
w4w3w4w2w3w4w1w2w3 (2 − c2 + 2c4)ω21 + (−c1 + 2c2 − c3)ω22 + (2c1 − c2)ω23 **
w4w3w4w2w3w4w1w2w3w4 (−c2 + 2c3 − 2c4)ω21 + (−c1 + 2c2 − c3)ω22 + (2c1 − c2)ω23 *Table 2Referen
es[Bor℄ A. Borel, Regularization theorems in Lie algebra 
ohomology, Duke Math. Journal, vol 50,(1983), pp. 605-623[Bor-Cas℄ A. Borel, W. Casselman, L2-Cohomology of lo
ally symmetri
 manifolds of �nite vol-ume, Duke Math. Journal, vol 50, (1983), pp. 625-647[Bor-Lab-S
hw℄ A. Borel, J.-P. Labesse, J. S
hwermer, On the 
uspidal 
ohomology of S-arithmeti
 subgroups of redu
tive groups over number �elds, Comp. Math., 102 (1996), pp.1-40[Bor-Wal℄ A. Borel, N. Walla
h, Continuous 
ohomology, dis
rete subgroups and representationsof redu
tive groups, Ann. of Math. Studies, Prin
eton Univ. Press (1980)[Dix-Mal℄ J. Dixmier, P. Malliavin, Fa
torisations de fon
tions et de ve
teurs indé�niment dif-férentiables, Bull. S
i. Math., 102, (1978), pp. 307-330[Fla℄ D. Flath, De
omposition of Representations into Tensor Produ
ts, in: Pro
. Sympos. PureMath., Vol. XXXIII, part I, AMS, Providen
e, R.I., (1979), pp. 179-183[Fra℄ J. Franke, Harmoni
 analysis in weighted L2-spa
es, Ann. S
i. de l'ENS, 4e série, tome 31,no. 2, (1998), pp. 181-279[Fra-S
hw℄ J. Franke, J. S
hwermer, A de
omposition of spa
es of automorphi
 forms, and theEisenstein 
ohomology of arithmeti
 groups, Math. Ann., 311 (1998), pp. 765-790[Gel-Ja
℄ S. Gelbart, H. Ja
quet, Forms on GL(2) from the analyti
 point of view, in: Pro
.Sympos. Pure Math., Vol. XXXIII, part I, AMS, Providen
e, R.I., (1979), pp. 213-251
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〈−w(λ + ρ)|a1C

, α2|a1C
〉

id 2(−7 − c2) ≤ −14
w2 2(−6 − c1 + c2 − c3) ≤ −12
w2w1 2(−5 + c1 − c3) ≤ −10
w2w3 2(−5 − c1 + c3 − 2c4) ≤ −10
w2w3w1 2(−4 + c1 − c2 + c3 − 2c4) ≤ −8
w2w3w4 2(−3 − c1 − c3 + 2c4) ≤ −6
w2w3w1w2 2(−3 + c2 − 2c4) ≤ −6
w2w3w4w1 2(−2 + c1 − c2 − c3 + 2c4) ≤ −4
w2w3w4w3 2(−2 − c1 − c2 + c3) ≤ −4
w2w3w4w3w1 2(−1 + c1 − 2c2 + c3) ≤ −2
w2w3w4w1w2 2(−1 + c2 − 2c3 + 2c4) ≤ −2
w2w3w4w3w2 2(−1 − 2c1 + c2) ≤ −2
w2w3w4w3w2w1 2(1 + 2c1 − c2) ≥ 2
w2w3w4w3w1w2 2(1 − c1 + 2c2 − c3) ≥ 2
w2w3w4w1w2w3 2(1 − c2 + 2c3 − 2c4) ≥ 2
w2w3w4w3w1w2w1 2(2 + c1 + c2 − c3) ≥ 4
w2w3w4w1w2w3w2 2(2 − c1 + c2 + c3 − 2c4) ≥ 4
w2w3w4w1w2w3w4 2(3 − c2 + 2c4) ≥ 6
w2w3w4w1w2w3w2w1 2(3 + c1 + c3 − 2c4) ≥ 6
w2w3w4w1w2w3w4w2 2(4 − c1 + c2 − c3 + 2c4) ≥ 8
w2w3w4w1w2w3w4w2w1 2(5 + c1 − c3 + 2c4) ≥ 10
w2w3w4w1w2w3w4w2w3 2(5 − c1 + c3) ≥ 10
w2w3w4w1w2w3w4w2w3w1 2(6 + c1 − c2 + c3) ≥ 12
w2w3w4w1w2w3w4w2w3w1w2 2(7 + c2) ≥ 14Table 3

〈−w(λ + ρ)|a2C
, α4|a2C

〉

id 4(−5 − c4) ≤ 20
w4 4(−4 − c3 + c4) ≤ −16
w4w3 4(−3 − c2 + c3 − c4) ≤ −12
w4w3w2 4(−2 − c1 + c2 − c4) ≤ −8
w4w3w4 4(−2 − c2 + c4) ≤ −8
w4w3w4w2 4(−1 − c1 + c2 − c3 + c4) ≤ −4
w4w3w2w1 4(−1 + c1 − c4) ?
w4w3w4w2w1 4(c1 − c3 + c4) ?
w4w3w4w2w3 4(−c1 + c3 − c4) ?
w4w3w4w2w3w4 4(1 − c1 + c4) ?
w4w3w4w2w3w1 4(1 + c1 − c2 + c3 − c4) ≥ 4
w4w3w4w2w3w4w1 4(2 + c1 − c2 + c4) ≥ 8
w4w3w4w2w3w1w2 4(2 + c2 − c4) ≥ 8
w4w3w4w2w3w4w1w2 4(3 + c2 − c3 + c4) ≥ 12
w4w3w4w2w3w4w1w2w3 4(4 + c3 − c4) ≥ 16
w4w3w4w2w3w4w1w2w3w4 4(5 + c4) ≥ 20Table 4[Gel-Gra-PS℄ I. M. Gelfand, M. I. Graev, I. Piatetski-Shapiro Representation theory and auto-morphi
 fun
tions, W. B. Saunders Company, (1969)[Grb1℄ N. Grba
, Corresponden
e between the Residual Spe
trum of Rank Two Split Classi
alGroups and their Inner Forms, in: Fun
tional Analysis IX - Pro
eedings of the PostgraduateS
hool and Conferen
e held at the Inter-University Centre, Dubrovnik, Croatia, 15-23 June,2005, eds. G. Mui
 and J. Ho�man-Jørgensen, Various Publi
ation Series 58 (2007) pp. 44�57[Grb2℄ N. Grba
, On a Relation between Residual Spe
tra of Split Classi
al Groups and theirInner Forms, preprint to appear in Canad. J. Math. (2008)[Gro℄ H. Grobner, The Automorphi
 Cohomology and the Residual Spe
trum of Her-mitian Groups of Rank One, submitted preprint (2008), ele
troni
ally available athttp://homepage.univie.a
.at/harald.grobner/publi
ation.html[Har1℄ G. Harder, On the 
ohomology of SL(2,O), In: Lie groups and their representations, Pro
.of the summer s
hool on group representations, I. M. Gelfand ed., London (1975), pp. 139-150[Har2℄ G. Harder, On the 
ohomology of dis
rete arithmeti
ally de�ned groups, In: Dis
rete Sub-groups of Lie Groups and Appli
ations to Moduli, Papers presented at the Bombay Collo-quium, 1973, Oxford University Press, (1975), pp. 129-160[Har3℄ G. Harder, Some results on the Eisenstein 
ohomology of arithmeti
 subgroups of GLn, In:Cohomology of Arithmeti
 Groups and Automorphi
 Forms, Pro
eedings Luminy/Marseille1989, J.-P. Labesse, J. S
hwermer eds., Le
ture Notes in Mathemati
s, No. 1447, Springer-Verlag (1990), pp. 85-154[HCh℄ B. Harish-Chandra, Automorphi
 Forms on Semisimple Lie Groups, Notes by J.G.M.Mars, Le
ture Notes in Mathemati
s, No. 62, Springer-Verlag (1968)[Ja
℄ H. Ja
quet, Automorphi
 forms on GL(2), Part II, Le
ture Notes in Mathemati
s, No. 278,Springer-Verlag (1972)
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w(λ + ρ) − ρ|b0C

id (2c1 − c2)ω01 + (−c2 + 2c3 − 2c4)ω02
w2 (1 + c1 + c2 − c3)ω01 + (1 − c1 + c2 + c3 − 2c4)ω02
w4 (2c1 − c2)ω01 + (2 − c2 + 2c4)ω02
w2w1 (−c1 + 2c2 − c3)ω01 + (2 + c1 + c3 − 2c4)ω02
w4w2 (1 + c1 + c2 − c3)ω01 + (3 − c1 + c2 − c3 + 2c4)ω02
w2w3 (2 + c1 + c3 − 2c4)ω01 + (−c1 + 2c2 − c3)ω02
w4w3 (2c1 − c2)ω01 + (2 − c2 + 2c4)ω02
w4w2w1 (−c1 + 2c2 − c3)ω01 + (4 + c1 − c3 + 2c4)ω02
w2w3w1 (1 − c1 + c2 + c3 − 2c4)ω01 + (1 + c1 + c2 − c3)ω02
w4w3w2 (1 + c1 + c2 − c3)ω01 + (3 − c1 + c2 − c3 + 2c4)ω02
w4w2w3 (2 + c1 + c3 − 2c4)ω01 + (4 − c1 + c3)ω02
w2w3w4 (4 + c1 − c3 + 2c4)ω01 + (−c1 + 2c2 − c3)ω02
w4w3w4 (2c1 − c2)ω01 + (−c2 + 2c3 − 2c4)ω02
w4w3w2w1 (−c1 + 2c2 − c3)ω01 + (4 + c1 − c3 + 2c4)ω02
w4w2w3w1 (1 − c1 + c2 + c3 − 2c4)ω01 + (5 + c1 − c2 + c3)ω02
w2w3w4w1 (3 − c1 + c2 − c3 + 2c4)ω01 + (1 + c1 + c2 − c3)ω02
w2w3w1w2 (−c2 + 2c3 − 2c4)ω01 + (2c1 − c2)ω02
w4w2w3w2 (2 + c1 + c3 − 2c4)ω01 + (4 − c1 + c3)ω02
w4w3w4w2 (1 + c1 + c2 − c3)ω01 + (1 − c1 + c2 + c3 − 2c4)ω02
w2w3w4w3 (5 + c1 − c2 + c3)ω01 + (1 − c1 + c2 + c3 − 2c4)ω02
w4w2w3w4 (4 + c1 − c3 + 2c4)ω01 + (4 − c1 + c3)ω02
w4w2w3w2w1 (1 − c1 + c2 + c3 − 2c4)ω01 + (5 + c1 − c2 + c3)ω02
w4w3w4w2w1 (−c1 + 2c2 − c3)ω01 + (2 + c1 + c3 − 2c4)ω02
w2w3w4w3w1 (4 − c1 + c3)ω01 + (2 + c1 + c3 − 2c4)ω02
w4w2w3w4w1 (3 − c1 + c2 − c3 + 2c4)ω01 + (5 + c1 − c2 + c3)ω02
w4w2w3w1w2 (−c2 + 2c3 − 2c4)ω01 + (6 + c2)ω02
w2w3w4w1w2 (2 − c2 + 2c4)ω01 + (2c1 − c2)ω02
w2w3w4w3w2 (6 + c2)ω01 + (−c2 + 2c3 − 2c4)ω02
w4w2w3w4w2 (4 + c1 − c3 + 2c4)ω01 + (4 − c1 + c3)ω02
w4w3w4w2w3 (2 + c1 + c3 − 2c4)ω01 + (−c1 + 2c2 − c3)ω02
w4w2w3w4w3 (5 + c1 − c2 + c3)ω01 + (3 − c1 + c2 − c3 + 2c4)ω02
w4w2w3w1w2w1 (−c2 + 2c3 − 2c4)ω01 + (6 + c2)ω02
w2w3w4w3w2w1 (6 + c2)ω01 + (−c2 + 2c3 − 2c4)ω02
w4w2w3w4w2w1 (3 − c1 + c2 − c3 + 2c4)ω01 + (5 + c1 − c2 + c3)ω02
w4w3w4w2w3w1 (1 − c1 + c2 + c3 − 2c4)ω01 + (1 + c1 + c2 − c3)ω02
w4w2w3w4w3w1 (4 − c1 + c3)ω01 + (4 + c1 − c3 + 2c4)ω02
w2w3w4w3w1w2 (4 − c1 + c3)ω01 + (2 + c1 + c3 − 2c4)ω02
w4w2w3w4w1w2 (2 − c2 + 2c4)ω01 + (6 + c2)ω02
w4w2w3w4w3w2 (6 + c2)ω01 + (2 − c2 + 2c4)ω02
w2w3w4w1w2w3 (2 − c2 + 2c4)ω01 + (2c1 − c2)ω02
w4w2w3w4w2w3 (5 + c1 − c2 + c3)ω01 + (3 − c1 + c2 − c3 + 2c4)ω02
w4w3w4w2w3w4 (4 + c1 − c3 + 2c4)ω01 + (−c1 + 2c2 − c3)ω02
w2w3w4w3w1w2w1 (5 + c1 − c2 + c3)ω01 + (1 − c1 + c2 + c3 − 2c4)ω02
w4w2w3w4w1w2w1 (2 − c2 + 2c4)ω01 + (6 + c2)ω02
w4w2w3w4w3w2w1 (6 + c2)ω01 + (2 − c2 + 2c4)ω02
w4w2w3w4w2w3w1 (4 − c1 + c3)ω01 + (4 + c1 − c3 + 2c4)ω02
w4w3w4w2w3w4w1 (3 − c1 + c2 − c3 + 2c4)ω01 + (1 + c1 + c2 − c3)ω02
w4w3w4w2w3w1w2 (−c2 + 2c3 − 2c4)ω01 + (2c1 − c2)ω02Table 5. ◦Fw for lower-half representatives[Ja
-Lan℄ H. Ja
quet, R. P. Langlands, Automorphi
 forms on GL(2), Le
ture Notes in Mathe-mati
s, No. 114, Springer-Verlag (1970)[Kim℄ H. H. Kim, The residual spe
trum of Sp4, Comp. Math., 99, (1995) pp. 129-151[Kos℄ B. Kostant, Lie algebra 
ohomology and the generalized Borel-Weil theorem, Ann. of Math.,74, (1961) pp. 329-387[Lan1℄ R. P. Langlands, Euler produ
ts, Yale University Press, New Haven, (1971)[Lan2℄ R. P. Langlands, Letter to A. Borel, dated O
tober 25, (1972)[Lan3℄ R. P. Langlands,On the fun
tional equations satis�ed by Eisenstein series, Le
ture Notesin Mathemati
s, No. 544, Springer-Verlag (1976)[Lan4℄ R. P. Langlands, On the notion of an automorphi
 representation. A supplement to thepre
eding paper, in: Pro
. Sympos. Pure Math., Vol. XXXIII, part I, AMS, Providen
e, R.I.,(1979), pp. 189-202[Li-S
hw1℄ J.-S. Li, J. S
hwermer, On the Cuspidal 
ohomology of arithmeti
 groups, submittedpreprint, (2008)[Li-S
hw2℄ J.-S. Li, J. S
hwermer, On the Eisenstein 
ohomology of arithmeti
 groups, DukeMath. Journal Vol. 123, no. 1, (2004), pp. 142-169[Mar℄ G. A. Margulis, Dis
rete Subgroups of Semisimple Lie Groups, Springer-Verlag, (1991)[Moe-Wal1℄ C. Moeglin, J.-L. Waldspurger, Le Spe
tre Résiduel de GL(n), Ann. S
i. de l'ENS,4e série, tome 22, no. 4, (1989), pp. 605-674[M÷-Wal2℄ C. M÷glin, J.-L. Waldspurger, Spe
tral de
omposition and Eisenstein series, Cam-bridge Univ. Press (1995)[Mui-Sav℄ G. Mui¢, G. Savin,Complementary Series for Hermitian Quaternioni
 Groups, Canad.Math. Bull., 43, (2000), pp. 90-99



EISENSTEIN SERIES AND THE AUTOMORPHIC COHOMOLOGY OF Sp(2, 2) 31
w(λ + ρ) − ρ|b0C

w4w2w3w4w3w1w2 (4 − c1 + c3)ω01 + (4 + c1 − c3 + 2c4)ω02
w2w3w4w1w2w3w2 (3 − c1 + c2 − c3 + 2c4)ω01 + (1 + c1 + c2 − c3)ω02
w4w2w3w4w2w3w2 (6 + c2)ω01 + (2 − c2 + 2c4)ω02
w4w2w3w4w1w2w3 (2 − c2 + 2c4)ω01 + (6 + c2)ω02
w4w3w4w2w3w4w3 (5 + c1 − c2 + c3)ω01 + (1 − c1 + c2 + c3 − 2c4)ω02
w2w3w4w1w2w3w4 (−c2 + 2c3 − 2c4)ω01 + (2c1 − c2)ω02
w4w2w3w4w3w1w2w1 (5 + c1 − c2 + c3)ω01 + (3 − c1 + c2 − c3 + 2c4)ω02
w2w3w4w1w2w3w2w1 (4 + c1 − c3 + 2c4)ω01 + (−c1 + 2c2 − c3)ω02
w4w2w3w4w2w3w2w1 (6 + c2)ω01 + (2 − c2 + 2c4)ω02
w4w2w3w4w1w2w3w1 (2 − c2 + 2c4)ω01 + (6 + c2)ω02
w4w3w4w2w3w4w3w1 (4 − c1 + c3)ω01 + (2 + c1 + c3 − 2c4)ω02
w4w2w3w4w2w3w1w2 (4 − c1 + c3)ω01 + (4 + c1 − c3 + 2c4)ω02
w4w3w4w2w3w4w1w2 (2 − c2 + 2c4)ω01 + (2c1 − c2)ω02
w4w2w3w4w1w2w3w2 (3 − c1 + c2 − c3 + 2c4)ω01 + (5 + c1 − c2 + c3)ω02
w4w3w4w2w3w4w3w2 (6 + c2)ω01 + (−c2 + 2c3 − 2c4)ω02
w2w3w4w1w2w3w4w2 (1 − c1 + c2 + c3 − 2c4)ω01 + (1 + c1 + c2 − c3)ω02
w4w2w3w4w1w2w3w4 (−c2 + 2c3 − 2c4)ω01 + (6 + c2)ω02
w4w2w3w4w2w3w1w2w1 (5 + c1 − c2 + c3)ω01 + (3 − c1 + c2 − c3 + 2c4)ω02
w4w2w3w4w1w2w3w2w1 (4 + c1 − c3 + 2c4)ω01 + (4 − c1 + c3)ω02
w4w3w4w2w3w4w3w2w1 (6 + c2)ω01 + (−c2 + 2c3 − 2c4)ω02
w2w3w4w1w2w3w4w2w1 (2 + c1 + c3 − 2c4)ω01 + (−c1 + 2c2 − c3)ω02
w4w2w3w4w1w2w3w4w1 (−c2 + 2c3 − 2c4)ω01 + (6 + c2)ω02
w4w2w3w4w1w2w3w1w2 (3 − c1 + c2 − c3 + 2c4)ω01 + (5 + c1 − c2 + c3)ω02
w4w3w4w2w3w4w3w1w2 (4 − c1 + c3)ω01 + (2 + c1 + c3 − 2c4)ω02
w4w2w3w4w1w2w3w4w2 (1 − c1 + c2 + c3 − 2c4)ω01 + (5 + c1 − c2 + c3)ω02
w4w3w4w2w3w4w1w2w3 (2 − c2 + 2c4)ω01 + (2c1 − c2)ω02
w2w3w4w1w2w3w4w2w3 (−c1 + 2c2 − c3)ω01 + (2 + c1 + c3 − 2c4)ω02
w4w2w3w4w1w2w3w1w2w1 (4 + c1 − c3 + 2c4)ω01 + (4 − c1 + c3)ω02
w4w3w4w2w3w4w3w1w2w1 (5 + c1 − c2 + c3)ω01 + (1 − c1 + c2 + c3 − 2c4)ω02
w4w2w3w4w1w2w3w4w2w1 (2 + c1 + c3 − 2c4)ω01 + (4 − c1 + c3)ω02
w2w3w4w1w2w3w4w2w3w1 (1 + c1 + c2 − c3)ω01 + (1 − c1 + c2 + c3 − 2c4)ω02
w4w2w3w4w1w2w3w4w1w2 (1 − c1 + c2 + c3 − 2c4)ω01 + (5 + c1 − c2 + c3)ω02
w4w3w4w2w3w4w1w2w3w2 (3 − c1 + c2 − c3 + 2c4)ω01 + (1 + c1 + c2 − c3)ω02
w4w2w3w4w1w2w3w4w2w3 (−c1 + 2c2 − c3)ω01 + (4 + c1 − c3 + 2c4)ω02
w4w3w4w2w3w4w1w2w3w4 (−c2 + 2c3 − 2c4)ω01 + (2c1 − c2)ω02
w4w2w3w4w1w2w3w4w1w2w1 (2 + c1 + c3 − 2c4)ω01 + (4 − c1 + c3)ω02
w4w3w4w2w3w4w1w2w3w2w1 (4 + c1 − c3 + 2c4)ω01 + (−c1 + 2c2 − c3)ω02
w4w2w3w4w1w2w3w4w2w3w1 (1 + c1 + c2 − c3)ω01 + (3 − c1 + c2 − c3 + 2c4)ω02
w2w3w4w1w2w3w4w2w3w1w2 (2c1 − c2)ω01 + (−c2 + 2c3 − 2c4)ω02
w4w3w4w2w3w4w1w2w3w4w2 (1 − c1 + c2 + c3 − 2c4)ω01 + (1 + c1 + c2 − c3)ω02
w4w2w3w4w1w2w3w4w1w2w3 (−c1 + 2c2 − c3)ω01 + (4 + c1 − c3 + 2c4)ω02
w4w3w4w2w3w4w1w2w3w4w2w1 (2 + c1 + c3 − 2c4)ω01 + (−c1 + 2c2 − c3)ω02
w4w2w3w4w1w2w3w4w1w2w3w1 (1 + c1 + c2 − c3)ω01 + (3 − c1 + c2 − c3 + 2c4)ω02
w4w2w3w4w1w2w3w4w2w3w1w2 (2c1 − c2)ω01 + (2 − c2 + 2c4)ω02
w4w3w4w2w3w4w1w2w3w4w2w3 (−c1 + 2c2 − c3)ω01 + (2 + c1 + c3 − 2c4)ω02
w4w3w4w2w3w4w1w2w3w4w2w3w1 (1 + c1 + c2 − c3)ω01 + (1 − c1 + c2 + c3 − 2c4)ω02
w4w2w3w4w1w2w3w4w1w2w3w1w2 (2c1 − c2)ω01 + (2 − c2 + 2c4)ω02
w4w3w4w2w3w4w1w2w3w4w2w3w1w2 (2c1 − c2)ω01 + (−c2 + 2c3 − 2c4)ω02Table 6. ◦Fw for upper half representatives[Pla-Rap℄ V. Platonov, A. Rapin
huk , Algebrai
 Groups and Number Theory, London A
ademi
Press, (1993)[Rag℄ M. S. Raghunathan, Cohomology of Arithmeti
 Subgroups of Algebrai
 Groups: I, Ann.Math., 86, (1967), pp. 409-424[Roh℄ J. Rohlfs, Proje
tive limits of lo
ally symmetri
 spa
es and 
ohomology, J. reine angew.Math., 479, (1996), pp. 149-182[Roh-Speh℄ J. Rohlfs, B. Speh, Representations with 
ohomology in the dis
rete spe
trum of sub-groups of SO(n, 1)(Z) and Lefs
hetz numbers, Ann. S
i. de l'ENS, 4e série, tome 20, no. 1,(1987), pp. 89-136[S
hw1℄ J. S
hwermer, Eisenstein series and 
ohomology of arithmeti
 groups: The generi
 
ase,Invent. Math., 116, Springer-Verlag (1994), pp. 481-511[S
hw2℄ J. S
hwermer,Kohomologie arithmetis
h de�nierter Gruppen und Eisensteinreihen, Le
-ture Notes in Mathemati
s, No. 988, Springer-Verlag (1983)[S
hw3℄ J. S
hwermer, On arithmeti
 quotients of the Siegel upper half spa
e of degree 2, Comp.Math., 58, No. 2, (1986), pp. 233-258[Shd2℄ F. Shahidi, On Certain L-fun
tions, Amer. J. Math., 103, (1981), pp. 297-355[Shd3℄ F. Shahidi, On the Ramanujan 
onje
ture and �niteness of poles for 
ertain L-fun
tions,Ann. Math., 127, (1988), pp. 547-584[Tate℄ J. Tate, Fourier Analysis in Number Fields and He
ke's Zeta-Fun
tions, in: Algebrai
Number Theory, ed. J. W. S. Cassels, A. Fröhli
h, A
ademi
 Press, Boston, (1967), pp.305-347[Vog-Zu℄ D. A. Vogan Jr., G. J. Zu
kerman, Unitary representations with nonzero 
ohomology,Comp. Math. 53, no. 1, (1984), pp. 51-90
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〈−w(λ + ρ)|a0C

, α2|a0C
〉 〈−w(λ + ρ)|a0C

, α4|a0C
〉

id 2(−2 − c2 + c4) ≤ −4 2(−3 + c2 − 2c4) ≤ −6
w2 2(−1 − c1 + c2 − c3 + c4) ≤ −2 2(−4 + c1 − c2 + c3 − 2c4) ≤ −8
w4 2(−3 − c2 + c3 − c4) ≤ −6 2(−1 + c2 − 2c3 + 2c4) ≤ −2
w2w1 2(c1 − c3 + c4) ? 2(−5 − c1 + c3 − 2c4) ≤ −10
w4w2 2(−2 − c1 + c2 − c4) ≤ −4 2(−2 + c1 − c2 − c3 + 2c4) ≤ −4
w2w3 2(−c1 + c3 − c4) ? 2(−5 + c1 − c3) ≤ −10
w4w3 2(−4 − c3 + c4) ≤ −8 2(1 − c2 + 2c3 − 2c4) ≥ 2
w4w2w1 2(−1 + c1 − c4) ? 2(−3 − c1 − c3 + 2c4) ≤ −6
w2w3w1 2(1 + c1 − c2 + c3 − c4) ≥ 2 2(−6 − c1 + c2 − c3) ≤ −12
w4w3w2 2(−4 − c3 + c4) ≤ −8 2(2 − c1 + c2 + c3 − 2c4) ≥ 4
w4w2w3 2(−2 − c1 + c2 − c4) ≤ −4 2(−1 + c1 − 2c2 + c3) ≤ −2
w2w3w4 2(1 − c1 + c4) ? 2(−5 + c1 − c3) ≤ −10
w4w3w4 2(−5 − c4) ≤ 10 2(3 − c2 + 2c4) ≥ 6
w4w3w2w1 2(−4 − c3 + c4) ≤ −8 2(3 + c1 + c3 − 2c4) ≥ 6
w4w2w3w1 2(−1 + c1 − c4) ? 2(−2 − c1 − c2 + c3) ≤ −4
w2w3w4w1 2(2 + c1 − c2 + c4) ≥ 4 2(−6 − c1 + c2 − c3) ≤ −12
w2w3w1w2 2(2 + c2 − c4) ≥ 4 2(−7 − c2) ≤ −14
w4w2w3w2 2(−3 − c2 + c3 − c4) ≤ −6 2(1 − c1 + 2c2 − c3) ≥ 2
w4w3w4w2 2(−5 − c4) ≤ −10 2(4 − c1 + c2 − c3 + 2c4) ≥ 8
w2w3w4w3 2(1 − c1 + c4) ? 2(−4 + c1 − c2 + c3 − 2c4) ≤ −8
w4w2w3w4 2(−1 − c1 + c2 − c3 + c4) ≤ −2 2(−1 + c1 − 2c2 + c3) ≤ −2
w4w2w3w2w1 2(−3 − c2 + c3 − c4) ≤ −6 2(2 + c1 + c2 − c3) ≥ 4
w4w3w4w2w1 2(−5 − c4) ≤ −10 2(5 + c1 − c3 + 2c4) ≥ 10
w2w3w4w3w1 2(2 + c1 − c2 + c4) ≥ 4 2(−5 − c1 + c3 − 2c4) ≤ −10
w4w2w3w4w1 2(c1 − c3 + c4) ? 2(−2 − c1 − c2 + c3) ≤ −4
w4w2w3w1w2 2(−1 + c1 − c4) ? 2(−1 − 2c1 + c2) ≤ −2
w2w3w4w1w2 2(3 + c2 − c3 + c4) ≥ 6 2(−7 − c2) ≤ −14
w2w3w4w3w2 2(1 − c1 + c4) ? 2(−3 + c2 − 2c4) ≤ −6
w4w2w3w4w2 2(−2 − c2 + c4) ≤ −4 2(1 − c1 + 2c2 − c3) ≥ 2
w4w3w4w2w3 2(−5 − c4) ≤ −10 2(5 − c1 + c3) ≥ 10
w4w2w3w4w3 2(−c1 + c3 − c4) ? 2(−2 + c1 − c2 − c3 + 2c4) ≤ −4
w4w2w3w1w2w1 2(−2 − c1 + c2 − c4) ≤ −4 2(1 + 2c1 − c2) ≥ 2
w2w3w4w3w2w1 2(2 + c1 − c2 + c4) ≥ 4 2(−3 + c2 − 2c4) ≤ −6
w4w2w3w4w2w1 2(−2 − c2 + c4) ≤ −4 2(2 + c1 + c2 − c3) ≥ 4
w4w3w4w2w3w1 2(−5 − c4) ≤ −10 2(6 + c1 − c2 + c3) ≥ 12
w4w2w3w4w3w1 2(1 + c1 − c2 + c3 − c4) ≥ 2 2(−3 − c1 − c3 + 2c4) ≤ −6
w2w3w4w3w1w2 2(3 + c2 − c3 + c4) ≥ 6 2(−5 − c1 + c3 − 2c4) ≤ −10
w4w2w3w4w1w2 2(c1 − c3 + c4) ? 2(−1 − 2c1 + c2) ≤ −2
w4w2w3w4w3w2 2(−c1 + c3 − c4) ? 2(−1 + c2 − 2c3 + 2c4) ≤ −2
w2w3w4w1w2w3 2(4 + c3 − c4) ≥ 8 2(−7 − c2) ≤ −14
w4w2w3w4w2w3 2(−2 − c2 + c4) ≤ −4 2(2 − c1 + c2 + c3 − 2c4) ≥ 4
w4w3w4w2w3w4 2(−4 − c3 + c4) ≤ −8 2(5 − c1 + c3) ≥ 10
w2w3w4w3w1w2w1 2(3 + c2 − c3 + c4) ≥ 6 2(−4 + c1 − c2 + c3 − 2c4) ≤ −8
w4w2w3w4w1w2w1 2(−1 − c1 + c2 − c3 + c4) ≤ −2 2(1 + 2c1 − c2) ≥ 2
w4w2w3w4w3w2w1 2(1 + c1 − c2 + c3 − c4) ≥ 2 2(−1 + c2 − 2c3 + 2c4) ≤ −2
w4w2w3w4w2w3w1 2(−2 − c2 + c4) ≤ −4 2(3 + c1 + c3 − 2c4) ≥ 6
w4w3w4w2w3w4w1 2(−4 − c3 + c4) ≤ −8 2(6 + c1 − c2 + c3) ≥ 12
w4w3w4w2w3w1w2 2(−5 − c4) ≤ −10 2(7 + c2) ≥ 14Table 7. Λw for lower-half representativesCurrent address: Erwin S
hrödinger International Institute for Mathemati
al Physi
s, Boltz-manngasse 9, A-1090 Vienna, AustriaE-mail address: harald.grobner�univie.a
.atURL: http://homepage.univie.a
.at/harald.grobner
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〈−w(λ + ρ)|a0C

, α2|a0C
〉 〈−w(λ + ρ)|a0C

, α4|a0C
〉

w4w2w3w4w3w1w2 2(2 + c2 − c4) ≥ 4 2(−3 − c1 − c3 + 2c4) ≤ −6
w2w3w4w1w2w3w2 2(4 + c3 − c4) ≥ 8 2(−6 − c1 + c2 − c3) ≤ −12
w4w2w3w4w2w3w2 2(−1 − c1 + c2 − c3 + c4) ≤ −2 2(1 − c2 + 2c3 − 2c4) ≥ 2
w4w2w3w4w1w2w3 2(1 + c1 − c2 + c3 − c4) ≥ 2 2(−1 − 2c1 + c2) ≤ −2
w4w3w4w2w3w4w3 2(−3 − c2 + c3 − c4) ≤ −6 2(4 − c1 + c2 − c3 + 2c4) ≥ 8
w2w3w4w1w2w3w4 2(5 + c4) ≥ 10 2(−7 − c2) ≤ −14
w4w2w3w4w3w1w2w1 2(2 + c2 − c4) ≥ 4 2(−2 + c1 − c2 − c3 + 2c4) ≤ −4
w2w3w4w1w2w3w2w1 2(4 + c3 − c4) ≥ 8 2(−5 + c1 − c3) ≤ −10
w4w2w3w4w2w3w2w1 2(c1 − c3 + c4) ? 2(1 − c2 + 2c3 − 2c4) ≥ 2
w4w2w3w4w1w2w3w1 2(−c1 + c3 − c4) ? 2(1 + 2c1 − c2) ≥ 2
w4w3w4w2w3w4w3w1 2(−3 − c2 + c3 − c4) ≤ −6 2(5 + c1 − c3 + 2c4) ≥ 10
w4w2w3w4w2w3w1w2 2(−1 − c1 + c2 − c3 + c4) ≤ −2 2(3 + c1 + c3 − 2c4) ≥ 6
w4w3w4w2w3w4w1w2 2(−4 − c3 + c4) ≤ −8 2(7 + c2) ≥ 14
w4w2w3w4w1w2w3w2 2(2 + c2 − c4) ≥ 4 2(−2 − c1 − c2 + c3) ≤ −4
w4w3w4w2w3w4w3w2 2(−2 − c1 + c2 − c4) ≤ −4 2(3 − c2 + 2c4) ≥ 6
w2w3w4w1w2w3w4w2 2(5 + c4) ≥ 10 2(−6 − c1 + c2 − c3) ≤ −12
w4w2w3w4w1w2w3w4 2(2 + c1 − c2 + c4) ≥ 4 2(−1 − 2c1 + c2) ≤ −2
w4w2w3w4w2w3w1w2w1 2(c1 − c3 + c4) ? 2(2 − c1 + c2 + c3 − 2c4) ≥ 4
w4w2w3w4w1w2w3w2w1 2(2 + c2 − c4) ≥ 4 2(−1 + c1 − 2c2 + c3) ≤ −2
w4w3w4w2w3w4w3w2w1 2(−1 + c1 − c4) ? 2(3 − c2 + 2c4) ≥ 6
w2w3w4w1w2w3w4w2w1 2(5 + c4) ≥ 10 2(−5 + c1 − c3) ≤ −10
w4w2w3w4w1w2w3w4w1 2(1 − c1 + c4) ? 2(1 + 2c1 − c2) ≥ 2
w4w2w3w4w1w2w3w1w2 2(−c1 + c3 − c4) ? 2(2 + c1 + c2 − c3) ≥ 4
w4w3w4w2w3w4w3w1w2 2(−2 − c1 + c2 − c4) ≤ −4 2(5 + c1 − c3 + 2c4) ≥ 10
w4w2w3w4w1w2w3w4w2 2(3 + c2 − c3 + c4) ≥ 6 2(−2 − c1 − c2 + c3) ≤ −4
w4w3w4w2w3w4w1w2w3 2(−3 − c2 + c3 − c4) ≤ −6 2(7 + c2) ≥ 14
w2w3w4w1w2w3w4w2w3 2(5 + c4) ≥ 10 2(−5 − c1 + c3 − 2c4) ≤ −10
w4w2w3w4w1w2w3w1w2w1 2(1 + c1 − c2 + c3 − c4) ≥ 2 2(1 − c1 + 2c2 − c3) ≥ 2
w4w3w4w2w3w4w3w1w2w1 2(−1 + c1 − c4) ? 2(4 − c1 + c2 − c3 + 2c4) ≥ 8
w4w2w3w4w1w2w3w4w2w1 2(3 + c2 − c3 + c4) ≥ 6 2(−1 + c1 − 2c2 + c3) ≤ −2
w2w3w4w1w2w3w4w2w3w1 2(5 + c4) ≥ 10 2(−4 + c1 − c2 + c3 − 2c4) ≤ −8
w4w2w3w4w1w2w3w4w1w2 2(1 − c1 + c4) ? 2(2 + c1 + c2 − c3) ≥ 4
w4w3w4w2w3w4w1w2w3w2 2(−2 − c1 + c2 − c4) ≤ −4 2(6 + c1 − c2 + c3) ≥ 12
w4w2w3w4w1w2w3w4w2w3 2(4 + c3 − c4) ≥ 8 2(−3 − c1 − c3 + 2c4) ≤ −6
w4w3w4w2w3w4w1w2w3w4 2(−2 − c2 + c4) ≤ −4 2(7 + c2) ≥ 14
w4w2w3w4w1w2w3w4w1w2w1 2(2 + c1 − c2 + c4) ≥ 4 2(1 − c1 + 2c2 − c3) ≥ 2
w4w3w4w2w3w4w1w2w3w2w1 2(−1 + c1 − c4) ? 2(5 − c1 + c3) ≥ 10
w4w2w3w4w1w2w3w4w2w3w1 2(4 + c3 − c4) ≥ 8 2(−2 + c1 − c2 − c3 + 2c4) ≤ −4
w2w3w4w1w2w3w4w2w3w1w2 2(5 + c4) ≥ 10 2(−3 + c2 − 2c4) ≤ −6
w4w3w4w2w3w4w1w2w3w4w2 2(−1 − c1 + c2 − c3 + c4) ≤ −2 2(6 + c1 − c2 + c3) ≥ 12
w4w2w3w4w1w2w3w4w1w2w3 2(1 − c1 + c4) ? 2(3 + c1 + c3 − 2c4) ≥ 6
w4w3w4w2w3w4w1w2w3w4w2w1 2(c1 − c3 + c4) ? 2(5 − c1 + c3) ≥ 10
w4w2w3w4w1w2w3w4w1w2w3w1 2(2 + c1 − c2 + c4) ≥ 4 2(2 − c1 + c2 + c3 − 2c4) ≥ 4
w4w2w3w4w1w2w3w4w2w3w1w2 2(4 + c3 − c4) ≥ 8 2(−1 + c2 − 2c3 + 2c4) ≤ −2
w4w3w4w2w3w4w1w2w3w4w2w3 2(−c1 + c3 − c4) ? 2(5 + c1 − c3 + 2c4) ≥ 10
w4w3w4w2w3w4w1w2w3w4w2w3w1 2(1 + c1 − c2 + c3 − c4) ≥ 2 2(4 − c1 + c2 − c3 + 2c4) ≥ 8
w4w2w3w4w1w2w3w4w1w2w3w1w2 2(3 + c2 − c3 + c4) ≥ 6 2(1 − c2 + 2c3 − 2c4) ≥ 2
w4w3w4w2w3w4w1w2w3w4w2w3w1w2 2(2 + c2 − c4) ≥ 4 2(3 − c2 + 2c4) ≥ 6Table 8. Λw for upper half representatives


