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Abstract. We study the discrete spectrum of the Schrodinger operator for a system of
three identical particles with short-range interactions in a homogeneous magnetic field. All
the two-particle subsystems are supposed to be unstable. Finiteness of the discrete spec-
trum is established under some assumptions on the solutions of the corresponding two-
particle Schrodinger equation .

1 Introduction

In this paper we continue studying the discrete spectrum of the Schrodinger operator
Hy for a system of three identical particles in a homogeneous magnetic field (see[1,2]).We
assume that the center of mass motion has been separated and the potentials of interaction
are short-range and spherically symmetric.

It is known that without any magnetic field a system of three identical particles with
short-range interactions in the case when two-particle hamiltonians have discrete spec-
trum, may have only finitely many eigenvalues. On the contrary, in a homogeneous
magnetic field such a system may have either finite or infinite discrete spectrum [1]. For
the operator Hy there are no results on finiteness or infinitude of the discrete spectrum
in the case when two-particle hamiltonians have no discrete eigenvalues. In the present
paper we establish that in the absence of resonanses at the bottom of the essential spec-
trum of two-particle hamiltonians(virtual levels), the discrete spectrum of the operator
Hy is finite. This assumption means that the two-particle Schrodinger equation for the
value of the spectral parameter corresponding to the bottom of the essential spectrum
has no solutions in some Hilbert space (for details see [3]). The question of the finiteness
or infinitude for a system with two-particle virtual levels is open.

2  Main definitions and results

Let Zo = {1,2,3} be a system of three identical particles with masses M = 1 and charges

e = —1 in a homogeneous magnetic field B, and let r; = (r]l, r]z, r?) be the position vector
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of the j-th particle. For an arbitrary pair of particles o = 7,5 we introduce the Jacobi
coordinates

qa = (Q?vqqug) =Tr; =T
and

€= (6.6.8) =gt pEid

After separation of the center of mass motion, the Schrodinger operator Hy takes the
following form :

) 3.
Ho = (Vo + Aga)” + (Ve + Aga)” + 3 V(1) (2.1)
i<
where B B
Afa = g{-f?,ff,o}; Aqa = Z{_qgvchavo};

B > 0 being constant.

We assume that the potential V(|r|) has the following properties :

i) IV(rD)| < co(1 4 |r])727%,r € R® for some 6o > 0 and ¢o > 0;

ii) there exists a constant a > 0 such that V(|r|) € C({|r| > a}) and V(|r]) > 0 for
Ir] > a.

Note that the assumption of positivity of V(|r|) for large |r| is not very restrictive,
because if V (|r|) is negative for large |r|, the two-particle hamiltonias have discrete spec-
trum. It is just the situation considered in [1].

For an arbitrary pair a = (7, j) denote

ho = (iVye + Age)” + V([rij])- (2.2)

It is known [1] that for the operator Hy the theorem of the HVZ type holds. This
means that

Uess(HO) = [Ma OO)?

where ;1 = info(h,) + B . Here o and 0., stand for spectrum and essential spectrum
respectively.

In the present paper we study the operator Hy in the case when h, has no discrete
spectrum. This implies that

infaess(HO) = infa(ha) —I_ B = infaess(ha) —I_ B = (23)

infa{(ivqa —|— Aqa)2} —|— B = 2B

Definition . We shall say that the operator h, such that c4s.(hy) = 0 has no res-
onanses at the bottom of its essential spectrum (virtual levels) if one can find a number
gog > 0 such that

info{(iVy + Ap)? + (1L+ )V (laa)} = info(ha) = B (2.4)
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forall) <e <eq.
Properties of resonances have been studied in [3]. Let us mention now only that if the
operator h, has no virtual levels, the equation

hotv = Bt
has no solutions in the Hilbert space with the inner product
[, 0] = 2([(1V e + Aq“)z — Bz, [(1V4a + Aq“)z — Bl7o) + (V, 0).

The main result of this paper is the following

Theorem . Let the potential V' satisfy the conditions i), ii) and the hamiltonians of
all two-particle subsystems h, have neither discrete spectrum nor virtual levels. Then the
discrete spectrum of the operator Hy is finite .

3 Proof of theorem

In this section we prove the main theorem. Some properties of two-particle hamiltonians
used in the proof will be obtained in section 4.
To prove theorem it is sufficient to find a finite dimentional subspace M such that

(Hot, ) = 2| (3.1)

for all ©p € C3, ¢ — M.

To this end we shall first construct a suitable partition of unity. As the first step let
us separate the region in which all the interparticle distances are small.

Precisely, let a be a fixed pair of particles and a; be a positive number. Define

Slar) = {(¢%,€) + |g" " + [£7* < an} (3.2)
u(t),v(t) € C3(RL),u* +v? =1,u=1fort <ay,u=0fort>2a; and  limv™(t)(1 —
vt =0, as t — 2a; — 0.

Following [4], it is easy to show that for any ¢ € CF(R°)
(Hoth, ) > La[du(|g™* + €7 )] + La[ro(lg™* + [€7*)], (3.3)
where
Lile] = (Hop, ) = Cllel?, (3.4)
L) = (Hopop) =< [ Jol*dgdg™, (3.5)
supp{Vv}

and the constant ¢ > 0 may be chosen small for large C' > 0.



The function Yu is compactly supported. Using the discreteness of the spectrum of
the Laplacian with the Dirichlet boundary conditions one can easily construct a finite -
dimentional subspace M such that for all v — M

(Hou, du) > (e + 2B)|[¢ul)? (3.6)
Let us prove that for a; large enough and small & > 0, the lower bound
Lo[ypv] > 2B]jpv]|? (3.7)
also holds.

Let ag > a (see condition ii) for definition of « ) be a fixed number and let
V(r)) = V([r)x(|r] < ao), e R,

where y stands for the characteristic function of the interval [0, ag]. Let us define

. 3.
Ho = (iVga + Aga)® + 1(iVea + Aea)® + 3 V(7). (3.8)

i<
It is clear from ii) that
V{(Iri; (T = x(Iri;| < ao)) = 0.

Moreover, if a; is large enough, at each point of supp{¢v} the inequality |r;;| > « holds
for at least two pairs of particles. Therefore for large a; on the support of »v we have

ZV(|7“2'J‘|)(1 — x(|ri5] < ap)) > 0.

For the region a; < |¢*|? + [£%|* < 2a; is compact, one can find such a number xg > 0
that

2 VUrgD( = x(Irij] < ao)) > ro,

i<j
for (¢*,€%) € supp{|Vv|}. Let us pick the constant € in (3.5) less then kg. Then

Laftho] = (Moo, ). (3.9)

The next step of the proof is a new partition of the configuration space. Its aim is to
separate regions in which the distance from one particle to the others is large along the
direction of the magnetic field .

Let
K3 ={(q"6") - la5] < balé5 ], 1€5] = aa}- (3.10)
It is easy to see that if by is small and az # 0, regions K5 do not overlap for different a.
We denote by K5 and Ky the following regions :

Ka(as, b, az) = {(¢*,€") : g5 + 165 * > a5, (q%,€%) & JK5 (b, 02)}, (3.11)
E
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Ki={(q",€") : (¢*. &) & UK (b2, a2) | K5} (3.12)
B
Let x1, X24, X3 be characteristic functions of Ky, KF, K3 respectively. It is clear that

X1‘|’ZX2a—|—X3:1

and
(H0¢U7 ¢U) = L1X1 W)U] + Z L1X2,a[77bv] + L1X3 W)U]v (313)
where
Liglel = [ (0¥ + Age)ol g d™ + (iVen + Ao dgdE™+ (3.14)
supp{x;} 4 Jsupp{x;}

/ZV(Irstl)WIszdqadf“-

s<t

Notice that on the support of ys for large as all the potentials V(|ri;|) vanish and

Li,[$v] = 2B[oxs|*. (3.15)
On the support of ya, for large ay only the potential V(|¢%|) does not vanish. Thus we
have
Lia = [ iV + Age)oldgde” + V(g Dlofdg de™+  (3.16)
supp{x2a} supp{x2a}
3 . o 1o
: (Vo + Aco)oldq?ds® > Blloa |+
supp{x2a}
f iV AiParde s [ V(Do
supp{x2a} supp{x2a}

It we choose the number ag large ,then in vew of theorem 4.3 the operator
h = (Vg + Aq“)z +V(lq°))

has no virtual levels and therefore for large ay the last two terms in (3.16) are greater
then B|[vvxaal*.
It remains to show that

Ly, [v] = 2B o] (3.17)

Recall that the function 1vyy is supported in the region |¢5|* + [£5]* < as. In this region
all the distances along the direction of the magnetic field are bounded. We shall divide this
region into subregions such that in each subregion there is at least one particle for which
the distance to other particles in the plane orthogonal to the direction of the magnetic



field is large. Let uqi(t) € Cg(R}'_),ul(t) =1 fort < 1,us(t) = 0 for t > 2. For fixed

numbers v > 0,79 > 0 let us define the functions u, and wg as

wo(g™ €)= wilvo D g/ + &1, (3.18)

1=1,2;03

ualq®,€") = wi(y et 1 + lag P HIE T + 1€ 7). (3.19)
It is easy to see that for small v and 7 the supports of the functions vyiu, do not
overlap for different o . Moreover, for fixed v , 7o and fixed numbers ay, as (see definition
of the function y1) one can choose a large number @y such that :
1. Only one potential (V(|¢%|)) does not vanish on the support of Yvyqu, ;
2. AH the potentials vanish on the supports of the functions Yvxiug and Yoy (1 —
2 ul)3 (1= ud).

Let us denote by Py the orthogonal projector onto the eigensubspace of the operator

o B ., .0

T o= (1—— —
? (laq? 4

3 0 3 N
4( afl __52) 1( aga +§§1) )

corresponding to its lowest elgenvalue 2B. Let g2 = (I — Poo)vX1, §20 = 2lla, Goo =
Gatg, g21 = Ga(l — 3, u? — uo) We denote by &¢ such a number that

(1= )iV + Age)? = Bl + V(]g"]) 2 0

Taking into account that for any ¢ € C3(R°)
[ GVt Ao = Bl Pldgde® > 0
supp{x1}

and

3
[ ENiVe + A = Bl Pldgde” = 0,
supp{x1} 4

one can verify the following lower bound for the the kinetic part of the functional Ly,

. 3 .
[ 0V + A yeldgde 4 (Ve + Aee)iboidg™de™  (3.20)
supp{xa } 4 Jsupp{x1}
€0 8;/}1} 877/)1)
_2B U2dada>_/ a o dada_l_
supp{x1} W} | et 2 2{ supp{x1} | a% | de + 4 supp{x1} | afg | ade

B gPddemy = [ SVl V01— ud 4 D ud)E g e+
supp{x1} supp{x1} o

[}



IV 122 4o de +/ (Vg + Aya)gaal? — Blgon|?ydg® dev ).

supp{x1}

1_ 2 {Z/upp{xﬁ a 5

Moreover, if v,y are small, then

1 B
SVl + V(1 —uf + Y2 < ==
and
1 o o~ E0B
[ AV V0 =+ ) PP dgde” < Sl (320
SUppIXi1 o o
Denote
ag/w 2.2 2
Lol = [ 10— oIt + 100 4 Al (3.2
supp{x1}

Blgaa|*} + V(Ig" |)|¢U| Jdg™d¢”.
It follows from (3.20),(3.21) that the inequality

eoBB
Lalge] > ===lloll*, Ve,

entails (3.17). To establish this lower bound we consider the integral over ¢* in (3.22) for
fixed £, If €)% + |£5]? is not large vyy = 0 and this integral is nonnegative. So we
must estimate it only for large values of [£2|* + |57, Tf £5 is fixed, ¢° takes values from
—c to ¢ ,where ¢ is some positive number that may be chosen large for suitable chosen
parameters of the region X'y. By theorem 4.4 for fixed £,

a77Z)U|2 2

J(£7) = /|q3|< [(1— —){I (Ve + Age)gaal® — Blgaa|"} + V(1" v ]*)dg

> —5/ |g2a(q™, €)?dq”,

where the number § may be chosen small for large ¢ and | |* +[£5|* .
Then the inequality (3.17) follows, which completes the proof of Theorem.

4 Spectral properties of the two-particle hamiltoni-
ans h,
In this section we prove some elementary facts on two-particle Hamiltonians with a mag-

netic field. Let
h=(iV, + A,)* + V(|r]), (4.1)



B
r=(r,re,rs), A, = Z{—rg,rl,()},

and the potential V satisfy the conditions i) and i) (see section 2). Let us consider the
SO(2) group of rotations in R* around the r3 axis (the direction of the magnetic field).
By P™ we denote the projector in Lo(R*) onto the subspace of functions possesing the
symmetry of the weight m with respect to this group; h™ = P™h.

Theorem 4.1 . For any v > 0 one can find a number mg > 0 such that for all
m, |m| > mg, the operator

R (y) = PV, + A"+ V()] (4.2)

with the potential V(r) satisfying conditions 1) and i1), has no discrete spectrum .
Proof . The bottom of the essential spectrum for the operator h™(v) is vB(|m| —
m + 1). Consequently to prove the theorem it suffices to show that for |m| > mq

(K™ (y)ib, 1) = yB(Jm| —m + 1)|[]* (4.3)

for all » € C3(R?), Py = 1.

Due to the condition i7) one can find such positive constants b, 1, ¢ that

L. V(|r]) = 0 for all |r| > b ,

2. V(|T|) Z &1 for bo — &9 S |T| S bo + &9 .

Let us take such real functions u(t),v(t) € Cy(RL) w® +v*> = Lu(t) =1 for ¢ <
bo — e, u(t) =1 for ¢ > by + &2, (v)*(1 —v?)™' = 0 as t — by + 9 — 0.

Following [5] for any fixed £ € (0,1) one can find such a constant C'(¢) > 0 ,that

(K™ (y)h, ) > (h™ ()hu, vbu) — C(&)||oul*+ (4.4)
(B (), o)== [ fpoldr

supp| Vol

The function tu is supported in the region |r| < by+ 5. In this region the operator A (7)
with the Dirichlet boundary conditions has poor discrete spectrum and for |m| — oo its
lowest eigenvalue tends to oo as |m|*>. Hence for large |m| the inequality

(K™ (Y )pu, Yu) = Cle)[ul|* = yB(Im| = m + 1)||¢ul? (4.5)

holds. Further,

(W™ (3o, o) — ¢ [

supp|Vv

||¢vl2dr > yB(|m| —m + 1) (4.6)

because V(|r|) —e > 0 on the support of |Vv|. The inequality (3.3) follows from the
inequalities (3.4)-(3.6). The theorem is proved.



Theorem 4.2 . Let V satisfy the conditions i)and i1). Suppose that the operator h
has no discrete spectrum and virtual levels. Then one can find a large number ag such
that the operator h with the potential

V= V(rx(Ir| < ao)

also has no discrete spectrum and virtual levels .

Remark. This Theorem is not trivial though it may seem so because of the condition
V(r) — 0,|r| — oo. The point is that any small negative perturbation of the magnetic
operator

h= iV, + A)* + Va(lr]) (4.7)

may produce an infinite number of discrete eigenvalues.

Proof of the theorem 4.2 . Establish the folowing simple test of the absence of
discrete spectrum for the Schrodinger operator in one-dimensional case.

Lemma 4.1 . Let V(z), v € R' be a real-valued function such that V(z) = V(—z),
[ V(x)dx > 0 and for some positive constants Co, S, |V (z)] < Co(1 + |z])727%. Then
if the inequality

Viz) = s|V(2)] = -(1+]z)~*

| =

holds for N N
= () WV@lda)([ Vieyda)™, (45)

— 00

then the discrete spectrum of the operator

ho= =5+ V() (4.9)

15 empty.
Proof. Let us check that (hgi, 1)) > 0 for any o (z) € CF(R") . Let ¢g = ¢(z) —¢(0),
then

(hov,v) = [ Jwtfda+ [ 1RV (e)da (1.10)

12000) [ VG yola)de + WO [ Vi

For a fixed g the right hand side of (4.10) may be considered as a function of the
parameter ¢(0) . It takes its minimal value for

0(0) = ~([ Viwpola)de)([ Viayda) ™, (4.11)

— 00

and this value is

| ilda+ [T wiEV@)de = ([ Viepile)de ([ Viede) = (412)

- —00
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| ltlde+ [ (V@) = slV@) ) ol de

Therefore
(hotp ) = [ WPde + [ (Vi) = sV (o)) o da > (4.13)

0 1 0 B
| e =5 [ et ol

Recall that function ¢o(0) = 0 ,so by the Hardy enequality that the right hand side of
(4.13) is nonnegative. Lemma is proved.

Let us proceed to the proof of theorem 4.2 .

Let A(U) be the operator (4.7) with the potential U, h™(U) = P"h(U). It follows

from theorem 4.1 that there are such numbers 4 > 0 and mg > 0 that
infh™((14+¢e0)V) > B(lm|—m+1) > B,|m| > my. (4.14)
Futhermore, if m < 0 for small ¢y > 0, then
inf(h™((1 4+¢e0)V)) > B,
and consequently for large ag
inf(h™((14¢e0)V)) > B. (4.15)

Hence to prove the theorem it suffices to show that (4.15) also holds for all 0 < m < mg
and some small eg > 0. Let my be fixed, |mq| < mg, ¥ be an arbitrary function from

C3(R?) such that P™4) = 1 and let
T=(iV, +A) - B.

It follows from the absence of virtual levels that one can find such a positive constant ¢
that

(L—e) (T, )+ (Vib, ) > 0. (4.16)
Let us take g < (1 — £)™* — 1.Then (4.15) holds if

L[] = (1= )T, ) + (Vi,v) 2 0.

Thus we have

LI) = (1= (T ) + (Vo) + ST, )+ (.17)
(V= V)sw) = (1= (T ) + (1= )(Veb, )4
ST 0) 4+ (V= V)ow) + 5 (Ve, o),

10



where v € (0,1) will be chosen later. It is clear that

(1 =e)(Te, )+ (1L =7)(Ve,4) =20

and we must show that
L[] = %(T%/M/)) (Vb o)+ (V= V)ip,40) 2 0 (4.18)

for suitably chosen v and ay.
Let ¢g* be the eigenfunction of the operator Ty™ = ToP™, where

9 B , .0 B ,
TO = (Za—rl — ng) —|— (Za—m — Zrl)

corresponding to its minimal eigenvalue B; Py be a projector in £,( R*) on the correspond-
ing subspace ,P; = [ — Py. It is obvious that

S(T4,0) = S(TPub, Poth) + S (TPus, Put) 2 (4.19)

eB, 0 , ¢B 0 5
7”873770%/)’\ ‘|‘7Ha—743771¢H -

Further, for any e; > 0
(V) = [ VIPo + Prpfdr > (4.20)

JIPV () = eV + [ 1PPV(r) = et V()] b,

and

(V=V)i,¢) =2 ({(V = V) = a1V = V[} P, Pop )+ (4.21)
{V =V) = [V = VI}Pib, Prth).
The potential V(r) is bounded and for small y > 0

A [PV - s VDY < 2Pl (122)

Moreover,

V= V] =V(r)x(r| = ao) < co(l + ag) >

and for large ay one has
eB
(Y = V) = V= V}Prdb, Prd)| < —=[IPud || (4.23)

It follows from (4.19)-(4.23) that for small v and large ao
e, 0
La[y] = —Ha—%Po%/)HQ +y{V(Ir]) = e VUrDIYPot, Poy)+ (4.24)

11



([(V=V) =&V = V|[Po, Pot).
Let us note that(V — V) < 0 for large a¢ and

{V=V)=—aly =V} =0 +e)(V = V).
The function Pyrp may be rewritten in the form

Poy = g (r1,7m2) f(73)

with some function f. Thus it follows from (4.24) that Lq[¢)] > 0 if the one dimensional
operator
92

87“32

L) —

+ Vi(r3) (4.25)

with the potential
Vi(rs) = 2e7 /{V[V(|r|) — V)l = (L +e)(V = V) g (r1,mo)[Pdrdry - (4.26)

has no discrete spectrum.
Now we can apply lemma 4.1 to this operator. Since virtual levels of i are absent, we
have

JVUrDleg (rasra)Pdradrs > 0.

So if €1 is small and aq is large [ Vi(r3)drs is also positive. Furthermore, it is clear that
Vi(rs)| < co(1 4 [rs]) 7% (4.27)

The constant ¢g in (4.27) can be chosen an arbitrarily small for small v > 0 and large
ap. Due to lemma 4.1 to prove the theorem one has only to show that for suitable
v > 0,e1 > 0,a0 > 0 the inequality

Vilrs) = lVi(rs)| 2 (0 + lral) (1.25)

holds with - -
w= (f Malaldrs) ([ Vatra)dra) ™

For fixed v > 0 one can take g1 > 0 so small and aq so large that

1
o1 [ VArDIeg (rasra)Pdrdre < 7 [ VArDIgg (1, ) Pdrads,

and
m 2 1 m 2
(14 e0) [ (VA = VUrD)Igs (rasra) Pdradry < 2y [ VD ()P,

12



In this case
i < o = A VDI raera) P [ 1Vl . mo) ).

Let us pick v > 0 small and aq large such that for the constant ¢y the inequality
1 -1
co < 1(1 + li)

holds. Then (4.28) follows from (4.27). The theorem is proved.
Theorem 4.3. Let the operator h have no discrete spectrum and the potential
V(|r|) have a compact support. Then one can find such a positive number a that for any

e C3(R?)
L[y] = /|T3|<a{|WT + AW = Bl + V(|| dr > 0. (4.29)

Proof. The proof relies upon
Lemma 4.2 . Let the potential V' be as in Theorem 4.3. Let oy be the eigenfunction
of the operator Ty = Ty P™,

.0 B .0 B
TO = [(la—rl — ZTQ) + (Za—rz + Zrl) ] (430)
corresponding to its minimal eigenvalue B. Let g(r) € C3(R?),g(r) — ¢yt for any fized
r3, f(r3) € CF(RY),g(r) =0 for|rs| < a

U(r) =g (r1,m2) f(rs) + g(r), (4.31)

and the enequality (4.29) does not hold. Then the operator h has discrete spectrum.
Proof of lemma 4.2 Define the sequence of functions

77Z)n :¢6n1(r17r2)fn(r3)+g n:2,3,...,

where fn(r?)) = f for |T3| S avfn = 0 for |T3| Z navfn = f(a);f)l__n;) for T3 € [avna]vfn =

f(—a) _T;’(;T;) for r3 € [—na, —a]. If the inequality (4.29) does not hold, then for large n

(htfn, ¥n) < Bllthul]* = infoess(h)llval,

which proves the lemma.
Proof of theorem 4.3. Due to the absence of virtual levels one can find such a
number 4o > 0 that

Li[o]) = (1 — 50){(Totbo, to) + H%@/’OHQ} + (Vapo, tho) > 0, Vapo € CH(R®).  (4.32)

13



Let u(t),v(t) € C*(RL),v* +v* = 1L,u = 0 for t > 1,u = 0 for ¢ <
maz{(u')?+ (v")?}. By a; we denote such a number that a; > 2[coB~1y5 ']z and V(r) =0
for |r| > %. We shall prove by contradiction that (4.29) holds for all @ > ay . Let us
assume that (4.29) does not hold for some function ¢» .Then one can find such a weight
my that it does not hold for the function ¥y = P™ also. The function ¥, has the form

1 =gt (re,r2) f(rs) + g. (4.33)

where ¢ — ¢y, There are two possibilities.
If g(r) =0 for |r| > ay, then the enequality (4.29) results from lemma 4.2.
Suppose now that g(r) # 0 for || > a;. By 10 we denote the function

Yro(r) = 5 (rr2) f(rs) + g(r)ullrslag ). (4.34)

and let ¢y =

—hO [

It suffices to show that

Ly[hio] = /|7«3|<a1[(1 — {11V + A )t o — Bl o} + V(|71 0 ]dr < 0. (4.35)

Then the statement of the theorem will follow from this inequality and lemma 4.2.
Let us now prove (4.35). Since V(|r|)v(|rslar’) = 0 for large a;, one has

Lix) = Lalnol +90 [ AV, + Al = Blin*}dr— (4:36)

|r3|<a1

ay*(1 - ’70)/ l9I*[o™(Irslay ") + u™(frs|a; )]

|r3|<a1

The last term here is bounded by

ai*(1—=70) /

|r3|<a1

l9I*[v"(Irslar ) +u™(Jrslay)]dr < (1—70)00%_2/ lg*dr < (4.37)

|r3|<a1

1 .
S0=v000B [ gl <0 [ {160V + Al = Bl Y.

ra|<ay |ra|<a1

Taking into account that L[] < 0, we obtain from (4.36),(4.37)that

Ly[h10] < L[] <0,

which contradicts the absence of virtual levels by lemma 4.2. The theorem is proved.
Throughout the rest of the paper we study the operator h with the potential V (|r|)
such that [V(|r|)| has a compact support and for some a > 0, V|r|) € C(|r| > a),V(|r|) >
0 for |r| > a and V(a) > 0 , whose properties are used in the final part of the proof of
main theorem in Section3.
Let w(t),v(t) be the same functions as in the proof of theorem 4.1, P be the pro-
jector in L,(R?) onto the eigensubspace of the operator Ty (see proof of the theorem
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4.2) corresponding to the eigenvalue B. In contrast to Py, P is the projector onto the
infinite-dimensional subspace.

Theorem 4.4 . Let the operator h have no discrete spectrum. Then for any & > 0
one can find such a number b > 0 that for all ¢ € 03(1%3)

— 2,2 2 Y2 2 2
L= [ PR + P+ [ gl + e

0
V¢, ¢) + ((To = B)gu, gu) > —5{!\6—73@/)!\2 +1lgl*}.

where g = (I — P .

Proof Theorem follows from the next two lemmas:

Lemma 4.3 . For an arbitrary v > 0 and v > 0 one can find such a number
mo = mo(y,v1) that for all my,|mq| > mo and any function

P(ri,re) = @5t (r1,r2) + g(r1, r2),

where PP™ ™" = pi't, P g = g, the inequality

Y(Tog, 9) + (Vio,90) = v(B — 1) |lg|”

holds.

Lemma 4.4 . Let my be a weight of the representation of the SO(2) group and
0 > 0 be a fired number. Then one can find such a constant b > 0 that for any ¢ €

CE(R?), P™y =1,0 =i (r1,r2)f(ra) + 9,9 — pg* the inequality holds:

L= [ SR e P + ) 5Pl + -l
(4.38)
(Vi) [ (B = Blgullinf® + a1 gullInf* + a1 s
ST 1P + gl

Proof of lemma 4.3 . It is easy to see that for ¢ < 1 the potential Vi(|r|) =
V(|r|]) — €|V (]r|)| is nonnegative for |r| > a and Vi(a) > 0 .For such a potential there
exists a positive number mg; such that for all r3 and all mq, [mq| > mg; the inequality

(g Vallrl), g) > 0 (4.39)

takes place. Further,

(Vib, ) = (w5 V(Ir[), 90™) + 2Re(eg V(Ir]), 9)+ (4.40)
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(Vg,g) > (V —<lVDert, o0, ) + (V=271 V])g, 9)

It follows from the last two relations that it is sufficient to show that

Lolg] = v(Tog, 9) + (V =7 [V])g,9) = v(B — )9’ (4.41)

v(t) be the functions defined in the beginning of this subsection,

for large |mq|. Let u(t),
Yoo = o([|r1]* + |r1]*]67).As in the proof of the theorem 4.1 we

w = u([[r* + |r*]o”
have:

Lolg] = Lolgu] = cb™||gull* + Lolgv] — cb™||gu]|? (4.42)
for some positive constant ¢. The function gu has a compact support and therefore as in
the proot of theorem 4.1 we get that

Lolgu] — eb™||gul* = vB|lgu|)*. (4.43)
Moreover, if b is large, then
b~ [lgull* < ymllgvll*.
Recall that V(|r]|) = 0 for r € suppv. Along with the previous estimate this yields that

Lolgv] — cb™?||gv||* = (Togv, gv)—
llgoll* = (B —n)llgv]?,

which completes the proof.

Proof of lemma 4.4 . Let b > 0 be a large number such that V(|r|) = 0 for
|r| > b.Asuume temperarily that f(rs) = 0 and g(r) = 0 for |rs| > b. By ¢ we denote
the function ¥; = ¢y f + gu. Then

L) = ((h = BYénsn) = 15 Pl () PO = (Ul + a7 = (440
2]%6/—(,90 rl,rg)a—gudr.
87"3
Because of the decay properties of the function g (r1,73) ,we have for large b
2 1 mi 5
1L = )25 | = ¢ (4.45)
and
dg dg
Re/—c,oo (ri,re) == 29 dr = —Re/—c,oo (ri,re) == (1 —u)dr > (4.46)
8 T3 a s
5 dg 6, dg af
H—H2 Ha—% (ri.r2)(1 = u)l* = = H—H2 QHaTHZ
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For ((h — B){1,11) > 0, it follows from (4.44)-(4.46) that if g(r) = 0 and f(r3) = 0 for
|rs| > b, the inequality (4.38) holds and lemma is proved. Using the same argument as in
the poof of thorem 4.3, it is easy to show that (4.38) holds also for functions that do not
vanish for |r3| > b. Lemma is proved.
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