B N - AR AR FE AR st e AR R ARV RS AR
EJDJ. Institute for Mathematical Physics

AL UA LA II S CI S

A-1090 Wien, Austria

Perelomov Problem and Inversion
of the Segal-Bargmann Transform

Yuri A. Neretin

Vienna, Preprint ESI 1657 (2005)

Supported by the Austrian Federal Ministry of Education, Science and Culture
Available via http://www.esi.ac.at

June 1, 2005



Perelomov problem and inversion of the
Segal-Bargmann transform
NERETIN YURI A.

We reconstruct a function by values of its Segal-Bargmann transform at points of

a lattice.
1. Formulation of the result. Fix 7 > 0. For a function f € L*(R), we
define the coefficients

(o]
Yk = / e—ikx—fmxf(x)e—xQ/él dx
— 00
where m, k range in Z. We intend to reconstruct f by v, . As Perelomov
showed, this is impossible for 7 > m; for 7 < 7, the problem is overdetermined
(see [6]-[7], [2], more recent results in [5], [3]). There are many ways for recon-
struction of f. We propose a formula that seems relatively simple and relatively
closed.
Denote ¢ := ¢~ 27, Define the coefficicients

En(r) = (1) gtz (1)

(_1)mqm(m—1)/2
M0 0P 2
Then

z) = e/ Z{Em(T)emm Zymykeikx}
m k

The interior sum is an L?-sum of a Fourier series, the exterior sum is a.s.
convergent series.

2. Preliminaries on f-functions. Let 0 < ¢ < 1. Denote

R(zq9) = (1—2) H 1—4¢") 1—zq")(1—z_1q"):Z( 1)"z"q"(" n/2
(this is the Jacobi triple identity, see, for instance, [1]). Obviously,
R(qz;q) = =2 ' R(z;q)
Iterating this identity, we obtain

R(¢"z;q) = (—2) "¢ """/ R(z; ) (2)

The function

1 1
n(z) :exp{—anqln2|z|—|—§lnqln|z|} (3)

satisfies the requrence equation 7(qz) = |z|7'n(z). Hence |R(z;q)| can be rep-
resented in the form

|R(z; )| = n(2)¥(2);  where ¢(gz) = 9(2) (4)



Obviously
d
1) — - _ _
R = TRwq)| _ =-T[0-¢"

Differentiating (2) and subsituting z = 1, we obtain

R(q"5q) = (=1)"q """ VPR (15q) (5)
3. Interpolation problem. Denote g(z) = f(x)e_x2/4. By the Poisson
summation formula
Z Pymykeik‘x — Z g(x + 27Tj)6—27Tij
k=—o00 j=—00

Denote the right-hand side of this identity by A,, Consider the function

Gy(z) = Z g(x +2m5) 27
j=—00
defined in the domain C\ 0,
Gx(qm) = Am

We obtain an interpolation problem for holomorphic functions, and solve it in
a standard way (see [4]).

Denote
0 n+1 n(n—1)/2 .
- S a5, GO0 R
e C A VA U ) R [T —¢)3  (2—¢")
(6)
Obviously, B
Go(q") = Ge(q") (7)
Hence, _
Go(2) = Go(2) + R(z;9)a(z) (8)

for some function «(z) holomorphic in C\ 0.

LEMMA. G, (z) = Gy(2), ie., az) = 0.

Our final formula is a corollary of this lemma. Indeed, ¢g(x) is the Laurent
coefficient of G (z) in 2%; it remains to evaluate the Laurent expansion of

(Z_qn)—l Z ( 1)lzlql(l 1)/2
l=—0c
Assuming |z| > ¢”, we obtain
(Z—1+Z—2qn+z—3q2n+.”). Z ( l)l lql(l 1)/2
l=—0c



and we obtain (1) as a coefficient in the front of z°.
4. Proof of Lemma. We represent the identity (8) in the form

Gu(2)/R(z19) = Gu(2)/R(z10) + a(2) (9)
For a function ®(z) we denote

Mi[®]:= max |®(z)]

|2|=gk+1/2

We intend to analize the behavior of these maxima for summands of (9) as
k — foo.
A) First,

oQ

oo>/ﬂg|f(x)|2dx:/027r( > If(x+27rj)|2) dz

J=—00
Hence (by the Fubbini theorem) the value
Vy = Z |f(x + 277)|?
j=—00

1s finite for almost all z.

B) By the Schwartz inequality,

<

G(2)| = flx + 275 e~ (@42m)* /4
/

< (L e+ amip) " (L eremi i) o

2 2 2 1/2
— L. [e—x R(—|z|2e2ma=2m", g=4r )}

Applying (3)-(4), we obtain for |G;(z)| an upper estimate of the form
|Gx(7)] gexp{#lnz|z|—|—0(ln|z|)—|—0(1)} (10)
In particular,
Al = G2 (4™ < exp{ 5 In g m? + O(m) + O(1)}

By (5),
R'(¢"™;q) = exp{—m*Ing/2 + O(m) + O(1)}

Since (—In¢q) = 277 < 27, we obtain the following estimate

[Am /R (4™ 9)| < exp{—em®}



C) Consider the function (it is one of summands in (9)

B Am 1 e—am2
My [Gr(2)/R(z:19)] = Mk[z Rlmq) Z_qm} S Zm

m

Next,
¥ T2 — g = gL — TR S g (1 - ¢

This implies the boundedness of the sequence M[-].
Secondly,
T2 — g™ > F (1 - ¢

Hence, My[-] tends to 0 as k = —o0.

D) By (4)
MR~ L
By (3), (10)
My [Go(2)/R(7;9)] = 0 as k — +o0
E) We have

Me[o(2)] € Me[Ga(2)/ Rz 0)] + Mi [Go(2)/ Rz )]

Thus My [e(z)] tends to 0 as k = —oo; and remains bounded as & — +o00. Since
a(z) is holomorphic in C\ 0, we have a(z) = 0.
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