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Abstract. Invariant correlation functions for SO(1, N) hyperbolic sigma-models are investi-
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1. Introduction

Noncompact sigma-models differ in several non-manifest ways from compact ones. Among
the differences is the fact that in a large N expansion of the d > 2 dimensional lattice
systems the dynamically generated gap is negative and vanishes in the limit of infinite
lattice size [4, 7). The termwise defined infinite volume limits of invariant correlation
functions also do not show exponential clustering [7, 5]. The justification of the large N
expansion in the noncompact models likewise has to proceed differently as the dualiza-
tion procedure familiar from the compact models is ill-defined.

*Membre du CNRS



The goal of this letter is to present a solid justification of the 1/N expansion for SO(1, N)
invariant nonlinear sigma-models on a finite lattice. The main result is a proof that
the 1/N expansion of invariant correlation functions is asymptotic to all orders in any
finite volume V = L% d > 2. The ‘dual’ action used to generate the expansion arises
by performing Gaussian integrals in horospherical coordinates, thereby reducing the
number of dynamical degrees of freedom per site from N to 1. This dual action was
used in [7] to relate the large N coefficients of the SO(1, V) model to those of its compact
SO(N+1) invariant counterpart. A heuristic derivation based on a dualization procedure
was outlined in Appendix C of [5] using [4], where also the approach to the N — oo
limit was checked numerically. In [7] we verified algebraically that due to a sign reversal
(compared to the compact model) in the 1-loop polarization function the relevant ‘saddle
point” does indeed represent a local minimum of the dual action.

The relevant saddle point is in fact a global minimum of the dual action, as one can probe
numerically. This fact is proven here by a convexity argument based on Kirchhoft’s
matrix-tree theorem; a side result is that this saddle point is the only critical point of
the dual action in the domain of integration. The main theorem then readily follows.

What we cannot show so far is uniform asymptoticity of the expansion in the vol-
ume, which would then show that the termwise thermodynamic limit yields the correct
asymptotic expansion of the model in infinite volume. Kupiainen [6] managed to show
the corresponding result for the compact O(N) models for the region of high tempera-
ture (higher than the critical temperature of the limiting spherical model), but his proof
relies in an essential way on features absent in the hyperbolic models: in the O(N)
models the large N saddle point has a mass gap and exponential decay as long as one is
in the high temperature regime. As emphasized before, this is not the case in the non-
compact models. Direct computation suggests nevertheless the existence of a termwise
thermodynamic limit [5], whose asymptoticity we have to leave open for now.

2. Invariant correlators via horospherical coordinates

We consider the SO(1, N) hyperbolic sigma-models with standard lattice action, defined
on a hypercubic lattice A C Z? of volume V = |A| = L% The dynamical variables
(“spins”) will be denoted by n%, x € A, a =0, ..., N, and periodic boundary conditions
are assumed throughout n,,r; = n,. The target manifold is the upper half of the
two-sheeted N-dimensional hyperboloid, i.e.

Hy = {neR"™W|n-n=1,n">0},
a-b = anegb®=a"" —a'b' —. .. —a™oN =% —a-b. (2.1)
As indicated we shall also use the notation @ = (a!,...,a") for vectors in RY. The

isometry group of Hy is SOq(1, N).



In terms of the hyperbolic spins the lattice action reads

S=8> (na-nuu—1) :—§an-(An)m >0, (2.2)
x, 0 x

where >0 and A,y = — > 20,4 — 0z yt+i — Ozy—p), as usual. We write

ul
dQ(n) = 2" nd(n-n —1)0(n°), (2.3)

for the invariant measure on Hyy.

The goal in the following is to describe the invariant correlation functions (ng, -ny, .. .ng, -
ny,) for the lattice statistical field theory with dynamical variables n,, x € A, and
action (2.2). This is conveniently done in terms of a generating functional. Since the
invariance group SOg(1, N) of the action (2.2) has infinite volume, the usual generating
functional for connected invariant correlation functions is ill defined. A technically
convenient way to gauge fix is to hold one spin, say n,,, z¢o € A, fixed. Then no Faddeev-
Popov determinant arises and only the complications coming from the superficial lack
of translation invariance have to be dealt with. We therefore consider the following
generating functional

expW[H] = N/H dQ(ng)8(ng,,n') exp {— S+ % Zsz(nm SNy — 1)} . (24)

Here 6(n,n’) is the invariant point measure on H™, n! = (1,0,...,0), and sources
H,, = H,, <0, H,, = 0, give damping exponentials. The normalization N' = N[H] is
chosen such that exp W[0] = 1. Connected 2r point functions are defined by

1
WIH] = Z 5o Wilwn,yns -2, ye) Hayy, - Hayy,

rl2r
r>1
W( ):=nh Py, W [H] h 0 (2.5)
(T, Y1 e Yr) = Ry oo Ry, , oy L= . .
L Y Y Y H=0 v 0H,,
In particular Wi(z,y) = (ng - ny) — 1, Wa(x1, y1; 22, y2) 1= (Nay - Ny Ny~ Nygy) — (Mg -

Ty, )My =My ), Where () are the functional averages with respect to N ~1e™®. Note that
W,(...;z,x;...) =0.

In the above we tacitly assumed that W[H| and the correlation functions computed from
it do not depend on the site xy of the frozen spin and are translation invariant. If we
momentarily indicate the dependence on the site as W, one has trivially

W-TO [TQH] = WZ()-HL [H] 5 (TaH)ry = Hr+a7y+a . (26)



Thus, if W, is independent of z it is also translation invariant. The Bolzmann factor f
in (2.4) can be viewed as a function on the group via F(go,...,gn) = f(gon', ..., g.nl),
where we picked some ordering of the sites z;, i =0, 1,...,s:= V—1, and identified n,,
with g;n'. Then W, is of the form

/H dQ(n;) §(ng;,n") f(ny,...,ns) = const U ,
J

Ui == /H dg; F(g1, .-, 9i-1,€,Gi1,- -1 9s) - (2.7)
i#i
Using the invariance of F' under ¢; — h~'g; and the unimodulariy of the measure dg one
verifies: U; = Uy for all 7.

The hyperboloid Hy admits an alternative parameterization in terms of so-called horo-
spherial coordinates. These arise naturally from the Iwasawa decomposition of SOg(1, N).
Here it suffices to note the relation to the hyperbolic spins

1 1 .
n® = chf + §t26_0, n' = shf + §t26_0, nt=e%_4, i=2...,N, (2.8)

and that Hy > n — (0,t1,...,ty_1) € RY is a bijection. It is convenient to write
t=(t,...,ty) and it = tat) +. .. tytly. For the dot product of two spins n,, n, € Hy
this gives

1. - -
ng - ny = ch(f, — 6,) + §(tm —t,)2e 00 (2.9)
and for the measure (2.3)
dQ(n) = e PN Vagdt, ... dty_, = e "N Vdb dt . (2.10)

The key advantage of horospherical coordinates is manifest from (2.9), (2.10): for a
quadratic action of the form (2.2) the integrations over the ¢ variables are Gaussian and
can be performed without approximations. The result is summarized in the

PROPOSITION 2.1. The generating functional (2.4) can be rewritten as

eXpW[H]:exp{—%ZHmy}N H da,
.y

D(H)

r#x0
N+1 ~ 3 B i1yt
xexp{— TrlnA—EZaz+§(A )zomo}' (2.11)
rH#x0
Here 1
A.’Ey = _A.’Ey + BHmy + (5myam - A/my + a/:EO(S(E(E()(SIEy7 (212)



and D(H) is an open set given by

D(H) ={ac (2d,00]" | A positive definite }. (2.13)

Remarks. (i) Compared to (2.4) the number of dynamical variables per site has been
reduced from N to 1.

(ii) The H-dependence of the domain D(H) will produce extra contributions in the
variations with respect to H defining the multipoint functions. Their direct computation
is cumbersome but their form can be inferred by first varying (2.34) and then changing
variables as before. For example

. fl exp {W(H] + 1 3" He, ) (2.14)
Ty
= (- B i~ (A2t - ] 5 (2 ),

where 7, = r,(a, H) is given by (2.22) below. This is to be compared with the right
hand side arising by varying (2.11), i.e. (—A(%Al_l)my + 7,7, + boundary terms). As we
shall see below in a large N expansion the boundary terms do not contribute and (2.11)
is a convenient starting point for such an expansion.

Underlying the Proposition is a nonlocal change of variables for which we prepare the

LEMMA 2.2. (a) Defining a,, via (2.12) the condition det A = 0 is equivalent to

det A 1
gy = — = —— : (2.15)
det A (A1) 2omo

thereby determining a,, as a function of a,, x # xo.
(b) The map

x: RV — D(H), O, — a, x+# xg,

1
Qg 1= _[(A _ﬁ_lH)r]m> Ty = 6_01 y X 7é Lo, Toy = L, (216)

Tz
with D(H) as in (2.13) is a diffeomorphism.

Proof. ( ) Laplace expansion with respect to the zg-th row gives det A = (2d +
azo)detA + R, where R is the contribution from the columns z # zo. Similarly
det A = 2ddet A + R, with the same R. Eliminating R gives det A — det A= g, det A,
and using det A = det A/( D) wozo Oone finds (2.15).



(b) We define

1 1
.Amy = sz + _sz - _5:Ey Z 601_02Hm2 s
& E
Moy = —Dyy+ 06z Y (% 0ti 4 om0 —2) (2.17)

"

and write A for the matrix obtained from A by deleting the z¢-th row and column.
Then A has a null eigenvector

> Ape =0, detA=0, (2.18)
Yy

but A has maximal rank and is is positive definite. To see the latter it suffices to note
that

5 5 5 o 1 o 5
(rt, Art) = Z(tm — ty)zrmry — % Z(tm — ty)szyrmry >0, (2.19)
‘Z'7y

(zy)
is non-negative for H,, < 0 and vanishes if and only if all t., are equal.
Further, by (a)
Aoxy=A, (2.20)

provided ay, is determined according to (2.15). Since

Oay,
00,

Oay,

—det A >0, 2.21
aey)m,y;éro ( )

= eezAzye_ey , det <

the change of variables (2.16) is locally invertible. Global invertibility is best seen from
the inversion formula

(A

ro(a, H) = = 3 (A )y Ay = =20, w# 1. (2.22)
Yy#To (A )IOIO
The first equation follows from (2.18), i.e. Zy;ﬁro /Alryry = — ATz, aSSUMING r,, = 1.

To derive the second expression in (2.22) we extend the relation A,, = —A,,+ ﬁ_ley +
daylz, 10 T,y = o, and momentarily choose a,, not as in (2.15), but such that det A # 0.
Then (2.27) below is applicable and gives r, = (A7) .2, /(A7) zyzo- On the other hand
/ley = Agy azoémoézy is manlfestly independent of a,, and is nondegenerate. By (2.30)

below r, equals (A™) 0o /(A7) 2020, Where one is free to adjust a,, such that det A = 0,
as required by (2.18), (2.20). One can also insert (2.22) into (2.18) and finds

ZAzyT’y (a, H) = Sazglazy + (A7) 200 ] (2.23)



consistent with (a).

So far D(H) entered as the image of RV~! under y. By definition of r, = exp(—0,)
the domain D(H) is characterized by the condition r,(a, H) = (A1) y, /(A )momo > 0.
We verify that this is also equivalent to the positive definiteness of the matrix A: First
assume that all r, > 0. Then by (2.19), (2.20) A is positive definite. Conversely, assume
that A i§ positiveﬁdeﬁnite, but that there is a yo such that r,, < 0. Rememberingr,, = 1,
choose t, = §# 0 for all x satisfying r, > 0 and T 0 for all other . Then

(rf,Arﬂ = Z s rmry 25 Z s Hmyrmry <0. (2.24)

(zy):rery <0 T,y:reTy<0

This is a contradiction, so a € D(H) if and only if Ais positive definite. By the Hurwitz
(or Sylvester) criterion this is equivalent to

D(H)={a€ RV " |det A, >0, Vk=1,---,V =1, Ay = (Asu;)1<ijen}, (2.25)
where we picked an arbitrary ordering of the lattice sites xg, 21, ,xy_1. For k =1

one gets in particular a, > —2d for all x € A (recall H,, = 0) and (2.13) follows. O

Before turning to the proof of the Proposition we prepare some simple auxiliary results.
Let A = (Azy)zyen be a symmetric invertible matrix such that the matrix A arising
from A by deleting its xg-th row and column is positive definite. Then

/ [T d6:0(6u,) exp { — % Z OuAuyby+ > S |
= (QW)% (det A 12 exp { Z I ( } (2.26)

for a real field ¢,, x € A. The inverse of A can be expressed in terms of the inverse of

A via
Ay (A,

T - (
(A ey = (A ")y — (2.27)
! ! (A" )y
The determinant of A is related to that of A by
det A
detA= —-—. 2.28
(Ao 22

Often a term in the xo-th matrix element on the diagonal of A has to be split off according
to Agy = Amy C0zy0zyz- In this case the inverse of A is related to the inverse of A by

~ C ~

s =T IR (2.20)




In particular Ay, — (A", = Ay — (A7D;L and

ZoTo

1 1 A )y A )0y
—_— = —C + —_—, ( _1) 0 = (N ) 0 . (230)
! (A )romo (A_l)roro

For the determinants one has

det A= det A — cdet A (2.31)

Proof of the Proposition. We rewrite the action as

1 ng e —0r— .
S = ﬁz [Ch o :E—‘r,u) §(tm _tm+ﬂ)2€ 0o =0z 1p —1
= 02 bl = Orip) + g DT Mayty 1y — BdV (2.32)
T, &y

with M as in (2.17). The source term in (2.4) can be rewritten similarly and using also
(2.10) one finds in a first step

expWI[H| = N/ H e W=Dgg o (N=D05(9, )
1
xexp{ =83 ch(0: — Ouig) + 5 Hayleh(0n —0,) = 1]}
T, T,y
X / [ dt0(t) exp{ - gze—"zt} - Ay e—"y{y’} : (2.33)
T T,y

with A, as in (2.17). After the rescaling t. — et the Gaussians are of the form (2.26)
and one obtains

exp W[H] :N/Hdema(emo) exp{ — NQ_ 1Trln./1}

X exp { — 3 ch(y — Ouyp) + % > Hyylch(6, — 0,) — 1]} . (2:34)

with a redefined N. Next one observes that the integration variables 6, only occur
through the combination (2.16). Indeed, A,y = —Agy+ 87 Hyy + 0zya.(6), ZQW ch(6, —
Ori) = dV + 53,77 (Ar)y, and 35 Hyych(0, —0,) = 3, vy Hyyry. This suggests
to change varlables in (2.34) from 91, x # x9 to az, ¥ # xo. The change of variables
has been prepared in Lemma 2.2. Combining (2.34), (2.20), (2.21), (2.15) one arrives at
(2.11). O



3. Large N expansion for W[H]

Connected invariant correlation functions are defined via the moments of W[H]|. In a
large N expansion A := (N+1)/03 is kept fixed and we write

A" 1
W, ~ W
" (N+1)r—lz(zv+1)s r 8.1)

s>0

The algorithm to compute the W, is described in [7]. The rationale for it is provided
by the

THEOREM 3.1. The correlation functions W, admit an asymptotic expansion of the
form (3.1) whose coefficients coincide with those defined by the Laplace expansion of
(2.11) where D(H) has been replaced by RV 1.

Remarks. (i) The core fact underlying the theorem is that the ‘dual’ action

1 ~ 1 1 ~
Sla, H] = ;Trin A + o+ > a. - ﬁ(A—l);(}mo : (3.2)

r#x0

with A and A as in (2.12) has a unique minimum in the domain D(H). In generating
(3.1) one sets

and adjusts the w, to the values defining the minimum of S.

(ii) Substituting a, = 2ila, in (3.2) gives an effective action that can formally be
obtained by mimicking the dualization procedure in the compact model, see Appendix
C of [5]. The flip oy — —ay, A +— —A, then relates it to the dual action of the compact
model, see [7] for the relation between both large N expansions.

Proof. We establish consecutively: (a) uniqueness, (b) existence of a minimum in D(0),
and (c) the fact that the asymptotic expansion (3.1) is unaffected by the replacement of
D(H) with RV~

(a) Since the H-dependent terms in A, are O(1/(N+1) it suffices show that S[a, 0] has
a unique minimum in D(0). We show that S[a, 0] has at most one extremum in D(0),
which if it exists must be a minimum. To this end we consider the preimage of Sla, 0]
under y and show that it is a strictly convex function on RY~!. Thus we set

F(6) := 25[a(6),0] = Trln M + % S et (A, , (3.4)



where a,(0) = e’ (Ae™), and M is as before. To establish strict convexity of F' it
suffices to show that both terms in F are separately strictly convex.” For the second
term this is manifest: shifting 6, — 6, + €, the term quadratic in €, is nonnegative as
—A is positive semi definite.

To show convexity of Tr In M we define W = (Way)zyer, DY
Wy 1= e_gzsze_Gy , (3.5)

which obeys > w;, = 0 and has matrix elements

—e Vv ton y=axE[,
Wey = €% Zu(e_(’“ﬂ +e o), x=y, (3.6)
0 otherwise .

Trivially In det M=2 >, 0z +1Indet W, so that strict convexity of Indet W implies that
of F. W has the form that makes the so-called matrix-tree theorem (see e.g. [2, 3, 1])
applicable. The matrix-tree theorem then entails

det W = ZwT, (3.7)
T

where the sum runs over all spanning trees built from nearest neighbor pairs, i.e. walks
through the lattice A visiting every point of A once and

wr = H Wy x4 - (38)

(z,xtp)eT

The point of this representation is that it expresses det W as a sum of exponentials in
the 0 variables; the (strict) convexity of Trin W follows from the well-known fact: if
Z0):=>", c;ie® % a;, 0; € R™, ¢; > 0, then In Z(0) is convex.

(b) Here we proceed in two steps. In a first step we rewrite the stationarity conditions

for S|a,0] in a more transparent form. In a second step we present a solution for them
in D(0).

For the first step we define the matrices M, ]\//Y, M as M, M\, M expressed in the
coordinates a, and with the critical point parameters w, of (3.3) inserted, i.e.

M = X © M = _Azy + 5mywm ) (39)

Az —Wg

TConvexity of a similar function was established by Spencer and Zirnbauer [8] using a different
technique.

10



and similarly for ]\//T, M. Note that det M = 0 by Lemma 2.2 and (2.18). We are looking
for a critical point of S[w,0] = 1Indet M + 3> w, under the condition det M = 0.
Introducing a Lagrange multiplier 4 for the latter we consider

— 1
F(w, ) =Indet M + < > we + pdet M. (3.10)

The conditions for a critical point (‘saddle point equations’) of F' are:

det M =0, (3.11a)
! (3.11Db)
== R :
Adet M
AM® +det M — M® =0, x#uq, (3.11c)

where we denoted the cofactor matrix of M, M by M, M € respectively.

The conditions (3.11) simplify when expressed in term of
D, = Myy — Aoy - (3.12)

Indeed, using (2.31) for the cofactors one finds

ZoTo

—)\J/\/l\gg—i—MCO T # T .

Tx

(D—l)co —

rx

Me° :detJ\//T, T =x,
(3.13)

By (3.11c) also the = # zo cofactors reduce to det M. Using (2.31) once more for

det D = — det M+ A det M one sees that the saddle point equations (3.11) are equivalent
to
—\D,, =1, Vz, (3.14)

where the = 2z equation implements (3.11a).

Also the conditions characterizing D(0) can be expressed in terms of D. From the proof
of Lemma 2.2 we know that r.(w,0) = (M), /(M ™1) 20z, > 0 characterizes D(0). On
the other hand writing (D), = My + (Way — A)0zy0zz,, and applying (2.29) one has

— A —w — —
D,, = (MY, + 7o MY (MY, 3.15
v = My 1 e (M e (M iy (3.15)

Taking into account that (M ozy = —1/wy, one arrives at the following characteriza-
tion:
{wz, © # 2o} € D(0) if and only if — XDy, > 0. (3.16)

11



In a second step we now search for a the solution of Eq. (3.14) satisfying —AD,,, > 0.
Eq. (3.14) is a system of V' —1 algebraic equations for the V —1 critical point parameters
Wz , T # To, and difficult to tackle analytically. But the translation invariant form of the
equation suggests the translation invariant ansatz

D,y = —Auy + wlyy, (3.17)

i.e.
Wy = W + Ay, - (3.18)

The saddle point equations (3.14) then reduce to a single almost conventional gap equa-
tion for w

1 1 1
Dyy = — =_, 3.19
Vzp:Ep—l—w A (3.19)

where the sum is over all p = 2%(nl,...,nd), n, = 0,1,...,L—1, and E, := 2d —
2%, cos(p- fi). From (3.19) it is clear that all solutions w must be negative. As shown
in [7] there is a unique root w = w_(A, V') of (3.19) characterized by the following two
equivalent conditions:

4
—2d+lsin2%<w_<0, (3.20a)
—AD,, >1, forall z,y. (3.20b)

Since —ADz,|w=w_ > 1 for this solution it lies in D(0).

(c) This can be seen from the following simple fact about saddle point expansions: Let
f € C*(R") be such that exp(N f(x)) is integrable for all N and obeys

gradf(0) = f(0) =0, f(z) < =9 for |z| > €. (3.21)
Then the integral has a saddle point expansion of the form

/déE exp(N f(z)) ~ % , (3.22)

n>0

and the expansion coefficients are insensitive to changes of the integrand bounded away
from the saddle point: If ¢ € L'(R™) N L>®(R"), with ¢(x) = 1 for |z| < ¢, then

Qn
N

n>0

/ dx q(z) exp(N f(z)) ~ (3.23)

12



This completes the proof of the theorem. [

Remarks. (i) Eq. (3.14) can be viewed as the normalization condition, —AD,, = 1, of
the leading order two-point function. In fact [7]

Ng N = —\D,, + —=2Y0 — _\D,,, 3.24
y y y

= 2
N=o00 DIOIO

where D = M=, D = M~!. The first equality is obtained by evaluating W[H] to
leading order in 1/(NV + 1), the second equality follows by using (2.27) in (3.15).

(ii) The number of terms in (3.7) is given by det(—A), which is sizeable even for small
lattices (but less than the naive (V —1)! number of terms), e.g. for d = 2, L = 3 there
are 11664 spanning trees.

(iii) In making the ansatz (3.18) we took the consistency with w,, = —1/(M‘1)z0m0 (Eq.
2.15) for granted. Here (M™'),,., is a ratio of polynomials (Toeplitz determinants) of

degree V —1 in w. Its direct computation is cumbersome but by assuming w,, = w + A
and eliminating A via (3.19) one sees that

Wao (W) = w — [% Zp: E, :_ w} - , (3.25)

on the solutions of (3.19). Equivalently (3.19) is such that M,, = —Ayy + w0y + Ay duz,
has zero determinant.

(iv) We remark that the large volume asymptotics of w_ is given by [7]

4
= 7;<1+O(1/IHV)) d=2,
n
—Vw_(\V) = . . . (3.26)
<X + cd) LoV d>3,
where Cy = 0% % ﬁ. In particular the gap w_ (A, V') vanishes in the infinite volume

limit, in sharp contrast to the compact model.

The theorem and its proof have a number of interesting corollaries.

COROLLARY 3.2. All solutions of Eqs. (3.14) satisfying —ADy, > 0 are constant: w, =
W, T # xg.

By inspection of examples one sees that the inequalities are essential for the validity of
the result: nonconstant solutions outside the domain D(0) can easily be found. Since
(3.14) is a system of V —1 algebraic equations for V' —1 unknowns a direct proof of
Corollary 3.2 seems difficult.

13



COROLLARY 3.3. All solutions of (3.19) other than w_ do not lie in D(0). The solution
w=w_ lies in D(0) and thus implies the positive definiteness of M |,—u

We recall from [7] the form of the Hessian of the action (3.2) at the extremum w, = w_,
T # T

1
Solu, H] = ~1 Z Uty [D_(v—1y)* — N2D_(x—20)>D_(y—10)* ZszD (x—y)
"E,y;ﬁ"ﬂo

(3.27)
Here D_(x — y) := Dyylw—w_ and the variables u, are those of (3.3).

One can show that all the matrix elements in square brackets in Eq. (3.27) are negative.
On account of the theorem we have

COROLLARY 3.4.  S3[u,0] > 0.
More directly than here it has been shown in Appendix A of [7] that

Slu, H] > 0, (3.28)

for all H,, <0 and all u configurations,

COROLLARY 3.5. The minimum of S[a,0] cannot lie at the boundary of D(0). More
generally one has
Sla,H] — 400 as a— 0D(H), (3.29)

where 0D(H) is the boundary of D(H).
To show (3.29) this it suffices to establish that det A = 2d det A— R, where R is bounded

from below by a (a, independent) positive constant #C'. Indeed, using a, < —2d for all
x, it then follows

Sla, H] > S ndet A+ %#—O —9av, (3.30)

2A det A

and the positive second term dominates as a approaches the boundary of D(0) in (2.13b).
Slightly more generally one has :

If Ayy = —Ayy + a0y + 7 Hyy, with Hy,, = 0, Hy, < 0, is a positive semidefinite
matrix on a hypercubic lattice of linear size L, and R := (2d + a,,)det A — det A, then

R > Z H (1— B "'H,,) > # cycleson A. (3.31)

cycles C (zy)eC

Here C'is the set of cycles, i.e. closed oriented paths which connect only nearest neighbors
and which visit each lattice point exactly once. On a torus of dimension d the number
of these cycles is at least 2d. We omit the proof.

Acknowledgment: E.S. is grateful to D. Brydges for giving him free instruction about
the matrix-tree theorem.
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