
ESI The Erwin S
hr�odinger International Boltzmanngasse 9Institute for Mathemati
al Physi
s A-1090 Wien, Austria
Boundary Liouville Theory at 
=1Stefan FredenhagenVolker S
homerus

Vienna, Preprint ESI 1646 (2005) April 21, 2005Supported by the Austrian Federal Ministry of Edu
ation, S
ien
e and CultureAvailable via http://www.esi.a
.at



Boundary Liouville theory at 
 = 1Stefan FredenhagenInstitut des Hautes Etudes S
ienti�ques,F-91440 Bures-sur-Yvette, Fran
eVolker S
homerusServi
e de Physique Th�eorique, CEA Sa
lay,F-91191 Gif-sur-Yvette, Fran
eSeptember, 2004Abstra
tThe 
 = 1 Liouville theory has re
eived some attention re
ently as the Eu
lideanversion of an exa
t rolling ta
hyon ba
kground. In an earlier paper it was shown thatthe bulk theory 
an be identi�ed with the intera
ting 
 = 1 limit of unitary minimalmodels. Here we extend the analysis of the 
 = 1-limit to the boundary problem.Most importantly, we show that the FZZT branes of Liouville theory give rise to anew 1-parameter family of boundary theories at 
 = 1. These models share manyfeatures with the boundary Sine-Gordon theory, in parti
ular they possess an openstring spe
trum with band-gaps of �nite width. We propose expli
it formulas for theboundary 2-point fun
tion and for the bulk-boundary operator produ
t expansionin the 
 = 1 boundary Liouville model. As a by-produ
t of our analysis we alsoprovide a ni
e geometri
 interpretation for ZZ branes and their relation with FZZTbranes in the 
 = 1 theory.
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1 Introdu
tionThe study of ta
hyons and their 
ondensation pro
esses has been a longstanding 
hallengein string theory. During re
ent years, the interest in branes has added signi�
antly to therelevan
e of this issue sin
e open string ta
hyons o

ur in various 
on�gurations of stablebranes, the most important being the brane-antibrane system. Fortunately, unstablebrane 
on�gurations turned out to be mu
h more tra
table than bulk ba
kgrounds withinstabilities su
h as e.g. the 26-dimensional bosoni
 string. In fa
t, various di�erentapproa
hes have been employed over the last �ve years, in
luding string �eld theory (seee.g. [1℄ and [2℄ for a review), e�e
tive �eld theory models (see [3, 4℄ for some early work),and world-sheet 
onformal �eld theory (see e.g. [5, 6℄ and referen
es therein).In [7℄, Sen initiated the study of exa
t time-dependent solutions. One goal of his workwas to �nd a world-sheet des
ription of so-
alled S-branes [8℄, i.e. of branes that arelo
alized in time. In this 
ontext he proposed to add a 
osh-shaped boundary intera
tionto the usual world-sheet model of D-branes in a 
at spa
e-time,SS[X℄ = 14� Z� d2z ����X� ��X� + Z�� du� 
oshX0(u) : (1.1)Here, X0 denotes the time-
oordinate and we have 
hosen units in whi
h �0 = 1. Withsu
h an intera
tion term the open string ta
hyon be
omes large at early and late timesand hen
e, a

ording to an earlier proposal of Sen [9℄, is believed to dissolve the brane forjx0j ! 1. Unfortunately, the world-sheet model (1.1) appears to be ill-de�ned withoutan additional pres
ription to sele
t the proper va
uum. To resolve this issue, Sen arguedthat the appropriate 
hoi
e for super-string 
omputations would be determined by Wi
krotation from the 
orresponding Eu
lidean theory. This suggestion relates the study ofopen string ta
hyon 
ondensation to the so-
alled boundary Sine-Gordon modelSBSG[X℄ = 14� Z� d2z �X ��X + Z�� du� 
osX(u)in whi
h X = iX0 is a �eld with spa
e-like rather than time-like signature. All spatial
oordinates X�; � 6= 0; have been suppressed here sin
e their 
ontribution to the modelis not a�e
ted by the intera
tion.The boundary Sine-Gordon theory has been studied rather intensively, see e.g. [10,11, 12, 13, 14℄. Let us brie
y review some of the most important results. To begin with,we point out that the boundary intera
tion is exa
tly marginal so that the theory is1




onformal for all values of �. Properties of the model, however, depend 
ru
ially on thestrength � of the boundary potential. In fa
t, it is well known that variations of � allow tointerpolate smoothly between Neumann and Diri
hlet boundary 
onditions. The formerappear for all integer values of � (in parti
ular for � = 0, of 
ourse) while the latterare rea
hed when � 2 12 +Z. At these points, the theory des
ribes a one-dimensionalin�nite latti
e of D0 branes. From the geometri
 pi
tures we 
an infer that the spe
traof boundary ex
itations must also depend drasti
ally on the parameter �. In fa
t, at thepoints � 2Zwith Neumann boundary 
onditions, the open string spe
trum is 
ontinuous.If we now start tuning � away from these spe
ial values, the spe
trum develops band gapswhi
h be
ome wider and wider until we rea
h the Diri
hlet points � 2 12 +Zat whi
h thespe
trum is dis
rete. The �rst 
omputation of the spe
trum for generi
 values of � 
anbe found in [11℄ (see also [14℄ for a mu
h more elegant derivation).Despite of these signi�
ant insights into the stru
ture of the boundary Sine-Gordonmodel, there are several important quantities that remain unknown. This applies inparti
ular to the boundary 2- and 3-point fun
tions and the bulk-boundary operatorprodu
t expansions. In the string theoreti
 
ontext, these missing data determine thetime-dependen
e of open string 
ouplings on a de
aying brane and the ba
k-rea
tion tothe bulk geometry. Our desire to understand su
h important quantities is one of the mainmotivations to study the following, 
losely related world-sheet theory [15℄,STBL[X℄ = 14� Z� d2z ����X� ��X� + Z�� du�B expX0(u) : (1.2)This model has been named time-like boundary Liouville theory. Sin
e the ta
hyon van-ishes in the far past, the model seems to des
ribe a half-brane, i.e. a brane that dissolvesas time progresses. After Wi
k rotation X = iX0, the theory of the time 
oordinatebe
omes 1 2SBL[X℄ = � 14� Z� d2z �X ��X + � exp 2bX(z; �z) + Z�� du�B exp bX(u)��=0b=i : (1.3)We have written the intera
tion term for general parameters b and also added a similarintera
tion in the bulk, mainly to emphasize the relation with boundary Liouville theory.1Let us remark in passing that this model also arises in the 
ontext of 
ux line pinning in planarsuper
ondu
tors, see appendix F of [16℄2In writing this a
tion we think of the 
orresponding model as being de�ned through analyti
 
ontin-uation in the parameter b. This might be relevant for 
omparisons with previous results in models withexponential intera
tions. 2



What makes this relation so valuable for us is the fa
t that boundary Liouville theory hasbeen solved over the last years [17, 18, 19, 20, 21, 22, 23, 24, 25, 26℄. Needless to stressthat the solution in
ludes expli
it formulas for the bulk-boundary stru
ture 
onstants [24℄and the boundary 3-point 
ouplings [25℄.There is one 
ru
ial di�eren
e between Liouville theory and the model we are interestedin: whereas the usual Liouville model is de�ned for real b, our appli
ation requires to setb = i. A 
ontinuation of results in Liouville theory from 
 = 13+6b2+6b�2 � 25 to 
 = 1(i.e. b = i) might appear to be a rather daring proje
t, even more so as a naive inspe
tionof the world-sheet a
tion would suggest the 
 = 1 model 
ould not possibly be unitary.Nevertheless, we shall show below that the theory is entirely well-de�ned and unitary. Forthe pure bulk theory, a similar result was established in [27℄. It was shown there that thebulk 3-point 
ouplings of Liouville theory possess a b = i limit whi
h is well-de�ned forreal momenta of the parti
ipating 
losed strings. The b = i theory, however, is no longeranalyti
 in the momenta. Furthermore, the limit turned out to agree with the 
 = 1limit of unitary minimal models whi
h was 
onstru
ted by Runkel and Watts in [28℄. Ouranalysis here extends these �ndings to the boundary theory. We shall see that the latteris 
onsiderably ri
her than the bulk model.Some qualitative properties of the 
 = 1 boundary model 
an be understood usingno more than a few general observations. To begin with, let us re
onsider the simplerbulk model. Re
all from ordinary Liouville theory that it has a trivial dependen
e onthe 
oupling 
onstant �. Sin
e any 
hanges in the 
oupling 
an be absorbed in a shift ofthe zero mode, one 
annot vary the strength of the intera
tion. This feature of Liouvilletheory persists when the parameter b moves away from the real axis into the 
omplexplane. As we rea
h the point b = i, our model seems to 
hange quite drasti
ally: atthis point, the `Liouville wall' disappears and the potential be
omes periodi
. Standardintuition therefore suggests that the spe
trum of 
losed string modes develops gaps atb = i. But sin
e the strength of the intera
tion 
annot be tuned in the bulk theory, theband gaps must be point-like. Though our argument here was based on properties ofthe 
lassi
al a
tion whi
h we 
annot fully trust, the point-like band-gaps are indeed a
hara
teristi
 property of the 
 = 1 bulk theory [28℄. These band-gaps also explain whythe 
ouplings of Liouville theory 
ease to be analyti
 when we rea
h 
 = 1.For the boundary theory, we 
an go through a similar argument, but the 
onsequen
esare more pronoun
ed. In the presen
e of a boundary, Liouville theory 
ontains a se
ond3




oupling 
onstant �B whi
h 
ontrols the strength of an exponential intera
tion on theboundary of the world-sheet and is a real parameter of the model. In fa
t, the freedom ofshifting the zero mode 
an only be used for one of the 
ouplings � or �B. On
e more, theboundary potential be
omes periodi
 at b = i and hen
e the open string spe
trum shoulddevelop gaps, as in the 
ase of the bulk model. But this time, the width of these gaps
an be tuned by 
hanges of the parameter �B. Hen
e, we expe
t the boundary Liouvilletheory to possess gaps of �nite width at 
 = 1. Our exa
t analysis will 
on�rm thisout
ome of the dis
ussion.After these more qualitative remarks on the model we are about to 
onstru
t, we shallsummarize our main results in more detail. In se
tion 3 we shall provide the boundarystates for a family of boundary 
onditions of the 
 = 1 Liouville theory that is parametrizedby one parameter s 2 R. Formulas for these boundary states are trivially obtained fromthe 
orresponding expressions in 
 � 25 Liouville theory and, as we shall also explain,through parti
ular limits of boundary theories in minimal models. We shall then useboth approa
hes to establish the existen
e of �nite band gaps in the boundary spe
trumof the 
 = 1 boundary theories. More pre
isely, we show that boundary �elds 	ssp in theboundary theory with parameter s 
arry a momentum whose allowed values are takenfrom the following set Ss := fp 2 R j j sin�pj � j sin �sj g :When s is a half-integer, the set Ss �lls the entire real line. As we vary s away fromsu
h half-integer values, the allowed momenta are restri
ted to intervals of de
reasingwidth until we rea
h integer values of s where the spe
trum of boundary �elds be
omesdis
rete. In this sense the parameter s interpolates between Neumann-type and Diri
hlet-type boundary 
onditions. Let us note that the boundary 
onditions with s 2 Z arerelated to those 
onstru
ted by Runkel and Watts in [28℄. All other boundary theories,however, are new.It is worthwhile pointing out how 
losely the 
 = 1 limit of Liouville theory mimi
sthe behavior of the boundary Sine-Gordon model. In both theories we 
an interpolatesmoothly between 
ontinuous and dis
rete boundary spe
tra. Even the geometri
 inter-pretation of the Diri
hlet points is very similar: in the 
ontext of the 
 = 1 Liouville modelthey des
ribe a semi-in�nite array of point-like branes from whi
h individual branes 
anbe removed through shifts of the boundary parameter s. Let us point out that �nite4



arrays of su
h point-like branes are des
ribed by the 
 = 1 limit of ZZ branes.3 Hen
e,the pi
ture we suggest for the Diri
hlet points of the 
 = 1 FZZT branes provides a ni
egeometri
 interpretation for the well-known relation of FZZT and ZZ branes in Liouvilletheory [29, 30℄.There are two important quantities that we shall 
onstru
t for all these new bound-ary theories. These are the boundary 2-point fun
tion and the bulk-boundary 2-pointfun
tion. For the former we obtainh	s1s2p1 (u1)	s2s1p2 (u2)i
=1 = N s1s2(p)ju1 � u2j2p21 [Æ(p1 + p2) +Rs1s2
=1 (p1)Æ(p1 � p2)℄ (1.4)where Rs1s2
=1 (p) = Ris1 is2
=25 (1� p)�1 : (1.5)Detailed formulas for N (see eq. (4.6)) and for the so-
alled re
e
tion amplitude R arespelled out in se
tion 4. Here, we have expressed the result in terms of the re
e
tionamplitude for the theory at b = 1. It is quite remarkable that the re
e
tion amplitudesof the two models are related in su
h a simple way. Let us point out, though, that theboundary re
e
tion amplitude for the 
 = 1 theory is only de�ned within a subset Ss1s2of momenta p.It is more diÆ
ult to write down the bulk-boundary 
oupling B of the 
 = 1 model, i.e.the 
oeÆ
ient in the 2-point fun
tion of a bulk �eld � with one of the allowed boundary�elds, h�p�(z; �z)	ssp�(u)i
=1 = B(p�; p�; s)jz � �zj2p2��p2� jz � uj2p2� :We shall prove below that this 
oupling B is given byB
=1(p�; p�; s) = 4�2i(��ren)�p��p�=2 e�i�s(p�+1) �(�2p�)�1 � (1.6)��e�2�ip�(s+1)1 � e�4�ip� g(y0)2e� ih(y0)2�y20 h00(y0) expZ 10 dtt (e�p� t � e2p�t) sinh2 p� t2sinh2 t2 � (p� !�p�)�where p� 2 Ss and the fun
tions g and h are de�ned throughg(y) = � 1 �A01�A0y��p��p�=2� 1�B01�B0y��p�=2� 1 �C01 � C0y�p�+1=2 y 1+s�p�2p1� y (1.7)h(y) = Li2(A0)� Li2(A0y) + Li2(B0)� Li2(B0y)�Li2(C0) + Li2(C0y)� Li2(1) + Li2(y) + log y log z0 : (1.8)3The two integers (m;n) that parametrize the ZZ branes 
orrespond to the transverse position andthe length of the �nite array. 5



Here, Li2 denotes the dilogarithm and we have abbreviated B0 = exp(�2�ip�); C0 =exp(�4�ip�); A0 = B0C0; z0 = exp(�2�i(s� p�)) and the parameter y0 = y0(p�; p�; s) isone of the two solutions of the following quadrati
 equationexp(y h0(y)) = 1 :For more details and expli
it formulas, see se
tion 5. We also show that the 
oeÆ
ients inthe bulk-boundary operator produ
t expansion vanish whenever the open string momen-tum p� lies within the band gaps, i.e. when p� 62 Ss. This provides another non-trivial
onsisten
y 
he
k for the 
ouplings we propose. Let us add that 
orrelators with boundaryinsertions in a similar model where also dis
ussed re
ently in [31℄. The te
hniques usedthere, however, only allowed to determine su
h 
orrelations fun
tions for a dis
rete set ofboundary momenta p�.2 The 
 = 1 limit of the bulk theoryIn this se
tion we shall mainly review some results on the 
 = 1 limit of bulk Liouvilletheory [27℄ (see also [32℄). Our derivation of the 3-point 
ouplings, however, is di�erentfrom the one given in [27℄. The new 
onstru
tion is simpler and uses some of the samete
hniques that we shall also employ to analyze the boundary model later on.To begin with, let us re
all a few standard fa
ts about the usual 
 � 25 Liouville theory.As in any bulk 
onformal �eld theory, the exa
t solution of the Liouville model is entirelydetermined by the stru
ture 
onstants of the 3-point fun
tions for the (normalizable)primary �elds ��(z; �z) � e2�X(z;�z) with � = Qb2 + ip ; p � 0 (2.1)where Qb = b + b�1; b 2 R. These �elds are primaries with 
onformal weight h� =�h� = �(Qb � �) under the a
tion of the two Virasoro algebras whose 
entral 
harge is
 = 1 + 6Q2b . For real values of b, the 
ouplings of three su
h �elds are given by thefollowing expressionCb(�1; �2; �3) = ���
(b2)b2�2b2�(Qb�2~�)=b �0(0jb)�(2~� �Qbjb) 3Yj=1 �(2�j jb)�(2~�j jb) (2.2)where ~� and ~�j are linear 
ombinations of �j,~� = 12(�1 + �2 + �3) ~�j = ~� � �j ;6




(y) = �(y)=�(1 � y) is a quotient of ordinary �-fun
tions and the fun
tion � is de�nedin terms of Barnes' double Gamma fun
tion �2 (see appendix A.2) by�(�jb) := �2(�jb)�1 �2(Qb � �jb)�1 : (2.3)The solution (2.2) was �rst proposed several years ago by H. Dorn and H.J. Otto [17℄and by A. and Al. Zamolod
hikov [18℄. Crossing symmetry of the 
onje
tured 3-pointfun
tion was then 
he
ked analyti
ally in two steps by Ponsot and Tes
hner [19℄ and byTes
hner [20, 21℄.It is well known that Barnes' double Gamma fun
tion is analyti
 for Re b 6= 0. In thelimit b = i, however, the fun
tion be
omes singular. Nevertheless, the 
ombinations ofdouble Gamma fun
tions that appear in the various 
ouplings of Liouville theory turn outto be well de�ned, though they are no longer analyti
. Most of our analysis of the b = ilimit is based on the following relation between double Gamma fun
tions with parameterb and �ib,�2(ip+ nQb2 jb) = (�q; q2)1e i�4 (ip+(n�1)Qb2 )2(e2�b�1p(�1)nqn; q2)1 ��12 (�ib� p + inQb2 j � ib) (2.4)whi
h holds for Im b2 > 0. Here we have introdu
ed q = exp(�i�=b2) and the so-
alledq-Po
hhammer symbols (:; :)1 (see appendix A.1). Relation (2.4) follows from a rotationof the 
ontour in the integral representation (A.2) of the double Gamma fun
tion. Thefa
tor involving the q-Po
hhammer symbols assembles 
ontributions from the poles in theintegrand of the double Gamma fun
tion (see appendix A.2 for details). Using formula(B.3) for the behavior of our q-Po
hhammer symbols at b = i we 
on
lude�2(ip+ nQb2 jb) � p2 e�i�4 p2 �2j sin �pje��i(p�[p℄�1=2)��(p+1�n)=2 � (2.5)� e 1� (Li2(e�2�ip)�Li2(1))��12 (1 � pj1) �1 + o(�0)�with � = 2�ib�1Qb and [p℄ denoting the integer part of p. Note that the double Gammafun
tion diverges as we send b ! i (or � ! 0) with a divergent fa
tor involving theDilogarithm Li2.In the expression for 
losed string 
ouplings, Barnes' double Gamma fun
tions appearsonly through �, and using a standard dilogarithm identity (see appendix A.3) one mayshow that�(ip+ nQb2 jb) b!i� 12 e� 1� ��(p)�3Li2(1)� ei�p2=2 e�i�(p�n+1)(p�[p℄�1=2)�(1� pj1)�1 : (2.6)7



Here, �(p) is a 
ontinuous periodi
 fun
tion whi
h is quadrati
 on ea
h interval [n; n+1℄for n 2Z, �(p) = 2�2(p � [p℄� 1=2)2 :Observe that the divergent fa
tor in � is mu
h simpler than for the double Gammafun
tions it is built from. In the fun
tion �, the divergen
e 
omes from a produ
t ofq-Po
hhammer symbols. The latter is 
losely related to Ja
obi's fun
tion #1 and itsdivergen
e may be 
ontrolled more dire
tly using modular properties of #-fun
tions (see[27℄).Using on
e more the formula (2.4) and some simple fa
ts about Barnes' double Gammafun
tion is is not diÆ
ult to show that�0(0jb) b!i� 2�2� �(1j1)�1(1 + o(�0)) : (2.7)With the help of the two asymptoti
 expressions (2.6) and (2.7), we �nd�0(0jb)�(2~� �Qbjb) 3Yj=1 �(2�j jb)�(2~�j jb) = �0(0jb)�(Qb=2 + 2i~pjb) 3Yj=1 �(Qb + 2ipjjb)�(Qb=2 + 2i~pj jb)= e� 1� F (p1;p2;p3) 4�2� e2�i~p(~p�[2~p℄�1=2) 3Yj=1 e�ipje��i(2pj�1)(pj�[2pj℄�1=2)e��i2~pj(~pj�[2~pj℄�1=2)� �(1� 2~pj1)�(1j1) 3Yj=1 �(1� 2~pj j1)�(1� 2pj j1) (1 + o(�0)) (2.8)where F (p1; p2; p3) = 3Xj=1 �(2pj )� 3Xj=1 �(2~pj )� �(2~p) + 3Li2(1) : (2.9)It 
an be shown that F (p1; p2; p3) � 0, so that the exponential is never diverging, but it
an suppress the whole three-point 
oupling. We write 2pj = [2pj℄ + fj and �nd that Fis zero if either[2p1℄ + [2p2℄ + [2p3℄ even, and jf1 � f2j � f3 � minff1 + f2; 2� f1 � f2g ;or [2p2℄ + [2p2℄ + [2p3℄ odd, and jf1 � f2j � 1 � f3 � minff1 + f2; 2 � f1 � f2g ;8



otherwise F is stri
tly greater than zero and the three-point 
oupling vanishes for �! 0.In more formal terms, the fun
tionP (2p1; 2p2; 2p3) := lim�!0 e� 1�F (p1;p2;p3)assumes the value P = 1 when one of the above 
onditions is ful�lled and it vanishesotherwise. With the new fun
tion P being introdu
ed, we 
an use eq. (2.8) to re
ast the3-point 
ouplings in the formC
=1(p1; p2; p3) b!i� (��ren)�2~p 4�2i� 3Yj=1 e��i[2pj ℄ P (2p1; 2p2; 2p3)�� �(1� 2~pj1)�(1j1) 3Yj=1 �(1� 2~pj j1)�(1� 2pj j1) : (2.10)In our 
onventions, Qb � �=2�, so up to a fa
tor i we reprodu
e pre
isely the result of [27℄(see eqs. (4.8) and (5.3) of that arti
le). To obtain a �nite limit, the bulk �elds shouldbe renormalized by a fa
tor � and 
orrelators on the sphere re
eive an additional fa
tor1�2 due to a res
aling of the va
uum (see se
tion 4.2 in [28℄ for a related dis
ussion). Thispres
ription produ
es a �nite 3-point fun
tion and it does not a�e
t the 2-point fun
tion.At �rst, the form of the 
ouplings, and in parti
ular the non-analyti
 fa
tor P , mayseem a bit surprising. It is therefore reassuring that exa
tly the same 
ouplings emergedseveral years ago through a 
 = 1 limit of unitary minimal models [28℄. Runkel and Wattsinvestigated the 
onsisten
y of these 
ouplings and demonstrated that 
rossing symmetryholds when all the half-integer momenta p are removed from the spe
trum. As we haveargued in the introdu
tion, the appearan
e of su
h point-like band-gaps is rather naturalfrom the point of view of Liouville theory.3 The 
 = 1 limit of the boundary theoryNow we are ready to analyze the boundary model. We shall begin with the so-
alledFZZT boundary 
onditions of Liouville theory. They des
ribe extended branes with anexponential potential for open strings (see eq. (1.3)). Taking the 
 = 1 limit of their1-point fun
tion is straightforward and results in an expression with analyti
 dependen
eon the 
losed string momentum. These 
 = 1 boundary states are parametrized through9



one real parameter s and for non-integer values of s they 
an be reprodu
ed by takingan appropriate limit of boundary 
onditions in unitary minimal models. The latter 
on-stru
tion will provide a �rst derivation of the spe
trum of boundary vertex operators,in
luding the pre
ise position and width of the band-gaps.When s 2Z, the bands be
ome point-like. At these spe
ial values of the parameter s,our two 
onstru
tions through Liouville theory and minimal models do not produ
e thesame boundary states, though they still give 
losely related results. From minimal modelswe obtain the dis
rete set of boundary 
onditions that is already 
ontained in the workof Runkel and Watts. These agree with the 
 = 1 limit of ZZ branes in Liouville theoryand they possess a simple geometri
 interpretation as �nite arrays of point-like branes.The relation between ZZ and FZZT branes in Liouville theory then implies that we 
aninterpret FZZT branes with s 2Zas half-in�nite arrays of point-like branes in the 
 = 1model.3.1 Boundary states of FZZT branes at 
 = 1It is well known that for real b, Liouville theory admits a 1-parameter family of boundary
onditions whi
h 
orrespond to branes stret
hing out along the real line. The boundarystate of this theory was found in [22℄,h��(z; �z)is = �(1 + 2ibp) �(1 + 2ip=b) 
os(2�sp) (��
(b2))�ip=b2�i21=4p 1jz � �zj2h� (3.1)where �2B sin �b2 = � 
osh2 �sband � = Qb=2 + ip, as usual. Note that the 
oupling on the right hand side is analyti
 inb and hen
e there is no problem to extend the FZZT brane boundary state into the 
 = 1theory, h��(z; �z)i
=1s = (��ren)�pi21=4 
os 2�spsin 2�p 1jz � �zj2p2 : (3.2)This boundary state is related to its Lorentzian analogue [33, 15℄ by analyti
 
ontinuation.It is, however, not entirely obvious that eq. (3.2) really provides the one-point fun
tion ofa 
onsistent boundary 
onformal �eld theory. We shall argue below that this is the 
ase,at least as long as the parameter s remains real.Let us now see how su
h a boundary state of the 
 = 1 model 
an arise from a limitof boundary minimal models. To begin with, we need to set up a few notations. We shall10



label minimal models by some integer m = 3; 4; 5; : : : so that 
 = 1 � 6=m(m + 1). Forrepresentations of the 
orresponding Virasoro algebra we use the Ka
 labels (r; r0) with1 � r � m�1 and 1 � r0 � m along with the usual identi�
ation (r; r0) � (m�r;m+1�r0).Re
all that the boundary 
onditions of the theory are in one to one 
orresponden
e withthe representations, i.e. that they are also labeled by Ka
 labels (�; �). The asso
iatedone-point fun
tions are given byh�r;r0(z; �z)i(�;�) = 23=4(m(m+ 1))1=4 sin��(r=t� r0) sin ��(r� r0t)psin(r=t � r0) sin �(r � r0t) 1jz � �zj2hr;r0 (3.3)where t = m=(m + 1) and hr;r0 is the 
onformal dimension of the primary �eld with Ka
labels (r; r0), hr;r0 = ((mr0 � (m+ 1)r)2 � 1)4m(m+ 1) =: p2r;r0 :Here, we have introdu
ed the new quantity pr;r0 that 
an be regarded as a dis
rete analogueof the 
ontinuous momentum p when 
 < 1.In taking the limitm!1, the bulk �elds �r;r0 of minimal models approa
h the �elds�p in the 
ontinuum theory. The momentum variable p is related to the Ka
-labels by2p = 2pr;r0 � r � r0 + 12m+ 2 (r + r0) +O(1=m2) :In other words, the integer part of the quantity 2p is determined by the distan
e of theKa
 label (r; r0) from the diagonal r = r0, whereas the fra
tional part 2p�[2p℄ 
orrespondsto the (res
aled) position along the diagonal. For the A-series of minimalmodels, the bulkspe
trum is obtained by �lling every point of the Ka
 table above the diagonal. When wesend m to in�nity, approximately the same number of �elds appears at any given distan
efrom the diagonal of the Ka
 table and these are distributed almost homogeneously alongthe diagonal r0 = r. Hen
e, the spe
trum of p in the 
 = 1 limit is homogeneous. Onlyinteger values of 2p are not part of this spe
trum sin
e the Ka
 labels satisfy r; r0 � 1.This leads to the point-like band-gaps in the spe
trum of bulk �elds that we also sawemerging from Liouville theory.To obtain a one-parameter family of branes with 1-point fun
tion given by eq. (3.2)we propose the following Ansatz,(�; �) = ( [fsm℄ + [s℄ + 1 ; [fsm℄ + 1 ) : (3.4)11



Here, s 2 R is the parameter of the resulting limiting boundary 
ondition. [s℄ and fsdenote the integer and fra
tional part of s, respe
tively. The pres
ription (3.4) instru
tsus to pi
k a boundary 
ondition that is represented by a point at distan
e [s℄ from thediagonal of the Ka
 table and to s
ale its proje
tion to the diagonal with m. Our �rst aimnow is to show that this re
ipe reprodu
es the 1-point fun
tion (3.2) in the 
 = 1 Liouvilletheory. The main idea is to rewrite the produ
t of sin-fun
tions in the numerator of eq.(3.3) as follows2 sin�([fsm℄ + [s℄ + 1)(r=t � r0) sin �([fsm℄ + 1)(r � r0t)m!1� 
os 2�ps � 
os 4�p([fsm℄ + 1 + [s℄=2) + : : :with p � (r�r0t)=2 being the momentum in the 
 = 1 theory. Provided s 62Z, the se
ondterm in the previous formula os
illates rapidly when we send m to in�nity and hen
ewe 
an drop it in the limit (re
all that all 
orrelation fun
tions should be understood asdistributions in momentum spa
e). Together with the other fa
tors in the 1-point fun
tion(3.3) of minimal models, a short analysis similar to the one 
arried out in [28℄ givesh�p(z; �z)is = 2�1=4 
os 2�spj sin 2�pj 1jz � �zj2p2 :The result agrees with the 1-point fun
tion (3.2) of the 
 = 1 Liouville model up to someprefa
tors whi
h may be absorbed by an appropriate renormalization of the bulk �elds.If, on the other hand, the label s is an integer, then our limit of boundary 
onditions inminimal models be
omesh�p(z; �z)iMMs = 
os 2�sp � 
os 2�(s+ 2)p21=4j sin 2�pj jz � �zj2p2 � h�p(z; �z)is � h�p(z; �z)is+2 : (3.5)The last identi�
ation with the 
 = 1 limit of boundary states in Liouville theory holdsup to some fa
tors that are due to the slightly di�erent normalizations of bulk �elds inminimal models and Liouville theory (see [27℄). Our result (3.5) is very reminis
ent ofa similar relation between lo
alized and extended branes in Liouville theory [29, 30℄ andwe shall 
omment on the pre
ise 
onne
tion and its geometri
 interpretation in the 
 = 1model below.Now that we have identi�ed the 
onstru
tion of the boundary state from minimalmodels, it is instru
tive to study the asso
iated spe
trum of boundary �elds. A

ordingto the usual rules [34℄, the boundary spe
trum of the brane (�; �) 
ontains �elds with Ka
12



labels r = 1; 3; : : : ;min(2�� 1; 2m� 2�� 1) and r0 = 1; 3; : : : ;min(2� � 1; 2m� 2� + 1).Using the identi�
ation (r; r0) � (m � r;m + 1 � r0) we 
an assume that r � r0. Hen
e,the Ka
 labels of boundary �elds �ll every se
ond latti
e point within two triangles in theKa
 table (see Figure 1). In the �rst triangle with 
orner at (1; 1), the di�eren
e r � r0of Ka
 labels is even. For Ka
 labels in the se
ond triangle, on the other hand, r � r0is an odd integer sin
e the re
e
tion (r; r0) ! (m � r;m + 1 � r0) shifts the di�eren
eof Ka
 labels by one unit. Re
all that the quantity r � r0 measures the distan
e of apoint in the Ka
 table from the diagonal and thereby determines the integer part of 2pin the 
 = 1 theory. We 
on
lude that the two triangles 
ontribute boundary �elds with[2p℄ being even or odd integer, respe
tively. Furthermore, points from the �rst triangleare uniformly distributed in the dire
tion along the diagonal up to a maximal value0 < (min(2� � 1; 2m � 2� � 1) + min(2� � 1; 2m � 2� + 1))=2(m + 1) < 1. A similarobservation holds true for the se
ond triangle. After we have sent m to in�nity, thisimplies that the spe
trum of p is given bySs = f p 2 R j �min(fs; 1 � fs) < p < min(fs; 1 � fs) mod 1 g :Hen
e, the momentum p has bands of width 2min(fs; 1 � fs) 
entered around integermomentum p. The gaps between these bands widen while we vary s between a half-integer and an integer value. On
e we rea
h a point s 2 Z, the boundary spe
trumbe
omes dis
rete.3.2 ZZ and FZZT branes at the Diri
hlet pointsBranes in the 
 = 1 limit of minimal models with a dis
rete open string spe
trum havealso been 
onstru
ted by Runkel and Watts (see also [35℄). A
tually, the branes thatwe obtained through the limit of minimal models when s 2 Zare identi
al to the limitof (s + 1; 1) branes in minimal models and hen
e to the dis
rete boundary 
onditionsthat were found by Runkel and Watts. We wish to point out that these branes may alsobe obtained from the so-
alled ZZ branes of Liouville theory. In general, the ZZ branesare labeled by a pair (m;n) of positive integers and they possess the following 1-pointfun
tions,h��(z; �z)i(m;n) = � 23=42�ip�(1 � 2ibp)�(1 � 2ip=b) sinh 2�mp=b sinh 2�nbpsinh 2�p=b sinh 2�bp (��
(b2))�ip=bjz � �zj2h� :13



r0

r
2� � 2

2�� 2Figure 1: Boundary ex
itations for the boundary 
ondition (�; �) �ll a re
tangle, or, afterre
e
tion, two triangles in the Ka
 table. In the large m limit, they form bands withband-gaps around 2p = 1.If we send the parameter b to b = i, these 1-point fun
tions assume the following formh�p(z; �z)i
=1(m;n) = �i(��ren)�p23=4 sin 2�mp sin 2�npsin 2�p 1jz � �zj2p2 :We 
an rewrite the 
oupling on the right hand side with the help of the trigonometri
identity sin 2�mp sin 2�npsin 2�p = min(m;n)�1Xl=0 sin 2�p(m+ n� 2l � 1)to read o� the following geometri
 interpretation of the ZZ brane with label (m;n) in the
 = 1 theory: it 
orresponds to an array of min(m;n) point-like branes that are distributedequidistantly su
h that the rightmost brane is lo
ated at m+n. This interpretation agreeswith the geometry of branes that emerges from the 
oset 
onstru
tion of minimal models(see [36℄).With this in mind, we shall also be able to interpret our FZZT branes at the Diri
hletpoints s 2Z. Let us re
all that the 
 = 1 limit of FZZT branes with integer label s di�ersfrom the limit of minimal model branes. The pre
ise relation between their two boundarystates is given in eq. (3.5). On its right hand side we 
onsider the di�eren
e of one-point
ouplings for two FZZT branes whose labels di�er by two units. This is 
laimed to be thesame as the one-point 
oupling to the dis
rete brane with label (s+ 1; 1). Therefore, the14



brane 
on�guration that is asso
iated to the FZZT brane with integer label s 
ontainsan additional point-like obje
t with transverse position parameter s along the real line.The latter gets removed as we shift from s to s + 2. Our observation suggests to thinkof the 
 = 1 FZZT branes with integer s as being built up from dis
rete obje
ts, or morespe
i�
ally, as some half-in�nite array of point-like obje
ts. They o

upy points with evenor odd integer position x in target spa
e, depending on whether s is odd or even. Changesof s by one unit should therefore 
orrespond to a simple translation of the entire array inthe target spa
e.At least qualitatively, su
h an interpretation in terms of point-like branes appears
onsistent with our previous study of brane spe
tra on FZZT branes. In fa
t, we noti
edbefore that their bands shrink to points when s rea
hes integer values. Let us also stressthat our geometri
 pi
ture of the branes with integer s is very similar to the interpretationof the Diri
hlet points in the boundary Sine-Gordon model (see introdu
tion).More support for the proposed geometri
 pi
tures 
omes from 
onsidering spe
trainvolving the ZZ branes in the 
 = 1 theory. The annulus amplitude for two ZZ braneswith labels (m;n) and (m0; n0) was found in [26℄ to be of the formZ(m;n);(m0;n0)(q) = min(m;m0)�1Xk=0 min(n;n0)�1Xl=0 �m+m0�2k�1;n+n0�2l�1(q)where �m;n(q) = ��1(q) �q�(m=b+nb)2=4 � q�(m=b�nb)2=4�b=i= ��1(q) �q(m�n)2=4 � q(m+n)2=4� :Note that in the 
 = 1 theory, ex
itations of the ZZ branes have non-negative 
onformaldimensions. Sin
e �m;n are 
hara
ters of irredu
ible Virasoro representations at 
 = 1,the expression for the annulus amplitude 
oin
ides with what is obtained from the limitof Cardy type branes in unitary minimal models. A parti
ularly simple 
ase arises fromsetting (m;n) = (1; 1) and (m0; n0) = (r; r),Z(1;1);(r;r)(q) = �r;r(q) = ��1(q) �1 � qr2� : (3.6)A

ording to our previous dis
ussion, this amplitude en
odes the spe
trum of open stringsbetween a single point-like brane and an array of length 2r.For the annulus amplitude between a ZZ brane (m;n) and an FZZT brane at parameter15



s one has Z(m;n);s(q) = m�1X0k=1�m n�1X0l=1�n �(s+i(k=b+lb))=2(q) (3.7)where �p(q) = ��1(q) qp2 :Here, �0 denotes a summation in steps of two. Let us point out that on
e more, theopen string ex
itations between ZZ and FZZT branes have real, non-negative 
onformaldimensions when b = i. This is in 
ontrast to the situation for 
 � 25 where the spe
trum
ontains �elds with 
omplex dimensions if n 6= 1 or m 6= 1. The spe
trum between the(1; 1) branes and an FZZT brane of parameter s 
ontains a single primary �eld with
onformal dimension h = s2=4, in perfe
t agreement with the 
onstru
tion from unitaryminimal models. In fa
t, the 
onstru
tion of the 
 = 1 brane we have proposed along withCardy's rule implies that there appears a single primary with Ka
 label given by eq. (3.4)in the 
orresponding spe
trum of the mth minimal model. When we send m to in�nity,this �eld approa
hes a 
 = 1 primary �eld with momentum2p � [fsm℄ + [s℄� [fsm℄ + 12(m+ 1) (2[fsm℄ + [s℄ + 2) +O(1=m2) m!1�! [s℄ + fs = s :Hen
e, there is perfe
t agreement between the annulus amplitudes in the 
 = 1 limit ofunitary minimal models and of Liouville theory.Let us �nally return to the analysis of our FZZT branes at the Diri
hlet points. Sin
ewe already understand the e�e
t of shifts in s, we 
an restri
t the following dis
ussion tothe 
ase s = 0. We would like to probe this FZZT brane with the ZZ brane (1; 1). Theamplitude (3.7) then be
omesZ(1;1);0(q) = ��1(q) = limr!1Z(1;1);(r;r)(q) :In the se
ond equality, we inserted formula (3.6). This result ni
ely 
on�rms our inter-pretation of the FZZT brane with label s = 0 as an in�nite array of point-like branes.4 The boundary 2-point fun
tionIn this se
tion we shall dis
uss how the boundary 2-point fun
tion of FZZT branes inLiouville theory 
an be 
ontinued to 
 = 1. This will allow us to derive the exa
t boundary16



spe
trum, in parti
ular the position and width of the expe
ted band gaps, from Liouvilletheory. Our results will 
on�rm ni
ely the out
ome of our previous dis
ussion in the
ontext of unitary minimal models.Let us re
all that the boundary 2-point fun
tions for the FZZT branes in 
 � 25Liouville theory are given byh	s1s2�1 (u1)	s2s1�2 (u2)i = ju1 � u2j�2h�1 [ Æ(Qb � �1 � �2) +Rs1s2b (�1) Æ(�1 � �2)℄ : (4.1)The 
oeÆ
ient in front of the �rst term has been set to 1 by an appropriate normalizationof the boundary �elds. On
e this freedom of normalization has been �xed, the 
oeÆ
ientof the se
ond term is entirely determined by the physi
s. It takes the formRs1s2b (�) = (��
(b2)b2�2b2)(Qb�2�)=2bS(� + i~sjb)S(� � i~sjb)S(� + i~s1jb)S(� + i~s2jb) �2(2� �Qbjb)�2(Qb � 2�jb) (4.2)where ~s = (s1+ s2)=2 and ~si = ~s� si. The spe
ial fun
tion S is 
onstru
ted as a ratio oftwo Barnes double Gamma fun
tions (see appendix A.2 for details). R is known as there
e
tion amplitude sin
e it des
ribes the phase shift of wave fun
tions that o

urs whenopen strings spanning between the FZZT branes with parameters s1 and s2 are re
e
tedby the Liouville potential.Our aim now is to 
ontinue these expressions to the 
 = 1 model (see also [15℄ for a �rstattempt in this dire
tion). Using on
e more the general formula (2.6) for the behaviorof Barnes' double Gamma fun
tion at b � i, it is not hard to see that the boundaryre
e
tion amplitude R of Liouville theory vanishes outside a dis
rete set of open stringmomenta. This behavior is una

eptable sin
e it does not allow for a sensible physi
alinterpretation. A
tually, it does not originate from the physi
s of the model but ratherfrom an inappropriate 
hoi
e of the limiting pro
edure. To see this we re
all that theboundary spe
trum of the theory is expe
ted to develop gaps of �nite width. For su
hgaps to emerge from Liouville theory, it is ne
essary that the 
orresponding states inthe Liouville model be
ome non-normalizable. But our normalization of boundary �eldswas 
hosen su
h that all states in the boundary theory have unit norm. Hen
e, thenormalization we have 
hosen above is 
learly not appropriate for the limit we are aboutto take.There exists a distinguished normalization of the boundary �elds in whi
h the re
e
tionamplitude of the boundary theory be
omes trivial. Sin
e the usual `Liouville wall' 
eases to17



exist at the point b = i, the trivialization of the boundary re
e
tion amplitude seems quitewell adapted to our physi
al setup. Expli
itly, the new normalization of the boundary�elds is given by [25, 30℄, ~	s1s2� (u) = gs1s2� 	s1s2� (u) ; (4.3)withgs1s2� = ���
(b2)b2�2b2� �2b�2(Qb � � � i~sjb) �2(Qbjb)�2(Qb � 2�jb)�2(Qb + is1jb)�2(Qb � is2jb)�2(Qb � � + i~s2jb)�2(Qb � � + i~s1jb)�2(Qb � � + i~sjb) :It is straightforward to rewrite the 2-point fun
tion in terms of the �elds ~	s1s2� (u). Theresult ish~	s1s2�1 (u1) ~	s2s1�2 (u2)i � (��
(b2))(Qb=2��1�i~s)=bju1 � u2j2h�1 C�1b (�1; �1; �2) � (4.4)� �(1 + 2ibp1)�(2ib�1p1)�(1 � ibs1)�(�ib�1s1)�(1 � ibs2)�(�ib�1s2) [ Æ(Qb � �1 � �2) + Æ(�1 � �2) ℄ :Here we use � = Qb=2 + ip and the term Cb in the denominator denotes the bulk 3-point 
ouplings of Liouville theory evaluated at the points �1 and �i = Qb=2 + isi=2.In writing this expression we have omitted a fa
tor that is 
onstant in the momentump1 and invariant under the ex
hange of s1 and s2 sin
e this 
an easily be absorbed in arede�nition of the boundary �elds.When rewritten in the new normalization, the only nontrivial term in the expression(4.4) is the bulk 3-point fun
tion. Hen
e, we 
an use the results of [27℄ (see also se
tion2) to 
ontinue the boundary 2-point fun
tion to 
 = 1. Note, however, that the bulk3-point 
oupling needs to be inverted. This is possible whenever it is non-zero. Sin
e the
oupling C
=1(�; �1; �2) vanishes whenever the fa
tor P (2p; s1; s2) does, we 
on
lude thatboundary �elds 	s1s2� exist for p 2 Ss1s2 � R whereSs1s2 := fp 2 R jP (2p; s1; s2) 6= 0g :Fields whi
h are labeled by momenta outside this range Ss1s2 do not 
orrespond to nor-malizable states of the model. On a single brane with label s = s1 = s2 we obtain inparti
ularSss = Ss = fp 2 R j �min(fs; 1� fs) < p < min(fs; 1 � fs) mod 1 g :18



Here, fs = s� [s℄ denotes the fra
tional part of the boundary parameter as before. Thisis exa
tly the same spe
trum we found in our dis
ussion of boundary 
onditions in the
 = 1 limit of unitary minimal models !Our result for the 2-point fun
tions of boundary �elds in the spe
trum of the modelis given byh~	s1s2p1 (u1) ~	s2s1p2 (u2)i
=1 � e�Q(iP1;is1=2;is2=2)ju1 � u2j2p21 ����sin�s1 sin�s2sin 2�p1 ���� [Æ(p1 + p2) + Æ(p1 � p2)℄where eQ(�1;�2;�3) := �(1 + 2i~�j1)�(1j1) 3Yj=1 �(1 + 2i~�j)�(1 + 2i�j) :In a �nal step, we 
hange the normalization of the �elds ~	 in the 
 = 1 theory again sothat they possess unit norm, 	s1s2p (u) := ~gs1s2p ~	s1s2p (u) ; (4.5)with~gs1s2p = (��ren)�p=2�(�2p) �2(1j1)�2(1 + 2pj1)�2(1� s1j1)�2(1 + s2j1)�(s1)�(1� s2)�2(1 + p + ~sj1)�2(1 + p � ~s1j1)�2(1 + p � ~s2j1)�2(1 + p � ~sj1) :In an abuse of notation, we have denoted the normalized boundary �elds of the 
 = 1model by the same letter 	 as in 
 � 25 Liouville theory. Nevertheless it important tokeep in mind that they are not justs limits of the 
orresponding �elds in ordinary Liouvilletheory. After this �nal 
hange of normalization, the boundary 2-point fun
tions take theform4 h	s1s2p1 (u1)	s2s1p2 (u2)i
=1 = N s1s2(p)ju1 � u2j2p21 [Æ(p1 + p2) +Rs1s2
=1 (p1)Æ(p1 � p2)℄ (4.6)where Rs1s2
=1 (p) = Ris1 is2
=25 (1� p)�1 and N s1s2(p) = �2�p1(�1)[2p1℄+[s1℄+[s2℄for all p1; p2 2 Ss1s2 . Note that we have been able to express the \boundary re
e
tionamplitude" of the 
 = 1 theory through the 
orresponding quantity of the 
 = 25 model.We shall 
omment on this interesting out
ome of our 
omputation in the se
tion 6.4Following the dis
ussion on normalization of the va
uum after eq. (2.10), dis
 
orrelators should beres
aled by a fa
tor 1� so that the limit of the properly renormalized 2-point fun
tion is �nite.19



5 The bulk-boundary 
oupling 
onstantsOur �nal aim is to 
ompute the bulk-boundary 
ouplings of the 
 = 1 boundary Liouvillemodels. For Liouville theory with real b, expressions for these 
ouplings were providedby Hosomi
hi in [24℄. We shall depart from these formulas to derive the 
orresponding
ouplings in the 
 = 1 model. The analysis turns out to be rather intri
ate. Nevertheless,the �nal answer is in some sense simpler than for 
 � 25.Let us begin by reviewing Hosomi
hi's formula for the bulk-boundary 
orrelation fun
-tion h��(z; �z) ~	ss� (u)i = jz � �zjh��2h� jz � uj�2h� ~B(�; �; s)of an extended branes labeled by a parameter s. In our normalization (4.3) for theboundary �elds ~	 the 
ouplings ~B read~B(�; �; s) = 2�(��
(b2)b2�2b2) 12b (Qb�2�) I(�; �; s; b)� �2(Qb � �jb)�2(2Qb � 2� � �jb)�2(2� � �jb)�2(Qb + isjb)�2(Qb � isjb)�2(Qb � � � isjb)�2(Qb � � + isjb)�2(�jb)�2(2�jb)�2(Qb � 2�jb) (5.1)where I(�; �; s) is given by the integralI(�; �; s; b) = Z 1�1 dt e2�ist S(�+2��Qb2 + itjb)S(�+2��Qb2 � itjb)S(2���+Qb2 + itjb)S(2���+Qb2 � itjb) : (5.2)While sending b to b = i, an in�nite number of poles and zeroes of the integrand approa
hthe integration path. It turns out to be more 
onvenient to evaluate the integral byCau
hy's theorem. For s > jIm�j we 
an 
lose the integration 
ontour and rewrite thesum over residues as a 
ombination of basi
 hypergeometri
 series (see appendix A.1),I(�; �; s; b) = 2�1�e2�ib(�+2��Qb); e2�ib�; e4�ib�; e2�ib2; e�2�ib(��Qb�is)�� 2�1�e�2�ib�1(�+2��Qb); e�2�ib�1�; e�4�ib�1�; e�2�ib�2; e2�ib�1(��Qb+is)�� e��s(�+2��Qb)S(�jb)S(�+ 2� �Qbjb)S(Qb � 2�jb) + (�! Qb � �) : (5.3)Our previous results allow us to estimate the behavior of the double Gamma fun
tionsand its 
lose relative S in the vi
inity of b = i. But the fun
tion 2�1(A;B;C; ~q; z) hasnot appeared in our dis
ussion before. Hen
e, in order to 
ontinue our analysis, we needto study the basi
 hypergeometri
 series in the limit when the parameter ~q approa
hes20



~q = 1. We shall begin with a separate treatment of the two fa
tors 2�1 before we 
ombinethe results to address the full 
oupling ~B.In dealing with one of the basi
 hypergeometri
 series, the basi
 idea is to approximatethe series (we denote the summation parameter by k) through an integral and to evaluatethe latter using a saddle-point analysis. We will not give a rigorous derivation but shall
ontent ourselves with a rough sket
h of the argument. This will help to understand themain features of our �nal formulas. Let us introdu
e the variable y = ~qk. Using theasymptoti
 behavior of the q-Po
hhammer symbols (see appendix B) we obtain2�1(A;B;C; ~q; z) � 1p�2� log ~q Z dyy e 1log ~q h(y)f(y) (5.4)whereh(y) = h(A;B;C; z; y) = Li2(A)� Li2(Ay) + Li2(B)� Li2(By)�Li2(C) + Li2(Cy)� Li2(1) + Li2(y) + log y log z ;and f(y) = f(A;B;C; z; y) = � (1�A)(1�B)(1� Cy)(1�Ay)(1�By)(1� C)(1� y)�1=2 : (5.5)The asymptoti
s of the integral in eq. (5.4) 
an be determined by the method of steepestdes
ent. The leading 
ontribution 
omes from saddle-points yi, i.e. from points satisfyingthe 
ondition h0(yi) = 0. An elementary 
omputation shows that su
h saddle-points areobtained as a solution of the quadrati
 equationz(1�Ay)(1�By) = (1� Cy)(1� y) : (5.6)On
e we have understood whi
h saddle-points yi 
ontribute to the integral, we end upwith an expansion of the form2�1(A;B;C; ~q; z) � Xi f(yi)yiph00(yi)e 1log ~q h(yi) :The most diÆ
ult part, however, is to �nd the right saddle-points. To begin with, thesaddle-point equation (5.6) has two di�erent solutions, at least for generi
 
hoi
e of themomenta. But this is not the full story sin
e the fun
tion h is a 
omplex fun
tion withbran
h-
uts. Hen
e, the des
ription of the saddle point yi is not 
omplete before wehave spe
i�ed on whi
h bran
h the relevant saddle-point is lo
ated. We were not able to21



solve the problem in full generality, but for the 
ombination of parameters in the problemat hand, we 
ould �nd the saddle-points through a 
omparison with numeri
al studies(Mathemati
a).Let us state the result for the �rst q-hypergeometri
 fun
tion appearing in eq. (5.3).Here, the parameter ~q is e2�ib2 and thus the prefa
tor 1= log ~q of h in the exponent be
omes�1� � i2� , where � = 2�iQb=b as introdu
ed in se
tion 2. Note that the arguments A;B;Cand z depend on b and thus on � and hen
e they need to be expanded around � = 0. Weshall use the symbols A0; B0; C0 and z0 to denote the leading terms, i.e.A0 = B0C0 ; B0 = e�2�ip� ; C0 = e�4�ip� ; z0 = e�2�i(s�p�) ;where we have set � = Qb=2 + ip� and � = Qb=2 + ip�. Sin
e the fun
tion h in theexponential 
omes with an extra fa
tor 1=�, the sub-leading term in the �-expansion of h
ontributes an extra fa
tor whi
h we shall 
ombine with f into a new fun
tion g. Beforewe spell out our results on the saddle points, we also have to spe
ify the bran
h we usefor log z. We found it most 
onvenient to 
hoose log z ! 2�i(p� � [p�℄� s+ [s℄). In theend we obtain,2�1�e2�ib(�+2��Qb); e2�ib�; e4�ib�; e2�ib2; e�2�ib(��Qb�is)� � Xi=� g(yi)yiph00(yi)e�� 1�� i2��h(yi)withg(y) = � 1 �A01 �A0y��p��p�=2� 1�B01�B0y��p�=2� 1 �C01 � C0y�p�+1=2 (1 � y)�1=2y 1+s�p�2 :The two solutions of the saddle-point equation are denoted by y�, and they are givenexpli
itly byy� = y�(p�; p�; s)= 8>>>>>>>>>>>>>><>>>>>>>>>>>>>>: e�i(2p�+p�) 
os(2�p�) sin(�s)sin(�(p�+s)) �1 � i tan(2�p�)q1� sin(�p�)2sin(�s)2 sin(2�p�)2�for j sin(�p�)j < j sin(�s) sin(2�p�)je�i(2p�+p�) 
os(2�p�) sin(�s)sin(�(p�+s)) �1 �q sin2(�p�)�sin2(2�p�) sin2(�s)sin2(�s) 
os2(2�p�) �for j sin(�s)j � j sin(�p�)j � j sin(�s) sin(2�p�)je�i(2p�+p�) 
os(2�p�) sin(�s)sin(�(p�+s)) �1 � sin(�(s+2p�))sin(�s) 
os(2�p�)q sin2(�p�)�sin2(2�p�) sin2(�s)sin2(�(s+2pa)) �for j sin(�p�)j � j sin(�s)j22



The last of these three di�erent 
ases 
on
erns the band gaps, i.e. momenta p� 62 Ss. The�rst two 
ases, on the other hand, apply to the bands so that all bands appear to besplit into an inner (�rst 
ase) and an outer (se
ond 
ase) region, depending on the valueof the bulk momentum p�. Analyzing the limit in the outer part of the bands turns outto be the most diÆ
ult task be
ause the two saddle-points y� are of the same order, i.e.Reh(y+) = Reh(y�), and there are at least some subsets in momentum spa
e where theyboth 
ontribute. Within the inner region and the gap, the saddle-point y+ dominatesso that only the summand i = + remains in our asymptoti
 expansion. The exa
tdes
ription of our �ndings for the intermediate region is rather 
umbersome. Fortunately,the distin
tion between inner and outer parts of the band disappears on
e we 
ombine ourtwo basi
 hypergeometri
 series into the bulk-boundary 
oupling. Sin
e our main goal isto provide a formula for the 
 = 1 limit of ~B, we shall not attempt to present our �ndingsfor 2�1 in the outer region. Instead, let us re
all from above that we also need to spe
ifythe bran
h on whi
h the saddle-points sit. The pres
ription is as follows: If jyij > 1,then we 
hoose the bran
h by moving it from the fundamental bran
h �rst to jyij � i0+,in�nitesimally above/below the real axis depending on whether the fra
tional part s� [s℄is greater or smaller than 1=2. Then we move it on the shortest ar
 to yi.Having 
ompleted the analysis for the �rst hypergeometri
 fun
tion we now turn tothe se
ond for whi
h an analogous investigation gives the following results,~h(y) = h(A0; B0; C0; z�10 B�20 ; y)and~g(y) = � 1 �A01�A0y�p�+p�=2� 1 �B01 �B0y�p�=2� 1 � C01� C0y��p�+1=2 (1� y)�1=2y 1+s+p�2 :Note that in this 
ase 1log ~q is dire
tly given by �1� . The relevant saddle-points are~y� = y�(p�; p�;�s) :Our dis
ussion of the three di�erent 
ases and the 
hoi
e of bran
hes 
arries over fromthe previous dis
ussion without any signi�
ant 
hanges.Before we return to the study of ~B it is ne
essary to make one more important ob-servation whi
h relates the two saddle-points y� and ~y�. It is not diÆ
ult to see that(A0~y�)�1 solves the saddle-point equation (5.6) of y�. Indeed we �nd for p� 2 Ss that23



y� = (A0~y�)�1. This fa
t along with some simple formulas in appendix A.3 allows tore-express the �nal formulas entirely in terms of y+(p�; p�; s).Now we have all ingredients at our disposal to analyze the asymptoti
 behavior ofthe bulk-boundary 
orrelator. We must 
ombine the divergen
es 
oming from the q-hypergeometri
 fun
tions with the divergen
es of the prefa
tors in eq. (5.1). Sin
e weknow already that boundary �elds with p� 62 Ss do not exist, we 
an restri
t our evaluationof ~B to the inner and outer band regions (see dis
ussion above).In the inner region, only one saddle-point 
ontributes and the divergent terms may bedetermined easily from the formulas we have provided. It then turns out that they 
an
elea
h other thanks to a rather non-trivial dilogarithm identity whi
h is attributed to Ray[37℄. For 
onvenien
e we state Ray's identity in appendix A.3 (eq. (A.13)). Hen
e, we areleft with a �nite result. After a tedious but elementary 
omputation we obtainlimb!i ~B(�; �; s) = 4�i(��ren)�p�e��is(p�+1) sin�s �e�2�ip�(s+1)1� e�4�ip��� g(y+)2e� ih(y+)2�y2+h00(y+) �2(1 + p� + sj1)�2(1 + p� � sj1)�2(1� 2p�j1)2�2(1� 2p� � p�j1)�2(1� 2p� + p�j1)�2(1 � sj1)�2(1 + sj1)� (p� ! �p�)�where y+ = y+(p�; p�; s). In the derivation we used the fa
t that y+ and (A0~y+)�1 = y� arethe two solutions of the same quadrati
 saddle-point equation along with a few elementaryidentities whi
h we list in appendix A.3.Within the outer regions of the bands, the q-hypergeometri
 fun
tions 
an have 
on-tributions from both saddle-points. It is possible to show that out of the four possibleterms in our produ
t of two q-hypergeometri
 fun
tions, only two appear at any point inmomentum spa
e. Moreover, after the divergen
es of the prefa
tors have been taken intoa

ount, only one of the two terms is free of divergen
es. The other keeps a rapidly os
il-lating fa
tor. The 
an
ellation is again due to Ray's identity and the �nite 
ontributions
ome from the 
ombination (y+; ~y+). In the end, the result for the outer region of theband is therefore given by the same formula as for the inner region.It now remains to 
hange the normalization of our boundary �elds. We pass from the24



�elds ~	 to 	 using the pres
ription (4.5), as before. Our result then readsB(p�; p�; s) = 4�2i(��ren)�p��p�=2e��is(p�+1) ��1(�2p�)� �e�2�ip�(s+1)1� e�4�ip� g(y+)2e� ih(y+)2�y2+h00(y+) �2(1j1)�2(1 + 2p� j1)�2(1 � 2p�j1)2�2(1� 2p� � p�j1)�2(1� 2p� + p�j1)�2(1 + p�j1)2� (p� ! �p�)� :This is the formula we anti
ipated in the introdu
tion. For a dire
t 
omparison one hasto employ the integral representation (A.2) of Barnes' double Gamma fun
tion.Before we 
on
lude this se
tion, we would like to 
omment brie
y on the band-gaps.A
tually, we 
an use the analysis of the bulk-boundary 
ouplings to 
on�rm our previousstatement that boundary �elds 	ssp� with pb 62 Ss de
ouple from the theory. To this end,we shall fo
us on the 
oeÆ
ients A of the bulk boundary operator produ
t expansionrather than the 
ouplings B. The former are related to latter by multipli
ation withthe boundary 2-point fun
tion. Our 
laim is that the 
oeÆ
ients Ab=i vanish within theband-gaps. As we have seen before, the 2-point fun
tion 
ontributes a fa
tor that divergeswhen p� 62 Ss. With the help of our asymptoti
 expansion formulas in this se
tion it ispossible to show that the 
ouplings B always diverge slower. Hen
e, boundary �elds whosemomenta lie in the gaps 
annot be ex
ited when a bulk �eld approa
hes the boundary.6 Con
lusion and open problemsIn this work we have 
onstru
ted boundary 
onditions of the Eu
lidean 
 = 1 Liouvillemodel. In parti
ular we argued that there exists a family of boundary 
onditions thatis parametrized by one real parameter s 2 R. We provided expli
it expressions for theirboundary states (see eq. (3.2)), the boundary 2-point fun
tion (4.6,4.2), and the bulk-boundary 
oupling (1.6). The only quantity that we are missing for a 
omplete solutionof the model is the boundary 3-point 
oupling. In the 
ase of Liouville theory, the 
orre-sponding formulas have been found by Ponsot and Tes
hner in [25℄. We believe that theanalysis of their 
 = 1 limit 
an pro
eed along the lines of the studies we have presentedin se
tion 5, but obviously this program remains to be 
arried out in detail.A 
ru
ial ingredient in our study was the formula (2.6) for the asymptoti
s of Barnes'double Gamma fun
tion. In se
tion 2, the latter enabled us to provide a new derivationof the bulk 
ouplings in the 
 = 1 Liouville model. Our approa
h here is simpler and25



more general than the one that was developed in [27℄. With this te
hni
al progressit is now also possible to 
al
ulate the bulk 
ouplings of non-rational 
onformal �eldtheories with 
 < 1. In 
ontrast to the 
 = 1 
ase, the models with 
 < 1 are 
ertainlynon-unitary. We will 
omment on the results and their relation with minimal modelselsewhere. Possible appli
ations of su
h developments in
lude the 2-dimensional 
igarba
kground with 0 � k � 2 [38℄ and similar limits of the asso
iated boundary theories[39℄.All this resear
h, however, was mainly motivated by the desire to 
onstru
t an exa
t
onformal �eld theory model for the homogeneous 
ondensation of open string ta
hyons,su
h as the ta
hyon on an unstable D0 brane in type IIB theory. As we explained inthe introdu
tion, the underlying world-sheet theory is a Lorentzian version of the modelwe have 
onsidered in this work. But sin
e the 
ouplings of our theory are not analyti
in the momenta (with the boundary state being the only ex
eption), this Lorentziantheory 
annot be obtained by a simple Wi
k rotation from the solution we des
ribed here.Instead, it was suggested in [27℄ to perform the Wi
k rotation before sending b to itslimiting value b = i. Su
h a pres
ription makes sense be
ause the 
ouplings of Liouvilletheory are analyti
 in the momenta as long as b is not purely imaginary. It is 
ertainlyfar from obvious that the Wi
k rotated 
ouplings again possess a well-de�ned b = i limit.Preliminary studies of this issue show that our analysis of the boundary 2-point fun
tionextends to the Lorentzian 
ase. In the time-like model, the spe
trum of boundary �eldsis 
ontinuous (there are no gaps) and their 2-point fun
tion is still given by eq. (4.6) witha re
e
tion amplitude Rs1s2
=1 (x) = Ris1 is2
=25 (1 + ix)�1 :This result does not agree with the proposal in [15℄. Note, however, that in the Lorentzian
ase the 
orrelation fun
tions 
an depend on the details of how b approa
hes b = i. Su
h abehavior might be related to a 
hoi
e of va
uum5. Let us also anti
ipate that 
onsisten
yof our expression for the boundary 2-point 
oupling with the half-brane boundary states[33, 15℄ 
an be 
he
ked by means of the modular bootstrap. A related observation, thoughwith a somewhat problemati
 domain of open string momenta, has also been made in [41℄.Con
erning the bulk-boundary 
oupling, our investigations are not 
omplete yet. But be-fore having worked out the expression in the Lorentzian model, it is worthwhile 
omparing5One should 
ompare this to the 
hoi
e of self-adjoint extensions of the Hamilton operator in theminisuperspa
e analysis [40℄ 26



our formula (1.6) for the bulk-boundary 
oupling with a 
orresponding expression in thetime-like theory that was suggested re
ently in [42℄ (eq. [4.14℄ of that paper). In fa
t,the exponential in the se
ond line of our formula is identi
al to a 
orresponding fa
tor inthe work of Balasubramanian et. al. It will be interesting to determine the other fa
torsthrough our approa
h. We shall return to this issue in a forth
oming publi
ation.A
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kground on spe
ial fun
tionsIn this �rst appendix we 
olle
t a few results on the spe
ial fun
tions whi
h appear inthe analysis of the 
 = 1 boundary Liouville model. We shall start with some q-deformedspe
ial fun
tions and then introdu
e Barnes' double Gamma fun
tions and 
ertain 
loselyrelated spe
ial fun
tions. Dilogarithms and some of their properties are �nally reviewedin the third subse
tion.A.1 q-Po
hhammer symbols and q-hypergeometri
 fun
tionsOne of the most basi
 obje
ts in the theory of q-deformed spe
ial fun
tions is the �niteq-Po
hhammer symbol (see e.g. [43℄)�a; ~q�k := k�1Yn=0(1� a~qn) :Its limit for k !1 exists for j~qj < 1 and is denoted by�a; ~q�1 = 1Yn=0(1� a~qn) : (A.1)The tilde is used to avoid 
onfusion with our 
onvention for q in the rest of the text.27



With the help of the the �nite q-Po
hhammer symbol we 
an now introdu
e the basi
hypergeometri
 series 2�1. This q-deformation of the hypergeometri
 fun
tion 2F1 isde�ned as 2�1(A;B;C; ~q; z) = 1Xk=0 �A; ~q�k �B; ~q�k�C; ~q�k �~q; ~q�k zk :The interested reader 
an �nd many basi
 properties of these fun
tions in the literature(see e.g. [44, 43℄). All the properties we need in the main text are stated and derivedthere.A.2 Barnes' double Gamma fun
tion and related fun
tionsBarnes' double �-fun
tion �2(xjb) is de�ned for x 2 C and 
omplex b with Re b 6= 0 (see[45℄), and 
an be represented by an integral (for Rex > 0),log �2(xjb) = �Z 10 dtt  e�Qbt=2 � e�xt(1 � e�bt)(1 � e�t=b) + (Qb=2 � x)22 e�t + Qb=2 � xt ! ; (A.2)whenever Rex > 0. Here we have also introdu
ed the symbolQb = b+ b�1 :Throughout the main text, we often use the following spe
ial 
ombinations of doubleGamma fun
tions, �(xjb) = �2(xjb)�1 �2(Qb � xjb)�1 (A.3)S(xjb) = �2(xjb) �2(Qb � xjb)�1 : (A.4)For the latter, we would also like to spell out an integral representation that easily followsfrom the formula (A.2) above,log S(xjb) = Z 10 dtt � sinh(Qb � 2x)t2 sinh(bt) sinh(t=b) � Qb=2 � xt � :This representation is valid for jRexj < ReQb. Let us also note that S is unitary in thesense that S(xjb)S(Qb � xjb) = 1 The fun
tion S is also 
losely related to Ruijsenaars'hyperboli
 Gamma fun
tion �h (see [46℄),S(x) = �h�i(x�Qb=2)� :28



Many further properties of double Gamma fun
tions, in parti
ular on the position of theirpoles and shift properties, 
an be found in the literature (see e.g. [47℄).Here we would like to prove one relation that involves the q-Po
hhammer symbolswe introdu
ed in the previous subse
tion. To this end, we depart from the integralrepresentation (A.2). Let us denote the integrand in formula (A.2) by f(t; x; b), s.t.log �2(xjb) = � R10 dt f(t; x; b). The fun
tion f has the propertyif(it; x; b) = �f(t;�ib+ ix;�ib) + (Qb2 � x)22t (e�it � e�t) : (A.5)We evaluate the integral by 
losing the 
ontour in the �rst quadrant,log �2(xjb) = �iZ 10 dt f(it; x; b)� 2�i XPoles tnRest=tnf(t; x; b) (A.6)= � log �2(�ib+ ixj � ib)� Z 10 dt2t (Qb2 � x)2(e�it � e�t)� 2�i XPoles tnRest=tnf(t; x; b)where we have used the formula (A.5) in passing to the se
ond line. The integral in these
ond term is Z 10 dtt (e�it � e�t) = �i�2 : (A.7)The poles appearing in the sum over residues are at tn = 2�in=b with n = 1; 2; : : : Hen
ewe �nd 2�i XPoles tn Rest=tnf(t; x; b) = 1Xn=1 1n e�Qb�in=b � e�2�inx=b1� e�2�in=b2= 1Xn=1 1n (�1)n � e�in=b2�2�inx=b2i sin �n=b2 :Repla
ing sin�n=b2 through 12i sin�n=b2 = e��in=b2 1Xm=0 e�2�inm=b2and 
hanging the order of summation, we obtain2�i XPoles tnRest=tnf(t; x; b) = 1Xm=0 � log(1� e�2�im=b2�2�ix=b) � log(1 + e�2�i(m+1=2)=b2)�= log 1Ym=0 1� q2me�2�ix=b1 + q2m+129



with q = e�i�=b2 . We 
an now re-express the in�nite produ
t with the help of q-Po
hhammer symbols (see appendix A.1). Inserting this result and eq. (A.7) into eq.(A.6) we �nally arrive at�2(xjb) = e i�4 (Qb=2�x)2 �� q; q2�1�e�2�ix=b; q2�1�2(�ib+ ixj � ib)�1 : (A.8)This formula is the starting point for our evaluation of the asymptoti
 behavior of �2(xjb)near b! i. We shall return to this issue in appendix B.A.3 DilogarithmThere is one more spe
ial fun
tion that plays an important role in our analysis: Euler'sdilogarithm (L. Euler 1768). It is de�ned byLi2(x) := 1Xn=1 xnn2 ;for jxj � 1. At x = 1, we �nd Li2(1) = �26 . The dilogarithm has the integral representationLi2(x) = �Z x0 log(1 � t)t dt :It 
an be analyti
ally 
ontinued with a bran
h 
ut along the real axis from 1 to +1. Atx = 1, the dilogarithm is still 
ontinuous, but not di�erentiable.Properties of Dilogarithms are used frequently to derive the formulas that appear inthe main text. Here we list the most relevant propertiesLi2(z2) = 2Li2(z) + 2Li2(�z) (A.9)Li2(z) + Li2(1� z) = Li2(1) � log(z) log(1� z) (A.10)Li2(�z) + Li2(�1=z) = 2Li2(�1)� 12 log2(z) (A.11)Li2(e��) = Li2(1) � (1� log �)�+ o(�) : (A.12)Many more properties of the dilogarithm 
an be found in the literature (see e.g. [48℄). Ofparti
ular relevan
e for our analysis of the bulk-boundary 2-point fun
tion is the followingequality2Xj=1 2Xl=1 �Li2(�jxl)� Li2(�j=�l)� Li2(�jxl) + Li2(�j=�l)� (A.13)= Li2(z)� Li2(z �1�2�1�2 ) + log z log(x1x2�1�2) :30



Here, x1;2 are the two solutions of the quadrati
 equationz(1 � �1x)(1� �2x) = (1� �1x)(1� �2x) : (A.14)Equation (A.13) is derived from the usual 5-term relation of the dilogarithm (see e.g. [48℄)with the help of the following list of relations that hold for any two solutions x1; x2 of theequation (A.14),�1 � z �1�2�1�2� (1� �ix1)(1� �ix2) = �1 � �i�1��1 � �i�2� (A.15)�1� z �1�2�1�2� (1� �ix1)(1� �ix2) = (�i � �1)(�i � �2)�i (A.16)x1x2 = 1 � z�1�2 � z�1�2 : (A.17)We leave the details to the reader. Let us note that the properties (A.15) to (A.17) arealso used frequently to simplify the �nal formula for the bulk-boundary 2-point fun
tion.B Asymptoti
 behavior of q-Po
hhammer symbolsIn order to evaluate the behavior of the double Gamma fun
tion near b = i one 
an startfrom our equation (A.8). Sin
e the double Gamma fun
tion that appears on the right handside of this equation is analyti
 at b = i, the main issue is to understand the asymptoti
behavior of the q-Po
hhammer symbol. This is what we are 
on
erned with here. Tobegin with, we shall parametrize ~q by log ~q = ��. In general, the limit 
an depend on theway we send � to zero. We start by taking the logarithm of the de�nition (A.1),log �a~qz=2; ~q�1 = 1Xn=0 log(1� a ~qz=2~qn)= 12 log(1 � a ~qz=2) + Z 10 log(1� a ~qz=2+x)dx+ Z 10 �1(t� [t℄) ddx� log(1 � a ~qz=2+x)���x=t dt :Here, we used the Euler-Ma
Laurin sum formula to re-express the sum as an integral, �1is the �rst Bernoulli polynomial, �1(t) = 12 � t :31



Note that the bran
h of the logarithm log(1 � a ~q z2+x) is 
hosen su
h that it approa
hes0 when we send x along the real axis toward +1. The �rst integral is given by thedilogarithm (see appendix A.3 for the de�nition and properties), so we obtain�a~qz=2; ~q�1 = e� 1�Li2(a~qz=2) (1 � a~qz=2) 12 exp I(�; a; z) ; (B.1)where I(�; a; z) denotes the integral 
ontaining the Bernoulli polynomial,I(�; a; z) := Z 10 �1(t� [t℄)(�a) log(~q) ~qz=2+t1� a ~qz=2+t dt :As long as jaj < 1, I(�; a; z) is suppressed by log ~q = ��. On the other hand, if a = 1,then the integral gives a non-trivial 
ontribution. Let us explain that in more detail. Werewrite the integral asI(�; a; z) = Z 10 �1( t� � [ t� ℄) 1a�1 e�z=2 et � 1dt :When � goes to zero, the strongly os
illating sign of the Bernoulli polynomial suppressesthe integral, so that generi
ally I(�; a; z) vanishes in that limit. The leading 
ontribution
omes from the pole of the integrand, and if it approa
hes the path of integration whensending � to zero, we 
an get a �nite 
ontribution. For jaj < 1, the pole is always outsideof the integration region, but for jaj � 1, the pole might 
ome 
lose to the real axis. We
an take this e�e
t into a

ount by extra
ting the pole part from the integrand,1a�1 e�z=2 et � 1 = 1t� log a+ �z=2 + regular :The regular part will not 
ontribute to the integral in the limit �! 0, so we 
an rewriteI(�; a; z) as I(�; a; z) = Z 10 �1(t� [t℄) 1t� log a� + z2 + o(�0) :The remaining integral is given by the di�eren
e of � log �(� log a� + z2) and the �rst termsof its Stirling series,I(�; a; z) = � log �(� loga� + z2) + 12 log 2�+ �� log a� + z2�� log �� log a� + z2�� 1�� 12 log �� loga� + z2�+ o(�0) :As long as jaj � 1 and a 6= 1, the limit of I vanishes be
ause the �-fun
tion approa
hesits Sterling approximation. If a = 1, we �ndexp I(�; 1; z) = p2��(z=2)�z2�z�12 e� z2 �1 + o(�0)� for z 2 C n (�1; 0℄ :32



This formula together with (B.1) des
ribe the asymptoti
s of q-Po
hhammer symbols inthe 
ases we shall need for our appli
ations.In the following we want to apply the gained insight in a number of spe
ial 
ases.First, let us write down the full asymptoti
s (B.1) for a = 1,�~qz=2; ~q�1 = e� 1�Li2(1)��(z�1)=2 p2��(z=2)(1 + o(�0))where we used (A.12) from appendix A.3 to expand the dilogarithm 
lose to 1. Weobserve that this expression has zeroes for z = �2;�4;�6; : : : whi
h is 
onsistent withthe general de�nition (A.1). For integer z these asymptoti
s 
an alternatively be derivedusing modular properties of Dedekind's �-fun
tion.We are often interested in q-Po
hhammer-symbols of the form �f(~q); ~q�1 with somefun
tion f(~q). In most 
ases, it is enough to expand f to �rst order around ~q = 1, andwe �nd �f(~q); ~q�1 = �f(1)~qf 0(1)=f(1); ~q�1(1 + o(�0)) :This relation breaks down if f(1) = 1 and f 0(1)=f(1) = �n for some n = 0; 1; 2; : : : .Let us look at an example. Set ~q = e�2�i=b2 and f(~q) = e�2�p=b(~q)~qz=2 for p 2 R. Thenwe obtainlog �e�2�p=b~qz=2; ~q�1 = �1�Li2(e2�ip) + 12(1 � z � p) log(1 � e2�ip) + o(�0) : (B.2)By 
arefully 
hoosing the 
orre
t bran
h of the logarithm we 
an rewrite the result as�e�2�p=b~qz=2; ~q�1 = e� 1� Li2(e2�ip)�2j sin �pje�i(p�[p℄�1=2)�(1�z�p)=2 �1 + o(�0)� ; (B.3)where [p℄ denotes the largest integer smaller or equal p.Let us �nally look at the behavior of �a; ~q�1 when a is 
lose to 1. Obviously �1; ~q�1 =0, and the derivative is easily obtained asdda�a; ~q�1���a=1 = ��~q; ~q�1 : (B.4)Similar formulas for the asymptoti
s of q-Po
hhammer symbols have been derived before(see in parti
ular [49℄). 33
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