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Perelomov problem and inversion of theSegal-Bargmann transformNeretin Yuri A.We re
onstru
t a fun
tion by values of its Segal-Bargmann transform at points ofa latti
e.1. Formulation of the result. Fix � > 0. For a fun
tion f 2 L2(R), wede�ne the 
oeÆ
ients
m;k = Z 1�1 e�ikx��mxf(x)e�x2=4 dxwhere m, k range in Z. We intend to re
onstru
t f by 
m;k. As Perelomovshowed, this is impossible for � > �; for � 6 �, the problem is overdetermined(see [6℄-[7℄, [2℄, more re
ent results in [5℄, [3℄). There are many ways for re
on-stru
tion of f . We propose a formula that seems relatively simple and relatively
losed.Denote q := e�2�� . De�ne the 
oeÆ
i
ientsEm(� ) = (�1)mqm(m�1)=2Q1l=1(1� ql)3 Xj>0(�1)jqj(j+2m+1)=2 (1)Then f(x) = ex2=4Xm nEm(� )em�xXk 
m;keikxoThe interior sum is an L2-sum of a Fourier series, the exterior sum is a.s.
onvergent series.2. Preliminaries on �-fun
tions. Let 0 < q < 1. DenoteR(z; q) := (1� z) 1Yn=1(1� qn)(1� zqn)(1� z�1qn) = 1X�1(�1)nznqn(n�1)=2(this is the Ja
obi triple identity, see, for instan
e, [1℄). Obviously,R(qz; q) = �z�1R(z; q)Iterating this identity, we obtainR(qnz; q) = (�z)�nq�n(n�1)=2R(z; q) (2)The fun
tion �(z) = exp�� 12 ln q ln2 jzj+ 12 ln q ln jzj	 (3)satis�es the requren
e equation �(qz) = jzj�1�(z). Hen
e jR(z; q)j 
an be rep-resented in the formjR(z; q)j = �(z) (z); where  (qz) =  (z) (4)1



Obviously R0(1; q) = ddxR(x; q)���x=1 = �Y(1� qn)3Di�erentiating (2) and subsituting z = 1, we obtainR0(qn; q) = (�1)nq�n(n�1)=2R0(1; q) (5)3. Interpolation problem. Denote g(x) = f(x)e�x2=4. By the Poissonsummation formulaem�x 1Xk=�1
m;keikx = 1Xj=�1 g(x + 2�j)e�2��mjDenote the right-hand side of this identity by Am Consider the fun
tionGx(z) := 1Xj=�1 g(x+ 2�j)zjde�ned in the domain C n 0, Gx(qm) = AmWe obtain an interpolation problem for holomorphi
 fun
tions, and solve it ina standard way (see [4℄).DenoteeGx(z) = 1Xn=�1An R(z; q)(z � qn)R0(qn; q) = 1Xn=�1An (�1)n+1qn(n�1)=2Q(1� qj)3 R(z; q)(z � qn)(6)Obviously, Gx(qn) = eGx(qn) (7)Hen
e, Gx(z) = eGx(z) + R(z; q)�(z) (8)for some fun
tion �(z) holomorphi
 in C n 0.Lemma. Gx(z) = eGx(z), i.e., �(z) = 0.Our �nal formula is a 
orollary of this lemma. Indeed, g(x) is the Laurent
oeÆ
ient of Gx(z) in z0; it remains to evaluate the Laurent expansion of(z � qn)�1 1Xl=�1(�1)lzlql(l�1)=2Assuming jzj > qn, we obtain(z�1 + z�2qn + z�3q2n + : : : ) � 1Xl=�1(�1)lzlql(l�1)=22



and we obtain (1) as a 
oeÆ
ient in the front of z0.4. Proof of Lemma. We represent the identity (8) in the formGx(z)=R(z; q) = eGx(z)=R(z; q) + �(z) (9)For a fun
tion �(z) we denoteMk[�℄ := maxjzj=qk+1=2 j�(z)jWe intend to analize the behavior of these maxima for summands of (9) ask !�1.A) First, 1 > ZRjf(x)j2dx = Z 2�0 � 1Xj=�1 jf(x + 2�j)j2� dxHen
e (by the Fubbini theorem) the valueVx := 1Xj=�1 jf(x+ 2�j)j2is �nite for almost all x.B) By the S
hwartz inequality,jGx(z)j = ���X f(x + 2�j)e�(x+2�j)2=4zj��� 66 �X jf(x+ 2�j)j2�1=2�X e�(x+2�j)2=2jzj2j�1=2 == V 1=2x � he�x2R(�jzj2e�2�x�2�2 ; e�4�2)i1=2Applying (3)-(4), we obtain for jGx(z)j an upper estimate of the formjGx(z)j 6 exp� 14�2 ln2 jzj+O(ln jzj) + O(1)	 (10)In parti
ular,jAmj = jGx(qm)j 6 exp� 14�2 ln2 q m2 +O(m) +O(1)	By (5), R0(qm; q) = exp��m2 ln q=2 + O(m) + O(1)	Sin
e (� ln q) = 2�� < 2�, we obtain the following estimatejAm=R0(qm; q)j 6 exp��"m2	3



C) Consider the fun
tion (it is one of summands in (9)Mk� eGx(z)=R(z; q)℄ = MkhXm AmR0(qm; q) � 1z � qm i 6 X e�"m2jqk+1=2� qmjNext, jqk+1=2 � qmj = qmj1� q�m+k+1=2j > qm(1� q1=2)This implies the boundedness of the sequen
e Mk[�℄.Se
ondly, jqk+1=2 � qmj > qk+1(1� q1=2)Hen
e, Mk[�℄ tends to 0 as k !�1.D) By (4) Mk�R(z)�1� � �(z)�1���jzj=pk+1=2By (3), (10) Mk�Gx(z)=R(z; q)�! 0 as k !�1E) We haveMk��(z)� 6Mk�Gx(z)=R(z; q)�+Mk� eGx(z)=R(z; q)�ThusMk[�(z)℄ tends to 0 as k !�1; and remains bounded as k ! +1. Sin
e�(z) is holomorphi
 in C n 0, we have �(z) = 0.A
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