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SYMMETRIC DESIGNS ON LIE ALGEBRAS ANDINTERACTIONS OF HAMILTONIAN SYSTEMSDenis V. JurievErwin Schr�odinger International Institute for MathematicalPhysics, Pasteurgasse 6/7, Vienna, A-1090, AustriaDecember 6, 1994Abstract. Nonhamiltonian interaction of hamiltonian systems is considered. Dy-namical equations are constructed by use of symmetric designs on Lie algebras. Theresults of analysis of these equations show that some class of symmetric designs onLie algebras beyond Jordan ones may be useful for a description of almost periodic,asymptotically periodic, almost asymptotically periodic, and possibly, more chaoticsystems. However, the behaviour of systems related to symmetric designs with addi-tional identities is simpler than for general ones from di�erent points of view. Thesefacts con�rm a general thesis that various algebraic structures beyond Lie algebrasmay be regarded as certain characteristics for a wide class of dynamical systems.Many important classical hamiltonian dynamical systems are connected withLie algebras [1,2] or their nonlinear generalizations [3]. An interaction of hamilton-ian systems may be of di�erent kinds. First, it may be hamiltonian, i.e. de�nedby a subsidiary term Hint in the hamiltonian and, possibly, by a certain (mayberather nonlinear) deformation of initial ("free") Poisson brackets. Second, it maybe nonhamiltonian, i.e. with nonconservative (nonpotential) forces of interaction,however, one may suppose that it is still nondissipative, i.e. the total energy is con-served. To describe algebraic structures governing such interactions is an importantunsolved problem of mathematical physics. There exist, at least, two approachesto the problem. The �rst approch associates the nonhamiltonian interaction withcertain deformations or generalizations of the initial algebraic structures (Lie alge-bras) such as f.e. isotopic pairs [4] or general (nonlinear) I{pairs [5]. The secondapproach de�nes such interaction by use of subsidiary algebraic structures on Liealgebras.Key words and phrases. Classical dynamics, Lie algebras, hamiltonian systems, nonhamilto-nian interaction, triple systems. Typeset by AMS-TEX1



De�nition 1 [6]. A design1 on a Lie algebra g is a g{equivariant algebraic structureon it.In the paper [6] the Jordan designs on Lie algebras were considered, and therelated nonhamiltonian dynamics was explored. the results con�rmed the supposi-tion that the formalism of Jordan designs may be a useful tool for an investigationof asymptotically almost periodic systems.However, some generalizations of Jordan designs may be useful, too. At least,there are no any self{evident reasons to be restricted by a Jordan structure2. Soit is rather natural to try to verify other algebraic structures as possible "govern-ing" objects for nonhamiltonian interactions, and to specify the class of dynamicalsystems, which is convenient to describe by them.This paper is devoted to a certain class of designs on Lie algebras, which maybe of an interest.De�nition 2. A symmetric design on a Lie algebra g with the commutator [�; �] is ag{equivariant structure of a triple system on g with a trilinear operation h�; �; �i suchthat hX;A; Y i = hY;A;Xi (8A;X; Y 2 g) and [A; hX;A;Xi] + [X; hA;X;Ai] = 0(8A;X 2 g).Remark 1. If a Lie algebra g admits two symmetric designs with trilinear operationsh�; �; �i0 and h�; �; �i00 then it admits an in�nite family of symmetric designs withtrilinear operations � h�; �; �i0 + � h�; �; �i00. It means that symmetric designs on a�xed Lie algebra form a linear space.It seems that a linear space of all symmetric designs on a Lie algebra possessesa subsidiary hidden algebraic structure, its unravelling is an important problem,which is, unfortunately, out of a general line of the present paper.Example 1. Let A be an associative algebra with an involution �. The Lie algebrag = fX 2 A : X� = �Xg is supplied by, at least, two structures of symmetricdesigns: hX;Y; i0 = XY Z +ZY X, hX;Y;Zi00 = 12 (XZY +ZXY + Y XZ + Y ZX).Example 2. A Lie algebra g with an invariant bilinear form h�; �i is supplied by, atleast, two structures of symmetric designs: hX;Y;Zi0 = hX;Y iZ + hZ; Y iX andhX;Y;Zi00 = hX;Zi Y .Example 3. An arbitrary Lie algebra g possesses a symmetric design with the tri-linear operation hX;Y;Zi = �([[X;Y ]; Z]+ [X; [Y;Z]]). This symmetric design willbe called canonical. Note that hX;X;Xi = 0 in a Lie algebra with the canonicalsymmetric design3.Note that the trilinear operations h�; �; �i0 of examples 1 and 2 are Jordan tripleproducts, considered in [6].1 An English word "design" is used here as a rough translation of an original Russian term"uzor". Probably, such translation is not the best because the English word "design" is reservedfor another mathematical object. However, we shall use it but only as a translation of the Russian"uzor".2 This argument was formulated by Prof. D.V. Alekseevski�� in a private talk (ESI, 30 Nov.1994) with the author.3 Remark 2. Unfortunately, the author is not acknowledged on an implicit axiomatic de�nitionof the canonical symmetric triple product. Certainly, its construction does not claim a presence2



De�nition 3. Let g be a Lie algebra with a symmetric design h�; �; �i. Di�erentialequations ( _At =fH; Atg+ � hBt; At; Bti_Bt =fH; Btg � � hAt; Bt; Atiwhere (At; Bt) 2 g � g, f�; �g is a Lie{Poisson bracket, H = H1 + H2 + Hint ofinteraction, are called the dynamical equations associated with the symmetric designon the Lie algebra g.These equations generalize a certain partial case of dynamical equations relatedto Jordan designs [6].Note that the dynamical equations associated with the canonical symmetric de-sign look like coupled Landau{Lifschitz equations (see [7]). However, a certain prin-cipal di�erence exist | our dynamical equations are linear by an internal state andquadratic an by an external �eld whereas the Landau{Lifschitz equations and theiranalogs are linear by an external �eld and quadratic by an internal state. Namely,such form of dynamical equations provides the conservative law for a whole system.If g admits a nondegenerate invariant bilinear form h�; �i, then it is reasonable toconsider an interaction hamiltonian in the form a hA;Bi+ b hhA;B;Ai ; Bi. In thiscase the dynamical equations will be rewritten in the form:( _At =fH1; Atg+ a[Bt; At] + � hBt; At; Bti+ 2b hhBt; BtjAt; Atii_Bt =fH2; Btg � a[Bt; At]� � hAt; Bt; Ati � 2b hhBt; BtjAt; Atiiwhere hhA;BjX;Y ii =12 ([A; hX;B; Y i] + [B; hX;A; Y i]) =� 12 ([X; hA;Y;Bi] + [Y; hA;X;Bi]):Let's consider the simplest model example of a Lie algebra so(3). In this case thelinear space of all symmetric designs is two dimensional, and is spanned by designsof either exaple 1 or example 2. The hamiltonians Hi will be linear hamiltoniansof rotators H1 = h
1; Ai, H2 = h
2; Bi, moreover, 
1 = 
2 = 
. This is just ageneralization of a situation described in [6].A symmetric design on so(3) will be considered as a deformation of the Jordandesign of [6], i.e. hX;Y;Zi" = hX;Y iZ + hY;ZiX + 2" hX;Zi Y . Dynamicalequations have the form (cf.[6]):( _A =[
; A] + a[B;A] + 2� hA;BiB + 2�" hB;BiA+ 2b hA;Bi [B;A]_B =[
; B]� a[B;A]� 1� hA;BiA � 2�" hA;AiB � 2b hA;Bi [B;A]It is convenient to put � = hA;Bi, � = hA;Ai + hB;Bi, � = hA;Ai � hB;Bi.Then _� = 0 whereas(1) ( _� =� 2�(1 + ")��_� =8�� 2 + 2�"(�2 � �2)of a Lie algebra, one may use only a structure of a Lie triple system (intimately related toabstract symmetric spaces). Canonical symmetric designs systematically appear in descriptionsof dissipative dynamics (see f.e. [7] and refs wherein).3



Let's express � via �, � = 12p�q _�2 � �"(�2 � �2), and substitute the resultedexpression into the equation for _� . A di�erential equation on � is derived, namely,(2) �� + 4�(1 + 2")� _� + 4�2"(1 + ")(�2 � �2)� = 0:First, let's investigate a behaviour of the system of di�erential equations (1)qualitatively. Such behaviour essentially depends on the value of ". For all valuesof " the system has two boundary critical points � = 0 and � = ��; if �1; "; 0 ithas also two proper critical points � = 0 and � = ���2 (� = p�", 0 < �; 1). If" = �1 there exists a critical curve �2 = �2 + 4� 2.The linearized system at the boundary critical point � = 0, � = �� has the form� _u =� 2��(1 + ")u_v =� 4�"�v(� = u, � = ���v) whereas this system at the proper critical point � = 0, � = ���2has the form ( _u =� ��(1� �2)�v_v =8���u(� = �(��2 + u), � = v).If proper critical points do not exist (i.e. " < �1 or " > 0) one of boundarycritical points is attractive and another is repulsive; such situation is not interesting.On the contrary, if �1 < " < 0 the boundary points are hyperbolic, whereas properones are elliptic. Therefore, only two cases (" = �1 and �1 < " < 0) will beconsidered.Case 1 (" = �1). The symmetric design h�; �; �i�1 is just canonical one.The system (2) has the form( _� =0_� =2�(�2 + 4� 2 � �2)So � = �0 whereas � = { cth 2{�t ({ =p�2 � 4� 20 ).Complete dynamical equations have the form( _A =[
; A] + (a + 2b�0)[B;A] � �(�� �)A + 2��0B_B =[
; B]� (a + 2b�0)[B;A] � 2��0A+ �(�+ �)BPut C = (� � {)A + 2�0B then C �!t!1 0, and hence, _A � [
; A], _B � [
; B], sothe dynamics is asymptotically periodic with period 
 independent on the initialconditions.Case 2 (�1 < " < 0). Let's put � = sin�=2 then the system (1) is written as(3) ( _� =� 2� cos2 �2 ��_� =8�� 2 � 2� sin2 �2 (�2 � �2)4



whereas the equation (2) has the form�� + 2� cos � � _� � �2 sin�(�2 � �2)� = 0:Note that the symmetric design h�; �; �i is Jordan i� " = 0 or " = �1=2. The leastcase corresponds to � = �2 . The system (3) is transformed into(5) ( _� =� ���_� =8�� 2 � �(�2 � �2)whereas the equation (4) is rewritten as(6) �� � �2(�2 � �2)� = 0:It describes an evolution of an anharmonic oscillator, the solutions are expressedvia elliptic functions (and hence, the dynamics (5) is periodic).However, the detailed analysis of the complete dynamical equations seems to bebeyond purely analytic methods and claims special numerical computations.The situation for arbitrary � 6= �2 is similar.In spite of the uncompleteness of the drawn picture the obtained (partially qual-itative) results con�rm an initial supposition of Prof. D.V. Alekseevski�� that someclass of symmetric designs on Lie algebras beyond Jordan ones may be also usefulfor a description of almost periodic, asymptotically periodic, asymptotically almostperiodic, and possibly, more chaotic dynamical systems. Such designs, really, mayfrom only a bounded domain in the whole linear space of all symmetric designs ona Lie algebra. Also some special points of this domain, really, may have a greaterimportance, if they are related todesigns with additional identities for the trilinearoperation (f.e. the Jordan designs). In such points the dynamics either possessesadditional explicitely integrable components and asymptotically invariant tori orsimpli�es its behaviour qualitatively. This fact con�rms the general thesis that var-ious algebraic structures beyond Lie algebras may be regarded as certain implicit(hidden) internal characteristics for a wide class of dynamical systems.The author thanks Erwin Schr�odinger International Institute for MathematicalPhysics, and Prof. P. Michor in particular, for a support, stimulating atmosphereand a kind hospitality. References1. Arnold, V.I., Mathematical methods of classical mechanics, Springer{Verlag, 1978.2. Dubrovin, B.A., Novikov, S.P., and Fomenko, A.T., Modern geometry { methods and appli-cations, Springer{Verlag, 1988.3. Karasev, M.V., and Maslov, V.P., Nonlinear Poisson brackets: geometry and quantization,Amer. Math. Soc., R.I., 1993.4. Juriev, D., Topics in nonhamiltonian interaction of hamiltonian dynamic systems, E{print(Texas Archive om Math. Phys.): mp arc/94-136 (1994).5. Juriev, D., On the nonhamiltonian interaction of two rotators, E{print (MSRI Archive onDi�. Geom. and Geom. Anal.): dg-ga/9409004 (1994).6. Juriev, D., Jordan designs on Lie algebras and nonhamiltonian interaction of hamiltoniansystems, E{print (Texas Archive on Math. Phys.): mp arc/94-384 (1994). (in Russian)7. Bloch, A., Krishnaprasad, P.S., Marsden, J.E., and Ratiu, T.S.,The Euler{Poincar�e equationsand double bracket dissipation, Preprint ESI (Vienna) 73 (1994).5


