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THE GEOMETRY OF L.
N.J.KALTON, A. KOLDOBSKY, V.YASKIN AND M.YASKINA

ABSTRACT. Suppose that we have the unit Euclidean ball in R™ and
construct new bodies using three operations - linear transformations,
closure in the radial metric and multiplicative summation defined by
|zl x+oz = v/||z||k||z|z. We prove that in dimension 3 this procedure
gives all origin symmetric convex bodies, while this is no longer true in
dimensions 4 and higher. We introduce the concept of embedding of a
normed space in Lo that naturally extends the corresponding properties
of Ly-spaces with p # 0, and show that the procedure described above
gives exactly the unit balls of subspaces of Lg in every dimension. We
provide Fourier analytic and geometric characterizations of spaces em-
bedding in Lo, and prove several facts confirming the place of Lo in the
scale of L,-spaces.

1. INTRODUCTION

Suppose that we have the unit Euclidean ball in R™ and are allowed to
construct new bodies using three operations - linear tranformations, mul-
tiplicative summation and closure in the radial metric. The multiplicative
sum K +¢ L of star bodies K and L is defined by

[l 4o = V2l x|z, (1)

where ||z||gx = min{a > 0: =z € aK} is the Minkowski functional of a star
body K. What class of bodies do we get from the unit ball by means of these
three operations?

We are going to prove that in dimension n = 3 we get all origin-symmetric
convex bodies, while in dimension 4 and higher this is no longer the case.
However, the class of bodies that we get in arbitrary dimension also has a
clear interpretation. We introduce the concept of embedding in Ly and show
that the bodies that we get by means of these three operations are exactly
the unit balls of spaces that embed in L.

The idea of this interpretation comes from a similar result for L,-spaces
with p € [—1, 1], p # 0. Namely, if we replace the multiplicative summation
by p-summation

1
s, = (2l + 1) (2)
then we get the unit balls of all spaces that embed in L,. The case p = 1

is well-known (see [G2, Corollary 4.1.12]) and the unit balls of subspaces of
L1 have a clear geometric meaning - these are the polar projection bodies
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(see [B]). On the other hand, it was proved by Goodey and Weil [GW]
that if p = —1 (this case corresponds to the radial summation) then we get
the class of intersection bodies in R™. As shown in [K4], intersection bodies
are the unit balls of spaces that embed in L_;. The concept of embedding
in L,, p < 0 was introduced in [K3| as an analytic extension of the same
property for p > 0, see [KK2] for related results. The result of Goodey and
Weil can easily be extended to p € (—1,1), p # 0. Note that this construction
provides a continuous (except for p = 0) path from polar projection bodies
to intersection bodies, which is important for understanding the duality
between projections and sections of convex bodies. One of the goals of this
article is to fill the gap in this scheme at p = 0 and better understand the
geometry of this intermediate case.

Another interesting similarity of our result with other values of p is that
for p = 1 the procedure defined above gives all origin-symmetric convex
bodies only in dimension 2. This follows from a result of Schneider [S]
that every origin-symmetric convex body is a polar projection body only in
dimension 2. When p = —1 we get all origin-symmetric convex bodies only
in dimensions 4 and lower, because, by results from [G1], [Z], [GKS], only
in these dimensions every origin-symmetric convex body is an intersection
body. The transition between the dimensions 2 and 3 in the case p =1 and
the transition between the dimensions 4 and 5 in the case p = —1 directly
correspond to the transition between the affirmative and negative answers
in the Shephard and Busemann-Petty problems, respectively. It would be
interesting to find a similar geometric result corresponding to the transition
between dimensions 3 and 4 in the case p = 0. We refer the reader to the
book [K5, Chapter 6] for more details and history of the connection between
convex geometry and the theory of L,-spaces.

2. THE DEFINITION OF EMBEDDING IN L.

A compact set K in R™ is called an origin-symmetric star body if every
straight line passing through the origin crosses the boundary of K at exactly
two points, the boundary is continuous, and the origin is an interior point
of K. We denote by (R",| - ||x) the Euclidean space equipped with the
Minkowski functional of the body K. Clearly, (R", |- || k) is a normed space
if and only if the body K is convex. Throughout the paper, we write (R", [|-])
meaning that || - || is the Minkowski functional of some origin-symmetric star
body.

A well-known result of P.Lévy, see [BL, p. 189] or [K5, Section 6.1], is
that a space (R™, || - ||) embeds into Ly, p > 0 if and only if there exists a
finite Borel measure p on the unit sphere so that, for every x € R™,

loll? = [ e Pdu). Q
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On the other hand, the definition of embedding in L, with p < 0 from [K3]
implies that a space (R", | - ||) embeds into L,, p € (—n,0) if and only if
there exists a finite symmetric measure p on the sphere S”~! so that for
every test function ¢,

_ —p-1
[ elrotwyis = [ au) [ 10t dnear @

Both representations (3) and (4) are invariant with respect to p-summation.
This gives an idea of defining embedding in Ly by means of a representation
that is invariant with respect to multiplicative summation. Note that the
multiplicative summation is the limiting case of p-summation as p — 0.

Definition 2.1. We say that a space (R™, || - ||) embeds in Lg if there exist
a finite Borel measure j1 on the sphere S"' and a constant C € R so that,
for every x € R,

inflal = [ (e ldn()+ C. (5)

While being similar to (3) and (4), this definition has its unique features.
First, the measure p must be a probability measure on S™~!. In fact, put
x=ky, k> 01in (5). Then

Ink+n|yl = /

S’I’L

» Ink du(€) + /

S_Jmuysmw@»+c
and, again by (5) with z = y, we get Ink = g, Ink du(§), 50 [gn1 du(§) =
1.

Secondly, the constant C' depends on the norm and can be computed
precisely. In order to compute this constant, integrate the equality (5) over
the uniform measure on the unit sphere. We get

C. sl = / ln||:c||d:c—/ / In |(2, 0)] dp(0)dz
Sn—l Sn—l Sn—l
_ / ln||x||d:c—/ / In |(z, 0)] dz dpu(0)
Sn—l Sn—l Sn—l
= / 1n||:c||d:c—/ In|(z,0)|dz,
Sn—l Sn—l

since [g,—1 In|(z,0)|dx is rotationally invariant and, therefore, is a constant
for € S™ !, and p is a probability measure.

To compute the latter integral, use the well-known formula (see [K5, Sec-
tion 6.4])
[ @opa =2 T LD
gn-1 I((n+p)/2)

Differentiating with respect to p and letting p = 0 we get

ol O de — w072 [LA/2) - ~T(n/2)
/Sn_ll (2, 0)]d T~ V)
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Note that
sty = 20
I'(n/2)
N '(n/2)
1 1 1T(n/2
C=— " In ||z]|dz — ——=I"(1/2) + = = 1=)
B /Sn_l nllelde = 52 /2D + 5T
Let us remark that Definition 2.1 is equivalent to the following. A finite-
dimensional normed space X = (R",| - ||) embeds into Ly if and only if
there is a probability space (2, ) and a linear map 7' : X — M(Q, u)
(where M(Q, 1) denotes the space of p—measurable functions on §2) such
that

In ||z|| = /an|Tx(w)| dp(w), z e X.

(Here the integrals are also assumed to converge.) Indeed if such an operator
T exists we can write it in the form

Tz(w) = h(w)(z, &(w)), reX

where h: Q — Rt and € : Q@ — S™! are measurable. Then

/ In|(z,&(w))|dx > —oc0
Sn—l

so that it follows for some = € S" ! w — In|(z,&(w)| is p—integrable.
Hence so is In k and further

In [12]| = / In h(w) dp(w) + / In |(z, £(w))|dp(w).

Now we can induce a probability measure i/ on S"! by i/(B) = p{w :
¢(w) € B} and we have the same situation as Definition 2.1.

One advantage of this viewpoint is that we can make sense of the state-
ment that an infinite-dimensional Banach space embeds into L.

3. A FOURIER ANALYTIC CHARACTERIZATION OF SUBSPACES OF L

As usual, we denote by S(R"™) the space of infinitely differentiable rapidly
decreasing functions on R™ (test functions), and by S'(R") the space of
distributions over S(R™).

We say that a distribution is positive (negative) outside of the origin in R™
if it assumes non-negative (non-positive) values on non-negative Schwartz’s
test functions with compact support outside of the origin.

The Fourier transform of a distribution f is defined by ( 1, o)y = (f, ¢§> for
every test function ¢.

Let ¢ be an integrable function on R™ that is also integrable on hyper-
planes, let £ € S, and let t € R”. Then

Ro&0 = [ owds
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is the Radon transform of ¢ in the direction £ at the point t. A simple

connection between the Fourier and Radon transforms is that for every fixed
£ e R"\ {0}

o(s€) = (RO(&:1))" (s), VseR (6)

where in the right hand side we have the Fourier transform of the function
t = Ro(E: ).

The fact that the Fourier transform is useful in the study of subspaces

of L, has been known for a long time. A well-known result of P.Levy is

that a finite dimensional normed space (R", || - ||) embeds isometrically in
Ly, 0 < p < 2if and only if exp(—|| - ||P) is a positive definite function
on R”. It was proved in [K2] that a space (R",|| - ||) embeds isometrically

in L,, p > 0, p ¢ 2N if and only if the Fourier transform of the function
I'(—p/2)||z||P (in the sense of distributions) is a positive distribution outside
of the origin. If —n < p < 0 a similar fact was proved in [K3]: a space
(R™,]| - ||) embeds in L, if and only if the Fourier transform of | - ||P is a
positive distribution in the whole R™. These characterizations have proved
to be useful in the study of subspaces of L, and intersection bodies, see [K5,
Chapter 6]. In this section we prove a similar characterization of spaces that
embed in L.

Theorem 3.1. Let K be an origin symmetric star body in R™. The space
(R™ || - llx) embeds in Lo if and only if the Fourier transform of In ||x| k is
a negative distribution outside of the origin in R™.

Proof. First, assume that (R™,|| - ||x) embeds in Lj. Let ¢ be a non-
negative even test function with compact support outside ofA the origin. By
the definition of embedding in Lo, formula (6)(note that ¢ = (27)"¢ for
even ¢) and the Fubini theorem,

(llzl)®,¢) = (nllz], dz))
— /Snl/nln (@ €)16(e) d du(€) +C | o)

= [ mld, / ) dz) dpu(€)

= o [ [ nla @otee) ar duce ©

since [gn $(2)dz = (2m)"¢(0) = 0. Now, the formula for the Fourier trans-
form of In |¢| from [GS, p.362] implies that

(In|2)" (t) = =t~ <0 (8)

outside of the origin, so (7) is negative (recall that ¢ is non-negative with
support outside of the origin). This means that (In||z|)" is a negative
distribution .

To prove the other direction, note that, by [K5, Section 2.6], a distribution
that is positive outside of the origin coincides with a finite Borel measure
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on every set of the form
Ax (a,b)={zeR":z=1t0,t € (a,b),0 € A},

where A is an open subset of S ! and 0 < a < b < cc.

Denote by u = —(In ||z||)". This distribution coincides with a finite Borel
measure on each set A X (a, b), as above, so for any test function ¢ supported
outside of the origin

(2, 6) = (0)
= | éla)dn(x) )

Now for every test function ¢ with support outside of the origin and ¢t > 0,

we have (¢(z/t))" (z) = t"d(tz), so

(u(x), p(x/t)) = —((nlz|)" (x), p(x/t))
In ||z||qb(tz)t”dz

Il
\

R"
_ / H() | 27

= - [ é@mlalds il [ d@)s
_ / o) In |7 dz

= (=), o(x)). (10)

Let X ax(q,p) De the indicator of the set A x (a, ). Approximating x 4x(q,p)
by test functions and using (10), we get for any (a, b) C (0,00) and A C "1

P b)) = [ Naxtan @)duta)
= [ s la/a)duta)

= /R XAx(1,b/a) (T)dp(z)
— j(Ax (1,b/a)).
Applying this formula n times,
(A X (1,a") = np (A x (1,a)) (11)

for n € N. Moreover, we can extend formula (11) to n € R. So, for any
€ (0,00), A C S™1

p(Ax[1,a)=p (A x [1,&%]) —Ina-pu(Ax[Le])
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Now for every (a, b) C (0,50) and A C 71 we have
p(Ax(a,0)) = p(Ax(1,b/a))
~ (S) (A % (1,¢))
— (In(b) — In(a)) (A x (1, ¢)).
Define a measure 1o on "1 by

for every Borel set A C S"~'. We have

[ dnol® [ e (@9t = (120) ~ 9(0)) (4
Sn-1 0
= u(Ax (b))
= [ Xean(@du@) (12

Therefore, for an arbitrary even test function ¢ supported outside of the
origin,

jwd) = [ o) [T oo
— 5 [ dua0) [ e oy (13)

since A, a, b are arbitrary in (12).
Using 11 = — (In||z]))", we get

(el .00 == [ duo®) [ [t o(00)c.

Define a new measure fip = (27)"ug. By (8),(13) and the connection
between the Fourier and Radon transforms

1

7 - - ~ -1
(el 9(w)) = g [ di0) [ 1 otee)a

— /Sn_1<ln|z|,7€¢§(9;z)>dﬂ0(9)

_ /S djo(®) /R In 2| ( /(M):Z qu(x)dx) dz

= [ di(® [ wi@0)ld)ds
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Thus, we have proved that for any even test function ¢ supported outside
of the origin

ety = ([ mieoiamo®)6)

Therefore the distributions In [|z| and [q,_; In|(z, )| dfio(#) can differ only
by a polynomial. Clearly, this polynomial cannot contain terms homoge-

neous of degree different from zero, so it is a constant.
O

Remark 3.2. Let K be an infinitely smooth body. From the proof of the
previous theorem it follows that the measure p from Definition 2.1 is equal
to restriction of the Fourier transform of In||z||x to the sphere. In the next
section we are going to prove that this is a function, therefore

1
(2m)n

In particular, since p is a probability measure, for any infinitely smooth
body K we get

du(€) = — (In ||z )" (€)dE.

1
(2m)n

[ el e =1
Sn—l

4. A GEOMETRIC CHARACTERIZATION OF SUBSPACES OF Lj.

Let K be an origin symmetric star body in R™. The function pg(x) =
||| " is called the radial function of K. If x € S, p(z) is the distance
from the origin to the boundary of K in the direction of z.

The radial metric on the set of all origin symmetric star bodies is defined
by

p(K,L)= max |pk(x)— pr(z)|.
zeSn—1
Let ¢ € S ! and (x,€) = t be the hyperplane orthogonal to ¢ at the

distance ¢ from the origin. Define the parallel section function of a star
body K in the direction of £ by

AKé(t) =vol,_1(KN{(z,&) =t}), teR.

Let f be an integrable continuous function on R, m-times continuously
differentiable in some neighborhood of zero, m € N. For a number ¢ €
(m — 1, m) the fractional derivative of the order ¢ of the function f at zero
is defined as follows [K5, Section 2.5]:

1
['(—q)

£90) = oo [T (10 - 10 - 70 - -

2fm—l
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Note, that fractional derivatives of integer orders coincide with usual
derivatives up to a sign:

dk
F8(0) = (=1} S Oluco.

It was shown in [GKS] that if K has an infinitely smooth boundary then
the fractional derivatives of A ¢(t) can be computed in terms of the Fourier

transform of the Minkowski functional raised to certain powers. Namely, for
qe (Cv q # n— 17

RS A
A9 (o :‘30572< —n+q+1> 14
20 = = (el ) @ (14)
A
and, in particular, <||:U||I_("+q+1> is a continuous function on R™ \ {0}.

)

Here we extend Aggg(()) from the sphere to the whole R" as a homogeneous

function of the variable £ of degree —g — 1. Note that <A§3,)g(0)7 ¢) is an
analytic function of ¢ for any fixed test function ¢.

In our next Theorem we use a limiting argument to extend formula (14)
to the case g =n — 1.

Let D be an open set in R", f, g two distributions. We say that f = g on
Dif (f,¢) = (g, ¢) for any test function ¢ with compact support in D.

Theorem 4.1. Let K be an infinitely smooth origin symmetric star body

i R™. Extend A%gl)(()) to a homogeneous function of degree —n of the

variable ¢ € R"\{0}. Then (In||-||x)" is a continuous function on R™\ {0}
and

A%gl)(O) _ _COS(T((T;-_ 1)/2) |- )" (©). (15)

as distributions (of the variable £) acting on test functions with compact
support outside of the origin. In particular,
i) if n is odd

(In lallx)" (€) = (-1 2r AR (0), € eR™\ {0}
i) if n is even, then for £ € R™\ {0},

22 n— 4
0 Ae(z) — Ae(0) — A{(0) 5 — ... — Af z(z)mdz

(n |2/l x)" (€) = an /0

where a, = 2(—1)"2t1(n — 1)!

ZTL

Proof. Let us start with the case where n is odd. Let ¢ be a test function
supported outside of the origin.
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Using formula (14) for ¢ close to n — 1, we have

(9) cos(mq/2) —ndg+IA

(A0 00) = (o] 1)" 9. 0(6))
cos(mq/2)

= m<||$||_n+q+laé5($)>

= B ol e )

cos(mq/2) :
m ” o(x)dz

—ntq+l _ 9
_ cora/2) [ el L orda,
T n n—q—1

since [pn d(x)dz = (27)"¢(0) = 0. Taking the limit of both sides as ¢ —
n — 1, we get

(Al M), 06) = (

~ cos(m(n—1)/2)

(In l211)" (£), 6(€) )

since

dore = — [ wlaléla)da
= (- (nflel)" () 6(6)).

When n is odd the formula of i) follows immediately.
When n is even, both sides of (15) are equal to zero, and we repeat the
reasoning from Theorem 1 in [GKS]. Divide both sides of (14) by cos(%!)

A
(el )" (© 49,(0)
(e 09) = e ()
and take the limit of both sides when ¢ — n — 1.

We have already proved that

G aEaNG .
Jim (S A 6(0) = (= (nlal) (€),6(0)

for any test function ¢ supported outside of the origin.
A((I) (
K7§
qr

2
tives in exactly the same way as it was done in [GKS, Theorem 1].

. |||ttt — 1
g—n—1 Jgn n—q—1

To compute the limit of we use the definition of fractional deriva-

o Ae(2) = Ac(0) = AU(0)2 — . — AT (z) 22
lim F(—q)Agg?g(()):/ ¢(2) ¢(0) ¢(0)% (2)

g—n—1 0 2"
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and
. . (¢g+Dm 7 5 1
_ T Ry )
i T(=g) sin =5 AR Py
Combining these two formulas we get the formula in the statement ii) of
the Theorem. O

An immediate application of Theorem 4.1 is

Corollary 4.2. Let K be an infinitely smooth body in R™. Then
i) if n is odd, (R™,|| - ||x) embeds in Lo if and only if

()2 V0 20, Ve e s

ii) if n is even, (R™, ||-||x) embeds in Lo if and only if, for every & € S,

oo _ AN 22 An—2(,\ 272
(_1)(n+2)/2/ Ag(2) = Ag(0) — AL(0) 5 — .. = AL (2) oy o,
0 2" B
Corollary 4.3. Every 3-dimensional normed space (R™,|| - ||x) embeds in

Lo.

Proof. The unit ball K of a normed space is an origin-symmetric convex
body. First assume that K is infinitely smooth. By Brunn’s theorem the
central section of a convex body has maximal volume among all sections
perpendicular to a given direction. Therefore, for any & the function Ag ¢(t)
attains its maximum at ¢ = 0, hence A% (0) < 0. So, by Theorem 4.1, for
smooth convex bodies in R? the distribution —(In ||z||)" is positive outside
of the origin, and our result follows from Theorem 3.1. For general convex
bodies the result follows from the facts that any convex body can be approx-
imated by smooth convex bodies and that positive definiteness is preserved
under limits. In fact, let {K;} be a sequence of infinitely smooth convex
bodies that approach K in the radial metric. Then for any non-negative
test function ¢ supported outside of the origin we have

—/R In||z|| e, ¢(2)dz = (—In ||2|x;, d(x)) = (= (In 2] x,)"(€), ¢(£)) = 0
Since K; approximate K there is a constant C' > 0, such that
I |2l ;| < C + [In|zlaf,

therefore the functions |In|z| x,¢(x)| are majorated by an integrable func-

tion (C + | In|z|s|)|¢(z)| and by the Lebesgue Dominated Convergence The-
orem we get

~lim [ el d@ds = = [ lelsé)ds
= (el ) (), 6(6)) > 0
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Our next result shows that that the previous statement is no longer true
in R® n > 4.

Theorem 4.4. There exists an origin-symmetric convex body K in R",
n > 4 so that the space (R™, || - || k) does not embed in Lyg.

Proof. It is enough to construct a convex body for which the distribution
—(In||z||)" is not positive. The construction will be similar to that from
[GKS].

Define fy(z) = (1 — 22 — Nz*)'/3, let ay > 0 be such that fy(ay) =0
and fy(z) > 0 on the interval (0, ay). Define a body K in R* by

K ={(z1, 22, 23,24) € RY: x4 € [—an, an] and\/x% —I—l‘% —I—xg < fn(zg)}.

The body K is strictly convex and infinitely smooth. By Theorem 4.1,
2
20 Ag(z) — Ag(0) — A’g’(O)%dz

—ammm%&w:mA

1
z
The function A ¢ can easily be computed:
4
A e(z) = ?”(1 — 22— Na#)
We have
© Agzx) = A0) — ALO)F  ar 11
7} d ——(—NaN+———3).
0 Z 3 an  3ay

The latter is negative for N large enough, because N4 gy = 1as N — oo.
O

5. ADDITION IN Lg

It is clear from the definition that the class of bodies K for which (R, || -
||x) embeds in Lg is closed with respect to multiplicative summation, i.e. if
two spaces (R™, ||| x,) and (R™, ||-||k,) embed in Ly and K = K;+( Ko, then
(R™ || -]|x) embeds in Ly. In this section we are going to prove that the unit
ball of every space (R, || - ||x) that embeds in Ly can be obtained from the
Euclidean ball by means of multiplicative summation, linear transformations
and closure in the radial metric, i.e. it can be approximated in the radial
metric by multiplicative sums of ellipsoids.

Consider the set of bodies K for which (R", | - ||x) embeds in Ly. As
mentioned above, this set is closed with respect to multiplicative summation,
also from the proof of Corollary 4.3 it follows that this set is closed with
respect to limits in the radial metric. Let us show that it is closed with
respect to linear transformations. Suppose that (R™, || - |[x) embeds in L.
By Theorem 3.1 (In||z|[x)”" is a negative distribution outside of the origin.
Let T be a linear transformation in R"™, then for any non-negative test
function ¢ with support outside of the origin, we have
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(| Tzlx)" ) = (n|Tzlx. dz))
/ [T cd(x)da

_ |detT|_1/ In |2k H(T~2)da
Rn

_ / In | s ($(T*y))" (2)dax
-

(In 2]l (&(T*y))" (),
= ((nfz]lx)" (v), o(T"y)) < 0.

So (In||Tz|| k)" is a negative distribution outside of the origin. By Theorem
3.1, (R™, || - |l7x) embeds in Lg.
Moreover, if (In ||z||)" is a function, then

(In || Tz])" (y) = | det T| " (In|[))" ((T™)"'y). (16)

To prove the main result of this section we need a few lemmas. For a
fixed x € S"7L, let F, () be an ellipsoid with the norm

r,0)2 1—(x,0)* 1/2 e
IIHIIEa,b(mF((GQ) - 22 )> , forfe st

Lemma 5.1. For all § € S™ 1,

A on=17n/2D(p /9 _n
<1I1 ||£||Ea,b(m)>§ (9) = — an_lb( / )HHHEb,a(I)

Proof. For —n < A < 0 the following formula holds (see [GS, p.192]):

(1e8)" = 22 LRI

Dividing both sides by A, using the formula zI'(xz) = I'(1 4+ =) and sending
A — 0 we get

(Infa]z)" (€) = =2" 2"/ D(n/2)[€]; ",

as distributions outside of the origin. Note that, by rotation, it is enough to
prove Lemma for the ellipsoids E, ;(x) with z = (0,0, ...,0,1).

& g4+ 1\
lElpw =5+ ——) -
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Since this norm can be obtained from the Euclidean norm by an obvious
linear transformation, one can use formula (16) to get

A
<1n||£||Ea,b(m)>§ @) = -2 ' n/2r(n/2) b 1HOHEU 1/6(2)
2n 1 n/2r(n/2)
- D g

O

Lemma 5.2. Let K be a star body, then In||z|x can be approximated in
the space C(S™~1) by the functions of the form

1
funl®) = iy [ OO 0 (1)

as a — 0 and b is fized.

Proof. The proof is similar to that of [GW, Lemma 2]. First, note that the
space R™ with the Euclidean norm embeds in Lg, so (R™, || - ||g) embeds in
L for any ellipsoid E with center at the origin. Therefore, by Remark 3.2
and Lemma 5.1 we get

1
/5%—1 WHHHEb (z) dO =1,

for all values of a and b. From now on b will be fixed.
We have

1

In ||z(x — W/ 1n||9||K||9||Eb (z) 9'

1
< g L | el = 1615 00
1
= —— 1 In ||6 0 do
|S7=tan=1b /|(r6'|> ‘ ozl —In HK‘H HEb (z)
1
_ 1 In ||0 0 dé
+|S”_1|a”—1b /|(z6'|< ‘onHK nf HK‘H HEb (z)
=1 + I

For the first integral I; use the uniform continuity of In ||z||x on the sphere.
For any given € > 0 there exists ¢ € (0, 1), ¢ close to 1, so that |(z,0)| > ¢

implies |1n |zl x — In ||9||K| < ¢/2. Therefore

1
B = g ] gy el 1L IO

sl [ | < 5
9 |Sn—1|an—1b \(2,0)|>5 Eab(m —2'

IN
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Now fix § chosen above and estimate the integral I5 as follows

1
L = / [ 2l = 0|01, 0
2 157 1an=1b J (. 0)<s Ep.a(2)

C(n,b, K n
e e
a |(z,0)|<d '

IN

where
2maxgn-1 |In||z| x|

|5 1b
For the latter integral we use an elementary formula (see e.g. [K5, Section
6.4])

C(n,b,K) =

/ f((x,0))do = |S™ 2|/ =32 p()dt,  for x € S™L.
[(z,0)|<d
Now,
C(an )[Sn2] N e A
I < / AR+ dt
<n b, K)|5" 2|/ 2) (- 3/2<1—t2>‘”/2dt
= 2
a
= a-C(n,b, K)|S™ 2|/ )32t
n—2

Now we can choose a so small that Io < ¢e/2. |

Lemma 5.3. If 1 is a probability measure on S™' and a,b > 0, then the
function

f@) = [ e,y dute)

can be approzimated in C(S™1) by the sums of the form

m

1
> —jelg,
i

i=1 4"
where E1,...,E,, are ellipsoids and 1/p1 + -+ 1/py = 1.

Proof. Let 0 > 0 be a small number and choose a finite covering of the
sphere by spherical o-balls By (n;) = {n € S" ! :|n—mn| < o}, ni € S*°1,
i=1,...,m=m(d). Define

EU(&I) = Bcr(gl)
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and

1—1
Bo(¢) = Bo(&)\ | Bo(§)), fori=2,...m.
j=1

Let 1/p; = j( By (&))- Clearly, 1/py + -+ 1/py, = 1.
Let p(Eq5(§), x) be the radial function of the ellipsoid E, (€), that is

P(Ea,b(g)ax) = ||$||;;i’b(§)-
Note that p(Eqp(§), ) = p(Eap(z), ), therefore
|p(Eap(§), %) — p(Eap(8), )| < Caplé = 0],

with a constant C,; that depends on a and b. Also note that, since we
consider a close to zero and b fixed, we may assume

a<p(Eap(&),z) <b, xe s
Then,

[ mpEa©). )6 = 3 I plEunt€i) )| =

<

P(Eap(é), )
p(Ea,b(gi)v l‘)

1 PEap(&), ) + [p(Eap(§), 2) — p(Eap(&i), 2)]

In

du(é) <

du(é) <

< z / o Im=Cgle — e dute) <

< |m(1+Cy40)|,

and the result follows since ¢ is arbitrarily small.
O
Now we are ready to prove the following

Theorem 5.4. Let K be an origin symmetric star body in R™. The space
(R™ || - |[x) embeds in Lgy if and only if ||z||x is the limit (in the radial

1/p1 1/pm

metric) of finite products |||z ||zl g,

and 1/py+ -+ 1/pp = 1.

, where Eq,...,E,, are ellipsoids

Proof. The “if” part is a consequence of the fact that Ly is closed with
respect to the three operations as discussed above.
The proof of “only if” part easily follows the Lemmas we have proved.
Suppose that (R™, ||-||x) embeds in Ly with the corresponding probability
measure £ on S"! and constant C. By Remark 3.2, (R™, ||| g, »(x)) embeds
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in Ly with the measure —ﬁ (In||z||£)" (8)df and some constant CEg,,-
Note, this constant does not depend on x. We have

[ el o)

= [ mleol (~ e ) (mlele,m) | @) +C,

= [ i olaue) + ] (~ ) (el ) @00

+CEg,, — Ck

1 A
= [0 (o) (o) @5, -

1 A
= [ Wl (=g ) (wlslin ) @+ C -~

1
_ 7/ In 19118157 )8 + C, , — Cic

|Sn—1|an—1b
In Lemma 5.2 we proved that In ||z|| x can be uniformly approximated by
the integrals of the form
1
m/s 1n||9||K||9||Eb (z) do,

as a — 0. Therefore, using the previous calculations, one can see that
In ||z||x can be uniformly approximated by

[ el (e + €

Hence, by Lemma 5.3, In||z|x can be uniformly approximated by the
sums

m

1
> —Inzllg +C".
im1 P
Replacing E; by another ellipsoid Ej given by ||$||1E//p1 = eC/||x||}E/1p1, we
1
get the statement of the Theorem.
(]

Corollary 5.5. Any convez body in R? can be obtained from the Euclidean
unit ball by means of three operations: linear transformations, multiplicative
addition and closure in the radial metric.

Proof. As was proved in Theorem 5.4, any convex body can be approx-
imated by the finite products of the type [lz||p; U ||x||gmpm

number 1/p can be approximated by the sums
1 1 1

Since any
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the result follows.
O
A proof similar to that of Theorem 5.4 can be used to show that the
previous theorem holds for p-summation with —1 < p < 1, p # 0, in place
of the multiplicative summation.

Theorem 5.6. Let K be an origin symmetric star body in R™. The space
(R™, || - || k) embeds in L,, =1 <p <1, p # 0 if and only if ||z||5 is the limit
(in the radial topology) of finite sums ||x|, +-- -+ |z, , where Ey,....En
are ellipsoids.

6. CONFIRMING THE PLACE OF Lo IN THE SCALE OF L,-SPACES.

In this section we establish the relations between embedding in Ly and
in L, with p # 0, which confirm the place of L between L, with p > 0 and
p < 0. We are going to use the following result from [K3, Theorem 1]:

Theorem 6.1. An n-dimensional homogeneous space (R™, || - ||x) embeds in
L_,, p€(0,n) if and only if |z|| is a positive definite distribution.

We also use a well-known result of P.Levy (see [BL, p.189], also [BDK]
for the infinite dimensional case):

Theorem 6.2. A space (R",| - ||k) embeds in Ly, p € (0,2] if and only if
the function exp(—||z||%) is positive definite.

Now we are ready to prove

Theorem 6.3. Let K be an origin symmetric star body in R™. If the space
(R™, || - [[x) embeds in Lo then it also embeds in L_p,, 0 < p < n.

1/p1

Proof. By Theorem 5.4, ||z i is the limit of finite products ||z ™" - - - ||$||gmpm

Consider |z||” for 0 < p < n. It is the limit of the products of the form

||$C||;;1/p1 e ||:c||;3m/pm. Using the formula
2 ¥ o1 20112
ol 7 = g | e (-2l
L'(p/2) Jo
we get
¢] o0
_ /o . B
||$||E1/p1 . H:””Em/p — C/O /0 tl{/m /P
X eXp(—t%HtzEl - t?onHzEm)dtl o 'dtma
where
2m
C= .
L(p/2p1) - T'(p/2pm)
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Therefore, for any non-negative test function ¢ we have

(el G2l PmNE), 9(0) = (el Z2/PE - el 2P, d(x)) =

—C/ / 75zo/p1 1 tp/pm—l

x(exp(—8lel}, — - — 2 |lel},), d(x))dty - -dty, =
_C/ / tP/Pl 1 tp/pm—l
x{(exp(=t1]lallE, — - = tollzlE,)) " (€), $(€))dtr - - - i

We claim that the latter expression is non-negative. Indeed, (R", ||z| g) em-
beds in Ly for any ellipsoid, therefore the 2-sum of ellipsoids #7]|z(|%, +
-+ t2||lz||7,  embeds in Ly, and hence by Theorem 6.2, the function
exp(—t%”x”%l — - — &2 ||lz[|F, ) is positive definite. Now the fact that
|zl "), ¢) > 0 follows by an approximation argument, as in Corollary

4.3.
U

Theorem 6.4. Let K be an origin symmetric star body in R™. If the space
(R™, || - [|x) embeds in L_, for every p € (0,¢€), then it also embeds in Ly.

Proof. The space (R",| - | k) embeds in L_,, so by Theorem 6.1 the
distribution ||z||™? is positive definite. Then for every non-negative test
function ¢ supported outside of the origin,

—/ In || z||¢(x)dz im = (Ilwll"’—l)é(w)dw
Rn P-’Op

I
i

= hm ||x|| P(x)dx > 0.

The result follows from Theorem 3.1.
O

Theorem 6.5. There are normed spaces that embed in Lg, but do not embed
in Ly, forp > 0.

Proof. As proved above, every 3-dimensional normed space embeds in Ly,

hence lg’ with ¢ > 2 does. On the other hand, lg’, q > 2 does not embed in
L, for 0 < p <2 (see [K1]).

O

Let us also mention that one can use the approach of [KK1] to produce

examples in the same spirit. It follows from [KK1], Proposition 3.5 that

R @5 £1 does not embed isometrically into L, for p > 0; hence neither does
R @4 ¢} for large enough n.

Proposition 6.6. For any n € N the space R @3 ] embeds in Ly.
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Proof. Let (f,)?2; be a sequence of functions on some probability space
which are independent and 1-stable symmetric, so that E(e®/i) = e~ (i.e.
the f; have the Cauchy distribution). Then it is clear that

n n
Eln|) a;fjl =) |ajl.
j=1 J=1
Indeed this follows from the fact that

1 /1
—/ n|$|d:17:0.

T oo 1+ 22

On the other hand if f = 377, a;f; where > %, [a;| = 1 then f has the
Cauchy distribution and so has the same distribution as g;/g2 where g1, g2
are independent normalized Gaussians. Hence

Eln|a+ bf| = E(In|ags 4+ bg1| — In|g2|)
= In(a® + bz)%.

Now for any ag, a1, . ..,a, € R we have

n n 2
Elag+ Y a;fil =1 { aol* + O la;])?

j=1 g=1
This shows (using the remarks at the end of §2) that R &9 ¢} embeds into
Ly for every n. U

Theorem 6.7. Let K be an origin symmetric star body in R™. If the space
(R™, || - [[x) embeds in Ly, , 0 < pg < 2, then it also embeds in L.

Proof. Since (R, |- ||x) embeds in Ly, 0 < po < 2, by [K3, Theorem 2] it
also embeds in L_j, for any p € (0,n) and hence, by Theorem 6.4, it embeds
in L().

U
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