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1 Introdu
tionLet A be a 
ompletely rational 
onformal net (
f. x2 and (2.3) following [16℄). Let� be a �nite group a
ting properly on A (
f. de�nition (2.1)). The starting pointof this paper is Th. 2.4 proved in [25℄ whi
h states that the �xed point subnet (theorbifold) A� is also 
ompletely rational, and by [16℄ A� has �nitely many irredu
iblerepresentations whi
h are divided into two 
lasses: the ones that are obtained from therestri
tions of a representation of A to A� whi
h are 
alled untwisted representations,and the ones whi
h are twisted. It follows from Th. 2.4 that twisted representationof A� always exists if A� 6= A: The motivating question for this paper is how to
onstru
t these twisted representations of A�:It turns out that all representations of A� are 
losely related to the solitons of A:In [15℄, we 
onstru
t solitons for the aÆne and permutation orbifolds. In this paper,we give a 
onstru
tion of solitons for the 
ase of 
onformal nets asso
iated with posi-tive de�nite even latti
es and isomteries of the latti
es. We note that 
onformal netsasso
iated with spe
ial latti
es have appeared before in x3 of [26℄ and more re
entlyin [17℄. Our solitons 
orrespond to \twisted representations" of the 
orrespondingvertex operator algebras (VOAs), and su
h twisted representations have been stud-ied in [18℄, [10℄, [11℄, [7℄, [8℄ and more re
ently [2℄. We will show that these twistedrepresentations in the VOA sense indeed give rise to solitons (
f. De�nition 4.24 andProp. 4.25). Compared to the 
onstru
tions of [15℄, the notable di�eren
e is that thetwisted representations are not related to the untwisted representations in a simpleway as in the aÆne and permutation orbifolds: in the later 
ases twisted representa-tions are 
onstru
ted on the same spa
es as that of untwisted representations, onlywith a \twisted" a
tion, while in the 
ases of latti
es the spa
es are di�erent. Hen
eit is nontrivial to show that in the 
ases of latti
es these twisted representations inthe VOA sense indeed give rise to solitons. Su
h questions were already en
ounteredin [24℄ when the latti
e has rank one, and were solved by identifying the orbifoldsas spe
ial 
osets in [26℄. However this method of [24℄ does not work for general lat-ti
es. Our solution to this question 
onsists of two steps. First we show that if theinner produ
t on the latti
e has some integral property, the question 
an be solved(
f. Prop. 4.8) by using a 
overing homorphism (
f. Prop. 4.6). For general latti
eQ; we 
hoose a sublatti
e P � Q with �nite index su
h that the restri
tion of theinner produ
t from Q to P has the desired integral property as in the �rst step. Byexploiting the related group stru
tures (
f. Lemma 4.23) and results from the �rststep, we then give De�nition 4.24 and show that they have the right properties inProp. 4.25.To show that these solitons give rise to all irredu
ible representations of the orb-ifolds, we use the same strategy as in [15℄ whi
h is to 
ompute the index of solitonsand use Th. 2.4. Here we make use of the large group of (lo
al) automorphisms (
f.De�nition 3.13) of the 
onformal nets asso
iated with the latti
es, and an exhaustiontri
k (
f. the paragraph before Th. 4.30) to prove Th. 4.30. Th. 4.30 is the mainresult of this paper: it gives a list of all irredu
ible representations of the orbifoldfrom solitons, and they generate a unitary modular tensor 
ategory (
f. [22℄). We2



expe
t that this result will have appli
ations in many 
on
rete examples, and we planto address su
h appli
ations in the future.The rest of the paper is organized brie
y as follows: after introdu
ing basi
 notionssu
h as 
onformal nets, their representations, 
omplete rationality, orbifolds and soli-tons in x2, we 
onsider 
onformal nets asso
iated with positive de�nite even latti
es inx3. The main result in x3 is Cor. 3.19. In x4 we 
onsider the 
onstru
tions of solitons.As mentioned above we do this in two steps: the �rst 
onstru
tion in a spe
ial 
ase isgiven in De�nition 4.7 and its properties are studied in Prop. 4.8, Prop. 4.10, Prop.4.13, Prop. 4.16; the general 
ase is 
onsidered in subse
tion 4.1 where Th. 4.30 isproved.2 PreliminariesIn this se
tion we review some basi
 
on
epts of 
onformal nets whi
h will be used.See x2 and x3 of [15℄ for a more detailed review.2.1 Conformal netsWe denote by I the family of proper open intervals of S1. A net A of von Neumannalgebras on S1 is a map I 2 I ! A(I) � B(H)from I to von Neumann algebras on a �xed Hilbert spa
e H that satis�es:A. Isotony. If I1 � I2 belong to I, thenA(I1) � A(I2):If E � S1 is any region, we shall put A(E) � WE�I2I A(I) with A(E) = C if E hasempty interior (the symbol _ denotes the von Neumann algebra generated).The net A is 
alled lo
al if it satis�es:B. Lo
ality. If I1; I2 2 I and I1 \ I2 = ? then[A(I1);A(I2)℄ = f0g;where bra
kets denote the 
ommutator.The net A is 
alled M�obius 
ovariant if in addition satis�es the following propertiesC,D,E,F:C. M�obius 
ovarian
e. There exists a strongly 
ontinuous unitary representationU of the M�obius group G on H su
h thatU(g)A(I)U(g)� = A(gI); g 2 G; I 2 I:Note that this implies A(�I) = A(I), I 2 I (
onsider a sequen
e of elementsgn 2 G 
onverging to the identity su
h that gn �I % I).3



D. Positivity of the energy. The generator of the one-parameter rotation subgroupof U (
onformal Hamiltonian) is positive.E. Existen
e of the va
uum. There exists a unit U -invariant ve
tor 
 2 H (va
uumve
tor), and 
 is 
y
li
 for the von Neumann algebra WI2I A(I).By the Reeh-S
hlieder theorem 
 is 
y
li
 and separating for every �xed A(I). Themodular obje
ts asso
iated with (A(I);
) have a geometri
 meaning�itI = U(�I(2�t); JI = U(rI ) :Here �I is a 
anoni
al one-parameter subgroup of G and U(rI ) is a antiunitary a
tinggeometri
ally on A as a re
e
tion rI on S1.This imply Haag duality: A(I)0 = A(I 0); I 2 I ;where I 0 is the interior of S1 r I.F. Irredu
ibility. WI2I A(I) = B(H). Indeed A is irredu
ible i� 
 is the uniqueU -invariant ve
tor (up to s
alar multiples). Also A is irredu
ible i� the lo
alvon Neumann algebras A(I) are fa
tors. In this 
ase they are III1-fa
tors inConnes 
lassi�
ation of type III fa
tors (unless A(I) = C identi
ally).By a 
onformal net (or di�eomorphism 
ovariant net) A we shall mean a M�obius
ovariant net su
h that the following holds:G. Conformal 
ovarian
e. There exists a proje
tive unitary representation U ofDi�(S1) on H extending the unitary representation of PSU(1; 1) su
h that forall I 2 I we have U(g)A(I)U(g)� = A(gI); g 2 Di�(S1);U(g)xU(g)� = x; x 2 A(I); g 2 Di�(I 0);where Di�(S1) denotes the group of smooth, positively oriented di�eomorphism ofS1 and Di�(I) the subgroup of di�eomorphisms g su
h that g(z) = z for all z 2 I 0.A (DHR) representation � of A on a Hilbert spa
e H is a map I 2 I 7! �I thatasso
iates to ea
h I a normal representation of A(I) on B(H) su
h that�~I �A(I) = �I; I � ~I; I; ~I � I :� is said to be M�obius (resp. di�eomorphism) 
ovariant with positive energy if thereis a proje
tive unitary representation U� of G (resp. Di�(1)(S1), the in�nite 
overof Di�(S1) ) with positive energy (the generator of the rotation subgroup S1 hasnon-negative spe
trum) on H su
h that�gI(U(g)xU(g)�) = U�(g)�I(x)U�(g)�for all I 2 I, x 2 A(I) and g 2 G (resp. g 2 Di�(1)(S1)). Note that if � is irredu
ibleand di�eomorphism 
ovariant then U is indeed a proje
tive unitary representation ofDi�(S1). 4



2.2 The orbifoldsLet A be an irredu
ible 
onformal net on a Hilbert spa
e H and let � be a �nitegroup. Let V : � ! U(H) be a unitary representation of � on H. If V : � ! U(H)is not faithful, we set �0 := �=kerV .De�nition 2.1. We say that � a
ts properly on A if the following 
onditions aresatis�ed:(1) For ea
h �xed interval I and ea
h g 2 �, �g(a) := V (g)aV (g�) 2 A(I);8a 2A(I);(2) For ea
h g 2 �, V (g)
 = 
;8g 2 �.We note that if � a
ts properly, then � 
ommutes with G.De�ne A�(I) := A(I)P0 on H0 where H0 := fx 2 HjV (g)x = x;8g 2 �g and P0is the proje
tion from H to H0: The unitary representation U of G on H restri
ts toan unitary representation (still denoted by U) of G on H0. Then:Proposition 2.2. The map I 2 I ! AG(I) on H0 together with the unitary rep-resentation (still denoted by U) of G on H0 is an irredu
ible M�obius 
ovariant net.The irredu
ible M�obius 
ovariant net in Prop. 2.2 will be denoted by A� and willbe 
alled the orbifold of A with respe
t to �. We note that by de�nition A� = A�0.2.3 Complete rationalityBy an interval of the 
ir
le we mean an open 
onne
ted proper subset of the 
ir
le.If I is su
h an interval then I 0 will denote the interior of the 
omplement of I in the
ir
le. We will denote by I the set of su
h intervals. Let I1; I2 2 I. We say that I1; I2are disjoint if �I1 \ �I2 = ?, where �I is the 
losure of I in S1: Denote by I2 the set ofunions of disjoint 2 elements in I. Let A be an irredu
ible 
onformal net as in x2.1.For E = I1 [ I2 2 I2, let I3 [ I4 be the interior of the 
omplement of I1 [ I2 in S1where I3; I4 are disjoint intervals. LetA(E) := A(I1) _A(I2); Â(E) := (A(I3) _A(I4))0:Note that A(E) � Â(E). Re
all that a net A is split if A(I1) _ A(I2) is naturallyisomorphi
 to the tensor produ
t of von Neumann algebras A(I1) 
 A(I2) for anydisjoint intervals I1; I2 2 I. A is strongly additive if A(I1) _ A(I2) = A(I) whereI1 [ I2 is obtained by removing an interior point from I.De�nition 2.3. [16℄ A is said to be 
ompletely rational, or �-rational, if A is split,strongly additive, and the index [Â(E) : A(E)℄ is �nite for some E 2 I2 . The valueof the index [Â(E) : A(E)℄ (it is independent of E by Prop. 5 of [16℄) is denoted by�A and is 
alled the �-index of A. If the index [Â(E) : A(E)℄ is in�nity for someE 2 I2, we de�ne the �-index of A to be in�nity.5



The following theorem is proved in [25℄:Theorem 2.4. Let A be an irredu
ible 
onformal net and let � be a �nite group a
tingproperly on A. Suppose that A is 
ompletely rational or �-rational as in de�nition2.2. Then:(1): A� is 
ompletely rational or �-rational and �A� = j�0j2�A;(2): There are only a �nite number of irredu
ible 
ovariant representations of A�,and they give rise to a unitary modular 
ategory as de�ned in II.5 of [22℄ by the
onstru
tion as given in x1.7 of [27℄.Suppose that A and � satisfy the assumptions of Th.2.4. Then A� has only a�nite number of irredu
ible representations _� andX_� d(�)2 = �A� = j�0j2�Awhere we use d(�) to denote the statisti
al dimension or the square root of index (
f.[14℄ and [20℄).2.4 SolitonsLet � 2 S1; and identify R with S1 r f�g ' (0; 1): Denote by I0 the set of open,
onne
ted, non-empty, proper subsets of R, thus I 2 I0 i� I is an open interval orhalf-line (by an interval of Rwe shall always mean a non-empty open bounded intervalof R).Given a net A on S1 we shall denote by A0 its restri
tion to R= S1rf�1g. ThusA0 is an isotone map on I0, that we 
all a net on R.A representation � ofA0 on a Hilbert spa
eH is a map I 2 I0 7! �I that asso
iatesto ea
h I 2 I0 a normal representation of A(I) on B(H) su
h that�~I �A(I) = �I ; I � ~I; I; ~I 2 I0 :A representation � of A0 is also 
alled a soliton. If we wish to emphasize on thedependen
e of � 2 S1; we will write � as �(�):3 Conformal nets asso
iated with a latti
e and theirrepresentationsLet Q be a positive de�nite even latti
e. That is, Q is a free abelian group of �niterank with a positive de�nite Z-valued bilinear form h � i su
h that h�;�i 2 2Z forall � 2 Q: Q� = f� 2 RQjh�;Qi � Zg is the dual latti
e of Q: There exists abimultipli
ative fun
tion � : Q � Q ! f�1g satisfying �(�;�) = (�1)h�;�i=2; � 2 Q:Then by bimultipli
ativity �(�; �)�(�; �) = (�1)h�;�i; �; � 2 Q: Note that su
h 2-
o
y
le � is unique up to equivalen
e. We say � is trivial if �(�; �) = 1;8�; � 2 Q:6



We note that one 
an always 
hoose a trivial 2-
o
y
le (in the equivalen
e 
lass) ifh�; �i 2 4Z;8�; � 2 Q: Let T = RQ=Q be the torus. We will represent elements of Tby e2�ih for h 2 RQ: Note that e2�ih = 1 i� h 2 Q:Denote by LT = C1(S1; T ): Every element of LT 
an be written as e2�if ; wheref = f(�) : S1 ! RQ with 0 � � � 1 and f(�) = �f� + f0 + f1(�): Here �f 2 Q is
alled the \winding number" of f; and f1(�) =Pn6=0 ane2�in� for some an: f0 is 
alledthe\zero mode" of f: The rotation group S1 a
ts naturally on LT , and we denote thea
tion by R�: De�ne RS1hf; gid� := R 10 hf; gid�:Let LT = LT � S1; and de�ne a multipli
ation on LT as follows:De�nition 3.1.(e2�if ; x1)(e2�ig; x2) = (e2�i(f+g); x1x2�(�f;�g)e�i[R hf 0jgid��hf(1)j�gi+ 12 h�f j�gi℄)Lemma 3.2. LT with the above multipli
ation is a 
entral extension of LT:Moreover,the a
tion of rotation R� on LT lifts naturally to LT and we have R�(e2�if)R�(e2�ig) =R�(e2�ife2�ig) in LT .Proof. We note that the asso
iativity of the multipli
ation follows from the prop-erties of 2-
o
y
le �; and the rest follows by using de�nitions. �Remark 3.3. Our 
hoi
e of multipli
ation rules in the above de�nition is di�erentfrom that of [21℄ (
f. Chapter 4 of [21℄) in the spe
ial 
ase when Q is a root latti
e,and su
h a 
hoi
e makes the a
tion of rotations simpler than that of [21℄.Proposition 3.4. Let f; g be su
h that suppe2�if \ suppe2�ig = ? where suppe2�if isde�ned to be the support of e2�if as an element in LT . Thene2�ife2�ig = e2�ige2�ifas elements in LT:Proof. Assume that f(�) = �� + f0 + f1(�); g(�) = �� + g0 + g1(�) and g(0) = 0and g(1) = �: Then by de�nition 3.1:e2�ife2�ig(e2�if )�1 = e2�ige2�i( 12 h�;�i+h�;g0i�h�;f0i�RS1 hg01jf1id�):Note that ZS1 hg01jf1id� = ZS1 hg01jf � �� � f0id�= ZS1 hg0jfid� � h�; �i+ ZS1 hgj�id� � h�jf0i= ZS1 hg0jfid� � h�; �i+ ZS1 h��+ g0j�id� � h�jf0i= ZS1 hg0jfid� � 12 h�; �i+ ZS1 hg0j�id� � h�jf0i:7



Sin
e suppe2�if \ suppe2�ig = ?; RS1 hg0jfid� is either 0 or h�j�i: It follows thate2�ife2�ig(e2�if )�1 = e2�ig: �The stru
ture of LT is well known (
f. Page 191 of [21℄). The identity 
omponent(LT )o of LT is 
anoni
ally a produ
t T � ~VQ; where ~VQ is the Heisenberg groupde�ned as follows: Let W0 be the set of maps f : S1 ! RQ with winding numberand zero mode being zeros. Then ~VQ is equal to W0 � S1 as sets and multipli
ationis determined by (f1; �1)(f2; �2) = (f1 + f2; �1�2e i2 R hf 01jf2id�):LetW be the set of maps f : S1 ! RQwith winding number zero, and ~W := ~VQ�RQ:The following is essentially Prop. 9.5.10 in [21℄:Lemma 3.5. We have:(1) ~VQ has a unique irredu
ible representation with positive energy on a Hilbertspa
e denoted by S(V );(2) All irredu
ible representations of ~W with positive energy are of the form S(V )�for � 2 RQ where S(V )� is the same as S(V ) as a representation of ~V and the 
enter(0; h) of ~W a
ts on S(V )� as a s
alar e2�ihhj�i;(3) All irredu
ible representations of LT with positive energy are of the form H� =L�2�+Q S(V )� for � 2 Q� where Q� = f� 2 RQjh�;Qi �Zg is the dual latti
e of Q:Moreover e2�i�� maps S(V )� to S(V )�+�:Proof. See the proof of Proposition 9.5.10 in [21℄. �Consider the representation S(V )� of ~W: By Theorem 7.6 of [12℄ (although The-orem 7.6 of [12℄ is stated for semisimple Lie algebras, but the same argument appliesto the 
ase of Heisenberg algebra), there exists a map ' 2 Di�(S1) 7! ��(�(')) 2U(S(V )�) whi
h is a unitary 
o
y
le representation of Di�(S1) on S(V )�; and��(�('))��(f(�))��(�(')�) = ��(f('�1(�))):Let BQ be a net on S(V )0 su
h thatBQ(I) = f�0(f)jf 2 ~W; suppf � Ig00where �0 denotes the representation of ~W on S(V )0.Proposition 3.6. We have(1) BQ is a 
onformal net on S(V )0;(2) BQ is strongly additive.Proof. (1) is obvious and (2) follows from the same argument of Proposition 1.3.2of [23℄. �8



De�nition 3.7. Let AQ be a net of von Neumann algebra on H0 su
h that AQ(I) =f�0(e2�if )je2�if 2 LT; suppf � Ig where � denotes the representation of LT on H0.We note that by de�nition AQ is independent of the 
hoi
es of 2-
o
y
le �:By the statement before Proposition 3.6, we have a unitary 
o
y
le representationof Di�(S1) on H0 =P�2Q S(V )� su
h that�(�('))�(f)�(�(')�) = �(f')for f 2 ~W where f'(�) := f('�1(�)): We 
laim that�(�('))�(e2�if)�(�(')�) = 
(f; ')�(e2�if')for the some phase fa
tor 
(f; ') 2 C : First we haveLemma 3.8. AQ is a lo
al net.Proof. This follows from Proposition 3.4. �Proposition 3.9. If ' 2 Di�(I); and suppe2�if \ I = ?; then�(�('))�(e2�if)�(�(')�) = �(e2�if'):Proof. By Proposition 3.6, BQ is a 
onformal net, and it follows that �0(�(')) 2BQ(I): Note that � is a representation of BQ on L�2Q S(V )�; and restri
t to anirredu
ible representation of BQ on ea
h S(V )�: It follows thatAd�(�0(�('))) = Ad�(�(')):So we have Ad�(�('))(�(e2�if)) = Ad�(�0(�(')))(�(e2�if)) = �(e2�if)where we have used Lemma 3.8 in the last equality sin
e�0(�(')) 2 BQ(I) � AQ(I): �Proposition 3.10. We have for f 2 LT�(�('))�(e2�if)�(�(')�) = 
(f; ')�(e2�if')where 
(f; ') 2 C :Proof. Sin
e Di�(S1) is a simple group, it is generated by Di�(I): It is suÆ
ientto prove the proposition for ' 2 Di�(I): Note that�(e2�if) = �(e2�i(��+f0))�(e2�if1(�)) = �(e2�i��)�(e2�i(f0+f1))e� i2 h�jf0iwhere � is the winding number of f . Sin
eAd�(�('))(�(e2�i(f0+f1))) = �(e2�i(f0+f'1 )));it is enough to show the proposition for e2�if = e2�i��: By the same argument it redu
esto show the proposition for e2�if so that f has winding number � and suppe2�if \ I =?; whi
h follows from Proposition 3.9. �9



Proposition 3.11. (1) AQ is a 
onformal net.(2) AQ is strongly additive and split.Proof. (1) follows from Propositions 3.10 and 3.9. As for (2), let I1; I2 be twosubintervals of I obtained from I by removing an interior point of I: By Proposi-tion 3.6, B(I) = B(I1) _ B(I2): Sin
e A(I) is generated by B(I) and �(e2�if(�)) withsuppe2�if(�) � I1; it follows that A(I1) _ B(I) = A(I); and so A(I1) _ A(I2) = A(I):The 
hara
ter TrqL0 of H0 (L0 represents the generator of rotation group S1) iswell known to be TrqL0 = �Q(q)�(q)lwhere �Q(q) =X�2Q q h�j�i2is the theta fun
tion of the latti
e of Q and�(q) = q 124 Yn�1(1 � qn)is the eta fun
tion. Here l is the rank of Q and q = e2�i� for � in the upper half plane.Hen
e qL0 is of tra
e 
lass, and it follows from that AQ is split (
f. [5℄). �De�nition 3.12. Let �(�) : [0; 1℄! RQ be a smooth map with �(0) = 0; �(1) = � 2Q�; and �(n)(0) = �(n)(1) = 0 for all positive n: De�ne an automorphism Ad�(�) ofLT by the following formula:Ad�(�)(e2�if ; 
) = (e2�if ; 
e2�iR h�0jfid�):Note that if � 2 Q�; e2�i� lies in the 
enter of LT: For any interval I � S1 we
hoose an element P�;I 2 LT su
h that P�;I(�) = e2�i�(�) if � 2 I where �(�) is as inde�nition 3.12.De�nition 3.13. Let � 2 Q�: De�ne an automorphism Ad� of AQ byAd�(y) = �(P�;I)y�(P�;I)�for y 2 AQ(I):Lemma3.14. Ad� in De�nition 3.13 is independent of the 
hoi
e of P�;I and Ad��(LIT ) =�(Ad�LIT ) for any I:Proof. If P 0�;I is another 
hoi
e, then P�;IP 0�:I 2 LI 0T and by lo
ality�(P 0�;I)y�(P 0�;I)� = �(P�;I)y�(P�;I)�for y 2 AQ(I): The equality in the proposition 
an be 
he
ked dire
tly by de�nitions.� 10



Proposition 3.15. (1) Ad�; � 2 Q� gives an irredu
ible DHR representation of AQ;and ea
h su
h representation 
orresponds to an irredu
ible representation of LT; la-beled by � 2 Q�=Q (We identify � with its image in the quotient map Q� ! Q�=Q )as in (3) of Lemma 3.5.(2) Let  be an irredu
ible representation of AQ with positive energy on H: Then is isomorphi
 to Ad� for some � 2 Q�=Q:Proof. (1) Note that e2�i� is in the 
enter of LT; and by the same proof of Proposi-tion 5.8 of [15℄, Ad� is an irredu
ible DHR representation of AQ: Su
h a representationof AQ 
orresponds to representation �(Ad�LT ) of LT by Lemma 3.14.(2) We will use an idea for the rank one 
ase given in x4 of [25℄.Let f = f0 + f1(�) : S1 ! RQ be a map with winding number 0. Let fI1; :::; Ikgbe a �nite open 
overing of S1: Assume that f'ig is a partition of unity su
h thatsupp'i � Ii: Then f =Pki=1 f'i: Let 
(f; ') 2 S1 be the phase fa
tor in the 
enter ofLT so that (e2�if ; 1) =Qkj=1(e2�if'j ; 1)
(f; ') as an element of LT: By using Isotonywe 
laim that the following mapf !  (f) = kYj=1 Ij (�Ij(e2�if'j))
(f; ')is independent of the 
hoi
e of fI1; :::; Ikg and f'ig: Moreover, (f) (g) = 
(f; g) (f + g):In fa
t, if fJ1; :::; Jng is another open 
overing of S1 and f �'jg is another partition ofunity with supp �'j � Jj for j = 1; :::; n; so that Jj1 [ Jj2 6= S1 for any 1 � j1; j2 � n:We have by Isotony �Is(e2�if's) = nYj=1 �Is\Jj(e2�if's �'j)xiwhere the phase fa
tor xi 2 S1 is determined by(e2�if's; 1) = nYj=1(e2�if's �'j ; 1)xi;and �Is\Jj (e2�if's �'j ) 2 AQ(Is \ Jj) by de�nition. It follows thatkYs=1  Is(�Is(e2�if's))
(f; ')= kYs=1 nYj=1  Is\Jj(�Is\Jj(e2�if's �'j))x11



with x 2 S1: Similarly, nYj=1  Jj(�Jj(e2�if �'j))
(f; �')= kYs=1 nYj=1  Is\Jj (�Is\Jj(e2�if's �'j ))yfor some y 2 S1: Note that Jj1 [ Jj2 6= S1 for any 1 � j1; j2 � n: It follows that inpermuting the fa
tors  Is\Jj(�Is\Jj(e2�if's �'j))above, the phase fa
tors are determined by the group law of LT: Sin
ekYs=1 nYj=1(e2�if's �'j ; 1)x = (e2�if ; 1) = kYs=1 nYj=1(e2�if's �'j ; 1)y;it follows that x = y andkYs=1  Is(�Is(e2�if's)
(f; ') = nYj=1  Jj(�Jj (e2�if �'j)
(f; �'):By the independen
e of  (f) on f'ig above, it is straightforward to 
he
k that (f) (g) = 
(f; g) (f + g) where(e2�if ; 1)(e2�ig; 1) = (e2�i(f+g); 
(f; g))and  (R�) (f) (R�)� =  (f �) where R� is the rotation by angle 2��:Now for f = �� + f0 + f1(�) where � is the winding number of f , let gI(�) =�� + g0 + g1(�) be su
h that suppe2�igI � I and de�ne (f) =  I(�I(e2�igI )) (f � gI )
(f; gI)where 
(f; gI) in the 
enter of LT is determined by(e2�if ; 1) = (e2�igI ; 1)(e2�i(f�gI); 1)
(f; gI)in LT . Note that f�gI 2 C1(S1;RQ) and  (f�gI) is well-de�ned as in the previousparagraph. One 
he
ks that  (f) is independent of I and the 
hoi
e of gI ; and (f) (g) = 
(f; g) (f + g); (R�) (f) (R�)� =  (f �):To show that the map e2�if 2 LT !  (f) is well-de�ned we need to 
he
k that iff = �; then  (�) is the identity operator. For any f we get (R1) (f) (R1)�1 =  (f � �) =  (f)e2�i 12 h�;�i (�):12



But  (R1) is a s
alar operator as  is an irredu
ible representation of AQ: It followsthat  (f) =  (f) (�); and  (�) is the identity operator sin
e  (f) is unitary. So weget a well -de�ned irredu
ible representatione2�if 2 LT !  (f)of LT with positive energy. By Lemma 3.5 and (1), (2) is proved. �Remark 3.16. There is a similar result in the theory of vertex operator algebra. LetVQ be the vertex operator algebra asso
iated to the latti
e Q (
f. [4℄,[11℄). It has beenproved in [6℄ that VQ+� for � 2 Q�=Q gives a 
omplete list of irredu
ible VQ-modulesup to isomorphism.Lemma 3.17. Let A be a net with split property. If A has only �nitely many irre-du
ible representations with positive energy up to isomorphism, then every irredu
iblerepresentation of A 
 A with positive energy � is of the form �1 
 �2 where �i areirredu
ible representation of A with positive energy.Proof. As in Lemma 2.7 of [16℄, it is enough to show that �(A 
 1)00 is a typeI fa
tor. Sin
e �1 = � � A
1 is also a representation of A with positive energy, andA is split, by Proposition 5.6 of [16℄ and Lemma 5.14 of [3℄, �1 = R �X ��d�(�) where�� are irredu
ible representations of A with positive energy for almost all �: Sin
e Ahas only �nitely many irredu
ible representations with positive energy, it follows that�(A
 1)00 is a type I fa
tor. �Theorem 3.18. Let A be a 
onformal net, and assume that A is strongly additive andsplit. If A has only �nitely many irredu
ible representations with positive energy upto isomorphism, and if ea
h su
h representation has �nite index, then A is 
ompletelyrational, and �A =P� d(�)2; where the sum is over all irredu
ible representations ofA with positive energy.Proof. The theorem and its proof are essentially 
ontained in x4 of [19℄ ex
eptfor the positive energy 
ondition. We will give a proof with ne
essary modi�
ations
ompared to [19℄.It is suÆ
ient to show that �A is �nite. Consider (A 
 A)Z2 � A 
 A where(A
A)Z2 is the �xed point subset ofA
A under 
ip. By Corollary 4.6 of [19℄, we havea representation of (A
A)Z2 whi
h is a dire
t sum of two irredu
ible representationswith positive energy. Let � be one of them. Note that �A is �nite if and only if � has�nite index.By Corollary 3.3 of [19℄, ��2 is a DHR representation of A
A: Sin
e �(Di�(I)) �(A
A)Z2(I); by Lemma 4 of [1℄, ��2 is M�obius invariant with representation �(G) 2��2 � (A
A)Z2 : Sin
e ��2j(A
A)Z2 is a dire
t sum of � 2 and �� 2 (
f. x3.2 of [19℄ forthe de�nition of �), and both have positive energy by Theorem 5.13 of [3℄, it followsthat ��2 is a M�obius 
ovariant representation of A 
 A with positive energy. Hen
e��2 = R �X �d�(�) where almost all � are irredu
ible representations of A 
 A with13



positive energy. By Lemma 3.17, it follows that ��2 is a dire
t sum of irredu
iblerepresentations of A
A with �nite index.Let [�� ℄ = P2i=1[Xi℄ with Xi irredu
ible as se
tors. Sin
e [��2℄ = [�� ℄[�� ℄; itfollows that XiXj and XjXi 
ontain se
tors with �nite index. By Lemma 3.6 of [19℄,Xi must have �nite index, and so does �� : This proves that �A is �nite. �.Corollary 3.19. AQ is 
ompletely rational and�AQ = jQ�=Qj:Proof. The proof follows by Propositions 3.11,3.15 and Theorem 3.18. �Remark 3.20. It will be interesting if one 
an give a dire
t proof of Corollary 3.19without using Theorem 3.18.4 OrbifoldsLet AQ be the 
onformal net on H =L�2Q S(V )� as in Se
tion 3. We will 
onsidera �nite automorphism group � of AQ whi
h arises from isometries of the latti
e Q asfollows: for ea
h � 2 �; there is an isometry of Q de�ned by the same letter �; andmoreover the following mapAd�(e2�i(�f �+f0)e2�if1(�); x) = (�(�)�1e2�i(�(�f )�+�(f0))e2�i�(f1(�)); x)gives an automorphism of LT with �nite order. Here �(�) = �1: For su
h � 2 �; let�(g) be the unique unitary operator on H0 su
h that �(g) � 
 = 
 (
 is the va
uumve
tor) and �(�)�(e2�if)�(�)� = �(Ad�e2�if ):One 
he
k easily that su
h unitary operator exists and is unique.Lemma 4.1. The map g 7! Ad�(g)(y); y 2 AQ(I) de�nes a proper a
tion of � onAQ: The �xed point subset A�Q is a 
onformal net.Proof. It is enough to show that �(g)�(')�(g)� = �(') for all ' 2 Di�(S1): Sin
eDi�(I) for any I generates Di�(S1) and Di�(S1) is a perfe
t group, it suÆ
es to 
he
kthat �(g)�(')�(g)��(')� 2 C 1 for all ' 2 Di�(S1): Note that �(g)�(')�(g)��(')� 2AQ(I) and by de�nition, �(g)�(')�(g)��(')� 2 BQ(I)0: But BQ(I)0\AQ(I) = C 1; weimmediately have �(g)�(')�(g)��(')� 2 C 1; as desired. �Fix � 2 � of order N . Let P0 := 1N P1�i�N �i be the proje
tion on RQ: For anyÆ 2 RQ, let Æ� be the unique element in the orthogonal 
omplement of P0(RQ) su
hthat Æ = Æ0 + (1 � �)Æ�; Æ0 2 P0(RQ):We will use (Q�=Q)� to denote those elementsof Q�=Q whi
h is �xed by �: The set (Q�=Q)� 
an be represented as follows: letQ� := fÆ 2 Q�j(1 � �)Æ 2 Qg; then (Q�=Q)� = Q�=Q: The following lemma followsdire
tly from de�nitions: 14



Lemma 4.2. (Q�=Q)=(Q��=Q) ' Q�=Q�� ' Q�=Q = (Q�=Q)�De�nition 4.3. Let N be the order of �: SetCtT = fe2�if 2 C(S1; T )jf(�+ 1N )� �(f(�)) 2 Q; � 2 [0; 1℄gCNT = fe2�if 2 C(S1; T )jf(�+ 1N )� f(�) 2 Q; � 2 [0; 1℄gCNT0 = fe2�if 2 CNT jf(0)� �(f(0)) 2 QgFor ea
h e2�if 2 CNT0 we de�ne a map '2 : CNT0 ! CtT by '2(e2�if) = e2�ih whereh is the unique 
ontinuous fun
tion whi
h satis�es h(�) = f(�) for 0 � � � 1N andh(� + 1N ) � g(f(�)) modulo Q if 1N � � � 1:Example 4.4. (1) Let e2�iN� 2 CtT0: Then '2(e2�iN�) = e2�ih(�) su
h that h(�) =N�� for 0 � � � 1N and h(� + 1N ) � �(f(�)) modulo Q if 1N � � � 1: There is aunique 
hoi
e of 
ontinuous fun
tion h(�) with the spe
i�ed property:h(�) = �+ �(�) + � � ��i�1(�) + (N� � i)�i(�)for iN � � � i+1N and i = 0; :::; N � 1: From this example one 
an see that in general'2 maps smooth fun
tions to pie
e-wise smooth fun
tions.(2) Let e2�ih 2 CNT0 be a 
onstant loop. Then h � g(h) modulo Q and '2(e2�ih) =e2�ih:As in se
tion 2.4, let � 2 S1 and identify R' S1 r f�g ' (0; 1):Let LRT = fe2�if 2 LT jsuppe2�if � (0; 1); f (n)(0) = f (n)(1) = 0;8n � 1g:Fix P = 2NQ � Q whi
h inherits inner produ
t h � i from Q: Note that h�; �i 24NZ for �; � 2 P: We 
an 
hoose an equivalen
e 
lass of 2-
o
yl
es � on Q so that�(�; �) = 1;8�; � 2 P sin
e h�; �i 2 4Z;8�; � 2 P: Similarly for the 
entral extensionLT asso
iated to P; h; i (resp. LT asso
iated to P; 1N h; i), we will 
hoose the 2-
o
ylesas in De�nition 3.1 to be trivial sin
e h�; �i 2 4NZ;8�; � 2 P:De�nition 4.5. Denote by LRT be the subgroup of LT asso
iated to P; h; i (withthe trivial 2-
o
y
le as above ) whose proje
tion onto LT is LRT: Denote by LNT0;LNT;LtT the subgroups of LT asso
iated with P; 1N h; i (with the trivial 2-
o
y
le asabove ) whose proje
tions onto LT are the smooth loops in CNT0; CNT;CtT respe
-tively.Proposition 4.6. The homomorphismLRT '1! LNT0 '2! LtTe2�if(�) '17! e2�f(N�) '27! '(e2�if(�)) := '2(e2�if(N�))
an be lifted uniquely to a homomorphism between the 
entral extensionsLRT '! LtT:15



Proof. Note that '2'1 maps LRT to smooth loops in LT: The proof is a dire
t
omputation by de�nitions. �Let AP be the 
onformal subnet of AQ asso
iated to the latti
e P and representedon its va
uum Hilbert spa
e HP ; and AP; 1N the 
onformal net asso
iated to (P; 1N h � i)on H where the extra subs
ript 1N indi
ates that the inner produ
t on P is 1N h � i:Using '1 we get a 
ovariant representation � of AP on H su
h that�(�P (e2�if(�))) = �('1(e2�if)) = �(e2�if(N�))for any lo
alized e2�if : Denote by Pr the proje
tion from H to �(LtT )
:De�nition 4.7. Let e2�if 2 LRT; and�(e2�if(N�)) = N�1Yi=0 AdRi(�(e2�if̂(�)))with f̂(�) = f(N�) if 0 � � � 1N ; and f̂(�) = �f if 1N � � � 1; and R is the rotationby 2�N : De�ne �(�)� (e2�if(�)) = N�1Yi=0 Ad�iRi(�(e2�if̂(�)))Pr:Proposition 4.8. �(�)� extends to a normal representation of AP (R) and restri
ts toa DHR representation of A�P :Proof. Fix I � R' (0; 1) ' S1 r f�g; and assume that suppe2�if(�) � I: Then�(�)(e2�if(N�)) = N�1Yi=0 AdRi(�(e2�if̂(�))) � AP; 1N (I1) _ � � � _ AP; 1N (IN)where INi = I; i = 1; :::; N; as intervals on S1; and we 
hoose the ordering so that on(0; 1); Ii is to the left of Ii+1: Sin
e AP; 1N is split by Prop. 3.11, there is a normalisomorphism�I : AP; 1N (I1)
 � � � 
AP; 1N (IN)! AP; 1N (I1) _ � � � _ AP; 1N (IN)so that �I(x1 
 � � � 
 xN) = x1 � � � xN ; xi 2 AP; 1N (Ii); i = 1; :::; N: Note that the mapU� : x1 
 � � � 
 xN ! x1 
 �(x2)
 � � � 
 �N�1(xN ) is normal. So we have�(�)� (e2�if(�)) = �IU���1I (�(e2�if(N�)))if suppe2�if � I: Thus �(�)� (x) = �IU���1I (�('1(x))) is a normal representation ofAP (I):Note that N�1Yi=0 Ad�iRi(AdRjx) = N�1Yi=0 Ad�iRi(Ad��jx)16



for x 2 AP; 1N (I1) _ � � � _ AP; 1N (IN) sin
e � and R 
ommute.Also note that Ad��('1(x)) = �('1(Ad�x)) for x 2 AP (I): So if x 2 Ah�iP (I); thenN�1Yi=0 Ad�iRi(AdRj(�('1(x)))) = N�1Yi=0 Ad�iRi(�('1(x)))):So when we 
hange � 2 S1 to �1 2 S1 we have �(�)� = �(�1)� when restri
ting to Ah�iP :It follows that �(�)� restri
ts to a DHR representation of Ah�iP : �Remark 4.9. Note that the de�nition of soliton above is similar to the soliton givenin [19℄, but without using Di�(S1) and hen
e are di�erent. We will write �(�)� simplyas �� when restri
ting to Ah�iP :Proposition 4.10. �(�)� is an irredu
ible soliton of AP :Proof. First we prove that the representation �(LtT )Pr on PrH is irredu
ible.Noti
e that this is a representation with positive energy, and the identity 
omponent(LtT )o is the produ
t of a Heisenberg group and T0 := exp2�iP0(RP ) : It follows from(1)-(2) of Lemma 3.5 that the representation �(LtT )Pr of LtT is irredu
ible. Toprove the proposition it is enough to show that �(�)� (AP (R))00 = �(LtT )00Pr; and it issuÆ
ient to show that �(e2�ig)Pr 2 �(�)� (AP (R))00 for any e2�ig 2 (LtT )o:Let x(�) be a 
omplex valued fun
tion on [0; 1℄ with x(�+ 1N ) = x(�); and x(n)(0) =x(n)( 1N ) = 0 for all n: It follows from Lemma 1.2.2 of [23℄ that for any � > 0 one 
an
hoose x� su
h that jjx� � 1jj 12 < � (
f. x1.2 of [23℄ for the de�nition of norm jj:jj 12 ),and by Proposition 1.3.2 of [23℄ we have that �(e2�ix�g) ! �(e2�ig) strongly. Notethat �(e2�ix�g) = �('2'1(e2�if�)); where e2�if� 2 LRT with f�(�) = x�( �N )g( �N ) for0 � � � 1: It follows that �(e2�ig)Pr 2 �(�)� (AP (R))00: �De�nition 4.11. Let �(�) : [0; 1℄! CP be a smooth map with �(0) = 0; �(1) = � 2P �; and �(n)(0) = �(n)(1) = 0 for all positive n: De�ne an automorphism Ad�(�) onLtT su
h thatAd�(�)(e2�i(NP0(�)�+��); x) = (e2�i(NP0(�)�+��); xe2�iR h�0jP0(�)�+��id�);Ad�(�)(e2�ih(�); y) = (e2�ih(�); ye2�iN R 1N0 h�0(N�)jh(�)id�)where h(� + 1N ) = �h(�) for 0 � � � 1; R hd� = 0:Lemma 4.12. For any e2�if 2 LRT we have�('2'1(Ad�(�)e2�if)) = �(Ad�(�)'2'1(e2�if)):Proof. It is straightforward by de�nition. �Proposition 4.13. �(�)� (Ad�) is an irredu
ible soliton of AP (R) whi
h 
orresponds toan irredu
ible representation of LtT where the 
entral group (P �=P )� of LtT a
ts as� 2 (Q�=Q)� 7! e2�ih�j�i: 17



Proof. �(�)� (Ad�) is irredu
ible sin
e �(�)� is by Proposition 4.10. The se
ond state-ment follows by lemma 4.12. �To make 
onta
t with the results in Se
tion 4 of [2℄, and to motivate the de�nitionsin the next se
tion, let us de�ne (
ompare to Se
tion 4.3 of [2℄).De�nition 4.14. Let GP = S1�exp(2�iP0(RP ))�P be the set 
onsisting of elements
ehU� (
 2 S1; h 2 2�iP0(RP ); � 2 P ): De�ne a multipli
ation in GP by the formulaseheh0 = eh+h0ehU�e�h = e�hhj�iU�U�U� = U�+�:Note that GP is a group. Re
all the Heisenberg group ~VQ asso
iated with a latti
eQ and inner produ
t h; i on Q before Lemma 3.5. We will 
onsider a Heisenberg group~VP; 1N asso
iated with the latti
e P and inner produ
t 1N h; i on P:Lemma 4.15. We have the isomorphismLtT �= GP � ~VP; 1N :Proof. First we note that LtT is generated by e2�i(NP0(�)�+��) and e2�ih(�) withh(� + 1N ) = �h(�) for 0 � � � 1; R hd� = 0: For any � 2 (P �=P )�; e2�i� is in the
enter of LtT:Let  : LtT ! GP � ~VP; 1N be a map su
h that'(e2�ih; x) = (e2�ih; x) 2 ~VP; 1N'(e2�i(N�0(�)�+��); y) = yU� 2 GP'(e2�ih0) = e2�ih0 2 GPfor h(�) with h(� + 1N ) = �h(�); 0 � � � 1; R hd� = 0; and h0 2 P0(RP ): One 
he
ksdire
tly by de�nition that ' is an isomorphism of groups. �We note that a 
lass of irredu
ible representations of GP� ~VP; 1N is given by Theorem4.2 of [2℄, and these irredu
ible representations are determined uniquely by the a
tionof 
entral subgroup (Q�=Q)� of GP as follows: Given � 2 Q�=Q; there is an irredu
iblerepresentation �� of GP � ~VP; 1N on a Hilbert spa
e H� su
h that � 2 (Q�=Q)� a
tsas e2�ih�j�i: By using Proposition 4.13 and Lemma 4.15, it is easy to 
he
k that ��
orresponds to ��(Ad�(�)): Denote by ��;� = ��(Ad�(�)) and note that using thisnotation �� = ��;0:Proposition 4.16. Let �1 2 �: Then(1) ��;�(Ad�1) �= ���11 ��1;��11 � as solitons of AP (R):(2) ��;�1 �= ��;�2 if and only if �1 � �2 2 P �� :18



Proof. (1) First note that Ad�(�)Ad�1 = Ad�1Ad��11 �(�) on LRT; and so it is suÆ-
ient to show that ��(Ad�1) �= ���11 ��1 : Fix I � R; let Ii be intervals on S1 so thatINi = I; i = 1; :::; N: ThenNYi=1Ad�iRi(Ad�1x) = Ad�1( NYi=1 Ad(��11 ��1)iRi(x))for all x 2 AP; 1N (I1 _ � � � _ IN ): It follows that ��(Ad�1) �= ���11 ��1 :(2) By Proposition 4.13, ��;�1 �= ��;�2 if and only if h�j�1 � �2i 2 Z for all� 2 (P �=P )� = P�=P: It follows that ��;�1 �= ��;�2 if and only if �1 � �2 2 P �� : �Consider Ah�iP � AP ; the �xed point subnet of AP under the a
tion of �: LetV 2 AP (I) be a unitary su
h that �(V ) = e 2�iN V (
f. x8 of [19℄).AdV indu
es a DHR representation of Ah�iP : By Proposition 4.8 and Prop. 8.2 of[19℄ �� de
omposes into a dire
t sum of N irredu
ible representations of Ah�iP : Let ��0be one of su
h irredu
ible representations of Ah�iP obtained from �� by proje
ting onto� invariant subspa
e. Set �� = ��0(AdV ): By Proposition 4.8, �� restri
ts to a DHRrepresentation of Ah�iP ; and it is a 
ovariant representation of Ah�iP : In fa
t, �('(�)) isa 
ovariant representation of Ah�iP as Ah�iP is 
onformal and �('(�)) restri
ts to a DHRrepresentation of Ah�iP (
f. [1℄).Let UI = fg 2 GjgI [ I � S1 � f�ggbe a neighborhood of identity in G: For g 2 UI we have��(gxg�) = ��(g)��(x)��(g�) = ��0(g)��0(g�V gV �)��(x)��0(V g�V �g)��0(g)�for all x 2 Ah�iP : So we have ��(g)���0(g)��0(g�V gV �)� 2 C 1 for all g 2 UI : Itfollows that ��(g) = ��0(g)��0(g�V gV �) for all g 2 UI as the only one dimensionalrepresentation of G is the trivial representation.Consider �! ��0(R�) and setF (�) = Ad�(r� �N )(�('(V )))�('(V ))�Pr�0where �(r� �N ) denotes the unitary operator on H implementing rotation by � �N onAP; 1N ; and Pr�0 = PrP1���N �i is the proje
tion onto the irredu
ible represen-tation ��0 of Ah�iP : Note that if � 2 UI then F (�) = ��(R�)��0(R��V R�V �): Also�('(AdR�; y)) = �(Adr �N ('(y))) for all y 2 Ah�iP by de�nitions, i.e.,�(R�)�('(y))�(R�)� = �(r �N )�('(y))�(r �N )�for y 2 Ah�iP : Using this one 
he
ks easily thatF (�1+ �2) = F (�1)F (�2):19



It follows that F (�) = ��(R�); for all �; sin
e both sides are one-parameter group ofunitaries whi
h agree on a neighborhood of 0:On the other hand,F (2�) = ��0(R2�Ad�(r� 2�N )(�('(V )))�('(V �))= ��0(R2��('(�(V )V �))= e 2�iN ��0(R2�):where we have used �(V )V � = e 2�iN : It follows that the univalen
e of ��0(AdV ) isthe univalen
e of ��0 multiplied by e 2�iN : By monodromy equation (
f. [9℄), we haveproved the followingProposition 4.17. G(��0; AdV ) = e 2�iN ; where G(�; �) is de�ned as in Lemma 8.3 of[19℄.Remark 4.18. The same argument as in the proof of Proposition 4.17 shows thatK(1) = 1 in the paragraph after (47) of [19℄.4.1 General 
aseWhen 1N h � i is not an even integral on Q; we do not have an analogue of Proposition4.6 and net AQ; 1N : However we have a subnet A2NQ � AQ where we 
an apply the
onstru
tion of Se
tion 2.1. Also there is no LtT in general 
ase, but we have ~VQ; 1Nand an analogue GQ as de�ned as follows (
f. Se
tion 4.3 of [2℄).De�nition 4.19. Let GQ = S1�exp(2�iP0(RQ))�Q be the set 
onsisting of elementsof the form 
ehU�; (
 2 S1; h 2 2�iP0(RQ); � 2 P ) with multipli
ationeheh0 = eh+h0ehU�e�h = e�hhj�iU�U�U� = �(�; �)e�ih�j��i� 12 h�j�i+ 12 h�jP0(�)iU�+�:One 
he
ks easily that GQ is a group.Remark 4.20. Our group GQ is slightly di�erent from G of Se
tion 4.3 of [2℄, the
ommutator among U�; U� is the 
omplex 
onjugate of 4.44 of [2℄. The reason forde�ning the multipli
ation rule for U�U� 
omes from the following 
omputations: Leth(�) be as in (1) of Examples 4.4, then h(�) = N�0(�)� + �� + h�(�): Regardinge2�ih�(�) as an element in ~VQ; 1N we havee2�ih�(�)e2�ih�(�) = e�ih�j��i� 12 h�j�i+ 12 h�jP0(�)ie2�i(h�(�)+h� (�)):Hen
e if we map ei�� to U�e2�ih�(�); to preserve the 
ommutator relations we needU�U� = �(�; �)e�ih�j��i� 12 h�j�i+ 12 h�jP0(�)iU�+�:20



We will treat GP (
f, De�nition 4.14) as a subgroup of GQ under the natural mapGP ! GQ:A

ording to Lemma 4.15, the analogue of LtT is now repla
ed by the groupGQ � ~VQ; 1N :De�nition 4.21. For �(�) as in De�nition 4.11 with � 2 Q� de�ne an automorphismon GQ � ~VQ; 1N by Ad�(�)U(�) = U(�)e2�i R h�0jP0(�)�+��iAd�(�)eih = eihe2�iN R 1N0 h�0(N�)jh(�)id�for h with h(� + 1N ) = �(h(�)):De�nition 4.22. Let f(�) = �f� + f0 + f1: De�ne f̂(�) = f(N�); 0 � � � 1N andf̂(�) is a 
ontinuous fun
tion with f̂ (� + 1N ) = �(f̂(�)) modulo Q: It follows thatf̂(�) = NP0(�)� + P0(f0) + (�f)� + f̂1(�)where f̂1(� + 1N ) = �(f̂1(�)) and RS1 f̂1d� = 0: Then the map ' is de�ned as'(eif(�)) = U(�f )e2�i(P0(f0)+f̂1(�))e��ihP0(�f)jf0i:Lemma 4.23. ' : LRT ! GQ � ~VQ; 1N is a group homomorphism and '(Ad�(�)x) =Ad�(�)'(x) for all x 2 LRT:Proof. The proof is a dire
t (but tedious) 
he
k by using de�nitions. �Fix � 2 � with �N = 1: Let �� be an irredu
ible representation of GQ � ~VQ; 1Nas given by Theorem 4.2 of [2℄. This is an irredu
ible representation of GQ � ~VQ; 1Non a Hilbert spa
e H� where the 
entral subgroup (Q�=Q)� of GQ a
ts as the 
har-a
ter e2�ih�j�i for � 2 (Q�=Q)�: This representation, when restri
ting to GP � ~VQ; 1N ;de
omposes into dire
t sum of �nitely many irredu
ible representations of GP � ~VQ; 1N :H� =M! H�;! 
K!where K! is an irredu
ible representation of GP � ~VQ; 1N as given by Theorem 4.2of [2℄ for latti
e P = 2NQ; and the 
entral subgroup (P �=P )� of GP a
ts by the
hara
ter e2�ih�1j!i for �1 2 (P �=P )� and ea
h H�;! is of �nite dimensional. We notethat by Proposition 4.13, K! 
orresponds to representation ��;! of AP (R): Fix aninterval I � S1�f�g; and a set of representatives �1; � � � ; �k; k = (rankQ)2N for the�nite abelian group Q=P: By abuse of notations, in this se
tion we will use LRT tobe the 
entral extension of LRT as in De�nition 4.5, but asso
iated with latti
e Q:Choose e2�if�i 2 LRT so that �f�i = �i; i = 1; :::; k; and suppe2�if�i � I: Note thatfor ea
h I � J � R1 � f�g; every element x 2 AQ(J) 
an be written uniquely asx =Pks=1 xi�(e2�ifs); where xi 2 AP (J): 21



De�nition 4.24. With notations as above, we de�ne�(�)�;�(x) = X1�s�k;! Id�;! 
 �(�)�;!(xi)��(e2�ifs)for x 2 AQ(J):Proposition 4.25. �(�)�;� as de�ned in De�nition 4.24 is an irredu
ible soliton repre-sentation of AQ: �(�)�;�(Ad�(�)) �= �(�)�;�+�; �(�)�;�(Ad�1) = �(�)��11 ��1;��11 � for �1 2 �; and�(�)�;�1 ' �(�)�;�2 i� �1 � �2 2 Q��: Moreover �(�)�;� restri
ts to a DHR representation ofAh�iQ :Proof. Let J be the interval as de�ned before De�nition 4.24. By Propositions4.8 and 4.13, the map x 2 AQ(J) ! �(�)�;�(x) is normal. To 
he
k that �(�)�;� is ahomomorphism, it is enough to 
he
k �(�)�;�(x1x2) = �(�)�;�(x1)�(�)�;�(x2) for x1; x2 in a setof generators for AQ(J): We 
an 
hoose this set of generators to be elements of LJT:It follows from Lemma 4.23 that ��;� is a homomorphism. The rest of the propositionfollows from Propositions 4.8, 4.16 and de�nitions. �We will use ��;� to denote the DHR representation of Ah�iQ from Prop. 4.25 andlet ��0 be an irredu
ible subrepresentation of ��;0jA�Q:Proposition 4.26. G(��0; AdV ) = e 2�iN where G(�; �) is de�ned as in Lemma 8.3 of[19℄.Proof. Sin
e ��0(R�) 2 ��0(A�Q)00; it follows by Proposition 4.17 and de�nition of�� that the univaluen
e of ��0(A�Q) is the univalen
e of ��0 multiplied by e 2�iN ; andthis implies the proposition by monodromy equation (
f. [9℄). �4.2 Irredu
ible representations of A�Q:By Prop.4.25, �(�)�;�1 ' �(�)�;�2 i� �1 � �2 2 Q��: By using lemma 4.2, we will identify �with its image in (Q�=Q)� under the 
omposition of quotient map Q� ! Q�=Q�� andQ�=Q�� ' Q�=Q = (Q�=Q)� in this se
tion.Theorem 4.27. Let �i 2 �; �i 2 (Q�=Q)�; and �(�)�i;�i be solitons of A�Q as in proposi-tion 4.25. Then �(�)�1;�1 �= �(�)�2;�2 as solitons of AQ if and only if �1 = �2 and �1 = �2:Proof. The proof is similar to that of Theorem 7.1 of [15℄. It is suÆ
ient to showthat �(�)�1;�1 �= �(�)�2;�2 implies �1 = �2: Note that �(�)�i;�i restri
t to DHR representationsof Ah�iiQ : It follows that �(�)�1;�1 restri
ts to a DHR representation of Ah�1iQ _ Ah�2iQ ;and by Proposition 4.26 and the proof (2) of Proposition 7.2 of [15℄ we must haveAh�1iQ _ Ah�2iQ = Ah�1iQ : By Galois 
orresponden
e (
f. [13℄) we have h�2i � h�1i:Ex
hanging �1 and �2 we 
on
lude that h�2i = h�1i: So �2 = �m1 for some integer m22



with (m; order(�1)) = 1: By Prop. 4.26, the same proof as in (1) of Proposition 7.2of [15℄ shows that m = 1: �We will use the following simple lemma, and we refer the reader to x2 of [15℄ forde�nitions of endomorphisms.Lemma 4.28. Let � 2 End(M) be an endomorphism and assume that [��i℄ = [�℄ fori = 1; :::; k where �i 2 Aut(M) and [�i℄ 6= [�j℄ if i 6= j: Then d2� � k:Proof. If d� = 1 there is nothing to prove. Assume that d� is �nite. By byFrobenius duality [���℄ 
ontains Lki=1[�i℄ and so d2� � k: �Proposition 4.29. Let �(�)�;� be as in Proposition 4.25. Then d(�(�)�;�)2 � jQ�=Qjj(Q�=Q)�j :Proof. By Proposition 4.25, �(�)�;�(Ad�(�)) �= �(�)�;�+�for � 2 Q�=Q: It follows that �(�)�;�(Ad�(�)) �= �(�)�;� if and only if � 2 Q��=Q: Theinequality now follows from Lemma 4.28 and Lemma 4.2. �Let �(�)�i;�i be solitons of AQ (i = 1; 2): By Proposition 4.4 of [15℄, �(�)�1;�1 �A� �=�(�)�2;�2 � A� if and only if there exists � 2 � su
h that �(�)�1;�1(Ad�) = �(�)�2;�2: ByProposition 4.25 and Theorem 4.27 we have ��1�1� = �2 and ��1�1 = �2: Thismotivates the following 
onsideration. Let f[�1℄; :::; [�m℄g be a list of 
onjuga
y 
lassesin �: Ea
h ��i;�i restri
ts to a DHR representation of A�Q: Let ��i := f� 2 �j��i =�i�g and let [�i;1℄; :::; [�i;mi℄ be the orbits of (Q�=Q)�i under the a
tion of ��i : Let��i ;�i;s := f� 2 ��i j��i;s = �i;sg for s = 1; :::;mi: Then for any � 2 ��i ;�i;s; ��i;�i;sand ��i;�i;s(Ad�) are isomorphi
 as representations of A�Q and by Theorem 4.8 of [15℄,there is a proje
tive representation of ��i ;�i;s on H�i;�i;s with 
o
y
le 
��i;�i;s su
hthat H�i ;�i;s = LÆMÆ 
 H(Æ;�i;�i;s) where ea
h MÆ is an irredu
ible representationof ��i ;�i;s with 
o
y
le 
��i;�i;s (and all irredu
ible representations of ��i ;�i;s with thesame 
o
y
le 
��i;�i;s appear in the de
omposition of H�i ;�i;s), and H(Æ;�i;�i;s) supportsan irredu
ible representation of A�Q with H(Æ;�i;�i;s) 6�= H(Æ0;�i;�i;s) if Æ 6= Æ0: By Theorem4.5 of [15℄ and Prop. 4.29, for �xed �i; �i;s; s = 1; :::;mi;XÆ d(Æ; �i; �i;s)2 = j�j2j��i ;�i;sjd(��i ;�i;s)2 � j�j2j��i;�i;sj jQ�=Qjj(Q�=Q)�ij :By de�nition we have j(Q�=Q)�ij = X1�s�mi j��ijj��i ;�i;sj ;and so XÆ;1�s�mi d(Æ; �i; �i;s)2 � j�j2j��ij jQ�=Qj:23



Now sum over 1 � i � m and note that j�j =P1�i�m j�jj��i j : We haveXÆ;1�i�k;1�s�mi d(Æ; �i; �i;s)2 � j�j2jQ�=Qj = �A�Qwhere we have used Cor. 3.19 and Th. 2.4. It follows that all \ �00 above are \ =00by Theorem 2.4, and we have proved the following theorem:Theorem 4.30. HÆ;�i;�i;s for i = 1; :::;m; �i 2 (Q�=Q)�i; 1 � s � mi as above give a
omplete list of irredu
ible representations of A�Q; and these representations generatea unitary modular tensor 
ategory.From the proof and Prop. 4.29 we have also proved:Corollary 4.31. d(�(�)�;�) =s jQ�=Qjj(Q�=Q)�j :Referen
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