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Toward a more e
onomi
al 
luster state quantum 
omputationM. S. Tame1, M. Paternostro1, M. S. Kim1, V. Vedral2;3;41S
hool of Mathemati
s and Physi
s, The Queen's University, Belfast, BT7 1NN, UK2Institute of Experimental Physi
s, University of Vienna, Boltzmanngasse 5, 1090 Vienna, Austria3The Erwin S
hr�odinger Institute for Mathemati
al Physi
s, Boltzmanngasse 9, 1090 Vienna, Austria4The S
hool of Physi
s and Astronomy, University of Leeds, Leeds, LS2 9JT, UK(Dated: Mar
h 23, 2005)We assess the e�e
ts of an intrinsi
 model for imperfe
tions in 
luster states by introdu
ing noisy
luster states and 
hara
terizing their role in the one-way model for quantum 
omputation. Thea
tion of individual dephasing 
hannels on 
luster qubits is also studied. We show that the e�e
t ofnon-idealities is limited by using small 
lusters, whi
h requires 
ompa
t s
hemes for 
omputation.In light of this, we address an experimentally realizable four-qubit linear 
luster whi
h simulates a
ontrolled-NOT (CNOT).PACS numbers: 03.67.Lx,03.67.Mn,42.50.DvThe one-way quantum 
omputer is a model for quan-tum 
omputation (QC) exploiting multipartite entan-gled resour
es, the 
luster states, and adaptive single-qubit measurements [1℄. Quantum information pro
ess-ing (QIP) is performed in this model using a large enough
luster state and appropriate measurements [2℄. The ba-si
 features of one-way QC have very re
ently been ex-perimentally demonstrated in [3℄. Despite the stimulat-ing possibilities o�ered by this model, 
luster state QCis still an open �eld of resear
h from both a theoreti-
al and pra
ti
al viewpoint. On one hand, we have wit-nessed the �rst attempts of 
ombining 
luster state andlinear opti
s in order to in
rease the eÆ
ien
y of existingall-opti
al QC s
hemes [4℄. On the other hand, it is im-portant to develop the model by studying the e�e
ts ofimperfe
tions on the performan
es of one-way QC. Thisis the 
entral aim of this work. So far, it is not 
learif the 
luster state model, exposed to sour
es of noise,would perform better than the standard quantum 
ir
uitmodel. Very re
ently, there have been some intriguinginvestigations in this sense [5℄. We introdu
e a realisti
model for imperfe
t 
luster state generation and studyhow this a�e
ts both the intrinsi
 properties of 
lusterstates and the basi
 ingredients in 
omputation. We alsoaddress the e�e
t of environmental de
oheren
e due todephasing 
hannels individually a�e
ting the qubits inone- and two-dimensional 
on�gurations. In this 
on-text, an informative initial step is the study of the state�delity of 
luster states [6℄. We show that in order tolimit the spoiling e�e
ts of non-idealities, one must dealwith small 
lusters of just a few qubits. This imposessevere 
ontraints on the use of this model and paves theway toward resear
h of more 
ompa
t proto
ols for gatesimulation and QIP. We �nd su
h a possibility, address-ing a CNOT simulated through a simple four-qubit lin-ear 
luster and outline an all-opti
al setup where it 
anbe implemented. Our study 
ontributes to the analysisof more realisti
 one-way QIP and highlights the exis-ten
e of e
onomi
al s
hemes for 
luster based QC. Our

proposal over
omes the expensive s
hemes for gate sim-ulation proposed so far [2℄ and signi�
antly redu
es therequirements for experimental implementations.The model- Given a set of qubits o

upying the sitesof a square latti
e C, a 
luster state j�f�giC is a pure en-tangled state 
hara
terized by the eigenvalue equationsK(a)j�f�giC = (�1)�a j�f�giC. Here K(a) = �(a)x 
b�(b2nbgh(a)\C)z are 
orrelation operators forming a 
om-plete set of jCj 
ommuting observables for the qubits inC [2℄. The set f�g, whi
h 
ompletely spe
i�es the 
lusterstate j�f�giC, 
ontains the values �a 2 f0; 1g 8a 2 C,while �x;z are the x and z-Pauli matri
es respe
tively.Cluster states j�iC with �a = 0 (8a 2 C) are gener-ated by preparing a register of qubits within C in thestate 
a2C j+ia, where j�ia = (1=p2)(j0i � j1i)a, andapplying the transformation S(C) = Qa;b2Cjb�a2
d Sabwith 
1 = f1g; 
2 = f(1; 0)T ; (0; 1)Tg and 
3 =f(1; 0; 0)T ; (0; 1; 0)T ; (0; 0; 1)Tg for the respe
tive dimen-sion of the 
luster. Ea
h Sab is a 
ontrolled �-phase gateSab = j0iah0j 
 11(b) + j1iah1j 
 �(b)z .However the realization of the Sab gates 
an be inher-ently imperfe
t. For example, an opti
al-latti
e loadedby a bun
h of neutral atoms, where the two-qubit inter-a
tions are via 
ontrolled 
ollisions, has been suggested toembody a one-way QC [7℄. The eÆ
ien
y of the gates de-pends on the 
ontrol over the strength of the intera
tions(whi
h 
an 
u
tuate over the sites of the latti
e, gener-ating inhomogeneities) and the intera
tion time. Theseparameters �x the amount of the 
ontrolled phase im-posed by ea
h intera
tion. In addition, the initial �lling-fra
tion per site in the latti
e in
uen
es the performan
esof the gates [7℄. If the degree of 
ontrol is not optimal(whi
h may be the 
ase when a large number of qubitsis 
onsidered), imperfe
t (inhomogeneous) intera
tionsthroughout the physi
al latti
e are settled. This 
an beaddressed by 
onsidering the imperfe
t operationsSabD = j0iah0j
11(b)+j1iah1j
�j0ibh0j � ei�a j1ibh1j� ; (1)whi
h add unwanted phases �a to the desired value �.



2Applied to the initial state of a N -qubit register (pre-pared via the idealized proto
ol), they generate a noisy
luster state j�iDCN . The use of this set of operationsprofoundly modi�es the stru
ture and properties of aN -qubit 
luster with respe
t to the ideal j�iCN . Ex-pli
itly, a noisy linear 
luster state be
omes j�iDCN =2�N=2Pzi QN�1j=1 (�ei�j )zjzj+1 jzii, where zj is the valueof the j-th binary digit of the integer zi (i 2 [0; 2N � 1℄).In order to 
hara
terize the e�e
t of this kind ofnon-ideality, an immediate ben
hmark is provided bythe �delity between ideal and noisy 
luster states.The overlap fN = CN h�j�iDCN leads to fN =2�NPzi QN�1j=1 ei�jzjzj+1 . There are 2N terms in this ex-pression, with the �delity FN = jfN j2. However, our as-sumption is that the 
ontrol on the phases introdu
ed bythe qubit-qubit intera
tion is only limited. Thus, thereis a la
k of knowledge about the values of �j 's in a noisy
luster state, whi
h means ea
h of them must be aver-aged over an appropriate probability distribution. We seta range rj within whi
h ea
h phase 
an take values andintrodu
e the probability distribution p(�j). The aver-age overlap �fN for the noisy linear 
luster state be
omes�fN = 2�NPzi QN�1j=1 fRjrjj p(�j)ei�jd�jgzjzj+1 , where jrjjis the width of the range of variation of �j and p(�j) de-pends on the spe
i�
 physi
al model used in the 
lusterstate generation. However, the nature of the 
u
tuationsof the phases is 
hara
terized by the way in whi
h theintera
tions among the elements of a latti
e are realizedand no universal model 
an be found. In Fig. 1 (a) weprovide an example of �FN for a 
at p(�j) distribution,for the 
ase of linear 
lusters. A large deviation from theideal state is found and we have 
he
ked that this qual-itative behavior holds irrespe
tive of the model for theunwanted phase distribution [10℄. This analysis 
an beextended to two-dimensional 
luster states where analo-gous qualitative results 
an be found.The stru
ture of the quantum 
orrelations has beenfound to be profoundly di�erent from what is found in(a) (b)
0.5 1 1.5 2 2.5 3

λ

0.2
0.4
0.6
0.8

Fidelity

0 10 20 30 40 50N
0.2
0.4
0.6
0.8

FidelityFIG. 1: (a): �FN against jrjj = � for p(�j) = ��1. From topto bottom N = 3! 10; (b): Dephasing e�e
ts on multiqubitstates. The 
urves from top to bottom represent N -qubit W ,GHZ, linear 
luster and N � N 
luster states. For 
onve-nien
e, the res
aled dephasing time is � = 0:062 (
orrespond-ing to FClin25 = 0:5). Similar behaviors are found for di�erentvalues of �.

j�iCN . Genuine multipartite entanglement is shared be-tween the subparties of ideal 
luster states, where theentanglement is en
oded in the state as a whole [1℄. Anyredu
ed bipartite state, obtained by tra
ing all the qubitsbut an arbitrary pair, is separable as it does not violatethe ne
essary and suÆ
ient Peres-Horode
ki 
riterion forseparability of a mixed qubit state [8℄. However SabD 'salter this result. For example, take a linear 
luster ofN = 3, the ideal state is lo
ally equivalent to a GHZstate. However, two unwanted phases are embedded inthe 
orresponding noisy state j�iDC3 . The partial tra
eof j�iDC3h�j over the third qubit gives a bipartite statewhi
h violates the Peres-Horode
ki 
riterion for �2 6= k�(k = 0; 1; ::) and 8 �1 6= �. This is a 
hara
teristi
 sharedby all the two-qubit states obtained by tra
ing qubits3 to N in a j�iDCN . In order to quantify the entangle-ment of the redu
ed density matri
es �ij (i; j 2 [1; N ℄),we use the 
on
urren
e, Cij = maxf0; 2�ij1 � Tr(~�ij)g,where �ij1 � �ij2 � �ij3 � �ij4 are the eigenvalues of~�ij =q�ij(�iy 
 �jy)��ij(�iy 
 �jy) (��ij is the 
omplex 
on-jugate of �ij in the 
omputational basis) [9℄. We �nd thatonly nearest-neighbor bipartite entanglement is settled ina symmetri
 way along an arbitrarily long noisy 
luster(e.g. C12 = C(N�1)N , irrespe
tive of N ), while any non-nearest neighbor entanglement is absent due to random-ness, more pronoun
ed in pairs of non-nearest neighborqubits. Indeed the 
orresponding density matri
es de-pend, in general, on more unwanted phases than those ofnearest neighbor ones. At �j = � (8j) no entanglement isfound, as in this 
ase SijD � 11ij . We have expli
itly 
on-sidered the average 
on
urren
e obtained by assumingGaussian 
u
tuations of ea
h �j , around �j = 0 and witha standard deviation �. We �nd that as � in
reases (upto � = 1), the fragile quantum 
orrelations of the bridgingpairs (i; i+1) with i 2 [2; N � 2℄ disappear, breaking thequantum 
hannel 
onne
ting qubit 1 to qubit N . Thisis due to the fa
t that the qubits in these pairs are ex-posed to more randomness than those in the pairs (1; 2)and (N � 1; N ). We are left with the entangled mixedstates of these extremal pairs whi
h 
an mutually shareonly 
lassi
al 
orrelations. By in
reasing the random-ness, even this entanglement will disappear, eventually.This analysis 
an be extended to the 
ase of arbitraryN , despite the diÆ
ulties in �nding the redu
ed densitymatri
es of large 
luster states. Thus, the multipartiteentanglement is redu
ed to the bene�t of bipartite 
or-relations whi
h may be very fragile against 
u
tuationsin the unwanted phases, possibly leading to a 
ompleteentanglement breaking e�e
t.In addition to studying imperfe
t generation of 
lus-ter states, it is also ne
essary to understand e�e
ts ofenvironmental de
oheren
e. This is important for phys-i
al realizations, as the a

ura
y of a gate simulatedon a 
luster state intera
ting with an environment maybe spoiled. We 
onsider de
oheren
e due to individ-



3ual dephasing 
hannels a�e
ting ea
h qubit in the 
lus-ter, a model whi
h is relevant in pra
ti
al situations ofqubits exposed to lo
ally 
u
tuating potentials. Here,the o�-diagonal elements of a single-qubit density ma-trix �d de
ay as e��, with � the res
aled dephasingtime. For a single qubit prepared in j+i, the �delityis F = h+j�dj+i = 12(1 + e��). For larger registers, itis relevant to 
ompare the behavior of 
luster states un-der dephasing with other multiqubit states su
h as GHZand W states. For N -qubit GHZ and W states (N � 3),the state �delities are FGHZN = (1+ e��N )=2 and FWN =(1 + (N � 1)e�2�)=N , while for N -qubit (N � 2) linear
luster states FClinN = 2�NPNh=0 B(N; h)e��h, with thebinomial 
oeÆ
ient B(N; h). The expression for a N�N
luster is found for N ! N2. These fun
tions are plottedagainst N and shown in Fig. 1 (b), where one 
an seethat when state �delity is used as a ben
hmark, linear
luster states are very fragile against individual dephas-ing.Noisy 
luster state QC- To analyze the noise model in
omputational proto
ols, we brie
y review the workingsof the one-way QC. If a unitary operation Ug has to beperformed on an input state j ini of n logi
al qubits, theidea is to use a 
luster in a parti
ular physi
al 
on�gura-tion C(g). The input state is en
oded in the �z eigenbasisin a se
tion CI(g) of the 
luster 
onsisting of n qubits.This se
tion is then entangled to the rest of the 
lusterthrough the ideal entangling operations. A measurementpattern M(g), i.e. a set of single-qubit measurementsalong parti
ular dire
tions in the Blo
h sphere, is per-formed on all the qubits of the 
luster ex
ept a part ofit whi
h embodies the output register CO(g). The inputand output logi
al state in the simulation of g are re-lated via j outi = UgU�(fsig) j ini, where U�(fsig) is alo
al byprodu
t operator whi
h a
ts on the output log-i
al qubits and depends on the set of out
omes (fsig)obtained after the measurements of M(g) [2℄.It is not obvious how a parti
ular QC proto
ol is af-fe
ted by the exposure of a 
luster state to a dephasing
hannel and it is the spe
i�
 nature of the one-way QCwhi
h makes this point non-trivial. Considering that inorder to perform a 
omputation, the qubits in a 
lusterare measured and thus removed from the dynami
s ofthe system, one would 
onje
ture that in this way, theyno longer 
ontribute to the expe
ted de
rease of the gate�delities due to dephasing [10℄. In the 
ontext of QC pro-to
ols with noisy 
luster states, here we assess the e�e
tsof redundant qubits not fun
tional to the spe
i�
 sim-ulation to be performed. These qubits 
an be removedfrom the 
luster 
on�guration by measuring them in anappropriate basis. In the ideal 
ase, if we measure inthe �x eigenbasis, we e�e
tively obtain a redu
ed 
lusterstate, where the measured qubits have no in
uen
e [2℄.In general, the new 
luster state will satisfy eigenvalueequations with a new set f�0g. For example, a �ve-qubitlinear 
luster (qubits labelled from 1 to 5) asso
iated with

the set f�g = f0g 
an be redu
ed to a three-qubit one,simply by measuring 3 and 4 in the �x eigenbasis. Thisgives a 
luster state j�f�0giC3 with f�0g = f0; sx4; sx3g.Here, sxi = 0 (sxi = 1) 
orresponds to qubits i = 3; 4 be-ing in j+i (j�i). On the other hand, measurements inthe �z eigenbasis remove a qubit from a 
luster too, butalso break any intra-
luster 
onne
tion bridged by thequbit [2℄. While this strategy does not a�e
t gate per-forman
es in the ideal one-way QC, when the model inEq. (1) is 
ontemplated, the removal of every redundantqubit determines the spread of the noise (in terms of ran-dom phases) from the removed qubits to the remainderof the 
luster. We refer to this e�e
t as the inheritan
e ofnoise by the survivor qubits. In turn, this results in ad-ditional spoiling me
hanisms redu
ing the �delity of thegate being simulated. The 
on
lusions of our study donot qualitatively depend on the spe
i�
 gate we 
onsider.Thus, to give eviden
e of these e�e
ts, we go dire
tly tothe 
ase of a CNOT.In order to perform a CNOT between a 
ontrol qubitj
ini = aj0i+ bj1i and a target qubit jtini = 
j0i + dj1i,the s
heme in [2℄ uses 15 qubits, where M(CNOT) 
on-sists of measurements in the �x;y eigenbases as shown inFig. 2 (a). After the measurements, de
oding operators~U 
;ty� (fsig) = �

;tzz 
 �

;txx are applied to qubits 7 and15 (whi
h embody the logi
al 
ontrol and target), where

;tx;z depend on the out
omes si of the individual mea-surements [2℄. A j�iDC15 state is needed in the noisy gatesimulation and to 
onstru
t it, we take small sub
lus-ters whi
h are then mutually entangled. For instan
e,the sub
lusters j�iD1;2;3;4 and j�iD5;6;7 are entangled asS4;5D j�iD1;2;3;4j�iD5;6;7 = j iD1;2;3;4j�iD5;6;7+j�iD1;2;3;4j�iD5;6;7�ei�4 j�iD1;2;3;4j�iD5;6;7. Here, j iD (j�iD) is the part of asub
luster state with the last (�rst) qubit in j0i, whilej�iD (j�iD) is the part with the last (�rst) qubit in j1iand the labels of the qubits are expli
itly indi
ated. Byapplying the pattern shown in Fig. 2 (a), the gate �delity
an be evaluated. To illustrate the e�e
t of imperfe
tions,we address the 
ase where qubits measured in the �x (�y)eigenbasis are all found in j+i (j+iy / j0i+ ij1i) and therequired de
oding operator is ~U y�(f0g) = �(7)z 
 11(15). Totake into a

ount the phase randomness, we have aver-aged the gate �delity over Gaussian distributions 
en-tered on �j = 0 and with a standard deviation � for ea
hphase in j�iDC15 . The results for � 2 [0:1; 1℄ are shown inFig. 2 (
) (solid 
urve) where the de
ay of the �delityagainst the in
reasing randomness is evident. The inputstates are normalized and we take a = 
 = 0:5. Similarbehaviors are observed for other 
hoi
es of a and 
. Tosee noise inheritan
e e�e
ts, we modify the 
on�gurationof Fig. 2 (a) by adding a bridging qubit between 8 and12, thus 
onsidering a state j�iDC16 . This qubit is redun-dant and is removed via a �x-measurement. The 15-qubit
luster state is retrieved via lo
al operations on qubit 12(the removal is equivalent to a Hadamard gate between



4qubits 16 and 12). When the gate �delity is 
al
ulated, afaster de
rease against � is observed (Fig. 2 (
), bottom
urve). The same e�e
t is found if the information 
owthrough a linear 
luster state is studied [2℄. In this 
ase,the longer the noisy linear 
luster a
ross whi
h informa-tion is transferred (thus requiring many measurements),the worse the transfer �delity [10℄. This is importanteviden
e of the e�e
t of measurements on noisy 
lusterstates. The elimination of redundant qubits and the mea-surement pattern spread the �j in the noisy 
luster state,a�e
ting the QIP proto
ol. If puri�
ation pro
edures arenot 
onsidered (usually expensive in terms of resour
es),a key method in 
ountera
ting both the noise models wehave 
onsidered is the use of small 
luster states.Indeed, the drop in �delity seen for the squashed-I 
lus-ter and our dis
ussion about information 
ow legitimizesome doubts about the 
onvenien
e of many-qubit 
on-�gurations in the one-way QC and stimulate resear
h formore 
ompa
t proto
ols, in order to bypass noise inher-itan
e or the e�e
t of dephasing in the dynami
s of a
luster. The s
heme for a CNOT in Fig. 2 (b) provesthe existen
e of su
h e
onomi
al 
on�gurations. It 
on-sists of a four-qubit linear 
luster and a measurementpattern made by the �x measurement of qubits 1 and 3(en
oding the input target and 
ontrol state). In orderto demonstrate the gate simulation, we assume perfe
tentangling operations Sab, so that the four-qubit 
lusterstate is j i1;2j�i3;4+j i1;2j�i3;4+j�i1;2j�i3;4�j�i1;2j�i3;4with j i1;2 / (aj00i + bj10i)1;2; j�i1;2 / (aj01i1;2 �bj11i)1;2; j�i3;4 / 
(j00i + j01i)3;4 and j�i3;4 / d(j10i �j11i)3;4. Measuring qubits 1 and 3 onto j�i1;3, qubits2 and 4 are left in a state lo
ally equivalent to the out-put state of a CNOT
=4;t=2 (in the �x eigenbasis) [13℄.When Sab ! SabD , the 
luster state be
omes noisy andthe gate �delity is a�e
ted by the distributions for �j .However, the small number of qubits limits any spoilinge�e
t and improves the average gate �delity (Fig. 2 (
),top 
urve). This reinfor
es the idea that more e
onomi-
al s
hemes for 
luster state QC exist, where the numberof qubits involved 
orresponds to the number of parame-(
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Gate FidelityFIG. 2: (a): The squashed-I 
on�guration [2℄. (b): S
hemefor a CNOT with a four-qubit 
luster. (
): Average �delity ofa CNOT against the � of Gaussian distributions for ea
h �j.From top to bottom we show the results for panel (b); (a) andthe squashed-I with an additional bridge-qubit respe
tively.

ters in the input state. In fa
t, single-qubit gates 
an bedone via a two-qubit 
luster and one measurement alongan appropriate dire
tion [10℄. This 
ir
umstantial evi-den
e suggests that our s
heme uses the smallest qubitregister needed for a two-qubit gate and is thus optimal.The four-qubit CNOT 
an be realized in an opti
alsetup, requiring two pure entangled states (en
oded inphotoni
 polarizations) and an entangling gate. A purestate of arbitrary entanglement 
an be produ
ed usingthe entanglement between two �eld modes generatedby 
on
atenating Type-I parametri
-down-
onversion(PDC) pro
esses [11℄. In this s
heme, the polarizationof the pump �eld sets the entanglement at the outputof the PDC pro
ess and en
odes arbitrary target and
ontrol input states in pairs of output modes (i.e. pairs1 + 2 and 3 + 4) without postsele
tion. By adapting thes
heme [12℄, modes 2 and 3 
an be entangled through ane�e
tive 
ontrolled �-phase gate. This proto
ol results inthe four-qubit 
luster state we have addressed [10℄.Remarks- We have shown that realisti
 imperfe
tionsin the generation and pro
essing of 
luster states a�e
tsthe model for one-way QC. To 
ountera
t these e�e
ts,the dimension of a 
luster has to be minimized. In this
ontext, we have demonstrated an experimentally real-izable four-qubit CNOT whi
h uses the minimum num-ber of qubits for a 
luster state based CNOT. Our pro-posal demonstrates the possibility of designing more 
om-pa
t s
hemes for 
luster state QIP. This theoreti
ally
hallenges the way in whi
h 
luster state-QC has beenthought about so far and allows for more 
ontrollableexperimental implementations.We a
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