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While the branes naturally lead to the 
on
ept of a 
urved non-
ommutativespa
e [2,3℄, they are still amenable to dire
t investigation using diverse meth-ods su
h as the Lagrangian formalism of the asso
iated WZW models [4,5℄
on�ning the branes to (twisted) 
onjuga
y 
lasses, e�e
tive �eld theory for-mulated in terms of the Dira
{Born{Infeld fun
tional [6℄ proving their sta-bility, matrix models [2,3℄ providing a semi-
lassi
al pi
ture of the geome-try and gauge dynami
s, renormalisation group te
hniques [2,3,7,8℄ 
apturingbrane 
ondensation phenomena, K-theory [7,9,10℄ 
lassifying their 
harges andBoundary Conformal Field Theory (BCFT) o�ering a

ess to their mi
ros
opi
stru
ture via the boundary state 
onstru
tion.In the latter approa
h, (twisted) branes are identi�ed with states in the Hilbertspa
e of the bulk (or 
losed string) theory implementing (twisted) gluing 
on-ditions for 
hiral 
urrents of the bulk CFT (a is an index of the adjoint repre-sentation of the horizontal Lie algebra g � LieG of the Ka
{Moody algebrabg�, n enumerates Laurent modes and B is a boundary state label):�Jan 
 I+ !(I
 Ja�n)� jB �!= 0; (1)where ! is an outer automorphism of the 
urrent algebra bg� (see, e.g., [11,12℄).Thus branes break the full 
hiral symmetry algebra bgL� � bgR� of the bulk WZWto the subalgebra spanned by annihilators of jB �!, isomorphi
 to bg�.Non-
ommutative geometry entered the stage thus set in [2℄ where a matrixmodel of "fuzzy" physi
s of untwisted branes was expli
itly derived in the largevolume (or, equivalently, large level �) limit. The twisted 
ase was then exam-ined at great length in [3℄, along similar lines. The semi-
lassi
al approa
h of[2℄ was later extended in [13℄ where an Ansatz for brane geometry and gaugedynami
s at arbitrary level was advan
ed, based on the fundamental 
on
eptof quantum group symmetry, as suggested by the underlying (B)CFT, andthe well-known 
orresponden
e between untwisted aÆne Lie algebras bg� andDrinfel'd{Jimbo quantum algebras Uq(g) (see, e.g., [14℄). The latter proposalwas shown to su

essfully en
ode essential (untwisted) brane data su
h astensions, lo
alisations, the algebra of fun
tions, internal gauge ex
itations andinterbrane open string modes. It was also generalised in [15℄ to a 
lass of orb-ifold ba
kgrounds, known as simple 
urrent orbifolds SU(N)=ZN, whereby thebasi
 stru
ture of the asso
iated matrix model, a so-
alled Re
e
tion EquationAlgebra 3 (REA) REAq(AN), was examined extensively. The study revealedan attra
tive geometri
 pi
ture behind the 
ompa
t algebrai
 framework ofthe REA's, whi
h was next exploited in an expli
it 
onstru
tion of some newquantum geometries 
orresponding to (fra
tional) orbifold branes.One parti
ular aspe
t of the non-
lassi
al WZW geometry is quantisation ofbrane lo
ations within G. It 
an be derived rather straightforwardly from3 Cp [16{18℄, see also: the Appendix. 2



the relative-
ohomologi
al 
onstraints on the ba
kground 
uxes of the rele-vant Lagrangian boundary WZW model as
ertaining well-de�nedness of theasso
iated path integral [4℄. We shall expli
itly refer to some results of the
ohomologi
al analysis in what follows.In this paper, we dis
uss an algebrai
 framework relevant to the analysis atarbitrary level of twisted branes on SU(2n + 1) group manifolds. A

ord-ingly, we spe
ialise our exposition to the 
ase bg� = A(1)2n (in whi
h !
 is thestandard Z2-re
e
tion of the Dynkin diagram). The exposition is 
entred onthe CFT-inspired notion of twisted quantum group symmetry, as representedby so-
alled twisted Re
e
tion Equation Algebras (tREA) tREAq(A2n). Thelatter are dire
tly related to quantum algebras U 0q(so2n+1), with a knownrepresentation theory [19{25℄. The U 0q(so2n+1) are (
oideal) subalgebras 4 ofUq(su2n+1) - a quantum-algebrai
 
ounterpart of the 
lassi
al subalgebra stru
-ture: so2n+1 ,! su2n+1 [28,29℄. Using these fa
ts, we provide eviden
e of anintri
ate relationship between twisted boundary states [12,30,31℄ and the rep-resentation theory of the !
-invariant subalgebra so2n+1 �= (su2n+1)!
, andsubsequently re
on
ile our result with the stru
ture of the representation the-ory of U 0q(so2n+1) at q a root of unity 5 , embedded in that of Uq(su2n+1). Wealso rederive the quantisation rule for twisted brane positions within the WZWgroup manifold of SU(3) (originally obtained from 
ohomologi
al analysis in[32℄), whereby we establish - in dire
t analogy with the untwisted 
ase - asimple geometri
 meaning of the Casimir operators of tREAq(A2n).Let us now give an outline of the present paper. Se
tion 2. is a warm-up pre-sentation of the 
lassi
al geometry of the twisted branes. Se
tion 3. dis
usses
hosen features of the twisted Re
e
tion Equation Algebras. Se
tion 4. 
on-tains the main results of this work: 
lassi�
ation of the twisted branes throughthe representation theory of the tREA's and a semi
lassi
al derivation of thequantisation rule for brane positions in the SU(2n+1) group manifold. In theappendi
es atta
hed, we list further properties of Re
e
tion Equations andthe U 0q(so2n+1) algebras.4 Stru
tures of this kind have long been known to arise naturally in the related
ontext of (1 + 1)-dimensional integrable models on a half-line, with involutivelytwisted gluing 
ondition for 
hiral symmetry 
urrents at the boundary, 
p [26℄, seealso [27℄.5 As di
tated by the CFT. 3



2 Classi
al geometry of twisted WZW branesAt the 
lassi
al level, stable branes of the WZW model in the Lie group targetG are des
ribed by (twisted) 
onjuga
y 
lasses of the form:C!(t) = nht!(h�1) ��� h 2 Go ; (2)with t in the "symmetri
" subgroup T ! of the maximal torus T � G, i.e. t 2 Twith !(t) = t, when
e - in parti
ular - the 
onjuga
y 
lasses are invariant under!. When G = SU(2n + 1) and ! = !
 (the 
ase of interest) we may 
hoose
omplex 
onjugation � as a group-integrated representative of !, whereby theabove redu
es to (T denotes transposition)C�(t) = nhthT ��� h 2 SU(2n + 1)o : (3)LetKt = fh 2 G : hthT = tg be the stabiliser subgroup (in the twisted adjointrepresentation) of t 2 T !. For t = I, the stabiliser Kt 
oin
ides with the groupSO(2n + 1). In the algebrai
 setup to be developed, we shall en
ounter aquantum deformation of this group (see Se
.3.). Clearly, C!(t) 
an be viewedas a homogeneous spa
e 6 : C!(t) �= G=Kt: (4)The twisted 
onjuga
y 
lasses are invariant under the twisted adjoint a
tionof the ve
tor subgroup G �= GV ,! GL � GR of the group of symmetries ofthe target manifold, GC!(t)!(G�1) = C!(t): (5)This is a 
lassi
al 
ounterpart of the symmetry breaking pattern: bgL� � bgR� !bg� mentioned under (1). In this 
ontext, the distinguished 
hara
ter of the!-invariant subgroup derives from the fa
t that a given twisted 
onjuga
y
lass 
ontains full regular 
onjuga
y 
lasses [32℄ of all its elements relative theadjoint a
tion of the subgroup G! � G,g 2 C!(t) =) G!g(G!)�1 � G!g!((G!)�1) � C!(t): (6)The remaining part of the original bulk symmetry, GL �GR, translates - justas in the untwisted 
ase - into 
ovarian
e of the ensuing physi
al model underrigid one-sided translations of twisted 
onjuga
y 
lasses within G,GLC!(t)GR = GLC!(t)!(G�1L )!(GL)GR = C!(t)G: (7)6 In this pi
ture, the map: G=Kt ! C!(t); hKt 7! ht!(h�1) is manifestly well-de�ned and bije
tive. Note that the left hand side is a one-sided (right) 
oset ofG. 4



This re
e
ts the residual freedom in the de�nition of the boundary state 
on-sisting in the 
hoi
e of the inner automorphism twisting the gluing 
ondition[11℄.Upon spe
ialising the above presentation to the 
ase of SU(3) for the sake ofillustration and preparation for Se
.4.2, we obtain a 
lassi�
ation of twistedbranes in terms of twisted 
onjuga
y 
lasses in SU(3). For the spe
i�
 
hoi
eof the group-integrated representation of ! given by 
omplex 
onjugation �,we 
an parametrise the latter asC�(�) = 8>>>>><>>>>>:h0BBBBB� 
os � sin � 0� sin � 
os � 00 0 11CCCCCAhT ����� h 2 SU(3) ^ � 2 �0; �2 �9>>>>>=>>>>>; ; (8)from whi
h it transpires that there are two spe
ies of twisted branes in thisba
kground: a 5-dimensional twisted 
onjuga
y 
lass of the group unit, with amaximal stabiliser, C�(0) �= SU(3)=SO(3), and generi
 7-dimensional twisted
onjuga
y 
lasses whi
h 
an be regarded as homogeneous spa
es SU(3)=SO(2).We shall make expli
it use of the parametrisation (8) in the sequel.3 Twisted Re
e
tion EquationsIn this se
tion, we shall dis
uss (quantum) algebras relevant to the des
riptionof twisted branes. The arguments we invoke are of the kind presented in [13℄,i.e. they are based on the pattern of symmetry breaking indu
ed by twistedbranes (
p the dis
ussion of the previous se
tion).Thus we propose to 
onsider a twisted Re
e
tion Equation (tRE):tRE� : R12K�1Rt112K�2 = K�2Rt112K�1R12; (9)in whi
h R is a bi-fundamental realisation of the standard universal R-matrixof the relevant quantum group Uq(su2n+1) and K� are operator-valued matri-
es of generators of the twisted Re
e
tion Equation Algebra tREAq(A2n) (see:the Appendix).Equations of this kind (parametrised by additional physi
al quantities) havelong been known to des
ribe 
ouplings of bulk modes to the boundary in(1+1)-dimensional integrable models on a half-line, with involutively twistedgluing 
ondition for 
hiral symmetry 
urrents at the boundary (see [26,27℄,and the referen
es within). Furthermore, the respe
tive algebrai
 stru
turesensuing from (9) and its dynami
al 
ounterpart from the papers 
ited share5



many essential features (
oideal property, an intimate relation to the so-
alledsymmetri
 pairs).The twisted left-right (
o)symmetries [13℄ of the tRE: K� 7! tTK�s, realisedin terms of (t; s) 2 GL 
R GR � SUq(2n + 1) 
R SUq(2n + 1) (we haveq = e�i=(�+2n+1), as indi
ated by the underlying CFT), provide a quantumversion of the 
lassi
al left-right isometry of the group manifold, whi
h shouldbe a symmetry of the problem (to be broken by branes). There is another tREwith the same symmetry properties,tRE+ : R21K+1Rt121K+2 = K+2Rt121K+1R21: (10)The transformation rule for K+ reads K+ 7! (St)K+(Ss)T (S is the antipodeof the Hopf algebra SUq(2n+1)). As we shall dis
uss in App.A.2 and following[29℄, the two tRE's de�ne the same quantum algebra U 0q(so2n+1) [20℄, a quan-tum deformation of so2n+1. tRE� di�er in the manner the algebra U 0q(so2n+1)is embedded in them. In view of the prominent rôle played by SO(2n + 1) inthe des
ription of twisted A2n branes (see Se
.2.), the appearan
e of the latteralgebra should be regarded as an en
ouraging fa
t.As it turns out [28℄, we need both K+ and K� to 
onstru
t Casimir operatorsfor this algebra 7 . They shall play an important part in our dis
ussion of branegeometries (see Se
.4.2.). The Casimir operators 
an be 
ast in the form:
m := tr �X (DX)m�1� ; m 2 1; 2n � 1; (11)where X := K�K+ and D := diag(q�2�2n; q�2�(2n�1); : : : ; 1), the latter beingstraightforwardly related to the antipode S throughD�1sD = S2s: (12)In the spirit of the papers [13,15℄, we would like to identify branes with appro-priately 
hosen irredu
ible representations of the tREA de�ned above. Furthereviden
e in favour of su
h an assignment as well as the details of the iden-ti�
ation shall be provided in Se
t.4. For the present, though, we fo
us on aparti
ular 
onsequen
e of this idea: 
learly, it should entail the existen
e ofan algebrai
 
ounterpart of (5). And indeed, the ve
tor part of the GL 
R GRsymmetry, realised asK� 7! sTK�s ; K+ 7! (Ss)K+(Ss)T (13)7 In the 
ase at hand, i.e. for the deformation parameter q a root of unity, thereare - as usual - additional 
entral elements in the algebra, originally dis
overed in[22℄. They shall not be 
onsidered in this paper. In parti
ular, for A2 with our sub-sequent 
hoi
e of the representation theory, they are known to 
arry no interestinginformation [24℄. 6



possesses the required properties. In addition to preserving the respe
tivetRE's, it also leaves the values of all 
m's un
hanged. This follows from the fa
tthat under the above transformationsX 7! sTX(Ss)T ,XDX! sTX(Ss)TDsTX(Ss)Tet
. Upon applying (12), we then obtain D�1(Ss)TDsT = Iand so we readilyverify 
m 7! tr �sTX (DX)m�1 (Ss)T�. That leads us dire
tly to the 
on
lusion.Next, we turn to the representation theory of (9)-(10). Re
all that tREAq(A2n)is related to a parti
ular deformation of so2n+1 denoted by U 0q(so2n+1). Therepresentation theory of U 0q(so2n+1) is known in 
onsiderable detail (see, e.g.,[20,23℄.). Here, we are interested only in the highest weight irredu
ible repre-sentations. For q = e�i=(�+2n+1), these are of the 
lassi
al type, with the 
orre-sponding highest weights trun
ated to a fundamental domain in a (�+2n+1)-dependent way outlined below. We adopt labelling by signatures 8 : ~m =(m1;m2; : : : ;mn) =: Pni=1mi~ei su
h that all mi's are integers or all are half-integers, subje
t to the dominan
e 
ondition:m1 � m2 � : : : � mn � 0: (15)The trun
ation s
heme has not been worked out in all generality as of thiswriting. It is known [23℄ in the simplest 
ase of U 0q(so3),2m1 � � + 2; (16)and inspe
tion of the algebra U 0q(so5) and its representations (
p [20℄) revealsthat the 
andidate formula is 9 m1 + m2 � � + 5. Thus, it seems plausiblethat in the general 
ase of irredu
ible representations of U 0q(so2n+1) highestweights are trun
ated as: m1 +mn � �+ 2n+ 1: (17)We shall return to this issue in the next se
tion.8 The signatures 
an readily be expressed in terms of the Dynkin labels of the
orresponding weights:2mi = 2 n�1Xj=i �i + �n; (i < n); 2mn = �n: (14)9 At the threshold, matrix elements of the generators of U 0q(so5) develop poles.Analogous pathology o

urs for U 0q(so3) and extends to Clebs
h{Gordan 
oeÆ-
ients, as well as the asso
iated 6j-symbols.7



4 Geometry of twisted branes from the tREAIn the present se
tion, we unravel a number of features of the tREA's in-trodu
ed, indi
ating towards an intimate relationship between the latter andtwisted branes of the WZW models of type A2n.4.1 Algebrai
 trun
ation of twisted brane labelsBelow, we address the issue of mi
ros
opi
 lo
alisation of twisted branes fromtwo vantage points: the BCFT one, based on the notion of a (twisted) bound-ary state, and that of a suitably trun
ated representation theory of the !
-invariant subalgebra so2n+1 whi
h we 
onsistently embed in the representationtheory of tREAq(A2n). The identi�
ations made shall then be tested in a semi-
lassi
al approximation in Se
t.4.2.Let us start by re
alling that the non-
lassi
al geometry of a maximally sym-metri
WZW brane has been su

essfully en
oded in the representation theoryof REAq(g) [13,15℄. A 
ru
ial rôle in this approa
h has been played by the mapREAq(g) ! Uq(g) given by M = L+M0SL�, in whi
h L� are the familiarFRT operators of [18℄ (see: the Appendix). The map provides us with toolsne
essary to show that there is a one-to-one 
orresponden
e between high-est weight irredu
ible representations of REAq(g) and (untwisted) branes.Moreover, it gives geometri
al information about branes in terms of Casimiroperators.For the tRE, there is a similar embedding of tREAq(A2n) �= U 0q(so2n+1) inUq(su2n+1), K� = �L+�T C�L� ; K+ = SL+C+ �SL��T ; (18)withC - a 
onstant (
-number-valued) matrix solution of tRE. In what follows,we takeC := diag(
1; 
2; : : : ; 
2n+1) su
h that limq!1 
i = 1; i 2 1; 2n + 1. This
hoi
e guarantees that in the 
lassi
al limit, q ! 1, (18) de�nes the embedding:U(so2n+1) 3 Ii+1;i 7�! Fi � Ei 2 U(su2n+1); (19)in whi
h Ii+1;i denote generators of U(so2n+1). The map (18) determines abran
hing of representationsR� of Uq(su2n+1) (L+;L� 2 Uq(su2n+1)) into thoseof U 0q(so2n+1), R� �!M~m ~b~m� R~m: (20)Analogously, the map (19) determines the 
lassi
al 
ounterpart of (20). Mo-tivated by the analysis of the untwisted 
ase, as well as by the 
onsiderations8



of [3℄ and [32℄ we propose the following identi�
ation:Twisted branes 
orrespond to those highest weight irredu
ible rep-resentations of U 0q(so2n+1) whi
h show up on the right hand side of(20), with the bran
hing 
oeÆ
ient ~b~m� determining the interse
tionof the untwisted brane des
ribed by R� with the twisted one asso-
iated to R~m.The rule has to be supplemented by a trun
ation of ~m's (denoted by a tilde in(20)), stri
ter than the one on the highest weight irredu
ible representationsof U 0q(so2n+1). The trun
ation is imposed on R~m as detailed below. Apart fromthe trun
ation, the bran
hing follows the purely 
lassi
al (q = 1) pattern. Itappears that for � 2 2N� one 
an �nd a relatively easy algebrai
 pres
rip-tion for the trun
ation 10 by demanding not only that the number of surviv-ing irredu
ible representations agree with the number of admissible boundarystates from the latti
e of dominant fra
tional symmetri
 aÆne weights of A2n(
p [12℄), but also that the ensuing distribution of U 0q(so2n+1)-representationsover P �+(A2n) possess theZ2n+1 simple 
urrent symmetry of twisted 
onjuga
y
lasses. It reads 2m1 � � (21)and is to be iteratively imposed on the representation theory of U 0q(so2n+1)whi
h 
omes with a tensor produ
t stru
ture elu
idated in [25℄.Here is a des
ription of the pro
edure leading to (20). As the input we use theknown [25℄ fa
t: ~b~m�1 = Æ~e1~m (R�1 and R~e1 are the fundamental representationsof Uq(su2n+1) and U 0q(so2n+1), respe
tively). The pro
edure is itarative. LetR� =L~m ~b~m� R~m be known (we start with R�1). In a single step, we tensor R�with R�1. On the Uq(su2n+1) side, this yields R� 
R�1 = L�2P�+(A2n)N ��;�1R�(N ��;�1 are multipli
ities). On the U 0q(so2n+1) side, we get L~m ~b~m� R~m 
 R~e1 .Lu
kily [25℄, tensor produ
ts of the kind R~m
R~e1 are well-de�ned 11 and 
anbe de
omposed into irredu
ible 
omponents. We may then derive the bran
h-ing 
oeÆ
ients ~b~m� for the irredu
ible simple summands R� upon imposingthe trun
ation (21). Clearly, we 
an re
onstru
t the entire representation the-ory of Uq(su2n+1) over P �+(A2n) in this way, hen
e we retrieve all the desiredinterse
tions.Several 
omments are well due at this point. First of all, our usage of thequantum algebras should not obs
ure the fa
t that the trun
ation 
ould justas well be imposed in the 
lassi
al setup (i.e. for so2n+1). The good newsis that it 
an be re
on
iled with the spe
i�
 stru
ture of the representationtheory of U 0q(so2n+1) for q a root of unity. Indeed, in 
onsequen
e of (15), the10 The signi�
an
e of the parity of � was emphasised already in [32℄.11 Due to the fa
t that U 0q(so2n+1) is a 
oideal (non-Hopf) subalgebra of Uq(su2n+1)tensoring is problemati
 in general. 9



present trun
ation 2m1 � � implies m1 + mn � 2m1 � � < � + 2n + 1 andhen
e it is more restri
tive than (16). Finally, the representations admittedby (20) 
orrespond to those representations of the algebra so2n+1 whi
h 
anbe integrated to representations of the group SO(2n + 1) [3℄. The latter fa
tshall be of prime relevan
e to the dis
ussion of the next se
tion.Let us also note another, rather astonishingly exa
t 
orresponden
e between(20) and BCFT. Namely, we 
an 
al
ulate 12 s
alar produ
ts of a twistedboundary state j _��!
C with all admissible untwisted boundary states j��C,whereby we obtain!
C � _�jj��C= (n!
� ) _�	(0) ; 	(0) := 12E ��2� (�n + �n+1) : (22)Here, n!
� are the so-
alled twisted fusion rules of the CFT [31℄ and E(x)denotes the integral part of x. It appears that for even � the bran
hing 
oef-�
ients of (20) 
oin
ide with the twisted fusion rules as~b~m� = (n!
� )	(~m)	(0) ; (23)with the identi�
ation between the trun
ated representation theory of tREAq(A2n)and the set of twisted boundary labels given by the mapping:	 : ~m 7�! 	(~m) := 12 n�1Xi=1(mn�i�mn�i+1)(�i+�2n+1�i)+�� 2m14 (�n+�n+1);(24)originally proposed in [30℄ and further dis
ussed in [3℄. Thus (24) 
ompletesour translation of the BCFT data into the quantum-algebrai
 language of thetREA. Note that it a
tually asso
iates (through (20) and (22)) the trivialrepresentation, R~0, with the dimensionally redu
ed twisted brane (the onewrapping the twisted 
onjuga
y 
lass of the group unit) as the unique onehaving a non-vanishing overlap with (i.e. 
ontaining) the pointlike untwistedbranes lo
alised at the 2n + 1 points in SU(2n + 1) 
orresponding to theelements of the 
entre Z(SU(2n + 1)) �= Z2n+1. We shall 
ome ba
k to thispoint in the next se
tion.4.2 Brane lo
alisation from Casimir eigenvaluesWe are not aware of any natural embedding tREAq(A2n) ,! REAq(A2n). Re-
all that - following [13℄ - we assign to the latter algebra the rôle of the quan-tised algebra of fun
tions on the group manifold. Thus, the la
k of su
h a mapprevents us from giving a dire
t geometri
al meaning to various quantities12 Details of the relevant BCFT 
omputation leading to (22) shall be presented inan up
oming paper. 10



asso
iated with tREA's, e.g. to their Casimir operators. Lu
kily, the situationis not hopeless. We may employ (18) and the map REAq(A2n)! Uq(su2n+1),(A.8), to 
onstru
t a map tREAq(A2n) ! REAq(A2n) order by order in theparameter 1=�, in a manner 
onsistent with the q ! 1 limiting pro
eduredes
ribed in [13℄. Using the above expansion we shall express the quadrati
Casimir operator 
1 of tREAq(A2n) in terms of the M-variables, that is interms of solutions to the (untwisted) RE (
p [13,15℄). All approximate equal-ities below are up to terms of higher order in the expansion parameter. Wealso 
hoose C := I.First, note that K�ii � I for all i 2 1; 2n + 1. Hen
e 
1 � Pi I+Pi>j K�ijK+ji .Upon subtra
ting the trivial part, we then de�ne~
1 := 2n+1Xi>j=1K�ijK+ji : (25)We also have K�ij � Pj�k�i L+kiL�kj and K+ji � Pj�k�i SL+ikSL�jk. Using theresults from App.D of [15℄ we list the relevant (leading) terms of the L�-operators: L+ij � �Eji ; SL+ij � ��Eji; i < jL�ij � ��Eji ; SL�ij � �Eji; j < iL�ii � I ; SL�ii � I;with Eij de�ned as in [15℄ (their expli
it form is not relevant here). The aboveyield K�ij � �(Eij � Eji) � �K+ji ; j < i (26)and - sin
e Mij � �Eji for i 6= j - we 
on
lude thatK�ij �Mij �Mji: (27)Thus ~
1 � � 2n+1Xi>j=1(Mij �Mji)2 = 12tr(M�MT )2: (28)At this stage, we may already evaluate the Casimir operator on a parti
ularirredu
ible representation R~m of tREAq(A2n). Thus we rewrite the left handside after [20,21℄ in terms of 
omponents of the signature ve
tor ~m labellingthe irredu
ible representation 
hosen, whereby we obtain~
1���R~m = q2n�1�2 nXj=1[mn+1�j℄q[mn+1�j + 2j � 1℄q: (29)11



On the present level of generality, we may draw one en
ouraging 
on
lusion:the Casimir operator 
learly vanishes on the trivial representation of the tREA,R~0, and with our 
hoi
e of trun
ation of admissible irredu
ible representations,(21), it is also the unique 13 representation with this property. Thus for ~m = ~0we obtain: tr(M�MT )2 / ~
1 = 0, whi
h is solved by symmetri
 matri
esM.This 
onforms with the known results for the dimensionally redu
ed brane [9℄to whi
h we 
onsequently asso
iate the zero U 0q(so2n+1)-signature, 
onsistentlywith our mi
ros
opi
 analysis. Equivalently, from the (
o)isometry (13) of irre-du
ible representations of U 0q(so2n+1) we 
on
lude that the geometry de�nedby R~0 is en
oded in the twisted SUq(2n + 1)-
omodule algebra: C 7! sTCsand therefore it des
ribes the twisted (quantum) 
onjuga
y 
lass of the groupunit.It turns out that we may extra
t further information from the semi
lassi
alresult (28)-(29), whereby we gain some insight into its physi
al meaning. Tothese ends we spe
ialise the formul� to the simplest physi
ally relevant 14 
ase:n = 1. Plugging into (28) the expli
it 
lassi
al parametrisation (8) of twisted
onjuga
y 
lasses of G = SU(3),M� = 0BBBBB� 
os � sin � 0� sin � 
os � 00 0 11CCCCCA ; (30)and 
omparing with (29) we get the relation:�8 sin2 � = 2�2[�1=2℄q[�1=2 + 1℄q; (31)where - as previously - �1 = 2m1 2 N [20℄. We 
an regard (31) as a quantisation
ondition for brane positions. For 1� �1 � � it yields� � �1�2� : (32)Clearly, the above rule retains its validity for �1 = 0, hen
e we may expe
t itto be generally appli
able in the large � limit.The signi�
an
e of the 
lassi
al limit (32) of our quantum-algebrai
 resultfollows from the fa
t that it is amenable to dire
t 
omparison with the dataon twisted brane lo
alisation whi
h 
an be found in the literature 15 . Thus13 Note that (16) does not guarantee the uniqueness.14 The 
lassi
al SU(2) has no non-trivial diagram automorphisms.15 As for exa
t BCFT data of, e.g., [9℄ it unavoidably be
omes obs
ured by the
onventions adopted in the original papers. They di�er from ours in the 
hoi
e ofthe representative of the 
lass of automorphisms implementing the Dynkin diagramre
e
tion on the group level. 12



we 
ompare (32) with the relative-
ohomologi
al analysis of [32℄, using thesame group-integrated representative of !
 as the one quantised by the tRE's(9)-(10). The analysis yields a quantisation rule:� = (2n � �)�2� ; n 2 E ��2� ; �; (33)whi
h falls in perfe
t agreement with (32) (for even �) and, 
onsequently,lends support to our proposal. Indeed, upon restri
ting in (29) to integer-spinirredu
ible representations of U 0q(so3), the two quantisation formul� be
omefully equivalent. The latter representations, on the other hand, are pre
iselythe ones that appear in (trun
ated) bran
hings of the irredu
ible represen-tations of REAq(A2) used in [15℄ in the des
ription of untwisted branes, asdetermined by (20).5 Summary and 
on
lusionsIn the present paper, we have dis
ussed a 
lass of quantum algebras, thetwisted Re
e
tion Equation Algebras tREAq(A2n), in referen
e to twistedboundary states of WZW models for the groups SU(2n + 1) and the asso-
iated brane worldvolumes wrapping (
lassi
ally) twisted 
onjuga
y 
lasseswithin the group manifolds. The framework, developed as a straightforwardextension of the previous 
onstru
tions for untwisted WZW branes, based onthe untwisted Re
e
tion Equation Algebras REAq(A2n), is a novel proposalfor a 
ompa
t algebrai
 des
ription of the twisted branes. Our study providesseveral arguments in favour of its profound relationship to the CFT of twistedboundary states: 
lassi
al-type irredu
ible representations of tREAq(A2n) en-joy a (
o)symmetry that quantises the twisted adjoint symmetry of the bound-ary states (the starting point of the 
onstru
tion) and in so doing they realisea symmetry breaking s
enario analogous to the BCFT one (
p the introdu
-tory remarks under (1) and (5)); the eigenvalues of the Casimir operatorsof tREAq(A2n) returned by these irredu
ible representations admit a sim-ple physi
al interpretation in terms of quantum lo
alisation rules for twistedbrane geometries, shown to reprodu
e the known result for the simplest 
ase ofSU(3) in the semi
lassi
al approximation allowing for an expli
it embeddingtREAq(A2n) ,! REAq(A2n); the representation theory of tREAq(A2n), en-dowed with a restri
ted tensor produ
t stru
ture remarked upon under (21),seems to reprodu
e mi
ros
opi
 twisted brane density distributions within thequantum manifolds of the SU(2n + 1) upon trun
ating the set of admissibledominant signatures (labels of the irredu
ible representation of tREAq(A2n));the trun
ation is identi
al with the one suggested in [30℄ in the BCFT 
ontext.In 
on
lusion, we believe that there are sound reasons to regard the tREA's13



as natural building blo
ks of quantum-algebrai
 matrix models for twistedbranes on the SU(2n + 1) WZW manifolds. While en
ouraged by the resultsobtained hitherto, we are aware of numerous questions that our study leavesunanswered, su
h as the harmoni
 analysis on the asso
iated geometries, andthe gauge dynami
s of twisted WZW branes that the algebras are 
laimed todes
ribe. We intend to return to them in a future publi
ation.A
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e
tion EquationsIn this appendix, we dis
uss 
hosen properties of three RE's:tRE� : R12K�1Rt112K�2=K�2Rt112K�1R12; (A.1)tRE+ : R21K+1Rt121K+2=K+2Rt121K+1R21; (A.2)RE0 : R12M1R21M2=M2R12M1R21; (A.3)appearing in the paper. In the formul� above, R is a bi-fundamental real-isation of the standard universal R-matrix of the relevant quantum groupUq(su2n+1), R � (RV 
RV ) (R), satisfying the 
elebrated Quantum Yang{Baxter Equation (see, e.g., [14℄). The operator-valued matrix K� (resp. M)generates the twisted (resp. untwisted) Re
e
tion Equation Algebras, tREAq(A2n)�(resp. REAq(A2n)) whose quantum group 
omodule stru
ture and relation totwisted (resp. untwisted) quantum algebra U 0q(so2n+1) (resp. Uq(su2n+1)) shallbe dis
ussed in the sequel. 14



A.1 Symmetries of the RE's and their relation to Uq(su2n+1)The three RE's of interest enjoy the following (twisted) left-right (
o)symmetrieswhi
h are 
ru
ial for their appli
ability in an e�e
tive des
ription of branes inWZW models (S is the antipode of the Hopf algebra SUq(2n + 1)):K� 7! tTK�s ; K+ 7! (St)K+(Ss)T ; (A.4)M 7! tMSs; (A.5)whereR12s1s2 = s2s1R12; R12t1t2 = t2t1R12; R12t1s2 = s2t1R12 (A.6)are the de�ning relations of (two 
opies of) the quantum group SUq(2n + 1)asso
iated to the R-matrix R.Solutions to the three RE's under study 
an straightforwardly be realised interms of generators of the (extended) quantum universal enveloping algebraUq(su2n+1) throughK� = �L+�T C�L� ; K+ = �SL+�C+ �SL��T ; (A.7)M = L+M0SL�; (A.8)where C� andM0 denote respe
tive (arbitrary) 
onstant solutions (
-number-valued matri
es) and L� are the familiar FRT-operators [18℄. The existen
e ofthe homomorphisms thus de�ned enables us to use the well-known represen-tation theory of the quantum algebra Uq(su2n+1) to indu
e a representationtheory of the (t)REA's. In parti
ular, the relevant (spe
ialised) representationtheory of Uq(su2n+1) has been studied at some length in [15℄.A.2 The two embeddings U 0q(so2n+1) ,! tREAq(A2n)�The twisted quantum orthogonal algebra U 0q(so2n+1), 
onsidered originally byGavrilik and Klimyk in [19℄, is de�ned by the following 
ommutation relations:[�i;�j℄ = 0 if ji� jj > 1; (A.9)�2i�j � [2℄q�i�j�i +�j�2i = ��j if ji� jj = 1; (A.10)15



satis�ed by its generators �i; i 2 1; 2n + 1. In the 
lassi
al limit, q ! 1,the above relations reprodu
e the standard de�ning relations of U(so2n+1).They di�er, on the other hand, from the de�ning relations of the quantumuniversal enveloping algebra Uq(so2n+1) (of Drinfel'd and Jimbo) asso
iatedto the universal R-matrix for so2n+1 (e.g.[14℄).In addition to the above generators, we de�ne after [28℄ the operators ��ji; 1 �i < j � 2n+ 1 through: ��i+1;i := �i; (A.11)��ji := ��jk��ki � q�1��ki��jk for arbitrary i < k < j:It is then a matter of straightforward algebra to verify that the elements ofthe two operator-valued solutions to (A.1)-(A.2) provide a realisation of thealgebra of ��ji's. More pre
isely, we have the identi�
ation:K�ij = �q2n�j��ij ; K+ij = ��q2n+1�j�+ji; (A.12)establishing a homomorphism U 0q(so2n+1) ,! tREAq(A2n)�. This, togetherwith the expli
it mappings tREAq(A2n)� ! Uq(su2n+1), (A.7), embedsU 0q(so2n+1)in Uq(su2n+1) as the so-
alled 
oideal subalgebra [29℄. Its representation the-ory, both of 
lassi
al and non-
lassi
al type, has been dis
ussed in great detailin a series of papers [19,20,23,25℄, also in relation to the representation theoryof Uq(su2n+1). An important 
on
lusion following from that analysis is that we
an e�e
tively restri
t to U 0q(so2n+1)-irredu
ible representations of the 
lassi-
al type as long as we are dealing with 
lassi
al-type irredu
ible representationsof Uq(su2n+1) (bran
hing into the former).
16
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