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Classroom proof of the density theorem forGabor systemsA.J.E.M. Janssen�Abstra
t.In this note we present a short and easy proof of the density theorem forGabor systems (g; a; b):(i) when (g; a; b) is a Gabor frame we have ab � 1,(ii) when (g; a; b) is a Riesz-Gabor basis we have ab � 1.1 Introdu
tionLet g 2 L2(R), a > 0, b > 0. We denote(g; a; b) = (gna;mb)n;m2Z; (1)and 
all this a Gabor system, where for f 2 L2(R) and x; y 2 R we use thenotation fx;y(t) = e2�iyt f(t� x) ; t 2 R ; (2)for the time-frequen
y translate of f over distan
e (x; y). Gabor systems havebeen studied extensively the last 15 years, the interest 
oming from signaltheorists and 
ommuni
ation theorists. The interest from signal theoristsis motivated by the question whether it is possible to expand any signalf 2 L2(R) as f = Xn;m 
nm gna;mb (3)�Philips Resear
h Laboratories Eindhoven WO-02, 5656 AA Eindhoven, The Nether-lands, E-Mail: a.j.e.m.janssen�philips.
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in a stable manner with (possibly non-unique) l2(Z2) 
oeÆ
ients 
nm. Statedsomewhat impre
isely, the signal theorists ask when the system (g; a; b) spansL2(R) in a de
ent manner. The interest from 
ommuni
ation theorists ismotivated by the question whether it is possible to retrieve any data set(dnm)n;m2Zuniquely from the data-modulated signalXn;m dnm gna;mb : (4)Stated somewhat impre
isely, the 
ommuni
ation theorists ask when the sys-tem (g; a; b) is suÆ
iently linearly independent. One should expe
t here thatone 
annot answer the signal theorists' question in the aÆrmative when aand b are large, and that one 
annot answer the 
ommuni
ation theorists'question in the aÆrmative when a and b are small.In modern Gabor theory, these two questions have been brought into apre
ise mathemati
al form, viz. whether the system (g; a; b) is a Gabor frameor a Riesz-Gabor basis for the signal theorists and 
ommuni
ation theorists,respe
tively. Furthermore, the following result has been obtained in this the-ory.Density theorem for Gabor systems(i) when (g; a; b) is a Gabor frame, then ab � 1,(ii) when (g; a; b) is a Riesz-Gabor basis, then ab � 1.In Se
. 2 we shall present de�nitions and preliminaries about Gaborframes and Riesz-Gabor bases. In Se
. 3 we present a proof of the density the-orem, based on the unitarity property of the short-time Fourier transform.This proof is short and easy, and 
an therefore be in
luded in a graduate
ourse on signal theory, 
ommuni
ation theory and modern applied Fourieranalysis. In Se
. 4 we 
omment on the underlying duality prin
iple for Gaborsystems a

ording to whi
h (g; a; b) is a Gabor frame if and only if (g; 1b ; 1a)is a Riesz-Gabor basis.2 Preliminaries from Gabor analysisThere are nowadays ex
ellent textbooks 
overing Gabor analysis, see [1℄,Ch. 4 and Se
s. 3.4{5, [2℄ and [3℄ (advan
ed Gabor theory and appli
ations),[4℄, Chs. 5{8 and 11{13, [5℄, Chs. 5{10. We brie
y present the main pointshere. We 
all (g; a; b) a Gabor frame when there are A > 0, B < 1 (frame2



bounds) su
h that for all f 2 L2(R)A kfk2L2 �Xn;m j(f; gna;mb)j2 � B kfk2L2 : (5)We 
all (g; a; b) a Riesz-Gabor basis when (g; a; b) is a Riesz basis for itslinear span: there are C > 0, D < 1 (basis bounds) su
h that for alld = (dnm)n;m2Z2 l2(Z2)C kdk2l2 � 


Xn;m dnm gna;mb


2L2 � D kdk2l2 : (6)Assume that (g; a; b) is a Gabor frame with frame bounds A > 0, B <1.Then the frame operator S is de�ned on L2(R) bySf = Xn;m (f; gna;mb) gna;mb ; f 2 L2(R) ; (7)and is a bounded, positive de�nite linear operator of L2(R). When nowf 2 L2(R), we have the representationf = S(S�1f) = Xn;m (S�1f; gna;mb) gna;mb ; (8)with L2(R) 
onvergen
e at the right-hand side of (8).It is here instru
tive to view the representation in (8) from the point ofview of generalized inverses in linear algebra. Assume that we have integersM , N withM � N � 1, and let x1; :::; xM 2 CN . The aim is to represent anyy 2 CN as a linear 
ombination of x1; :::; xM. Thus, letting X be the N �Mmatrix with 
olumns x1; :::; xM , we want to write an arbitrary y 2 CN asy = X
 with 
 2 CM . This is possible for all y if and only if the N � Nmatrix XXH is invertible (XH is the M � N 
onjugate transpose of X).When XXH is invertible, we have for any y 2 CNy = (XXH )(XXH)�1 y = X~
 ; (9)where ~
 = XH(XXH)�1 y does the job. There may be more 
's that do thejob for this y, but ~
 is spe
ial in the sense that it has minimum Eu
lideannorm among all 
 2 CN with y = X
.A

ordingly, reading gna;mb as 
olumn ve
tors xk, f as y, S as XXHand ((S�1f; gna;mb))n;m as ~
, we have that for any 
 2 l2(Z2) with f =Pn;m 
nmgna;mb there holdsXn;m j(S�1f; gna;mb)j2 �Xn;m j
nmj2 : (10)3



The frame operator S 
ommutes with all time-frequen
y shift operatorsimpli
itly involved in the right-hand side series in (7). This holds also forS�1, and using the symmetry of S and S�1, we get for the 
oeÆ
ients ~
nm =(S�1f; gna;mb) in the representation (8) of f~
nm = (f; S�1gna;mb) = (f; (S�1g)na;mb) = (f; Æ
na;mb) ; (11)where we have set Æ
 = S�1g. We 
all this Æ
 the 
anoni
al dual 
orrespondingto the Gabor frame (g; a; b). The Gabor system (Æ
; a; b) is also a Gaborframe, with frame bounds B�1, A�1 and frame operator S�1.Summarizing we have for a Gabor frame (g; a; b) and an f 2 L2(R) theL2(R)-
onvergent representationf = Xn;m (f; Æ
na;mb) gna;mb ; (12)and for any other representation f = Pn;m 
nm gna;mb with 
 2 l2(Z2), wehave Xn;m j(f; Æ
na;mb)j2 �Xn;m j
nmj2 : (13)Now assume that (g; a; b) is a Riesz-Gabor basis, see (6). We let forn0;m0 2 Z V = 
losed linear span of (gna;mb)n;m2Z; (14)Vn0 ;m0 = 
losed linear span of (gna;mb)n;m2Z;(n;m)6=(n0;m0) : (15)Furthermore, we let Pn0 ;m0 be the orthogonal proje
tion onto Vn0 ;m0 , and welet hn0;m0 = gn0a;m0b � Pn0 ;m0gn0a;m0bkgn0a;m0b � Pn0 ;m0gn0a;m0bk2 : (16)Due to the assumption we have that khn0 ;m0k is bounded between D�1 andC�1, and there is the biorthogonality relation(gna;mb; hn0 ;m0) = Ænn0 Æmm0 ; (17)where we have used Krone
ker's delta. Hen
e, when (dnm)n;m2Z2 2 l2(Z2), we
an uniquely retrieve the data dnm from the modulated signalPn;m dnm gna;mbas dn0m0 = �Xn;m dnm gna;mb; hn0 ;m0� ; n0;m0 2 Z: (18)In the pi
ture of generalized inverses from linear algebra, we now 
onsiderx1; :::; xM 2 CN with integer M , N su
h that 1 � M � N , and we let X4



be the N �M -matrix with 
olumns x1; :::; xM (as before). Now we want aleft-inverse Y H of X, i.e. an N �M -matrix Y su
h that Y HX = IM , so thatfor any 
 2 CM we 
an retrieve 
 from X
 as 
 = Y H(X
). This is possibleif and only if the M �M -matrix XHX is invertible, and then a possible
hoi
e for Y is X(XHX)�1. This 
hoi
e is spe
ial for the following reason.The 
olumns y1; :::; yM of Y all lie in the linear span of X and they satisfyyHk xl = Ækl. Hen
e yk 
an be obtained as a multiple of xk � Pkxk, where Pkis the orthogonal proje
tor of CN onto the linear span of xl, l 6= k.Sin
e the time-frequen
y shift operators f ! fna;mb are unitary and 
om-mute with the proje
tion operators Pn0 ;m0 , it follows thathn0;m0 = (ÆÆ
)n0a;m0b (19)where we have denoted ÆÆ
 = ho;o. Furthermore, (ÆÆ
; a; b) is a Riesz-Gaborbasis, with 
losed linear span equal to V and with basis bounds D�1, C�1(see (6)). Finally, when f 2 L2(R), the orthogonal proje
tion Pf of f ontoV is given byPf = Xn;m (f; ÆÆ
na;mb) gna;mb = Xn;m (f; gna;mb) ÆÆ
na;mb : (20)In parti
ular, there holds for f 2 L2(R)���Xn;m (ÆÆ
na;mb; f)(f; gna;mb)��� = j(f; Pf)j � kfk2 : (21)3 Proof of the density theoremBesides the preliminaries in Se
. 2, there is one more ingredient needed inproving the density theorem. This is what is 
alled in physi
s the resolu-tion of identity, [1℄, Se
s. 2.4 and 2.7, and in time-frequen
y analysis theorthogonality relation for the short-time Fourier transform, [4℄, Se
. 3.2, [5℄,Prop. 8.1.2. It reads as follows. Let f; h; g; 
 2 L2(R). Then (f; 
x;y) and(h; gx;y) belong to L2(R2) as fun
tions of x; y 2 R, and1Z�1 1Z�1 (f; 
x;y)(gx;y; h) dx dy = (g; 
)(f; h) : (22)We are now ready to prove the density theorem.Proof of (i). Assume that (g; a; b) is a Gabor frame. We shall �rst show that(g; Æ
) = ab, where Æ
 = S�1g as in (11). To that end we take f; h 2 L2(R)5



with (f; h) 6= 0. Now for any x; y 2 R we have from (12) and the propertiesof the time-frequen
y shift operators that(f; h) = (f�x;�y; h�x;�y) = Xn;m (f; Æ
na+x;mb+y )(gna+x;mb+y ; h) : (23)Integrating this identity over (x; y) 2 [0; a)� [0; b), we �ndab(f; h) = aZ0 bZ0 Xn;m (f; Æ
na+x;mb+y)(gna+x;mb+y ; h) dx dy == 1Z�1 1Z�1 (f; Æ
x;y)(gx;y; h) dx dy = (g; Æ
)(f; h) : (24)Here we have used dominated 
onvergen
e, also see (5), and (22). Hen
e(g; Æ
) = ab sin
e (f; h) 6= 0.Next 
onsider the two representationsg = Xn;m (g; Æ
na;mb) gna;mb = 1 � g + X(n;m)6=(0;0) 0 � gna;mb : (25)Then (13) applied with f = g yieldsXn;m j(g; Æ
na;mb)j2 � 12 + X(n;m)6=(0;0) 02 = 1 : (26)Hen
e ab = (g; Æ
) = (g; Æ
o;o) � 1, as required.Proof of (ii). Assume that (g; a; b) is a Riesz-Gabor basis. Take f 2 L2(R)with kfk = 1. By (17), applied with n = m = 0 = n0 = m0, and (19) and(22), we have1 = (ÆÆ
; g) = 1Z�1 1Z�1 (ÆÆ
; fx;y)(fx;y; g) dx dy == aZ0 bZ0 Xn;m (ÆÆ
na;mb; fx;y)(fx;y; gna;mb) dx dy (27)by dominated 
onvergen
e, see also (21). Applying (21), with f = fx;y andx; y 2 [0; a)� [0; b), we �nd1 � aZ0 bZ0 kfx;yk2 dx dy = ab kfk2 = ab : (28)Here it has been used that kfx;yk2 = kfk2 for x; y 2 R by unitarity of thetime-frequen
y shift operators. Hen
e ab � 1, as required.6



4 The duality prin
iple for Gabor systemsThe notions of Gabor frame and of Riesz-Gabor basis are intimately relatedthrough the duality prin
iple for Gabor systems. The following holds. Wehave that (g; a; b) is a Gabor frame if and only if (g; 1b ; 1a) is a Riesz-Gaborbasis, and the frame bounds A, B in (5) and the basis bounds C, D in(6) are related as C = abA, D = abB. The result is often referred to asthe Ron-Shen duality prin
iple, see [6℄. However, as is eviden
ed by thea
knowledgements se
tion, Subse
 1.4 in [6℄, this prin
iple was developedindependently and more or less simultaneously as well in [7℄ and [8℄, usingmethods that are quite di�erent from one another and from those in [6℄. Themethod given above to prove (i) and (ii) is 
ontained in the approa
h to theduality prin
iple used in [7℄. A further result of this duality prin
iple is thatÆ
 and ÆÆ
 in the proofs of (i) and (ii) are related as Æ
 = ab ÆÆ
 (here (i) is
onsidered with a, b while (ii) is 
onsidered with 1b , 1a instead of a, b).Referen
es[1℄ I. Daube
hies, Ten Le
tures on Wavelets, SIAM, Philadelphia, 1992.[2℄ H.G. Fei
htinger and T. Strohmer (eds.), Gabor Analysis and Algo-rithms: Theory and Appli
ations, Birkh�auser, Boston, 1998.[3℄ H.G. Fei
htinger and T. Strohmer (eds.), Advan
es in Gabor Analysis,Birkh�auser, Boston, 1998.[4℄ K. Gr�o
henig, Foundations of Time-Frequen
y Analysis, Birkh�auser,Boston, 2001.[5℄ O. Christensen, An Introdu
tion to Frames and Riesz Bases, Birkh�auser,Boston, 2003.[6℄ A. Ron and Z. Shen, Weyl-Heisenberg frames and Riesz bases in L2(Rd),Duke Math. J., 89, 237{282, 1997.[7℄ A.J.E.M. Janssen, Duality and biorthogonality for Weyl-Heisenbergframes, J. Fourier Anal. Appl., 1, 403{436, 1995.[8℄ I. Daube
hies, H.J. Landau and Z. Landau, Gabor time-frequen
y lat-ti
es and the Wexler-Raz identity, J. Fourier Anal. Appl., 1, 437{478,1995. 7


