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Abstract

Jarzynski’s identity relates the equilibrium free energy difference
AF to the work W carried out on a system during a non-equilibrium
transformation. In physics literature, the identity is usually written
in the form: (e7?W) = ¢ PAF where the average is said to be taken
over all trajectories in the phase space. The identity in this form has
been derived in different ways and published by many authors (see
references). Since the identity involves taking an “average over trajec-
tories”, it is natural to interpret this average as the expectation rela-
tive to a probability measure on trajectories, while assuming that the
system evolves stochastically. In the present work, Jarzynski’s iden-
tity is formulated and proved mathematically rigorously. It is written
in the form E[e™#"] = e #2F where E is the expectation relative
to a probability measure on phase space paths. For this probability
measure, some analytical assumptions under which Jarzynki’s identity
holds are found.

Keywords: Jarzynski’s identity, probability measures on phase space
paths, integration over phase space paths, non-equilibrium statistical
mechanics.

1 Notation and assumptions

Let us assume that evolution of our system is described by a stochastic
process ['(w) = w(t), w € C([0,T], X), where X = R*® is a phase space,
[0, 7] is a time interval. Let H : X x A — R be a Hamiltonian, A C R! be
an open set of values of an external parameter A = (A}, A2, ..., \'). Consider
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the situation when the control parameter is a function of time A : [0,7] — A.
Thus, we consider actually a time dependent Hamiltonian H(z, A(t)). We
assume that at time ¢t = 0 the distribution on the phase space X is given by
the following density function:

o—BH@A(0)) 1

~ _ —BH(2,2(0))
DO = TR dr  Zag) € ’

where 8 = 1/(kgT), kp is the Boltzmann constant, 7" is the temperature of
the system, Zy = fX e A=A dy is the partition function. We assume that
I'; is a Markov process, and consider a family of transition density functions
for the process I';:

P={pa(s,2,t,9) - [0, T]x X x [0, T] x X = R, Ae V[0, T]},

where V[0, T is the space of left continuous functions of bounded variation
[0,7] — A. We define the distribution Ly of I';. The finite dimensional dis-
tributions of I'; are given by

/ flw(to), w(t1), ..., w(tn))Lx(dw) :/difo%(to)(iﬂo)
c([0,1,X) X

/da:lp,\(to,:vo,tl,:vl))---/ Az, pr(tn-1, Tn-1,tn, n) f(x0, 21, ..., Ty)
X X

where P = {0 =ty < --- < t, = T} is a partition of the interval [0, 77,
f: X" — R is a bounded continuous function. The measure Ly is defined
on all Borel subsets of C([0,7],X) by the Kolmogorov extension theorem.
Consider the family of probability measures on C([0, 7], X):

€ ={Ly, A € V[0,T]} .

If evolution of the system is controlled by some A € V[0, 77, then the distri-
bution of I'; is the measure L.

We also assume, that if the control parameter \ is a constant on a time
interval (¢,7) C [0,T], and is equal to some value X, then for all s,¢ € (£, 7)

pA(S>$>t>y):p($>y7A) ) (1)
where p(-, -, -) 1 X x X XA — R is a probability density function satisfying
the conditions:

/X o5(2) plz, 4, N) dr = g5(y) | 2)

/Xp(af,z,x)p(z,yj) dz =p(z,y, ) . (3)



LEMMA 1. Let for each v € X, p(x, -,\) be a probability density function
satisfying @) and @). Let P ={0 =ty <ty <--- <t, =T} be a partition
of [0,T], and let

— )\ t(] ‘l‘ Z )\ H(tl 1, tz] (4)
Then,

Pa(s,x,t,y) = / d:Blp(:E,:El,)\(ﬁ))/ dxop(xy, x9, N(12)) . ..
X X (5)

/Xda:k_lp(a:k_z,a:k_l,/\(Tk_l))/Xdzkp(:vk_l,a:k,A(Tk))p(:vk,y,/\(t))

1s a transition density function for all 0 < s < t < T, z,y € X, and
{n<...<m<ty=PU{t})nist], ie [,pr(s,z,t,y)dy =1, and py
satisfies the Chapman-Kolmogorov equation.

Proof. We verify the Chapman-Kolmogorov equation for function
pa(s,z,t,y) defined by [@). Let r € [s,t], Pi={n<n<--- <7 <r}=
(Pu{r})Nis,r],and let Po ={& <& <o <& <t} = (PU{t}) N[rt].
This construction implies that (P U Py U {t}) = (P U{t}) N [s,t], and that
r € (7, & where (73, & is an interval of the partition P. We have:

/Xdyﬁ,\(s,:n,r,y)ﬁ,\(r,y,t,z):/delp(x,zl,)\(ﬁ))/degp(:rl,xg,)\(fg))...
[ dvptars i) [ dyplons o)
[ dzptnane) [ @)

/X dZm p(zm—h Zm )\(gm)) p(Zm, 2, )‘(t)) :
(6)
Note that A(r) = A(§1), and hence, by (@),

/Xdyp(:rk,y,k( )Py, 21, M(€1)) = p(k, 21, AM&1)) -

ReplaCing in (B) fX dyp(zka Y, )‘( )) (y> 21, (61)) with p(l'/ﬂ 21, )‘(61))7 we ob-
tain that the right hand side of (H) equals py(s,z,t, z) by definition. O
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Introduce the notation:
step - {)\ - )\ tO + Z)\ H(tl 1, tl] )}
the space of all step functions of the form (l) corresponding to different

partitions P={0=1ty < --- <t,=T}.

LEMMA 2. Let X € Lg.p, and let the transition density function is given
by @). Then, finite dimensional distributions of the measure Ly are given

/Q F@(tn),- . w(ts)) La(dw) = /X 0 gr o () /X diry pl, 20, A1) ...
/X dx, p(ZEn—1, T, )\(tn)) f(IiU T ?Iik)

where f: X* — R is Lebesque-measurable.

Proof. The proof follows immediately from the definition of the measure Ly,
and from Lemma [ O

2 Jarzynski’s identity

We define the work W), performed on the system by

Wi : C([0,T], X) — R, ma@o::[:<aHolg§“Mw),dMo> (7)

where ( , ) is the scalar product in R' D A, and the integral at the right hand

side is the Lebesgue-Stieltjes integral, i.e. the sum of the Lebesgue-Stieltjes
integrals (here (AL(t),..., A(¢)) = \(t)):

LT ORI (w), M)
> [ PN gy

In the following, we skip the sign of the scalar product in (@), and simply

write
R . LE R

Let F) = —% In Zy (free energy of the system), and let AF = Fypy — Fy()
be the free energy difference. Let Ep, denote the expectation relative to the
measure L.




THEOREM 1 (JARZYNSKI). Let the family of distributions £ = {Ly,\ €
V00, T]} with transition density functions py € B satisfy the following as-
sumptions:

1. If X € VI[0,T] is constant on (&,7) C [0,T] and equals X\, then, on
(&,7), pr is given by (@) where p(-, -, -) satisfies (@) and (@);

2. If X € Lyep, then py is given by @);
3. If Ay, = X uniformly on [0,T], then Ly, — Ly weakly;

4. The partial derivative %—?(i,X) is continuous in (z,)\), and there eists
a continuous function v : A — R such that

Then, e=PWx is LLy-integrable, and for all X € V[0, T]
By, [e7P"] = e PAF,

LEMMA 3. Let \(t) € V[0, T] be a jump function, i.e. a function of the form

At) = hn

to<t
where hy, = Atn +0) — A(t,) are jumps at the points to,t1, ..., tn,..., and
> 1hnl < 00. Further, let us assume that the partial derivative 88—71(17, A) is a
continuous function X x A — R'. Then,

W) =D (H(@(tn), A(tn +0)) = H(w(tn), Alta))) - (9)

n

If, moreover, the set of jump points {0 =ty < t; < --- < t, = T} is finite,
then

[y

n—

Wiw) =, (Hw(ts), Mtir1)) — Hlw(t), (i) -

~
i
=)

Proof. We have

T OH(w(t), A(1)) _ OH(w(t), At))
/0 = dA(t) = / Y dA(t) . (10)

!
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Further,

[ AN gy [P0

e e—0 t;
:hi%</t ] 8”“’%% A0 ga ) + R(w,ti,e))
1 (11)
where
P /t e<aH(w(at%,)\(t)) - 8H(w(§§,)\(t))) D) 0 sse ol

(12)
where the convergence holds by continuity of w on [0,7], and by uniform
continuity of %—?(i,X) on the compact w0, 7] x A[0,T] (the bar over A0, 7]
denotes its closure). Further, taking into account that H(w(t;), A(f)) is a
function of bounded variation in ¢, we obtain

[T iy~ [ anetn) 20)

O\

Passing in this equality to the limit as ¢ — 0, and taking into consideration

() and (E), we obtain

/ 8H(wg%, A(t)) dA(t) = H(w(t;), At + 0)) — H(w(t;), A(t:)) -
{t:}

This together with identity (E) completes the proof of the lemma. O

Proof of Theoreml. First we consider the case when A\ € Lg,. By Lemmall

[y

n—

Waw) = > (H(w(ts), Atir1)) — H(w(ts), ML)

i

i
o

Without loss of generality, we can consider t, = 0, t, = T, adding these
points with zero jumps if necessary. Thus, W) (w) is a cylinder function, i.e.



a function that depends on w only at a finite number of points. By Lemma
B we obtain:

E]LA [e—ﬁVVA] — / e P S (H(w(ts) Atig1)) —H(w(ti),A(t:))) LA(dw)
C([0,71,X)

_ / 40 40y (0) / dy plizo, 1, A(H)) - -
X

X
e BH(@n—1A(tn)) "ZL —BH(zi—1,A(t:))
/}(dzn_lp(g:n_bgjn_b)‘(t“—l)) PECECNE § QPSR
(13)

Note that (@) implies

—BH(z,) _
/Xm p(z,y,N)de =1. (14)

Changing the order of integration in (E) gives:

E]L)\ [6_6W>\] - /6_6H(mn17>\(tn)) dIn—l

6_6H(mn727>\(tn,1))
e—BH(@n—1,M(tn-1)) P(Tn—2, Tn_1,

)\(tn—l)) dl’n_g

X\x

(15)
—ﬁH(.’El )\(tg
/ —BH(z2,\(t2) ($17$2>A(t2))dI1
X
—ﬁH(.’EO )\(tl 1
/ —BH(z1,\(t1)) ($0> Ty, )‘(tl)) dl’o Z)\(tg) :
X
Thus, (E¥) implies:
Ep,[e™""] = Ll
’ Z0)

and we have proved the theorem for A € L.

Now let A € V[0,7T] be arbitrary. We can construct a sequence of step
functions A\, € Lgep converging uniformly to A on [0,77], and such that
Vil M) < Vi [he] + Vil [A], where A(t) = Ac(t) + As(t) is the Lebesgue de-
composition of A(t) into the sum of a continuous function \¢(¢) and a jump
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function As(t) = >, -, hx with >, |hy| < oo, and Vil denotes variation on
[0, T']. Obviously, both functions A¢ and A; can be uniformly approximated
by step functions (Ac)n € Latep and (Xj)n € Lgtep s0 that Vi [(Ao)n] < Vi [Ac]
and Vi [(As)n] < ViT[AJ]-

Consider functions

_ g [T 9H(w(t) A (1)
T s S )

Since A, (t) are step functions, then, by what was proved,

A
/gpn(w) Ly, (dw) = 22 for all n. (16)
Q X(0)

We show existence of the following limit for each fixed w € €2

4 T OH(w(B),A(5)

lim ¢, (w = e ), (17)

n—oQ

We have
[ PN [T PN gy
0 A BRI ON

o\
TOH(w(t), A1)
+/0 ) d(Ma(t) — A(1))

TR () OH((H) A(D))
=

ON - ON ) a(?).
(18)

Note that, since A(t) is of bounded variation, the set A[0, 7] C R’ is bounded.
Due to continuity of %(z, A) in (x, A), %(z, A) is bounded and uniformly
continuous on w0, 7] x A[0,T]. Hence, for an arbitrary € > 0, and for suffi-

ciently large n,

Q) 1) _ M0N0 _

O\ O\
for all t € [0, T, and subsequently, for the third term on the right hand side
of () the following estimate holds:

‘ /0 ((m(w(%, A1) 8H(w<@%¢<t>>) dw)\ <& (Vi Ae] + Vi M)



oH
)N
approximation of the function %(w(-),A(-)) : [0,T] — R! by step func-
tions i Thus, we can apply Helly’s first theorem to the second term on the
right hand side of (I3), and conclude that it converges to zero as n — oo.

Finally, we obtain that for each fixed w € (2,

T OH(w(t), A(?)) T OH(w(t), A(t))
d\,(t) — dA\(t) as n—oo. (19)

Since by assumption (x, A) is continuous in (z, A), one can find a uniform

X X
Obviously, (d) implies (). By Assumption l of the theorem, there exists
a constant M > 0 such that

i O\ i O\ -M

for all z € X, for all t € [0, 77, for all n. This implies

e Bl TR A o SMVTIN -8y G D) o M (VT

(20)
The weak convergence L, = L, implies tightness of the system
{L,,,Lx} by Prokhorov’s theorem. Uniform boundedness of the system of
functions {p,,eP"} provided by inequalities (E), implies tightness of
{pn Ly, e "ML, }. We show weak convergence ¢, Ly, = ¢ ?"L,. Fix an
arbitrary small ¢ > 0 and find a compact K, C €2 such that

/ e MLy (dw) >1 -0 and / on(w)Ly, (dw) >1—0 for all n.

(21)
We show that the pointwise convergence () is uniform on K. Since con-
vergence (&) holds for all points of an arbitrary small finite d-net of K,, it
suffices to prove that the family {¢,(w), e ? W)} is equicontinuous on K,
i.e. that for an ¢ > 0, there exists a 6 > 0 such that |p,(w1) — @n(ws)| < €
for all n and |e ?Walw) — e=BWa(w2)| < ¢ whenever ||w; —ws| < 0. By Arzela-

Ascoli’s theorem, functions w € K, are uniformly bounded. This implies that
Urepo,nme(Ky) C X is bounded. Here 7, : C([0,7], X) — X, w +— w(t) is the

!The function %—7; (w(-),A(+)) : [0,T] — R! is not necessarily continuous since we do not

assume that A : [0,7] — R! is continuous. However, we can find a uniform approximation
of A : [0,7] — R! by step functions, and hence, we can find a uniform approximation of
%—;‘(w( ), A(+)) : [0, 7] — R! by step functions. Helly’s first theorem applied below, holds
for any measurable function that can be uniformly approximated by step functions.



evaluation mapping. By uniform convergence A\, = A, one can find a com-
pact K C A such that \,[0,7] C K for all n, and A[0,7] C K. %(-, -) is
uniformly continuous on Uepo, 7 (K,) X K. We have:

[ (D) D)y,

() N) IR N[ ey 1y pr
< mp [T | (D WD

AeK

Thus, uniform continuity of %( -, - ) on Ugepo, e (K) x K implies equiconti-
nuity of ¢, (w) on K,. Continuity (and hence unform continuity) of e *"» on
K, follows immediately using the same argument. Thus, we have shown that

convergence () is uniform on K. Finally, we obtain the weak convergence
on Ly, = e BWa Ly:

/Q F() (@) L, (do) — / F(w) e Ly (dw)

i FW)(pn(w) — e P Ly (dw) (22)
+( Flw) e M@ Ly (dw) — / flw) e W@ L,\(dw)) (23)
W) pn(w) Ly, (dw w) e P L, (dw , 4
+/Q\Kaf( ) on(w) L, ( >+/Q\K0f<> o), (1)

where f : Q — R is bounded and continuous. Since ¢,, converges to e "
uniformly on K,, the term (B converges to zero. By assumption on weak
convergence L), = Ly, the term (EJ) also converges to zero. The rest two
terms in (EZ0) are small by (El). Hence, the relation

Z
Ep, [e‘ﬁWA] _ AT _ o BAF

holds for the measure L) and for the work W) with an arbitrary function
A € V[0, T]. The theorem is proved. O

COROLLARY 1. Let assumptions B of Theorem B be fulfilled, and let
f: X — R be bounded and continuous. Then,

E,[(f o mr) e™?"] = Er[f] B, [e7™] (25)

where m : C([0,T], X) — X, m(w) = w(t) is the evaluation mapping, Er is
the expectation relative to the measure #(T) e BHEATD) dy.

10



Proof. We just have to prove (B) for A € Lg.p. If we assume that (EJ)
holds for each step function A\, € Lgep, where A\, = A on [0,7], then the
weak convergence ¢, Ly, = e ?"\ L, and Theorem W imply (E3) for all
A e VI[0,T].

Assuming that A € Lg.,, we repeat the argument of () and (), while
using relation (I). Specifically, we obtain:

E]L)\ [(f © 7TT) 6_5WA]

o BH(En (1) o= BH@ a1 A(t)
:/ Wﬂ%)d%/ ) Pt s Albn)) dn
X

e~ BH(zo,\(t1)) Z\(tn) Z(tn)
/ ey P@o o Alh)) deo 702 = Erlf] 70

X
=Er[f] Ev,[e7"™].
[

The author thanks Professor C. Dellago for attracting her attention to
Jarzynki’s identity and for useful remarks.
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