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1 Introduction

Let A be a completely rational conformal net (cf. §2 and (2.3) following [16]). Let
I' be a finite group acting properly on A (cf. definition (2.1)). The starting point
of this paper is Th. 2.4 proved in [25] which states that the fixed point subnet (the
orbifold) A" is also completely rational, and by [16] A" has finitely many irreducible
representations which are divided into two classes: the ones that are obtained from the
restrictions of a representation of A to A! which are called untwisted representations,
and the ones which are twisted. It follows from Th. 2.4 that twisted representation
of AV always exists if AU # A. The motivating question for this paper is how to
construct these twisted representations of A",

It turns out that all representations of A" are closely related to the solitons of A.
In [15], we construct solitons for the affine and permutation orbifolds. In this paper,
we give a construction of solitons for the case of conformal nets associated with posi-
tive definite even lattices and isomteries of the lattices. We note that conformal nets
associated with special lattices have appeared before in §3 of [26] and more recently
in [17]. Our solitons correspond to “twisted representations” of the corresponding
vertex operator algebras (VOAs), and such twisted representations have been stud-
ied in [18], [10], [11], [7], [8] and more recently [2]. We will show that these twisted
representations in the VOA sense indeed give rise to solitons (cf. Definition 4.24 and
Prop. 4.25). Compared to the constructions of [15], the notable difference is that the
twisted representations are not related to the untwisted representations in a simple
way as in the affine and permutation orbifolds: in the later cases twisted representa-
tions are constructed on the same spaces as that of untwisted representations, only
with a “twisted” action, while in the cases of lattices the spaces are different. Hence
it 1s nontrivial to show that in the cases of lattices these twisted representations in
the VOA sense indeed give rise to solitons. Such questions were already encountered
in [24] when the lattice has rank one, and were solved by identifying the orbifolds
as special cosets in [26]. However this method of [24] does not work for general lat-
tices. Our solution to this question consists of two steps. First we show that if the
inner product on the lattice has some integral property, the question can be solved
(cf. Prop. 4.8) by using a covering homorphism (cf. Prop. 4.6). For general lattice
(), we choose a sublattice P C () with finite index such that the restriction of the
inner product from () to P has the desired integral property as in the first step. By
exploiting the related group structures (cf. Lemma 4.23) and results from the first
step, we then give Definition 4.24 and show that they have the right properties in
Prop. 4.25.

To show that these solitons give rise to all irreducible representations of the orb-
ifolds, we use the same strategy as in [15] which is to compute the index of solitons
and use Th. 2.4. Here we make use of the large group of (local) automorphisms (cf.
Definition 3.13) of the conformal nets associated with the lattices, and an exhaustion
trick (cf. the paragraph before Th. 4.30) to prove Th. 4.30. Th. 4.30 is the main
result of this paper: it gives a list of all irreducible representations of the orbifold
from solitons, and they generate a unitary modular tensor category (cf. [22]). We



expect that this result will have applications in many concrete examples, and we plan
to address such applications in the future.

The rest of the paper is organized briefly as follows: after introducing basic notions
such as conformal nets, their representations, complete rationality, orbifolds and soli-
tons in §2, we consider conformal nets associated with positive definite even lattices in
§3. The main result in §3 is Cor. 3.19. In §4 we consider the constructions of solitons.
As mentioned above we do this in two steps: the first construction in a special case is
given in Definition 4.7 and its properties are studied in Prop. 4.8, Prop. 4.10, Prop.
4.13, Prop. 4.16; the general case is considered in subsection 4.1 where Th. 4.30 is
proved.

2 Preliminaries

In this section we review some basic concepts of conformal nets which will be used.
See §2 and §3 of [15] for a more detailed review.

2.1 Conformal nets

We denote by T the family of proper open intervals of S*. A net A of von Neumann
algebras on S! is a map

€T — A(l)C B(H)
from Z to von Neumann algebras on a fixed Hilbert space ‘H that satisfies:
A. Isotony. If Iy C I, belong to Z, then
A(LL) C A(LL).

If £ C S'is any region, we shall put A(E) = \/p- o7 A() with A(E) = Cif E has
empty interior (the symbol V denotes the von Neumann algebra generated).
The net A is called local if it satisfies:

B. Locality. If 11,1, € Z and I, N [, = & then
[A(1), A(l,)] = {0},
where brackets denote the commutator.

The net A is called Mébius covariant if in addition satisfies the following properties

C,D,E,F:

C. Mobius covariance. There exists a strongly continuous unitary representation

U of the Mobius group G on ‘H such that
Ulg)A(NU(g)" = Algl), g€G, I

Note that this implies A(l) = A(I), [ € T (consider a sequence of elements
gn € G converging to the identity such that g,I 7 I).
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D. Positivity of the energy. The generator of the one-parameter rotation subgroup
of U (conformal Hamiltonian) is positive.

E. FEuistence of the vacuum. There exists a unit U-invariant vector € H (vacuum
vector), and €} is cyclic for the von Neumann algebra \/ ;. A(1).

By the Reeh-Schlieder theorem € is cyclic and separating for every fixed A(1). The
modular objects associated with (A(7), ) have a geometric meaning

A?ZU(A[(QTFZL), J[:U(T[) .

Here A is a canonical one-parameter subgroup of G and U(r) is a antiunitary acting
geometrically on A as a reflection r; on S!.
This imply Haag duality:

where [’ is the interior of ST~ I.

F. Irreducibility. \/;.; A(I) = B(H). Indeed A is irreducible iff ) is the unique
U-invariant vector (up to scalar multiples). Also A is irreducible iff the local
von Neumann algebras A([) are factors. In this case they are Il -factors in
Connes classification of type III factors (unless A(I) = C identically).

By a conformal net (or diffeomorphism covariant net) A we shall mean a Mobius
covariant net such that the following holds:

G. Conformal covariance. There exists a projective unitary representation U of
Diff(S') on H extending the unitary representation of PSU(1,1) such that for
all I € T we have

Ug)A(I)U(g)" = Algl), g € Diff(S),
U(g)zU(g)" = =, x€ A(l), g € Diff(I'),

where Diff(5') denotes the group of smooth, positively oriented diffeomorphism of
St and Diff(7) the subgroup of diffeomorphisms ¢ such that g(z) = z for all z € I".
A (DHR) representation 7 of A on a Hilbert space H is a map I € T — m; that
associates to each [ a normal representation of A(/) on B(H) such that

i [ A(l) = 7y, Icl, I,IcT.

7 is said to be Mobius (resp. diffeomorphism) covariant with positive energy if there
is a projective unitary representation U, of G (resp. Diff(oo)(Sl), the infinite cover
of Diff(S') ) with positive energy (the generator of the rotation subgroup S!' has
non-negative spectrum) on #H such that

mor(U(9)zU(9)") = Ur(g)mi(2)Ux(g)"
forall I € 7,2 € A(l)and g € G (resp. g € Diff(oo)(Sl)). Note that if 7 is irreducible

and diffeomorphism covariant then U is indeed a projective unitary representation of

Diff ().



2.2 The orbifolds

Let A be an irreducible conformal net on a Hilbert space H and let I' be a finite
group. Let V : ' — U(H) be a unitary representation of I'on H. If V : ' — U(H)
is not faithful, we set I'' := I'/kerV.

Definition 2.1. We say that I acts properly on A if the following conditions are
satisfied:

(1) For each fixed interval I and each g € T', a,(a) := V(g)aV(g*) € A(l),Va €
A(T);

(2) For each g € I', V(g)Q = Q,Vg € T

We note that if I acts properly, then I' commutes with G.

Define A (1) := A(I)Py on Ho where Ho := {z € H|V(g)xr = z,Vg € '} and P,
is the projection from H to Hg. The unitary representation U of G on H restricts to
an unitary representation (still denoted by U) of G on Hy. Then:

Proposition 2.2. The map [ € T — A%(I) on Hy together with the unitary rep-
resentation (still denoted by U) of G on Hy is an irreducible Mébius covariant net.

The irreducible Mébius covariant net in Prop. 2.2 will be denoted by A" and will
be called the orbifold of A with respect to I'. We note that by definition A" = A",

2.3 Complete rationality

By an interval of the circle we mean an open connected proper subset of the circle.
If I is such an interval then I’ will denote the interior of the complement of I in the
circle. We will denote by Z the set of such intervals. Let Iy, Iy € Z. We say that [y, I5
are disjoint if I; N I, = @, where [ is the closure of I in S'. Denote by T, the set of
unions of disjoint 2 elements in Z. Let A be an irreducible conformal net as in §2.1.
For £ = I, U I, € T,, let I3 U I, be the interior of the complement of I; U I, in S*
where I3, [; are disjoint intervals. Let

A

A(E) == A(I)V A(L), A(E) := (A(Ls) V A(I4)).

Note that A(F) C ~/Zl(E) Recall that a net A is split if A(1y)V A(ly) is naturally
isomorphic to the tensor product of von Neumann algebras A(l;) @ A([;) for any
disjoint intervals Iy, Iy € Z. A is strongly additive if A(l;)V A(ly) = A(I) where

I, U I is obtained by removing an interior point from [.

Definition 2.3. [16] A is said to be completely rational, or p-rational, if A is split,
strongly additive, and the index [./Zl(E) : A(E)] is finite for some £ € I, . The value
of the index [./Zl(E) s A(F)] (it is independent of F by Prop. 5 of [16]) is denoted by
ua and is called the p-index of A. If the index [./Zl(E) . A(E)] is infinity for some
E € I,, we define the u-index of A to be infinity.



The following theorem is proved in [25]:

Theorem 2.4. Let A be an irreducible conformal net and let T be a finite group acting
properly on A. Suppose that A is completely rational or p-rational as in definition
2.2. Then:

(1): AU is completely rational or p-rational and par = |T'|?p4;

(2): There are only a finite number of irreducible covariant representations of A",
and they give rise to a unitary modular category as defined in IL.5 of [22] by the
construction as given in §1.7 of [27].

Suppose that A and I' satisfy the assumptions of Th.2.4. Then A has only a
finite number of irreducible representations A and

ST AN = = TP
A

where we use d()) to denote the statistical dimension or the square root of index (cf.

[14] and [20]).

2.4 Solitons
Let £ € S', and identify R with S' ~ {£} ~ (0,1). Denote by Z, the set of open,

connected, non-empty, proper subsets of R, thus I € Zy iff [ is an open interval or
half-line (by an interval of R we shall always mean a non-empty open bounded interval
of R).

Given a net A on S! we shall denote by Ay its restriction to R = S* ~ {—1}. Thus
Ap is an isotone map on Zg, that we call a net on R.

A representation 7 of Ag on a Hilbert space H is a map [ € Zy — 7 that associates
to each [ € Iy a normal representation of A(/) on B(H) such that

i [A(l) = 7y, Icl, I,JIed,.

A representation m of Ag is also called a soliton. If we wish to emphasize on the
dependence of £ € S', we will write m as 7(®).

3 Conformal nets associated with a lattice and their
representations

Let () be a positive definite even lattice. That is, ) is a free abelian group of finite
rank with a positive definite Z-valued bilinear form ( - ) such that («,a) € 2Z for
all 0 € Q. Q* = {8 € RQ|(B,Q) C Z} is the dual lattice of (). There exists a
bimultiplicative function € : Q x Q@ — {£1} satisfying e(a,a) = (=1){*/2 o € Q.
Then by bimultiplicativity e(a, 8)e(3,a) = (=1)(*#) a,3 € Q. Note that such 2-
cocycle € is unique up to equivalence. We say e is trivial if (e, 8) = 1,Vo, 8 € Q.



We note that one can always choose a trivial 2-cocycle (in the equivalence class) if
(o, B) € 4Z Vo, p € Q. Let T = RQ/Q be the torus. We will represent elements of T
by e*™" for h € RQ). Note that e*™* =1 iff h € Q.

Denote by LT = C*°(S5',T). Every element of LT can be written as ¢*™/ where
f=7f(0):58" - RQwith0 <80 <1and f(#) = A0+ fo+ f1(0). Here A; € Q is
called the “winding number” of f, and f1(0) = En;ﬁO a, 2™ for some a,. fo is called
the“zero mode” of f. The rotation group S* acts naturally on L7, and we denote the

action by Ry. Define [, (f,g)d0 := f01<f,g>d(9.
Let LT = LT x S', and define a multiplication on £1" as follows:

Definition 3.1.

(¥ 21) (¥ 1y) = (627ri(f+g)7 ryxae(Af, Ag)em[f<f’|g>d€—<f(1)|Ag>+%<AfIAg>])

Lemma 3.2. LT with the above multiplication is a central extension of L'T. Moreover,
the action of rotation Ry on LT lifts naturally to LT and we have Rg(e*™/ ) Ry(e*™9) =
Rg(eszezmg) in LT.

Proof. We note that the associativity of the multiplication follows from the prop-
erties of 2-cocycle €, and the rest follows by using definitions. [ |

Remark 3.3. Our choice of multiplication rules in the above definition is different
from that of [21] (cf. Chapter 4 of [21]) in the special case when Q) is a root lattice,

and such a choice makes the action of rotations simpler than that of [21].

Proposition 3.4. Let f, g be such that suppe®™/ N suppe?™ = @& where suppe?™/ is
defined to be the support of €™ as an element in LT. Then

627r2f€27r2g — 627r2g€27r2f

as elements in LT.

Proof. Assume that f(0) = af + fo + f1(0), 9(0) = 50+ go + ¢1(0) and ¢(0) =0
and g(1) = . Then by definition 3.1:

2mig 2mi(5(2,B)+{90) = (B, fo) = [s1 (911f1)d6)

2mif 2wt 2mify—1
€7mf€ ng(e 7r2f) —e e )

Note that
[ tatinao = [ hls = a0 = fiyas
_ /S 1)~ () + /S gla)do — (31 5)
_ /S (d|F)dO — (a, B) + /S (B0 + gola)dd — (B o)
= [ @\nas = )+ [ tulads — (3150
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Since suppe™ M suppe®™? = @, [o, (¢'| f)dO is either 0 or (a|3). It follows that

e2mif gAmia(2mify=L _ o2mig
[
The structure of LT is well known (cf. Page 191 of [21]). The identity component
(LT)? of LT is canonically a product T' x \N/Q, where ‘N/Q is the Heisenberg group
defined as follows: Let Wy be the set of maps f : S! — RQ with winding number
and zero mode being zeros. Then ‘N/Q is equal to Wy x St as sets and multiplication

is determined by

(fi, M)(f2,x2) = (f1 + fz,)\l)\w;—'f(f{lfﬁde)'

Let W be the set of maps [ : S' — RQ with winding number zero, and W= ‘N/Q xRQ.
The following is essentially Prop. 9.5.10 in [21]:

Lemma 3.5. We have:

(1) VQ has a unique irreducible representation with positive energy on a Hilbert
space denoted by S(V);

(2) All irreducible representations of W with positive energy are of the form S(V),
for a € RQ where S(V), is the same as S(V') as a representation of V and the center
(0,h) of W acts on S(V)y as a scalar 2o,

(3) All irreducible representations of LT with positive energy are of the form Hy =
Docrrg S (V)a for A € Q" where Q* = {B € RQ|(B,Q) C Z} is the dual lattice of Q.
Moreover ™% maps S(V)a to S(V)aqs.

Proof. See the proof of Proposition 9.5.10 in [21]. [

Consider the representation S(V), of W. By Theorem 7.6 of [12] (although The-
orem 7.6 of [12] is stated for semisimple Lie algebras, but the same argument applies
to the case of Heisenberg algebra), there exists a map ¢ € Diff(S') — 7, (0(¢)) €
U(S(V),) which is a unitary cocycle representation of Diff(S') on S(V),, and

Tl (@) Tal f())Talo(@)) = ma(F(e7 ().
Let Bg be a net on S(V')g such that

Bo(I) = {m(f)|f € W,suppf C 1}

where 1y denotes the representation of W on S(V)o.

Proposition 3.6. We have
(1) Bg is a conformal net on S(V )o;
(2) Bg is strongly additive.

Proof. (1) is obvious and (2) follows from the same argument of Proposition 1.3.2

of [23]. u



Definition 3.7. Let Ay be a net of von Neumann algebra on Hy such that Ag(l) =
{mo(e?™)|e*™) € LT, suppf C I} where ™ denotes the representation of LT on Hy.

We note that by definition Ag is independent of the choices of 2-cocycle e.
By the statement before Proposition 3.6, we have a unitary cocycle representation

of Diff(S*) on Hy =3 S(V)a such that
m(o(@))m(f)m(o(e)) =m(f7)

for f € W where f2(0) := f(p=4(0)). We claim that

Jr(™ ) m(o(p)) = e fo@)m(e™T)

f.¢) € C. First we have

a€EQ

(o (p)
for the some phase factor ¢(
Lemma 3.8. Ay is a local net.

Proof. This follows from Proposition 3.4. |
Proposition 3.9. If » € Diff(I), and suppe?™/ N [ = @, then
rlo(@))n( )m(o(0)7) = m()
Proof. By Proposition 3.6, Bg is a conformal net, and it follows that mo(o(¢)) €

Bg(I). Note that 7 is a representation of Bg on P e S(V)a, and restrict to an
irreducible representation of By on each S(V),. It follows that

Adr (oo () = Adr(o(p)).
So we have
Adr(o(¢))(m(*™)) = Adm(mo(o(p)))(n(*™)) = m(*™)

where we have used Lemma 3.8 in the last equality since

mo(a(#)) € Bo(l) € Ag(1).

Proposition 3.10. We have for f € LT
m(o(p)m(e™)m(o(p)) = e(f.o)m (™)
where ¢(f, ) € C.

Proof. Since Diff(S') is a simple group, it is generated by Diff(I). Tt is sufficient
to prove the proposition for ¢ € Diff(7). Note that

W(esz) — 7_[_(627ri(a€-|—f0))7_[_(627rif1(6’)) — 7_[_(627ria€)ﬂ_(€27ri(fo-|—f1))e—%(a|f0)
where « is the winding number of f. Since
Adn (o)) (27 0)) = (2701,

it is enough to show the proposition for €*™/ = ¢2™*% By the same argument it reduces
to show the proposition for €™/ so that f has winding number o and suppe?™/ NI =
&, which follows from Proposition 3.9. |



Proposition 3.11. (1) Ag is a conformal net.
(2) Ag is strongly additive and split.

Proof. (1) follows from Propositions 3.10 and 3.9. As for (2), let Iy, 5 be two
subintervals of [ obtained from [ by removing an interior point of I. By Proposi-
tion 3.6, B(I) = B(I,) V B(I3). Since A(I) is generated by B(I) and 7(e*"/(9) with
suppe™ /() I, it follows that A(I}) Vv B(I) = A(I), and so A(1;) VvV A(L,) = A(I).

The character Trg™® of Hy (Lo represents the generator of rotation group S*) is

well known to be p
TquO _ Q(Q)

where

Oolq) =) ¢

a€Q
is the theta function of the lattice of () and

n(q) = ¢ [J(1 - ")

n>1

is the eta function. Here [ is the rank of @ and ¢ = €¢*™ for 7 in the upper half plane.
Hence g is of trace class, and it follows from that Ag is split (cf. [5]). [

Definition 3.12. Let A(0) : [0,1] — RQ be a smooth map with A(0) =0, A(1) =X €
Q*, and XM (0) = XM (1) = 0 for all positive n. Define an automorphism Ady@y of
LT by the following formula:

Adyg) (¥ ¢) = (27 ce?m [ V170,

Note that if A € Q*, €*™ lies in the center of LT For any interval I C S' we
choose an element P\ ; € LT such that P\ ;(8) = 2™ MO if 9 € [ where A() is as in
definition 3.12.

Definition 3.13. Let A € Q*. Define an automorphism Ady of Ag by
Ad/\(y) = W(PA,I)yW(PA,I)*

fory e Ag(1).

Lemma3.14. Ad, in Definition 3.13 is independent of the choice of Py and Adym(L,T) =
T(Ad\LLT) for any I.

Proof. It Py ; is another choice, then P\ ;P ; € LT and by locality
m(P Dy (P )" = m(Pr)ym (Pa)”

for y € Ag(I). The equality in the proposition can be checked directly by definitions.
[
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Proposition 3.15. (1) Ad\, A € Q* gives an irreducible DHR representation of Ag,
and each such representation corresponds to an irreducible representation of LT, la-
beled by A € Q*/Q (We identify X with its image in the quotient map Q* — Q*/Q )
as in (3) of Lemma 3.5.

(2) Let ) be an irreducible representation of Ag with positive energy on H. Then
Y is isomorphic to Ady for some X € Q*/Q).

Proof. (1) Note that ¢2™ is in the center of LT, and by the same proof of Proposi-
tion 5.8 of [15], Ad) is an irreducible DHR representation of Ag. Such a representation
of Ag corresponds to representation m(Ad\LT) of LT by Lemma 3.14.

(2) We will use an idea for the rank one case given in §4 of [25].

Let f = fo+ fi(8): S* — RQ be a map with winding number 0. Let {Iy, ..., [}
be a finite open covering of S'. Assume that {¢;} is a partition of unity such that
suppy; C I;. Then f = Ele foi. Let ¢(f, ) € S* be the phase factor in the center of
LT so that (e*™/ 1) = Hle(e%if%, De(f,¢) as an element of LT. By using Isotony
we claim that the following map

F= o) = [ v (7, (759 ))e( £, )

7=1
is independent of the choice of {[y,..., [} and {¢;}. Moreover,

L(N)Plg) = e, 9)0(f + 9).

In fact, if {J1,...,J,} is another open covering of S' and {g;} is another partition of
unity with suppp; C J; for j = 1,...,n, so that J;, U J;, # S* for any 1 < j;, 2 < n.
We have by Isotony

n
m (279 = H 7100, (€279 ),
i=1

where the phase factor z; € S' is determined by

n

(ezwif@s7 1) — H(ezrif@s¢J7 1)$“

7=1
and WISQJJ(GQMMS@J) € Ag(Is N J;) by definition. It follows that

[T v (rr(e ) el 1, 0)

E n
LTt

s=1 j=1

11



with 2 € S1. Similarly,

H b (mr (7)) e(f, @)

7=1
k n
= [T II ¥rns, (mros (7992 ))y
s=1 j=1

for some y € S'. Note that J;, U.J;, # S* for any 1 < ji, 72 < n. It follows that in

permuting the factors

Y1, (Trn, (€27%9))

above, the phase factors are determined by the group law of LT Since

ﬁﬁ(ezmm%vl)w il 1) HH 2mifeue 1)y

s=1 j=1 s=1 j=1
it follows that # = y and

n

k
[T ¢n (e )e( f,0) = ] oo, (o, (€770 )e( £ 2).

i=1

By the independence of ¢ (f) on {¢;} above, it is straightforward to check that
(H)v(g) = e f, ) (f + g) where

(™, 1)(e*79,1) = (27, (£, g))

and ¥(Re)Y(f)v(Re)* = (f%) where Ry is the rotation by angle 270.
Now for f = ab + fo + f1(0) where « is the winding number of f, let g;(8) =
al + go + g1(0) be such that suppe*9r C I and define

O(f) = r(m (™)) (f — gr)e( f. g1)
where ¢(f, gr) in the center of LT is determined by
(€7,1) = (0 (05 1)e( g1

in LT. Note that f—g; € C=(S', RQ) and ¥(f —gr) is well-defined as in the previous
paragraph. One checks that ¢(f) is independent of [ and the choice of ¢;, and

L(N)elg) = elf,9)0(f + 9),

V(Ra)o(f)(Re) = (/).

To show that the map >/ € LT — (f) is well-defined we need to check that if
f = a, then ¢¥(«) is the identity operator. For any f we get

G(R)G()e(R)™ = o(f — a) = ¢(f)e = (a).

12



But ¥ (Ry) is a scalar operator as ¢ is an irreducible representation of Ag. It follows
that ¥ (f) = ¥(f)Y(a), and ¢ («) is the identity operator since ¢ (f) is unitary. So we

get a well -defined irreducible representation
e’ e LT — (f)
of LT with positive energy. By Lemma 3.5 and (1), (2) is proved. [

Remark 3.16. There is a similar result in the theory of vertex operator algebra. Let
Vo be the vertex operator algebra associated to the lattice Q@ (cf. [4],[11]). It has been
proved in [6] that Vi for A € Q*/Q gives a complete list of irreducible Vi-modules
up to isomorphism.

Lemma 3.17. Let A be a net with split property. If A has only finitely many irre-
ducible representations with positive energy up to isomorphism, then every irreducible
representation of A @ A with positive energy 7 is of the form m; @ my where m; are
irreducible representation of A with positive energy.

Proof. As in Lemma 2.7 of [16], it is enough to show that 7(A @ 1)” is a type
I factor. Since m; = 7 [ 491 is also a representation of A with positive energy, and
A is split, by Proposition 5.6 of [16] and Lemma 5.14 of [3], 7y = f)? madp(A) where
7y are irreducible representations of A with positive energy for almost all A. Since A

has only finitely many irreducible representations with positive energy, it follows that
m(A @ 1) is a type I factor. [ |

Theorem 3.18. Let A be a conformal net, and assume that A is strongly additive and
split. If A has only finitely many irreducible representations with positive energy up
to isomorphism, and if each such representation has finite index, then A is completely
rational, and pg =3, d(X)?, where the sum is over all irreducible representations of
A with positive energy.

Proof. The theorem and its proof are essentially contained in §4 of [19] except
for the positive energy condition. We will give a proof with necessary modifications
compared to [19].

It is sufficient to show that u4 is finite. Consider (A ®@ A)Z2 c A® A where
(A®.A)%2 is the fixed point subset of A®.A under flip. By Corollary 4.6 of [19], we have
a representation of (A ® A)%2 which is a direct sum of two irreducible representations
with positive energy. Let 7 be one of them. Note that uy4 is finite if and only if 7 has
finite index.

By Corollary 3.3 of [19], a2 is a DHR representation of A®@ A. Since w(Diff([)) C
(A® A)22(1), by Lemma 4 of [1], a2 is Mébius invariant with representation 7(G) €
a2 | (agayz- Since a| gz is a direct sum of 72 and o7? (cf. §3.2 of [19] for
the definition of o), and both have positive energy by Theorem 5.13 of [3], it follows
that a2 is a Mobius covariant representation of A @ A with positive energy. Hence
o2 = f)? Adp(X) where almost all A are irreducible representations of A @ A with
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positive energy. By Lemma 3.17, it follows that «,2 is a direct sum of irreducible
representations of A @ A with finite index.

Let [a,] = Y7, [Xi] with X; irreducible as sectors. Since [ay2] = [a][a,], it
follows that X;X; and X;X; contain sectors with finite index. By Lemma 3.6 of [19],
X; must have finite index, and so does «,. This proves that p 4 is finite. H.

Corollary 3.19. Ag is completely rational and

pag = 1Q7/Ql.
Proof. The proof follows by Propositions 3.11,3.15 and Theorem 3.18. |

Remark 3.20. [t will be interesting if one can give a direct proof of Corollary 3.19
without using Theorem 3.18.

4 Orbifolds

Let Ag be the conformal net on H = @aeQ S(V), as in Section 3. We will consider
a finite automorphism group I' of Ag which arises from isometries of the lattice () as
follows: for each o € I', there is an isometry of () defined by the same letter o, and
moreover the following map

14dcr(627ri(Af6’—|—fo)627rifl(€)7 $) — (77(0_)—1627ri(cr(Af)€—|—cr(fo))627ricr(fl(€))7 $)

gives an automorphism of LT with finite order. Here n(«) = 1. For such o € I', let
7(g) be the unique unitary operator on Hy such that m(g) - Q = Q (€ is the vacuum

vector) and ' '
7T(0')7T(€2mf)71'(0')* = W(Adge%”f).

One check easily that such unitary operator exists and is unique.

Lemma 4.1. The map g — Adr(9)(y), y € Ag(I) defines a proper action of I' on
Ag. The fized point subset Ag is a conformal net.

Proof. Tt is enough to show that 7(g)7(p)7(g)* = 7(¢) for all ¢ € Diff(S!). Since
Diff (1) for any I generates Diff(S') and Diff(S') is a perfect group, it suffices to check
that 7(g)m(¢)m(g)*7(¢)* € Cl for all ¢ € Diff(S'). Note that 7(g)m(p)m(g) 7(p)* €
Ag (1) and by definition, m(g)m(¢)m(g)*m(@)* € Bo(I)'. But Bo(I)NAg(l) = Cl, we
immediately have 7(g)m(¢)7(g)*7(¢)* € Cl, as desired. [ |

Fix o € I' of order N. Let F, := ﬁ Y icicn 0 be the projection on RQ. For any
d € RQ, let 4. be the unique element in the orthogonal complement of Py(R@)) such
that 6 = 0o + (1 — 0)ds, 0o € Po(RQ). We will use (Q*/Q)? to denote those elements
of Q*/Q which is fixed by o. The set (Q*/Q)7 can be represented as follows: let
Q. :={0 € Q*|(1 —0)d € Q}, then (Q*/Q)” = Q,/Q. The following lemma follows

directly from definitions:
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Lemma 4.2.
(Q7/Q)/(Q7/Q) =~ Q7/Q; ~ Q. /Q = (Q7/Q)°
Definition 4.3. Let N be the order of o. Set

O = {7 € C(SL TS0+ 1) —o(f(8) € Q.0 € 0,11}

ONT = {7 € C(S' T+ ) — f(0) € Q.0 € [0.1])

OnTo = {™ € CNT|f(0) — o(f(0)) € Q}
For each €™ € OnTy we define a map @q : CxTy — CiT by o ™) = ™" where
h is the unique continuous function which satisfies h(0) = f(0) for 0 < 0 < & and
h(0+ %) = g(f(0)) modulo Q if + <6 <1.
Example 4.4. (1) Let 2™V € C/Ty. Then py(e2™N) = 2™ such that h(0) =
Nab for 0 < 0 < < and h(0 + <) = o(f(0)) modulo Q if =+ < 0 < 1. There is a
unique choice of continuous function h(0) with the specified property:

h(0)=a+o(a)+--- Ui_l(oz) + (N§ — i)ai(oz)

for ﬁ <9< % and 1 =0,...,N — 1. From this example one can see that in general

w9 maps smooth functions to piece-wise smooth functions.
(2) Let ¥ € Cn'To be a constant loop. Then h = g(h) modulo Q and pq(e*™") =

627r2h‘

As in section 2.4, let £ € S* and identify R ~ S~ {£} ~ (0, 1).
Let

LeT ={e*™ € LT |suppe*™ C (0,1), f™(0) = f(1) = 0,¥n > 1}.
Fix P = 2N@Q C @ which inherits inner product ( -) from (. Note that (a, ) €

ANZ for o, € P. We can choose an equivalence class of 2-cocylces € on () so that
e(a, ) = 1,Va,p € P since (a, B) € 4Z,Ya, B € P. Similarly for the central extension
LT associated to P,(,) (resp. LT associated to P, +(,)), we will choose the 2-cocyles
as in Definition 3.1 to be trivial since (o, 8) € ANZ,Va, 3 € P.

Definition 4.5. Denote by LT be the subgroup of LT associated to P,(,) (with
the trivial 2-cocycle as above ) whose projection onto LT is LpT. Denote by LT,
LNT, LT the subgroups of LT associated with P, (,) (with the trivial 2-cocycle as
above ) whose projections onto LT are the smooth loops in CnTy, CnT, CiT respec-
tively.

Proposition 4.6. The homomorphism

LT 2 LyT, 3 LT
e2mif(6)  FL 2mf(N6) #3 99(627rif(6’)):: 992(627rif(N€))

can be lifted uniquely to a homomorphism between the central extensions

LeT 5 L.T.
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Proof. Note that @y maps LgT to smooth loops in LT. The proof is a direct
computation by definitions. [ |
Let Ap be the conformal subnet of Ag associated to the lattice P and represented
on its vacuum Hilbert space Hp, and AP,% the conformal net associated to (P, %())

on H where the extra subscript ﬁ indicates that the inner product on P is ﬁ< ).

Using ¢1 we get a covariant representation m of Ap on H such that
ﬂ_(ﬂ_P(GZMf(é’))) — 7_[_(991(627&][)) — 7_[_(627rif(N€))
for any localized €2™/. Denote by Pr the projection from H to w(L:T)S.

Definition 4.7. Let e*™/ € LpT, and
27r2f N€ H Ade 27r2f )))

with f( )= f(NO) if 0 <0< <, and f(@) = Ay if + <0 <1, and R is the rotation
by . Define

7T f 27”f H Ad sz sz(e)))PT.

(€)

Proposition 4.8. 7, extends to a normal representation of Ap(R) and restricts to
a DHR representation of AL.

Proof. Fix I C R ~ (0,1) ~ S' < {£}, and assume that suppe?™/(9) C I. Then
7O (2 (Vo)) H Adpi (m (2™ Oy C Ap 1 (L) VeV Ap (1)

where [V = I,71=1,..., N, as intervals on S', and we choose the ordering so that on
(0,1), I; is to the left of [;41. Since ‘AP,% is split by Prop. 3.11, there is a normal
isomorphism

XI:AP,%([) OAp L ([N)_>“4P ( 1)V "'VAP,%([N)
so that yj(z1 @+ @ an) = @1 N, @ € Ap 1 ( ), =1,...;, N. Note that the map
Uy, 2@ Qany — 21 @ U($2) Q- @V 1(:1;N) is normal. So we have

7O (2mif0)) = x1Usx7! (m(e2mf(NO)))

[

if suppe?™ C I. Thus Wc(rg)(l') = x:U,x7'(m(p1(x))) is a normal representation of

Ap(I).
Note that . .
1 Adoiri(Adpsa) = [] Adoipi(Ady-sz)
=0 =0
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for x € AP,%([l) VARERY AP%([N) since o and R commute.
Also note that Ad,m(p1(x)) = n(p1(Ad,x)) for x € Ap(I). Soif x € Aﬁ?([), then

N-1

T Adoire(Adgs(( H Adigi (7(p1(2)))).

=0
So when we change ¢ € St to ! € S we have 7Tc(r£) = Wc(rgl) when restricting to Aﬁ?
It follows that 7Tc(r£) restricts to a DHR representation of Aﬁ?. [ |

Remark 4.9. Note that the definition of soliton above is similar to the soliton given
in [19], but without using Diff (S') and hence are different. We will write 7o simply

as m, when restricting to Aﬁ?

(€)

Proposition 4.10. 7, is an irreducible soliton of Ap.

Proof. First we prove that the representation (L,T)Pr on PrH is irreducible.
Notice that this is a representation with positive energy, and the identity component
(L,T)° is the product of a Heisenberg group and Tp := exp? P EP) Tt follows from
(1)-(2) of Lemma 3.5 that the representation w(L,T)Pr of LT is irreducible. To
prove the proposition it is enough to show that Wc(rg)(Ap(R))” = m (L) Pr, and it is
sufficient to show that 7(e?™)Pr € 7Tg (.Ap( )" for any €™ € (L,T)°.

Let 2(0) be a complex valued function on [0, 1] with (04 <) = x(0), and 2(M(0) =
2™ (&) = 0 for all n. It follows from Lemma 1.2.2 of [23] that for any € > 0 one can
choose z, such that ||z, — 1||% < € (cf. §1.2 of [23] for the definition of norm ||||%),

and by Proposition 1.3.2 of [23] we have that 7(e*#<9) — 7(e?™) strongly. Note
that m(e2™@9) = 1(pap(e2™/e)), where esze € LT with f.(8) = xe(%)g(%) for
0 < 0 < 1. Tt follows that 7(e*™)Pr € NG (.Ap( )" [ |
Definition 4.11. Let A(0) : [0,1] — CP be a smooth map with A(0) =0, A(1) = X €
P, and X™(0) = X (1) = 0 for all positive n. Define an automorphism Ady@g) on
L/ such that

Ad/\(e)(GQWi(NPo(a)€+a*)7 x) = (ezm'(NPo(a)éura*)7 xe?wif(/\/|P0(oz)€+a*>d€)7

Ad/\(g)(eQMh(e), y) — (627rih(6’)7 y€27erf0 '(NO)|h(6))do )
where h(6 + %) = ch(f) for 0 <0 <1, [hdf =0.

Lemma 4.12. For any e*™/ € LpT we have

T(pap1(Adraye”™)) = m(Adrgypaipi (€77)).

Proof. 1t is straightforward by definition. [ |

Proposition 4.13. 7 )(AdA) is an irreducible soliton of Ap(R) which corresponds to

an irreducible representation of LT where the central group (P*/P)7 of LT acts as
pE(Q/Q) s ),
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Proof. Wc(rg)(Ad/\) is irreducible since 7\ is by Proposition 4.10. The second state-

ment follows by lemma 4.12. [ |
To make contact with the results in Section 4 of [2], and to motivate the definitions
in the next section, let us define (compare to Section 4.3 of [2]).

Definition 4.14. Let Gp = S* xexp(2mi Po(RP)) x P be the set consisting of elements
ce"U, (c € St h € 2miPy(RP),a € P). Define a multiplication in Gp by the formulas

/ /
eheh _ €h+h

MU e = e~
UyUg = Uyqp.

Note that G'p is a group. Recall the Heisenberg group ‘N/Q associated with a lattice
Q and inner product (,) on @) before Lemma 3.5. We will consider a Heisenberg group
VP,% associated with the lattice P and inner product +(,) on P.

Lemma 4.15. We have the isomorphism
LT =Gpx V.

Proof. First we note that £;T is generated by e*™Nl@)itas) and ¢2mh(0) with
h(0 + %) = ch(0) for 0 < 0 <1, [hd0 = 0. For any p € (P*/P)°, e*™* is in the
center of L,T.

Let ¢ : L,/ T — Gp X ‘N/R% be a map such that

99(62Mh7x) = (627”%71') S ‘N/P,

z|-

27ri(N7r0(oz)€—|—oz*)7y) — yUa c GP

QO(GQWMO) _ e?wiho c GP

for A(0) with h(0 + %) = oh(0),0 <0 <1, [hdd =0, and ho € Po(RP). One checks
directly by definition that ¢ is an isomorphism of groups. [ |
We note that a class of irreducible representations of G'p x VP,% is given by Theorem

ple

4.2 of [2], and these irreducible representations are determined uniquely by the action
of central subgroup (Q*/Q)? of G'p as follows: Given p € Q*/(Q, there is an irreducible

representation 7, of Gp X VP,% on a Hilbert space H, such that A € (Q*/Q)7 acts

as ezri</\|ﬂ>

. By using Proposition 4.13 and Lemma 4.15, it is easy to check that m,
corresponds to m,(Ad,@s)). Denote by m,, = m,(Ad,g)) and note that using this

notation m, = m, .

Proposition 4.16. Let oy € I'. Then
(1) 7, (Adoy) = ot 1, as solitons of Ap(R).

001,07 " p

(2) Ton, = o, if and only if Ay — Ay € P

18



Proof. (1) First note that Ad,g)Ad,, = Ado—lAdo_l—lu(e) on LgT, and so it is suffi-
cient to show that m,(Ad,,) = Mol - Fix I C R, let I; be intervals on S! so that
IN=1,i=1,..,N. Then

N N
[T Adoiri(Ads,2) = Ady (] ] Ad (140 i ()
i=1 i=1
for all » € AR%(Il V-V ). It follows that m,(Ad,,) = Mol -
(2) By Proposition 4.13, 7,5, = 7., if and only if (u|A; — A2) € Z for all
€ (P*/P)” = P,/P. 1t follows that 7, \, = 7., if and only if Ay — Xy € P7. [ ]
Consider Aﬁ? C Ap, the fixed point subnet of Ap under the action of o. Let
V € Ap(I) be a unitary such that o(V) = TV (cf. §8 of [19]).
Ady induces a DHR representation of Aﬁ?. By Proposition 4.8 and Prop. 8.2 of
[19] 7, decomposes into a direct sum of N irreducible representations of Ag>. Let 740

be one of such irreducible representations of Aﬁ? obtained from m, by projecting onto
o invariant subspace. Set m, = m,0(AdV'). By Proposition 4.8, 7, restricts to a DHR

representation of Aﬁ?, and it is a covariant representation of Aﬁ?. In fact, m(¢(+)) is
a covariant representation of Ag> as Aﬁ? is conformal and 7w (¢(+)) restricts to a DHR

representation of Ag> (cf. [1]).
Let
Ur={gecGlglul cS'—{¢}}

be a neighborhood of identity in G. For ¢ € U; we have
T (grg") = m(9)mu(@)Tu(9") = Too(9)Too(g™V gV )T (2)To0(V g™V g)mo0(g)"

for all € Aﬁ?. So we have 7,(9)*7,0(9)ms0(g"VgV*)* € Cl for all ¢ € Ur. It
follows that m,(g) = mo0(g)ms0(g*VgV™) for all ¢ € Us as the only one dimensional
representation of G is the trivial representation.

Consider § — m,0(Rs) and set

F(0) = Adrir_g)(m((V))m (V)" Proo
where W(T_%) denotes the unitary operator on H implementing rotation by —% on
AP,%? and Pryo = Pr.,.,.y0' is the projection onto the irreducible represen-

tation m,9 of Aﬁ?. Note that if § € Uy then F(0) = m,(Rg)mo0( RV RgV™). Also
(e(AdRg,y)) = 7(Ad, , (¢(y))) for all y € Ag> by definitions, i.e.,
¥

) (p(y))m(rs )"

L L
N N

m(Re)m(p(y))m(Re)" = m(r
for y € Aﬁ?. Using this one checks easily that
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It follows that F'(0) = m,(Rs), for all 8, since both sides are one-parameter group of
unitaries which agree on a neighborhood of 0.

On the other hand,

F(2m) = moo( Rar Adrr_ae)(m(0(V)))7(2(V7))
= Too( Rarm(p(a(V)V7))

27

=en TrCTO(RQﬂ')'

where we have used o(V)V* = e . Tt follows that the univalence of Too( AdV) is

27

the univalence of 7,0 multiplied by e™ . By monodromy equation (cf. [9]), we have
proved the following

Proposition 4.17. G(7,9, AdV) = 6277”, where G(-,-) is defined as in Lemma 8.3 of
[19].

Remark 4.18. The same argument as in the proof of Proposition 4.17 shows that
K(1) =1 in the paragraph after (47) of [19].

4.1 General case

When %< -) is not an even integral on @), we do not have an analogue of Proposition
4.6 and net AQ%. However we have a subnet A;ng C Ag where we can apply the

construction of Section 2.1. Also there is no £,;T in general case, but we have \N/Q%

and an analogue (g as defined as follows (cf. Section 4.3 of [2]).

Definition 4.19. Let Gg = S* xexp(2mi Po(RQ)) X Q) be the set consisting of elements
of the form ce"U,, (c € S',h € 2miPy(RQ), a € P) with multiplication

/ /
eheh — €h+h

U et = ey,

U Us = ¢(a, 5)eﬂ(alﬁ*>—%(a|»3>+%(a|P0(5)>Ua+B‘
One checks easily that Gg is a group.

Remark 4.20. Our group Gg is slightly different from G of Section 4.3 of [2], the
commutator among U,,Ugs is the complex conjugate of 4.44 of [2]. The reason for

defining the multiplication rule for U,Us comes from the following computations: Let
h(0) be as in (1) of Ezamples {.4, then h(0) = Nmo(a)0 + a. + hy(0). Regarding

e2mtha(0) s an element in VQ 1 we have
N

o2riha(0) 2mihs(0) _ wi(alBe)= (a8 5 (ol Po(8)) 2mi(ha(0)4+hs (6))

Hence if we map €% to U,e*™9 1o preserve the commutator relations we need
U Uz = 6(%5)e7ri(a|5*>—%(a|5>+%(CYIPO(B))UM_B‘
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We will treat G'p (cf, Definition 4.14) as a subgroup of (g under the natural map
Gp — GQ.

According to Lemma 4.15, the analogue of £,T" is now replaced by the group
GQ X ‘N/Q7%.

iti o 4.21. For )\(9) as in Definition 4.11 with A € Q* define an automorphism
on Gg X VQ% by i
/\(9)U(05) = U(oz)esz(/\'|Po(a)€+a*>

Ad/\(@)eih — zh 27r2Nf0 (M (NG)|R(6))db
for h with h(6 + ﬁ) = o(h(0)).

Definition 4.22. Let f(0) = A0 + fo + fi. Define f(0) = f(N0), 0 <0 < L and
f(@) is a continuous function with f(@ + %) = U(f(@)) modulo Q). It follows that

N

f(0) = NPy(@)0 + Po(fo) + ()= + f1(0)
where fl(e + %)= U(fl(ﬁ)) and [, f1d0 = 0. Then the map ¢ is defined as
(p(eif(é’)) _ U(Af)627ri(Po(fo)+f1(6’))6—7ri<Po(Af)|fo>_

Lemma 4.23. ¢ : LgT — Gg x \N/Q% is a group homomorphism and p(Adygx) =
Ady@gyp(x) for all x € LT

Proof. The proof is a direct (but tedious) check by using definitions. [ |
Fix 0 € T with oV = 1. Let m\ be an irreducible representation of G x \N/Q%
as given by Theorem 4.2 of [2]. This is an irreducible representation of Gg x \N/Q%
on a Hilbert space H) where the central subgroup (Q*/Q)” of Gg acts as the char-
acter 270 for 4 € (Q*/Q)7. This representation, when restricting to Gp x ‘N/Q%,

decomposes into direct sum of finitely many irreducible representations of G'p x \N/Q% :

Hy=EP H\® K,

where K, is an irreducible representation of Gp x VQ 1 as given by Theorem 4.2
of [2] for lattice P = 2N(@, and the central subgroup (P*/P) of G'p acts by the
character e2™“#1l%) for 1y € (P*/P)? and each H,, is of finite dimensional. We note
that by Proposition 4.13, K, corresponds to representation m,, of Ap(R). Fix an
interval I C S — {¢}, and a set of representatives ay, -+, ay, k = (rank Q)* for the
finite abelian group ()/P. By abuse of notations, in this section we will use LgT' to
be the central extension of LgT as in Definition 4.5, but associated with lattice ().
Choose e*™/o € LT so that Ag,, = a1 =1,k and suppe? /i C I. Note that
for each I C J C R' — {&}, every element @ € Ag(J) can be written uniquely as
r = Ele z;m(e?™s), where z; € Ap(J).
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Definition 4.24. With notations as above, we define

@)= Y Idy, @7l (z)m ()

1<s<k,w

forxz € Ag(J).

Proposition 4.25. Wc(rgi as defined in Definition 4.24 is an irreducible soliton repre-

sentation of Ag. Wffi(Ad/,L(Q)) ~ () Wffi(Adal) = 7 for oy € I', and

oA+ o] crcrl,crl_l/\

7Tc(f/)\1 o~ 7Tc(f/)\2 iff Mt — Ay € QF. Moreover Wc(rgi restricts to a DHR representation of
(o)
Ay’

Proof. Let J be the interval as defined before Definition 4.24. By Propositions
4.8 and 4.13, the map = € Ag(J) — Wfﬂ(:p) is normal. To check that Trc(rg/)\ is a
(&) (&)

homomorphism, it is enough to check Wc(rfi(xlxg) = 7TU7/\($1)7TU7/\($2) for x1, 24 in a set
of generators for Ag(.J). We can choose this set of generators to be elements of £;7.
It follows from Lemma 4.23 that 7, ) is a homomorphism. The rest of the proposition
follows from Propositions 4.8, 4.16 and definitions. |

We will use 7, ) to denote the DHR representation of Ag> from Prop. 4.25 and
let m,9 be an irreducible subrepresentation of 7TU7O|A5.

Proposition 4.26. G(7,9, AdV) = e F where G/(-,-) is defined as in Lemma 8.3 of
[19].

Proof. Since m,0(Rg) € WUO(AU )", it follows by Proposition 4.17 and definition of

2me

7, that the univaluence of WUO(AQ) is the univalence of 7,9 multiplied by ¢, and
this implies the proposition by monodromy equation (cf. [9]). [

4.2 Irreducible representations of Ag.

By Prop.4.25, 7Tc(f/)\1 o~ 7Tc(f/)\2 ift Ay — Ay € Q. By using lemma 4.2, we will identify A
with its image in (Q*/Q)7 under the composition of quotient map Q* — Q*/Q% and
Q*/Q: ~Q,/Q = (QF/Q)7 in this section.

Theorem 4.27. Let o, € I', A\; € (Q*/Q)7, and Wc(rf)/\l be solitons of Ay as in proposi-
tion 4.25. Then 7Tc(r£1),A1 = 7T6(3A2 as solitons of Ag if and only if oy = 05 and Ay = A,.

Proof. The proof is similar to that of Theorem 7.1 of [15]. It is sufficient to show

that 7Tc(r£1)A o Wc(ri)/\ implies o1 = o3. Note that 7T(£)

of AU’ It follows that 7T( ) A, Testricts to a DHR representation of Agl \Y ./402

and by Pr0p081t10n 4.26 and the proof (2) of Proposition 7.2 of [15] we must have
./451 v ./452 = ./451 . By Galois correspondence (cf. [13]) we have (o3) C (oy).
Exchanging oy and oy we conclude that (o3) = (01). So 09 = o}* for some integer m

', restrict to DHR representations
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with (m,order(o1)) = 1. By Prop. 4.26, the same proof as in (1) of Proposition 7.2
of [15] shows that m = 1. |

We will use the following simple lemma, and we refer the reader to §2 of [15] for
definitions of endomorphisms.

Lemma 4.28. Let p € End(M) be an endomorphism and assume that [pr;] = [p] for
i=1,..,k where 7, € Aut(M) and [r;] # [r;] if i # j. Then d2 > k.

Proof. If d, = oo there is nothing to prove. Assume that d, is finite. By by
Frobenius duality [pp] contains @le[n] and so d> > k. |

Proposition 4.29. Let Wc(rg/)\ be as in Proposition 4.25. Then d(wc(f;)Q > J@-/el
Proof. By Proposition 4.25,

¢ ~ (&
T (Adye) = 7))
for p € Q*/Q. It follows that Wffi(AdM(g)) & Wc(rgi if and only if p € Q%/Q. The
inequality now follows from Lemma 4.28 and Lemma 4.2. |

Let 7T(£)/\ be solitons of Ag (i = 1,2). By Proposition 4.4 of [15], C(r)Al AL =

7TC(T2 N | AV if and only if there exists ¢ € I' such that 7TC(T )A (Ado) = 52)& By
Proposition 4.25 and Theorem 4.27 we have o7 loi0 = oy and o~'\; = X This
motivates the following consideration. Let {[o1], ...,[0,,]} be a list of conjugacy classes
in I'. Each 7,, ), restricts to a DHR representation of Ag. Let [y, := {0 € ['|oo; =
oo} and let [Aiq], ..., [Aim,] be the orbits of (Q*/Q)7 under the action of I';,. Let
Lon. i={o €1, |a)\” = A} for s = 1,...,m;. Then for any o € [';, ., 7o,
and 7T017A175(Ad0) are isomorphic as representatlons of Afy and by Theorem 4.8 of [15],
o.x, . such
that H,, ., = P Ms @ Hs o0 where each M; is an irreducible represeﬁtation
of I'y; ;. with cocycle ¢,

there is a projective representation of L'y, \,, on Hy, \, . with cocycle ¢,

»  (and all irreducible representations of I'y, \, . with the

same cocycle ¢, .\, appear in the decomposition of H,, y, ), and Hs g, y, ) supports
an irreducible representatlon of AF with Hs o, \, %” Hs1 0,7, ) if 6 # 8", By Theorem
4.5 of [15] and Prop. 4.29, for ﬁxed o, )\275, 5= 1

I ?Q/Q|
dé,ai,)\”z: | dﬂ'g. .Q2> .
25: ( 7 ) |F0i7/\i,s ( “/\M) - |F0i7/\i,s |(Q*/Q)m

By definition we have

(Q7/Q)™

and so

r 2
Y ddo ) > e/l

5,1<s<m; |

23



Now sum over 1 < ¢ < m and note that |I'| = >, .. % We have

Z d((svaiv)‘i,s)z 2 |F|2|Q*/Q| :/“L.AE2
§,1<i<k,1<s<m;

where we have used Cor. 3.19 and Th. 2.4. It follows that all “ >" above are “ ="
by Theorem 2.4, and we have proved the following theorem:

Theorem 4.30. s, »,, fori=1,...,m, A\ € (Q*/Q)7, 1 <5 < m; as above give a
complete list of irreducible representations of AL, and these representations generate
a unitary modular tensor category.

From the proof and Prop. 4.29 we have also proved:

Corollary 4.31.

@/
(Q/Q)|
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