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DISCRETE SPECTRUM OF A THREE PARTICLESCHR�ODINGER OPERATOR WITH A HOMOGENEOUSMAGNETIC FIELD. S.Vugalter 1Radiophysical Research Institue, 25/14 B.Pecherskaia, N.Novgorod,603600,RussiaAbstract. We study the discrete spectrum of the Schr�odinger operator for a system ofthree identical particles with short-range interactions in a homogeneous magnetic �eld.Allthe two-particle subsystems are supposed to be unstable. Finiteness of the discrete spec-trum is established under some assumptions on the solutions of the corresponding two-particle Schr�odinger equation .1 IntroductionIn this paper we continue studying the discrete spectrum of the Schr�odinger operatorH0 for a system of three identical particles in a homogeneous magnetic �eld (see[1,2]).Weassume that the center of mass motion has been separated and the potentials of interactionare short-range and spherically symmetric.It is known that without any magnetic �eld a system of three identical particles withshort-range interactions in the case when two-particle hamiltonians have discrete spec-trum, may have only �nitely many eigenvalues. On the contrary, in a homogeneousmagnetic �eld such a system may have either �nite or in�nite discrete spectrum [1]. Forthe operator H0 there are no results on �niteness or in�nitude of the discrete spectrumin the case when two-particle hamiltonians have no discrete eigenvalues. In the presentpaper we establish that in the absence of resonanses at the bottom of the essential spec-trum of two-particle hamiltonians(virtual levels), the discrete spectrum of the operatorH0 is �nite. This assumption means that the two-particle Schr�odinger equation for thevalue of the spectral parameter corresponding to the bottom of the essential spectrumhas no solutions in some Hilbert space (for details see [3]). The question of the �nitenessor in�nitude for a system with two-particle virtual levels is open.2 Main de�nitions and resultsLet Z0 = f1; 2; 3g be a system of three identical particles with massesM = 1 and chargese = �1 in a homogeneous magnetic �eld B; and let rj = (r1j ; r2j ; r3j ) be the position vector1Work supported by The Erwin Schr�odinger Institute in Vienna,Austria ,the I.S.F.grant R 94000 andthe grant of the Committee for High Education RF 2.7-1022.1



of the j-th particle. For an arbitrary pair of particles � = i; j we introduce the Jacobicoordinates q� = (q�1 ; q�2 ; q�3 ) = rj � ri;and �� = (��1 ; ��2 ; ��3 ) = 12(rj + ri)� rp; p 6= i; j:After separation of the center of mass motion, the Schr�odinger operator H0 takes thefollowing form : H0 = (irq� +Aq�)2 + 34(ir�� +A��)2 +Xi<j V (jrijj); (2.1)where A�� = B3 f���2 ; ��1 ; 0g; Aq� = B4 f�q�2 ; q�1 ; 0g;B > 0 being constant.We assume that the potential V (jrj) has the following properties :i) jV (jrj)j � c0(1 + jrj)�2��0; r 2 R3 for some �0 > 0 and c0 > 0;ii) there exists a constant a > 0 such that V (jrj) 2 C(fjrj > ag) and V (jrj) > 0 forjrj � a.Note that the assumption of positivity of V (jrj) for large jrj is not very restrictive,because if V (jrj) is negative for large jrj, the two-particle hamiltonias have discrete spec-trum. It is just the situation considered in [1].For an arbitrary pair � = (i; j) denoteh� = (irq� +Aq�)2 + V (jrijj): (2.2)It is known [1] that for the operator H0 the theorem of the HVZ type holds. Thismeans that �ess(H0) = [�;1);where � = inf�(h�) + B . Here � and �ess stand for spectrum and essential spectrumrespectively.In the present paper we study the operator H0 in the case when h� has no discretespectrum. This implies thatinf�ess(H0) = inf�(h�) +B = inf�ess(h�) +B = (2.3)inf�f(irq� +Aq�)2g+B = 2B:De�nition . We shall say that the operator h� such that �disc(h�) = ; has no res-onanses at the bottom of its essential spectrum (virtual levels) if one can �nd a number"0 > 0 such that inf�f(irq� +Aq�)2 + (1 + ")V (jq�j)g = inf�(h�) = B (2.4)2



for all 0 � " < "0 .Properties of resonances have been studied in [3]. Let us mention now only that if theoperator h� has no virtual levels, the equationh� = B has no solutions in the Hilbert space with the inner product[ ;'] = 2([(irq� +Aq�)2 �B] 12 ; [(irq� +Aq�)2 �B] 12') + (V  ;'):The main result of this paper is the followingTheorem . Let the potential V satisfy the conditions i), ii) and the hamiltonians ofall two-particle subsystems h� have neither discrete spectrum nor virtual levels. Then thediscrete spectrum of the operator H0 is �nite .3 Proof of theoremIn this section we prove the main theorem. Some properties of two-particle hamiltoniansused in the proof will be obtained in section 4.To prove theorem it is su�cient to �nd a �nite dimentional subspace M such that(H0 ; ) � 2Bk k2 (3.1)for all  2 C20 ;  ?M:To this end we shall �rst construct a suitable partition of unity. As the �rst step letus separate the region in which all the interparticle distances are small.Precisely, let � be a �xed pair of particles and a1 be a positive number. De�neS(a1) = f(q�; ��) : jq�j2 + j��j2 � a1g (3.2)u(t); v(t) 2 C20 (R1+); u2 + v2 = 1; u = 1 for t � a1; u = 0 for t � 2a1 and limv02(t)(1�v2)�1 = 0; as t! 2a1 � 0:Following [4], it is easy to show that for any  2 C20 (R6)(H0 ; ) � L1[ u(jq�j2 + j��j2)] + L2[ v(jq�j2 + j��j2)]; (3.3)where L1['] = (H0';')� Ck'k2; (3.4)L2['] = (H0';')� " Zsuppfrvg j'j2dq�d��; (3.5)and the constant " > 0 may be chosen small for large C > 0.3



The function  u is compactly supported. Using the discreteness of the spectrum ofthe Laplacian with the Dirichlet boundary conditions one can easily construct a �nite -dimentional subspace M such that for all  ?M(H0 u; u) � (c+ 2B)k uk2 (3.6)Let us prove that for a1 large enough and small " > 0; the lower boundL2[ v] � 2Bk vk2 (3.7)also holds.Let a0 > a (see condition ii) for de�nition of a ) be a �xed number and letV(jrj) = V (jrj)�(jrj � a0); r 2 R3;where � stands for the characteristic function of the interval [0; a0]. Let us de�neH0 = (irq� +Aq�)2 + 34(ir�� +A��)2 +Xi<j V(jrijj): (3.8)It is clear from ii) that V (jrijj)(1� �(jrijj � a0)) � 0:Moreover, if a1 is large enough, at each point of suppf vg the inequality jrijj � a holdsfor at least two pairs of particles. Therefore for large a1 on the support of  v we haveXi<j V (jrijj)(1� �(jrijj � a0)) > 0:For the region a1 � jq�j2 + j��j2 � 2a1 is compact, one can �nd such a number �0 > 0that Xi<j V (jrijj)(1 � �(jrijj � a0)) > �0;for (q�; ��) 2 suppfjrvjg. Let us pick the constant " in (3.5) less then �0. ThenL2[ v]� (H0 v;  v): (3.9)The next step of the proof is a new partition of the con�guration space. Its aim is toseparate regions in which the distance from one particle to the others is large along thedirection of the magnetic �eld .Let K�2 = f(q�; ��) : jq�3 j � b2j��3 j; j��3 j � a2g: (3.10)It is easy to see that if b2 is small and a2 6= 0, regions K�2 do not overlap for di�erent �.We denote by K3 and K1 the following regions :K3(a3; b2; a2) = f(q�; ��) : jq�3 j2 + j��3 j2 � a3; (q�; ��) 62 [� K�2 (b2; a2)g; (3.11)4



K1 = f(q�; ��) : (q�; ��) 62 [� K�2 (b2; a2)[K3g: (3.12)Let �1; �2�; �3 be characteristic functions of K1;K�2 ;K3 respectively. It is clear that�1 +X� �2� + �3 = 1and (H0 v;  v) = L1�1[ v] +X� L1�2;�[ v] + L1�3[ v]; (3.13)whereL1�j ['] = Zsuppf�jg j(irq� +Aq�)'j2dq�d�� + 34 Zsuppf�jg j(ir�� +A��)'j2dq�d��+ (3.14)Z Xs<t V(jrstj)j'j2�jdq�d��:Notice that on the support of �3 for large a3 all the potentials V(jrijj) vanish andL1�3[ v] � 2Bk v�3k2: (3.15)On the support of �2� for large a2 only the potential V(jq�j) does not vanish. Thus wehaveL1�2� = Zsuppf�2�g j(irq� +Aq�) vj2dq�d�� + Zsuppf�2�g V(jq�j)j vj2dq�d��+ (3.16)+34 Zsuppf�2�g j(ir�� +A��) vj2dq�d�� � Bk v�2�k2++ Zsuppf�2�g j(irq� +Aq�) vj2dq�d�� + Zsuppf�2�g V(jq�j)j vj2dq�d��:If we choose the number a0 large ,then in vew of theorem 4.3 the operatorh = (irq� +Aq�)2 + V(jq�j)has no virtual levels and therefore for large a2 the last two terms in (3.16) are greaterthen Bk v�2�k2.It remains to show that L1�1 [ v]� 2Bk vk2: (3.17)Recall that the function  v�1 is supported in the region jq�3 j2+ j��3 j2 � a3. In this regionall the distances along the direction of the magnetic �eld are bounded. We shall divide thisregion into subregions such that in each subregion there is at least one particle for whichthe distance to other particles in the plane orthogonal to the direction of the magnetic5



�eld is large. Let u1(t) 2 C20(R1+); u1(t) = 1 for t � 1; u1(t) = 0 for t � 2. For �xednumbers 
 > 0; 
0 > 0 let us de�ne the functions u� and u0 asu0(q�; ��) = u1(
0 Xi=1;2;�fjq�i j2 + j��i j2g); (3.18)u�(q�; ��) = u1(
�1fjq�1 j2 + jq�2 j2gfj��1 j2 + j��2 j2g�1): (3.19)It is easy to see that for small 
 and 
0 the supports of the functions  v�1u� do notoverlap for di�erent � . Moreover, for �xed 
 , 
0 and �xed numbers a2; a3 (see de�nitionof the function �1) one can choose a large number a1 such that :1. Only one potential (V(jq�j)) does not vanish on the support of  v�1u� ;2. All the potentials vanish on the supports of the functions  v�1u0 and  v�1(1 �P� u2�) 12 (1 � u20) 12 .Let us denote by P0;0 the orthogonal projector onto the eigensubspace of the operatorT?2 = (i @@q�1 � B4 q�2 )2 + (i @@q�2 + B4 q�1 )2+34(i @@��1 � B3 ��2 )2 + 34(i @@��2 + B3 ��1 )2;corresponding to its lowest eigenvalue 2B. Let g2 = (I � P0;0) v�1, g2� = g2u�; g20 =g2u0; g21 = g2(1�P� u2� � u20) 12 . We denote by "0 such a number that(1 � "0)[(irq� +Aq�)2 �B] + V(jq�j) � 0:Taking into account that for any  2 C20(R6)Zsuppf�1g[j(irq� +Aq�) j2 �Bj j2]dq�d�� � 0and Zsuppf�1g[34 j(ir�� +A��) j2 �Bj j2]dq�d�� � 0;one can verify the following lower bound for the the kinetic part of the functional L1�1Zsuppf�1g j(irq� +Aq�) vj2dq�d�� + 34 Zsuppf�1g j(ir�� +A��) vj2dq�d�� (3.20)�2B Zsuppf�1g j vj2dq�d�� � "02 fZsuppf�1g j@ v@q�3 j2dq�d�� + 34 Zsuppf�1g j@ v@��3 j2dq�d��+B Zsuppf�1g jg2j2dq�d��g � Zsuppf�1gfX� fjru�j2 + jr(1� u20 +X� u2�) 12 j2gjg2j2dq�d��+6



(1 � "02 )fX� Zsuppf�1g j@ v@q�3 j2u2�dq�d�� + Zsuppf�1gfj(irq� +Aq�)g2�j2 �Bjg2�j2gdq�d��g:Moreover, if 
; 
0 are small, thenX� fjru�j2 + jr(1� u20 +X� u2�) 12 j2 � "0B4and Zsuppf�1gfX� fjru�j2 + jr(1� u20 +X� u2�) 12 j2gjg2j2dq�d�� � "0B4 kg�1k2: (3.21)Denote L�[ v] = Zsuppf�1g[(1� "02 )fj@ v@q�3 j2u2� + j(irq� +Aq�)g2�j2� (3.22)Bjg2�j2g+ V(jq�j)j vj2]dq�d��:It follows from (3.20),(3.21) that the inequalityL�[ v] � �"0B4 kg2k2; 8�;entails (3.17). To establish this lower bound we consider the integral over q� in (3.22) for�xed ��. If j��1 j2 + j��2 j2 is not large  v�1 = 0 and this integral is nonnegative. So wemust estimate it only for large values of j��1 j2 + j��2 j2. If ��3 is �xed, q3� takes values from�c to c ,where c is some positive number that may be chosen large for suitable chosenparameters of the region K1. By theorem 4.4 for �xed ��J(��) = Zjq3�j�c[(1� "02 )fj@ v@q�3 j2u2� + j(irq� +Aq�)g2�j2 �Bjg2�j2g+ V(jq�j)j vj2]dq�� �� Z jg2�(q�; ��)j2dq�;where the number � may be chosen small for large c and j��1 j2+j��2 j2 . Let us take � � "0B4 :Then the inequality (3.17) follows, which completes the proof of Theorem.4 Spectral properties of the two-particle hamiltoni-ans h�In this section we prove some elementary facts on two-particle Hamiltonians with a mag-netic �eld. Let h = (irr +Ar)2 + V (jrj); (4.1)7



r = (r1; r2; r3); Ar = B4 f�r2; r1; 0g;and the potential V satisfy the conditions i) and ii) (see section 2). Let us consider theSO(2) group of rotations in R3 around the r3 axis (the direction of the magnetic �eld).By Pm we denote the projector in L2(R3) onto the subspace of functions possesing thesymmetry of the weight m with respect to this group; hm = Pmh.Theorem 4.1 . For any 
 > 0 one can �nd a number m0 > 0 such that for allm; jmj > m0; the operator hm(
) = Pm[
(irr +Ar)2 + V (jrj)] (4.2)with the potential V (r) satisfying conditions i) and ii), has no discrete spectrum .Proof . The bottom of the essential spectrum for the operator hm(
) is 
B(jmj �m+ 1): Consequently to prove the theorem it su�ces to show that for jmj > m0(hm(
) ; ) � 
B(jmj �m+ 1)k k2 (4.3)for all  2 C20 (R3); Pm =  .Due to the condition ii) one can �nd such positive constants b; "1; "2 that1. V (jrj) � 0 for all jrj > b0 ,2. V (jrj) � "1 for b0 � "2 � jrj � b0 + "2 .Let us take such real functions u(t); v(t) 2 C2(R1+) u2 + v2 = 1; u(t) = 1 for t �b0 � "2; u(t) = 1 for t � b0 + "2; (v0)2(1 � v2)�1 ! 0 as t! b0 + "2 � 0.Following [5] for any �xed " 2 (0; "1) one can �nd such a constant C(") > 0 ,that(hm(
) ; ) � (hm(
) u; u)� C(")k uk2+ (4.4)(hm(
) v;  v)� " Zsuppjrvj j vj2drThe function  u is supported in the region jrj � b0+"2. In this region the operator hm(
)with the Dirichlet boundary conditions has poor discrete spectrum and for jmj ! 1 itslowest eigenvalue tends to 1 as jmj2. Hence for large jmj the inequality(hm(
) u; u)�C(")k uk2 � 
B(jmj �m+ 1)k uk2 (4.5)holds. Further,(hm(
) v;  v)� " Zsuppjrvj j vj2dr � 
B(jmj �m+ 1)k vk2 (4.6)because V (jrj) � " > 0 on the support of jrvj. The inequality (3.3) follows from theinequalities (3.4)-(3.6). The theorem is proved.8



Theorem 4.2 . Let V satisfy the conditions i)and ii). Suppose that the operator hhas no discrete spectrum and virtual levels. Then one can �nd a large number a0 suchthat the operator h with the potentialV = V (jrj)�(jrj � a0)also has no discrete spectrum and virtual levels .Remark. This Theorem is not trivial though it may seem so because of the conditionV (r) ! 0; jrj ! 1: The point is that any small negative perturbation of the magneticoperator h = (irr +Ar)2 + V1(jrj) (4.7)may produce an in�nite number of discrete eigenvalues.Proof of the theorem 4.2 . Establish the folowing simple test of the absence ofdiscrete spectrum for the Schr�odinger operator in one-dimensional case.Lemma 4.1 . Let V (x), x 2 R1 be a real-valued function such that V (x) = V (�x),R1�1 V (x)dx > 0 and for some positive constants C0; �0; jV (x)j � C0(1 + jxj)�2��0: Thenif the inequality V (x)� �jV (x)j � 14(1 + jxj)�2holds for � = (Z 1�1 jV (x)jdx)(Z 1�1 V (x)dx)�1; (4.8)then the discrete spectrum of the operatorh0 = � @2@x2 + V (x) (4.9)is empty.Proof. Let us check that (h0 ; ) � 0 for any  (x) 2 C20(R1) . Let  0 =  (x)� (0),then (h0 ; ) = Z 1�1 j 00j2dx+ Z 1�1 j 00j2V (x)dx (4.10)+2 (0) Z 1�1 V (x) 0(x)dx+ j (0)j2 Z 1�1 V (x)dxFor a �xed  0 the right hand side of (4.10) may be considered as a function of theparameter  (0) . It takes its minimal value for (0) = �(Z 1�1 V (x) 0(x)dx)(Z 1�1 V (x)dx)�1; (4.11)and this value isZ 1�1 j 00j2dx+ Z 1�1 j 00j2V (x)dx� (Z 1�1 V (x) 0(x)dx)2(Z 1�1 V (x)dx)�1 � (4.12)9



Z 1�1 j 00j2dx+ Z 1�1(V (x)� �jV (x)j)j 0j2dxTherefore (h0 ; ) � Z 1�1 j 00j2dx+ Z 1�1(V (x)� �jV (x)j)j 0j2dx � (4.13)Z 1�1 j 00j2dx� 14 Z 1�1(1 + x2)�1j 0j2dx:Recall that function  0(0) = 0 ,so by the Hardy enequality that the right hand side of(4.13) is nonnegative. Lemma is proved.Let us proceed to the proof of theorem 4.2 .Let h(U) be the operator (4.7) with the potential U; hm(U) = Pmh(U). It followsfrom theorem 4.1 that there are such numbers "0 > 0 and m0 > 0 thatinfhm((1 + "0)V) � B(jmj �m+ 1) � B; jmj > m0: (4.14)Futhermore, if m < 0 for small "0 > 0, theninf(hm((1 + "0)V )) > B;and consequently for large a0 inf(hm((1 + "0)V)) > B: (4.15)Hence to prove the theorem it su�ces to show that (4.15) also holds for all 0 � m � m0and some small "0 > 0. Let m1 be �xed, jm1j � m0;  be an arbitrary function fromC20(R3) such that Pm1 =  and letT = (irr +Ar)2 �B:It follows from the absence of virtual levels that one can �nd such a positive constant "that (1 � ")(T ; ) + (V  ; ) � 0: (4.16)Let us take "0 < (1� "2)�1 � 1.Then (4.15) holds ifL[ ] = (1� "2)(T ; ) + (V ; ) � 0:Thus we have L[ ] = (1� ")(T ; ) + (V  ; ) + "2(T ; )+ (4.17)((V � V ) ; ) = (1� ")(T ; ) + (1� 
)(V  ; )+"2(T ; ) + ((V � V ) ; ) + 
(V  ; );10



where 
 2 (0; 1) will be chosen later. It is clear that(1� ")(T ; ) + (1� 
)(V  ; ) � 0and we must show thatL1[ ] = "2(T ; ) + 
(V  ; ) + ((V � V ) ; ) � 0 (4.18)for suitably chosen 
 and a0.Let 'm10 be the eigenfunction of the operator Tm10 = T0Pm1 , whereT0 = (i @@r1 � B4 r2)2 + (i @@r2 � B4 r1)2corresponding to its minimal eigenvalue B;P0 be a projector in L2(R3) on the correspond-ing subspace ,P1 = I �P0. It is obvious that"2(T ; ) = "2(TP0 ;P0 ) + "2(TP1 ;P1 ) � (4.19)"B2 k @@r3P0 k2 + "B2 k @@r3P1 k2:Further, for any "1 > 0 (V  ; ) = Z V jP0 + P1 j2dr � (4.20)Z jP0 j2fV (r)� "1jV (r)j)gdr + Z jP1 j2fV (r)� "�11 jV (r)j)gdr;and ((V � V ) ; ) � (f(V � V )� "1jV � V jgP0 ;P0 )+ (4.21)(f(V � V )� "�11 jV � V jgP1 ;P1 ):The potential V (r) is bounded and for small 
 > 0
j Z jP1 j2fV (r)� "�11 jV (r)j)gdrj � "B4 kP1 k2: (4.22)Moreover, jV � V j = V (r)�(jrj � a0) � c0(1 + a0)�2��0and for large a0 one hasj(f(V � V )� "�11 jV � V jgP1 ;P1 )j � "B4 kP1 k2: (4.23)It follows from (4.19)-(4.23) that for small 
 and large a0L1[ ] � "2k @@r3P0 k2 + 
(fV (jrj)� "1jV (jrj)jgP0 ;P0 )+ (4.24)11



([(V � V )� "1jV � V j]P0 ;P0 ):Let us note that(V � V ) < 0 for large a0 and(f(V � V )� "1jV � V jg = (1 + "1)(V � V ):The function P0 may be rewritten in the formP0 = 'm10 (r1; r2)f(r3)with some function f . Thus it follows from (4.24) that L1[ ] � 0 if the one dimensionaloperator h(1) = � @2@r32 + V1(r3) (4.25)with the potentialV1(r3) = 2"�1 Z f
[V (jrj)� "1jV (r)j]� (1 + "1)(V � V)gj'm10 (r1; r2)j2dr1dr2 (4.26)has no discrete spectrum.Now we can apply lemma 4.1 to this operator. Since virtual levels of h are absent, wehave Z V (jrj)j'm10 (r1; r2)j2dr1dr2 > 0:So if "1 is small and a0 is large R V1(r3)dr3 is also positive. Furthermore, it is clear thatjV1(r3)j � c0(1 + jr3j)�2��0 (4.27)The constant c0 in (4.27) can be chosen an arbitrarily small for small 
 > 0 and largea0. Due to lemma 4.1 to prove the theorem one has only to show that for suitable
 > 0; "1 > 0; a0 > 0 the inequalityV1(r3)� �jV1(r3)j � �14(1 + jr3j)�2 (4.28)holds with � = (Z 1�1 jV1(r3)jdr3)(Z 1�1 V1(r3)dr3)�1:For �xed 
 > 0 one can take "1 > 0 so small and a0 so large that"1 Z jV (jrj)jj'm10 (r1; r2)j2dr1dr2 < 14 Z V (jrj)j'm10 (r1; r2)j2dr1dr2;and(1 + "1) Z (V (jrj)� V(jrj))j'm10 (r1; r2)j2dr1dr2 < 14
 Z jV (jrj)jj'm10 (r1; r2)j2dr1dr2:12



In this case� < �0 � 4(Z V (jrj)j'm10 (r1; r2)j2dr)�1(Z jV (jrj)jj'm10 (r1; r2)j2dr):Let us pick 
 > 0 small and a0 large such that for the constant c0 the inequalityc0 < 14(1 + �)�1holds. Then (4.28) follows from (4.27). The theorem is proved.Theorem 4.3. Let the operator h have no discrete spectrum and the potentialV (jrj) have a compact support. Then one can �nd such a positive number a that for any 2 C20(R3) L[ ] � Zjr3j�afj(irr +Ar) j2 �Bj j2+ V (jrj)j j2gdr � 0: (4.29)Proof. The proof relies uponLemma 4.2 . Let the potential V be as in Theorem 4.3. Let 'm10 be the eigenfunctionof the operator Tm10 = T0Pm1,T0 = [(i @@r1 � B4 r2)2 + (i @@r2 + B4 r1)2] (4.30)corresponding to its minimal eigenvalue B. Let g(r) 2 C20(R3); g(r) ? 'm10 for any �xedr3; f(r3) 2 C20(R1); g(r) = 0 for jr3j � a (r) = 'm10 (r1; r2)f(r3) + g(r); (4.31)and the enequality (4.29) does not hold. Then the operator h has discrete spectrum.Proof of lemma 4.2 De�ne the sequence of functions n = 'm10 (r1; r2)fn(r3) + g n = 2; 3; :::;where fn(r3) = f for jr3j � a; fn = 0 for jr3j � na; fn = f(a) r3�naa(1�n) for r3 2 [a; na]; fn =f(�a) r3�na�a(1�n) for r3 2 [�na;�a]. If the inequality (4.29) does not hold, then for large n(h n;  n) < Bk nk2 = inf�ess(h)k nk2;which proves the lemma.Proof of theorem 4.3. Due to the absence of virtual levels one can �nd such anumber 
0 > 0 thatL1[ 0] � (1 � 
0)f(T0 0;  0) + k @@r3 0k2g+ (V  0;  0) � 0; 8 0 2 C20 (R3): (4.32)13



Let u(t); v(t) 2 C2(R1+); u2 + v2 = 1; u = 0 for t > 1; u = 0 for t � 12 and let c0 =maxf(u0)2+(v0)2g: By a1 we denote such a number that a1 > 2[c0B�1
�10 ] 12 and V (r) = 0for jrj � a12 : We shall prove by contradiction that (4.29) holds for all a > a1 . Let usassume that (4.29) does not hold for some function  .Then one can �nd such a weightm1 that it does not hold for the function  1 = Pm1 also. The function  1 has the form 1 = 'm10 (r1; r2)f(r3) + g: (4.33)where g ? 'm10 . There are two possibilities.If g(r) � 0 for jrj � a1, then the enequality (4.29) results from lemma 4.2.Suppose now that g(r) 6� 0 for jrj � a1. By  1;0 we denote the function 1;0(r) = 'm10 (r1; r2)f(r3) + g(r)u(jr3ja�11 ): (4.34)It su�ces to show thatL1[ 1;0] � Zjr3j�a1[(1� 
0)fj(irr +Ar) 1;0j2 �Bj 1;0j2g+ V (jrj)j 1;0j2]dr < 0: (4.35)Then the statement of the theorem will follow from this inequality and lemma 4.2.Let us now prove (4.35). Since V (jrj)v(jr3ja�11 ) = 0 for large a1, one hasL[ 1] � L1[ 1;0] + 
0 Zjr3j�a1fj(irr +Ar) 1j2 �Bj 1j2gdr� (4.36)a�21 (1 � 
0) Zjr3j�a1 jgj2[v02(jr3ja�11 ) + u02(jr3ja�11 )]dr:The last term here is bounded bya�21 (1�
0) Zjr3j�a1 jgj2[v02(jr3ja�11 )+u02(jr3ja�11 )]dr � (1�
0)c0a�21 Zjr3j�a1 jgj2dr � (4.37)12(1 � 
0)
0B Zjr3j�a1 jgj2dr � 
0 Zjr3j�a1fj(irr +Ar) 1j2 �Bj 1j2gdr:Taking into account that L[ 1] < 0; we obtain from (4.36),(4.37)thatL1[ 1;0] � L[ 1] < 0;which contradicts the absence of virtual levels by lemma 4.2. The theorem is proved.Throughout the rest of the paper we study the operator h with the potential V (jrj)such that jV (jrj)j has a compact support and for some a > 0; V jrj) 2 C(jrj � a); V (jrj) �0 for jrj � a and V (a) > 0 , whose properties are used in the �nal part of the proof ofmain theorem in Section3.Let u(t); v(t) be the same functions as in the proof of theorem 4.1, P be the pro-jector in L2(R3) onto the eigensubspace of the operator T0 (see proof of the theorem14



4.2) corresponding to the eigenvalue B. In contrast to P0;P is the projector onto thein�nite-dimensional subspace.Theorem 4.4 . Let the operator h have no discrete spectrum. Then for any � > 0one can �nd such a number b > 0 that for all  2 C20 (R3)L[ ] � Zjr3j�b j @@r3P j2u2([jr1j2 + jr2j2]b�1)dr + Zjr3j�b j @@r3gj2u2([jr1j2 + jr2j2]b�1)dr+(V  ; ) + ((T0 �B)gu; gu) � ��fk @@r3 k2 + kgk2g;where g = (I �P) .Proof Theorem follows from the next two lemmas:Lemma 4.3 . For an arbitrary 
 > 0 and 
1 > 0 one can �nd such a numberm0 = m0(
; 
1) that for all m1; jm1j > m0 and any function (r1; r2) = 'm10 (r1; r2) + g(r1; r2);where PPm1'm10 = 'm10 ; Pm1g = g, the inequality
(T0g; g) + (V  ; ) � 
(B � 
1)kgk2holds.Lemma 4.4 . Let m1 be a weight of the representation of the SO(2) group and� > 0 be a �xed number. Then one can �nd such a constant b > 0 that for any  2C20(R3); Pm1 =  ; = 'm10 (r1; r2)f(r3) + g; g ? 'm10 the inequality holds:L[ ] � Zjr3j�b[j @f@r3 j2j'm10 (r1; r2)j2u2([jr1j2 + jr2j2]b�1) + j @g@r3 j2u2([jr1j2 + jr2j2]b�1)]dr+(4.38)(V  ; ) + Zjr3j�b((T0 �B)gu([jr1j2 + jr2j2]b�1); gu([jr1j2 + jr2j2]b�1))L2(R4)dr3� ��[k @ @r3k2 + kgk2]:Proof of lemma 4.3 . It is easy to see that for " < 1 the potential V1(jrj) =V (jrj) � "jV (jrj)j is nonnegative for jrj � a and V1(a) > 0 .For such a potential thereexists a positive number m01 such that for all r3 and all m1; jm1j > m01 the inequality('m10 V1(jrj); 'm10 ) > 0 (4.39)takes place. Further,(V  ; ) = ('m10 V (jrj); 'm10 ) + 2Re('m10 V (jrj); g)+ (4.40)15



(V g; g) � ((V � "jV j)'m10 ; 'm10 ; ) + ((V � "�1jV j)g; g)It follows from the last two relations that it is su�cient to show thatL0[g] � 
(T0g; g) + ((V � "�1jV j)g; g) � 
(B � 
1)kgk2 (4.41)for large jm1j. Let u(t); v(t) be the functions de�ned in the beginning of this subsection,u = u([jr1j2 + jr1j2]b�1); v = v([jr1j2 + jr1j2]b�1).As in the proof of the theorem 4.1 wehave: L0[g] � L0[gu]� cb�2kguk2 + L0[gv]� cb�2kgvk2 (4.42)for some positive constant c. The function gu has a compact support and therefore as inthe proof of theorem 4.1 we get thatL0[gu]� cb�2kguk2 � 
Bkguk2: (4.43)Moreover, if b is large, then cb�2kgvk2 � 

1kgvk2:Recall that V (jrj) = 0 for r 2 suppv: Along with the previous estimate this yields thatL0[gv]� cb�2kgvk2 � (T0gv; gv)�

1kgvk2 � 
(B � 
1)kgvk2;which completes the proof.Proof of lemma 4.4 . Let b > 0 be a large number such that V (jrj) = 0 forjrj > b.Asuume temperarily that f(r3) = 0 and g(r) = 0 for jr3j � b. By  1 we denotethe function  1 = 'm10 f + gu. ThenL[ ] = ((h�B) 1;  1)� Z j @f@r3 j2j'm10 (r1; r2)j2(1� u2([jr1j2 + jr2j2]b�1))dr� (4.44)2Re Z @f@r3'm10 (r1; r2) @g@r3udr:Because of the decay properties of the function 'm10 (r1; r2) ,we have for large bk(1� u2) 12'm10 k � �4 (4.45)and Re Z @f@r3'm10 (r1; r2) @g@r3udr = �Re Z @f@r3'm10 (r1; r2) @g@r3 (1� u)dr � (4.46)��2k @g@r3k2 � 2� k @f@r3'm10 (r1; r2)(1 � u)k2 � ��2k @g@r3k2 � �2k @f@r3k2:16



For ((h � B) 1;  1) � 0; it follows from (4.44)-(4.46) that if g(r) = 0 and f(r3) = 0 forjr3j � b, the inequality (4.38) holds and lemma is proved. Using the same argument as inthe poof of thorem 4.3, it is easy to show that (4.38) holds also for functions that do notvanish for jr3j � b. Lemma is proved.Acknowledgements. It is a pleasure to thank prof. T.Ho�mann-Ostenho� for hospi-tality at the ESI and prof. A.Sobolev for a large number of useful remarks.References.1. S.Vugalter, G.Zhislin. Asymptotics of the Discrete Spectrum of Hamiltonians ofMultiparticle Systems in a Homogeneous Magnetic Field. St.Petersburg Math.J., v.3, 6,1313-1349, 1992.2. S.Vugalter. The E�mov E�ect.Absence in a Homogeneous Magnetic Field. PreprintESI.( to appear)3. S.Vugalter, G.Zhislin. On the Extremal Properties of the Resonances of the Two-Particle Systems in a Magnetic Field. Preprint ESI, 78, 1994.4. G.Zhislin. Finiteness of the Discrete Spectrum in Quantum n-body Problem.Theor. Math. Phys.,21,971-980, 1974.
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