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tA stri
t 2-group is a 2-
ategory with one obje
t in whi
h all morphisms and all 2-morphisms have inverses. 2-Groups have been studied in the 
ontext of homotopy theory,higher gauge theory and Topologi
al Quantum Field Theory (TQFT). In the presentarti
le, we develop the notions of trialgebra and 
otrialgebra, generalizations of Hopf al-gebras with two multipli
ations and one 
omultipli
ation or vi
e versa, and the notionof Hopf 
ategories, generalizations of monoidal 
ategories with an additional fun
torial
omultipli
ation. We show that ea
h stri
t 2-group has a `group algebra' whi
h is a 
o-
ommutative trialgebra, and that ea
h stri
t �nite 2-group has a `fun
tion algebra' whi
his a 
ommutative 
otrialgebra. Ea
h su
h 
ommutative 
otrialgebra gives rise to a sym-metri
 Hopf 
ategory of 
orepresentations. In the semisimple 
ase, this Hopf 
ategory isa 2-ve
tor spa
e a

ording to Kapranov and Voevodsky. We also show that stri
t 
om-pa
t topologi
al 2-groups are 
hara
terized by their C�-
otrialgebras of `
omplex-valuedfun
tions', generalizing the Gel'fand representation, and that 
ommutative 
otrialgebrasare 
hara
terized by their symmetri
 Hopf 
ategories of 
orepresentations, generalizingTannaka{Kre��n re
onstru
tion. Te
hni
ally, all these results are obtained using ideasfrom fun
torial semanti
s, by studying models of the essentially algebrai
 theory of 
at-egories in various base 
ategories of familiar algebrai
 stru
tures and the fun
tors thatdes
ribe the relationships between them.1 Introdu
tionA stri
t 2-group is an internal 
ategory in the 
ategory of groups. Stri
t 2-groups 
an alsobe 
hara
terized as 2-
ategories with one obje
t in whi
h all morphisms and all 2-morphismshave inverses, i.e. as (stri
t) 2-groupoids with one obje
t. The notion of a stri
t 2-group 
antherefore be viewed as a higher-dimensional generalization of the notion of a group be
ausethe set of 2-morphisms of a 2-group has got two multipli
ation operations, a horizontal oneand a verti
al one1. Stri
t 2-groups 
an be 
onstru
ted from Whitehead's 
rossed modules,and so there exist plenty of examples.�E-mail: H.Pfeiffer�damtp.
am.a
.uk1The pre�x `2-' obviously refers to the higher-dimensional nature rather than to the order of the group.1



2 2-Groups, trialgebras and Hopf 
ategoriesStarting from the theory of (ordinary) groups, one 
an develop the notion of 
o
ommu-tative Hopf algebras whi
h arise as group algebras, the notion of 
ommutative Hopf algebraswhi
h appear as algebras of fun
tions on groups, and the notion of symmetri
 monoidal 
ate-gories whi
h arise as the representation 
ategories of groups. Compa
t topologi
al groups are
hara
terized by their 
ommutative Hopf C�-algebras of 
ontinuous 
omplex-valued fun
tions(Gel'fand representation). Commutative Hopf algebras are 
hara
terized by their rigid sym-metri
 monoidal 
ategories of �nite-dimensional 
omodules (Tannaka{Kre��n re
onstru
tion).This `
ommutative' theory forms the basi
 framework that is required before one 
an developthe theory of quantum groups.What is the analogue of the pre
eding paragraph if one systemati
ally repla
es the word`group' by `stri
t 2-group'? In parti
ular, what is a good de�nition of `group algebra', `fun
-tion algebra' and `representation 
ategory' for a stri
t 2-group? The sought-after de�nitions
an be 
onsidered su

essful if they allow us to retain analogues of the most important the-orems that are familiar from groups. It is the purpose of the present arti
le to present
on
ise de�nitions of the relevant stru
tures and to establish generalizations from groups tostri
t 2-groups of the theorems mentioned above, namely on Gel'fand representation and onTannaka{Kre��n re
onstru
tion. We hope that our de�nitions and results will prove usefulin order to investigate whether there exist stru
tures that 
an play the role of `quantum2-groups', but this question lies beyond the s
ope of the present arti
le.1.1 Higher-dimensional algebraWith the step from groups to stri
t 2-groups, we enter the realm of higher-dimensional algebra.Higher-dimensional algebrai
 stru
tures have appeared in various areas of mathemati
s andmathemati
al physi
s. A prime example is the higher-dimensional group theory programmeof Brown [1℄, generalizing groups and groupoids to double groupoids and further on, in orderto obtain a hierar
hy of algebrai
 stru
tures. The 
onstru
tion of these algebrai
 stru
turesis motivated by problems in homotopy theory where algebrai
 stru
tures at a some level ofthe hierar
hy are related to topologi
al features that appear in the 
orresponding dimension.Motivated by the 
onstru
tion of topologi
al quantum �eld theories (TQFTs), Crane hasintrodu
ed the 
on
ept of 
ategori�
ation, see, for example [2, 3℄. Categori�
ation 
an beviewed as a systemati
 repla
ement of familiar algebrai
 stru
tures that are modelled on setsby analogues that are rather modelled on 
ategories, 2-
ategories, and so on. Categori�
ationoften serves as a guiding prin
iple in order to �nd suitable de�nitions of algebrai
 stru
turesat some higher level starting from the known de�nitions at a lower level.Some examples of higher-dimensional algebrai
 stru
tures that are relevant in the 
ontextof the present arti
le, are the following.� Three-dimensional TQFTs 
an be 
onstru
ted from Hopf algebras [4, 5℄. In order to�nd four-dimensional TQFTs, Crane and Frenkel [2℄ have introdu
ed the notion of aHopf 
ategory , a 
ategori�
ation of the notion of a Hopf algebra. Roughly speaking,this is a monoidal 
ategory with an additional fun
torial 
omultipli
ation.� Crane and Frenkel [2℄ have also spe
ulated about trialgebras, ve
tor spa
es with threemutually 
ompatible linear operations: two multipli
ations and one 
omultipli
ation orvi
e versa. Hopf 
ategories are thought to appear as the representation 
ategories ofthese trialgebras in analogy to monoidal 
ategories whi
h appear as the representation
ategories of Hopf algebras.



2-Groups, trialgebras and Hopf 
ategories 3� Kapranov and Voevodsky [6, 7℄ have introdu
ed braided monoidal 2-
ategories and 2-ve
tor spa
es, a 
ategori�ed notion of ve
tor spa
es, and shown that they are relatedto the Zamolod
hikov tetrahedron equation. In the 
ontext of integrable systems inmathemati
al physi
s, this equation is thought to be the generalization of the integra-bility 
ondition to three dimensions. In two dimensions, the integrability 
ondition isthe famous Yang{Baxter equation.� Grosse and S
hlesinger have 
onstru
ted examples of trialgebras [8, 9℄ in the spirit ofCrane{Frenkel and explained how they are related to integrability in 2 + 1 dimen-sions [10℄.� Baez, Lauda, Crans, Bartels, S
hreiber and the author [11{16℄ have used 2-groups inorder to �nd generalizations of �bre bundles and of gauge theory. Yetter [17℄ has used 2-groups in order to 
onstru
t novel TQFTs, generalizing the TQFTs that are 
onstru
tedfrom the gauge theories of 
at 
onne
tions on a prin
ipal G-bundle where G is an(ordinary) group. One 
an verify that [17℄ is a spe
ial appli
ation of the generalizedgauge theory of [14℄.All these 
onstru
tions have a 
ommon underlying theme: the pro
edure of 
ategori�
ationon the algebrai
 side and an in
rease in dimension on the topologi
al side. Although it isplausible to 
onje
ture that all these higher-dimensional algebrai
 stru
tures are related, thedevelopments mentioned above have so far been largely independent. The present arti
lewith its programme of �nding the `group algebras', `fun
tion algebras' and `representation
ategories' of stri
t 2-groups provides relationships between these stru
tures. In the remainderof the introdu
tion, we sket
h our main results and explain how these 
an be seen in the
ontext of the existing literature.1.2 2-GroupsA stri
t 2-group (G0; G1; s; t; {; Æ) is an internal 
ategory in the 
ategory of groups. It there-fore 
onsists of groups G0 (group of obje
ts) and G1 (group of morphisms) and of grouphomomorphisms s : G1 ! G0 (sour
e), t : G1 ! G0 (target), { : G0 ! G1 (identity) andÆ : G1 �G0 G1 ! G1 (
omposition) where G1 �G0 G1 = f (g; g0) 2 G1 � G1 : t(g) = s(g0) gdenotes the group of 
omposable morphisms, subje
t to 
onditions whi
h are given in detailin Se
tion 2.2.1.3 2-Groups, trialgebras and 
otrialgebrasPassing from a group G to its group algebra k[G℄ is des
ribed by a fun
tor k[�℄ from the
ategory of groups to the 
ategory of 
o
ommutative Hopf algebras over some �eld k. Applyingthis fun
tor systemati
ally to all groups and group homomorphisms in the de�nition of astri
t 2-group yields a stru
ture (H0; H1; s0; t0; {0; Æ0) = (k[G0℄; k[G1℄; k[s℄; k[t℄; k[{℄; k[Æ℄) whi
h
onsists of 
o
ommutative Hopf algebras H0 and H1 and bialgebra homomorphisms s0, t0, {0and Æ0. What sort of algebrai
 stru
ture is this?Sin
e the fun
tor k[�℄ preserves all �nite limits, (H0; H1; s0; t0; {0; Æ0) is an internal 
ategoryin the 
ategory of 
o
ommutative Hopf algebras over k (Se
tion 3.1). Unfolding this de�nition(Se
tion 3.3), we see thatH1 = k[G1℄ is a k-ve
tor spa
e with three mutually 
ompatible linearoperations: two multipli
ations and one 
omultipli
ation. We thus 
all (H0; H1; s0; t0; {0; Æ0) a
o
ommutative trialgebra. This yields a 
on
ise de�nition for the stru
ture 
onje
tured by



4 2-Groups, trialgebras and Hopf 
ategoriesCrane and Frenkel [2℄ as an internal 
ategory in the 
ategory of 
o
ommutative Hopf algebrasand allows us to �nd a large 
lass of examples.Similarly to k[�℄, there is a fun
tor k(�) from the 
ategory of �nite groups to the 
ategoryof 
ommutative Hopf algebras whi
h sends every �nite group G to the algebra of k-valuedfun
tions on G. By a pro
edure similar to that for k[�℄, we arrive at the de�nition of a
ommutative 
otrialgebra and a method for 
onstru
ting examples from stri
t �nite 2-groups(Se
tion 4.3). In addition, we generalize Gel'fand representation theory to 2-groups andprove that any stri
t 
ompa
t topologi
al 2-group gives rise to a 
ommutative C�-
otrialgebraand, 
onversely, that the 
ompa
t topologi
al 2-group 
an be re
onstru
ted from this C�-
otrialgebra (Se
tion 4.4).1.4 Cotrialgebras and Hopf 
ategoriesFor the relationship with Hopf 
ategories and 2-ve
tor spa
es, we refer to the s
enario ofCrane and Frenkel [2℄ in greater detail.When one tries to 
onstru
t topologi
al invariants or TQFTs for 
ombinatorial mani-folds, one de�nes so-
alled state sums [4, 5, 18{20℄. It turns out that for every dimension ofthe manifolds, there exist preferred algebrai
 stru
tures that guarantee the 
onsisten
y andtriangulation independen
e of these state sums.Whereas (1 + 1)-dimensional TQFTs 
an be 
onstru
ted from suitable asso
iative al-gebras [18℄, there are two alternative algebrai
 stru
tures in order to 
onstru
t (2 + 1)-dimensional TQFTs: suitable Hopf algebras [4, 5℄ or suitable monoidal 
ategories [19, 20℄.Both types of stru
ture are related [21℄: the 
ategory of 
orepresentations of a Hopf alge-bra is a monoidal 
ategory and, 
onversely, under some 
onditions, the Hopf algebra 
an beTannaka{Kre��n re
onstru
ted from this 
ategory.A

ording to Crane and Frenkel [2℄, there ought to be three alternative algebrai
 stru
turesin order to 
onstru
t (3 + 1)-dimensional TQFTs. These have been suggestively termedtrialgebras, Hopf 
ategories and monoidal 2-
ategories. All three types of stru
tures arethought to be related: representing one produ
t of a trialgebra should yield a Hopf 
ategoryas the 
ategory of representations of the trialgebra, and then representing the se
ond produ
tshould give a monoidal 2-
ategory as the 2-
ategory of representations of the Hopf 
ategory.Combining both steps, i.e. representing both produ
ts at on
e, should give a monoidal 2-
ategory as the 
ategory of representations of the trialgebra.Some aspe
ts of the Crane{Frenkel s
enario have already been analyzed in greater detail.� Ma
kaay [22℄ has given a pre
ise de�nition of suitable monoidal 2-
ategories and hasshown that one 
an de�ne an invariant of 
ombinatorial 4-manifolds from it. So far,only few examples of these monoidal 2-
ategories have been 
onstru
ted all of whi
h arethought to give homotopy invariants.� Neu
hl [23℄ has studied Hopf 
ategories and their representations on 
ertain monoidal2-
ategories. So far, it is open whether one 
an �nd a good 
lass of Hopf 
ategories andthe 
orresponding monoidal 2-
ategories in su
h a way that both stru
tures are relatedby a generalization of Tannaka{Kre��n duality.� Crane and Frenkel [2℄ have presented examples of Hopf 
ategories and proposed a 4-manifold invariant based on Hopf 
ategories. Carter, Kau�man and Saito [24℄ havestudied this invariant for some Hopf 
ategories. Again, with the rather limited set ofexamples of Hopf 
ategories, all invariants studied so far, are homotopy invariants.



2-Groups, trialgebras and Hopf 
ategories 5In the present arti
le, we extend the study of the Crane{Frenkel s
enario and show inaddition that the 
orepresentations of a 
ommutative 
otrialgebra form a symmetri
 Hopf
ategory and, 
onversely, we prove a generalization of Tannaka{Kre��n duality in order tore
over the 
otrialgebra from its Hopf 
ategory of 
orepresentations.Combining this with the result sket
hed in Se
tion 1.3 that ea
h stri
t 
ompa
t topologi
al2-group gives rise to a 
ommutative 
otrialgebra, we also show that ea
h 
ompa
t topolog-i
al 2-group has got a symmetri
 Hopf 
ategory of (�nite-dimensional 
ontinuous unitary)representations and that the 2-group 
an be Tannaka{Kre��n re
onstru
ted from this Hopf
ategory.Hopf 
ategories of 
orepresentations of 
otrialgebras form a spe
ial 
ase of 2-ve
tor spa
esa

ording to Kapranov and Voevodsky [6℄ as soon as the 
otrialgebra is 
osemisimple. Thisin
ludes in parti
ular the 
otrialgebras of 
omplex-valued representative fun
tions of stri
t
ompa
t topologi
al 2-groups and provides us with a generalization of the Peter{Weyl de-
omposition from 
ompa
t topologi
al groups to stri
t 
ompa
t topologi
al 2-groups.Other authors have explored alternative strategies for representing 2-groups on 2-ve
torspa
es. Crane and Yetter [25℄, Barrett and Ma
kaay [26℄, and Elgueta [27℄, for example,employ the 2-ve
tor spa
es of Kapranov and Voevodsky [6℄ (semisimple Abelian 
ategories)whereas Forrester-Barker [28℄ uses the 2-ve
tor spa
es of Baez and Crans [13℄ (internal 
at-egories in the 
ategory of ve
tor spa
es or, equivalently, 2-term 
hain 
omplexes of ve
torspa
es). All these authors exploit the fa
t that one 
an asso
iate with ea
h 2-group a 2-
ategory with one obje
t, just as one 
an asso
iate with ea
h group a 
ategory with oneobje
t. A representation of the 2-group is then de�ned to be a 2-fun
tor from this 2-
ategoryto the 2-
ategory of 2-ve
tor spa
es, generalizing the fa
t that a representation of an ordinarygroup is a fun
tor from the 
orresponding 
ategory with one obje
t to the 
ategory of ve
torspa
es. Whereas the key 
onstru
tion of these approa
hes is a 2-fun
tor from a single 2-groupto the 2-
ategory of 2-ve
tor spa
es, in the present arti
le we employ a 2-fun
tor from the2-
ategory of all 2-groups to the 2-
ategory of 2-ve
tor spa
es (in fa
t Hopf 
ategories). In our
ase, the Hopf 
ategory therefore plays the role of the representation 
ategory of the 2-grouprather than that of an individual representation. Our result on Tannaka{Kre��n re
onstru
tion
on�rms that this is a useful approa
h, too.1.5 Category theoreti
 te
hniquesIn Se
tion 1.3, we have sket
hed how to apply the �nite-limit preserving fun
tors k[�℄ andk(�) to all obje
ts and morphisms in the de�nition of a 2-group in order to obtain thede�nitions of 
o
ommutative trialgebras and 
ommutative 
otrialgebras. The appli
ation ofsu
h �nite-limit preserving fun
tors is the main theme of the present arti
le.In the more sophisti
ated language of fun
torial semanti
s [29℄, the key te
hnique exploitedin the present arti
le is the study of models of the essentially algebrai
 theory of 
ategoriesin various interesting base 
ategories of familiar algebrai
 stru
tures su
h as groups, 
ompa
ttopologi
al groups, 
ommutative or 
o
ommutative Hopf algebras or symmetri
 monoidal
ategories and to develop their relationships.1.6 LimitationsIt is beyond the s
ope of the present work to �nd the `most generi
' examples of these novelstru
tures or to attempt a 
lassi�
ation. Sin
e we use only an abstra
t ma
hinery in order



6 2-Groups, trialgebras and Hopf 
ategoriesto 
onstru
t higher-dimensional algebrai
 stru
tures from 
onventional ones and sin
e it isnatural to expe
t that the higher-dimensional stru
tures are substantially ri
her than the 
on-ventional ones, our tools are not suÆ
ient in order to survey the entire new territory. Whatwe 
an a
hieve is to �nd a �rst path through the new stru
tures that in
ludes the stri
t andthe 
ommutative or symmetri
 spe
ial 
ases. We expe
t two sorts of generalizations beyondthe present work. Firstly, the use of weak or 
oherent 2-groups [12℄ rather than stri
t ones.Weak 2-groups are modelled on bi
ategories whereas stri
t ones are modelled on 2-
ategories.Se
ondly, starting from ordinary groups alone, one 
an 
onstru
t only 
ommutative or 
o-
ommutative Hopf algebras, but not a
tual quantum groups. Quantum groups rather involvea novel idea beyond the 
lassi
al ma
hinery. At the higher-dimensional level, we expe
t (atleast) the same limitations. We 
an 
onstru
t in�nite families of examples of 
o
ommutativetrialgebras, of 
ommutative 
otrialgebras and of symmetri
 Hopf 
ategories in a systemati
way, but our method does not deliver any a
tual `quantum 2-groups' yet.Ultimately, it will have to be de
ided by the appli
ations of the novel stru
tures in topologyand in mathemati
al physi
s whether suÆ
iently generi
 examples, say of `quantum 2-groups',have been found. Test 
ases are �rstly the systemati
 
onstru
tion of non-trivial integrablesystems in three dimensions (as opposed to the usual two dimensions) in mathemati
al physi
s;se
ondly the 
onstru
tion of four-dimensional TQFTs whi
h give rise to invariants of di�eren-tiable four-manifolds that are �ner than just homotopy invariants; thirdly to over
ome openproblems in the spin foam or state sum approa
h to the quantization of general relativity,see, for example [30℄.1.7 OutlineThis arti
le is stru
tured as follows. Se
tion 2 �xes the notation. We summarize the de�nitionof internal 
ategories in �nitely 
omplete base 
ategories and the de�nition of stri
t 2-groupsand some important examples of these. We de�ne and 
onstru
t examples of 
o
ommutativetrialgebras in Se
tion 3. Commutative 
otrialgebras are de�ned and 
onstru
ted in Se
tion 4.We introdu
e symmetri
 Hopf 
ategories in Se
tion 5 and develop the 
orepresentation theoryof 
otrialgebras and the representation theory of 
ompa
t topologi
al 2-groups. More generi
trialgebras and Hopf 
ategories are brie
y mentioned in Se
tion 6.2 PreliminariesIn this se
tion, we �x some notation, we brie
y review the te
hnique of internalization inorder to 
onstru
t the 2-
ategories of internal 
ategories in familiar base 
ategories, and were
all the de�nition of stri
t 2-groups as internal 
ategories in the 
ategory of groups.2.1 NotationWe �x a �eld k. Our notation for some standard 
ategories is as follows: Set (sets and maps),
ompHaus (
ompa
t Hausdor� spa
es and 
ontinuous maps), 
omUnC�Alg (
ommutativeunital C�-algebras with unital �-homomorphisms),Grp (groups and group homomorphisms),
ompTopGrp (
ompa
t topologi
al groups), Ve
tk (k-ve
tor spa
es with k-linear maps),fdVe
tk (�nite-dimensional k-ve
tor spa
es with k-linear maps), Algk (asso
iative unitalalgebras over k and their homomorphisms), CoAlgk (
oalgebras over k and their homomor-



2-Groups, trialgebras and Hopf 
ategories 7phisms), BiAlgk (bialgebras) and HopfAlgk (Hopf algebras). We use the pre�x f for `�nite',fd for `�nite-dimensional', 
om for `
ommutative' and 
o
 for `
o
ommutative'.Let C be some 
ategory. For ea
h obje
t A of C, we denote its identity morphism byidA : A ! A. Composition of morphisms f : A ! B and g : B ! C in C is denoted byjuxtaposition fg : A! C and is read from left to right.For obje
ts A and B of C, we denote their produ
t (if it exists) by AQB and byp1 : AQB ! A and p2 : AQB ! B the asso
iated morphisms of its limiting 
one. Sim-ilarly, the 
oprodu
t (if it exists) is 
alled A`B, and {1 : A ! A`B and {2 : B ! A`Bthe morphisms of its 
olimiting 
one.Let s : A! C and t : B ! C be morphisms of C. We denote byA sQtB := lim (A s C Bt ); (2.1)the pullba
k obje
t (if it exists) and by p1 : A sQtB ! A and p2 : A sQtB ! B its limiting
one, i.e., A sQtB p2p1 BtA s C (2.2)For morphisms � : C ! A and � : C ! B of C, the pushout (if it exists) is denoted byA �`� B := lim! (A C� � B ); (2.3)i.e. C �� B{2A {1 A �`� B (2.4)If for some obje
t A of C, the pullba
k A idAQidAA exists, then there is a unique diagonalmorphism Æ : A ! A idAQidAA su
h that Æ p1 = idA = Æ p2. A similar result for the produ
tis probably more familiar: if for some obje
t A of C, the produ
t AQA exists, then there isa unique diagonal morphism Æ : A! AQA su
h that Æp1 = idA = Æp2.Dually, if the pushout A idA`idAA exists, there is a unique 
odiagonal Æop : A idA`idAA!A su
h that {1 Æop = idA = {2 Æop, and if the 
oprodu
t A`A exists, there is a unique
odiagonal Æop : A`A! A su
h that {1Æop = idA = {2Æop.Let A, B, A0 and B0 be obje
ts of C su
h that the produ
ts AQB and A0QB0 exist, andlet fA : A ! A0 and fB : B ! B0 be morphisms of C. Then there exists a unique morphism(fA; fB) : AQB ! A0QB0 su
h that (fA; fB)p01 = p1fA and (fA; fB)p02 = p2fB.For pullba
ks, there is the following re�nement of this 
onstru
tion. Let s : A ! C,t : B ! C and s0 : A0 ! C 0, t0 : B0 ! C 0 be morphisms of C su
h that both pullba
ks A sQtB



8 2-Groups, trialgebras and Hopf 
ategoriesand A0 s0Qt0B exist. Let fA : A! A0, fB : B ! B0 and fC : C ! C 0 be morphisms su
h thatfA s0 = s fC and fB t0 = t fC ,A sQtB p2p1 (fA;fB)fC Bt fBA0 s0Qt0B0 p02p01 B0t0A s fA C fCA0 s0 C0 (2.5)Then there exists a unique morphism (fA; fB)fC : A sQtB ! A0 s0Qt0B0 with the propertythat (fA; fB)fC p01 = p1 fA and (fA; fB)fC p02 = p2 fB.Dually, for obje
ts A, B, A0 and B0 of C for whi
h the 
oprodu
ts A`B and A0`B0exist and for morphisms fA : A ! A0 and fB : B ! B0, there exists a unique morphism[fA; fB℄ : A`B ! A0`B0 su
h that {1[fA; fB℄ = fA{01 and {2[fA; fB℄ = fB{02.For pushouts, we have the following re�nement. For morphisms � : C ! A, � : C ! Band �0 : C 0 ! A0, � 0 : C 0 ! B0 for whi
h the pushouts A �`� B and A0 �0`� 0B0 exist, andmorphisms fA : A ! A0, fB : B ! B0 and fC : C ! C 0 that satisfy �0 fA = fC � and � 0 fB =fC � , there is a unique morphism [fA; fB℄fC : A �`� B ! A0 �0`� 0B0 su
h that {1 [fA; fB℄fC =fA {01 and {2 [fA; fB℄fC = fB {2.Noti
e that for suitable morphisms, the obje
t (if it exists),A sQtB uQvE := lim (A s C Bt u D Ev ); (2.6)is naturally isomorphi
 to both �A sQtB� p2uQvE and A sQp1t �B uQvE�, where in the �rst
ase, p2 is the se
ond proje
tion asso
iated with the pullba
k in parentheses, and in the se
ond
ase, p1 is the �rst proje
tion from the pullba
k in parentheses. Dually, the obje
t,A �`� B '`�E := lim! (A C� � B D' � E ); (2.7)(if it exists) is naturally isomorphi
 to both �A �`� B) '{2`�E and A �`�{1 �B '`�E�.We use the term `2-
ategory' for a stri
t 2-
ategory as opposed to a bi
ategory. Ourterminology for 2-
ategories, 2-fun
tors, 2-natural transformations, 2-equivalen
es and 2-adjun
tions is the same as in [31℄.2.2 Internal 
ategoriesMany 2-
ategories that appear in this arti
le, 
an be 
onstru
ted by internalization. The
on
ept of internalization goes ba
k to Ehresmann [32℄. Here we summarize the key de�nitionsand results. For more details and proofs, see, for example [31℄.De�nition 2.1. Let C be a �nitely 
omplete 
ategory.
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ategories 91. An internal 
ategory C = (C0; C1; s; t; {; Æ) in C 
onsists of obje
ts C0 and C1 of Cwith morphisms s; t : C1 ! C0, { : C0 ! C1 and Æ : C1 sQtC1 ! C1 of C su
h that thefollowing diagrams 
ommute,C0 {idC0 C1sC0 C0 {idC0 C1tC0 (2.8)C1 sQtC1 Æp2 C1tC1 t C0 C1 sQtC1 Æp1 C1sC1 s C0 (2.9)C1 sQtC1 sQtC1(Æ;idC1)idC0(idC1 ;Æ)idC0 C1 sQtC1ÆC1 sQtC1 Æ C1 (2.10)C0 idC0QtC1 ({;idC1 )idC0p2 C1 sQtC1Æ C1 sQidC0 C0(idC1 ;{)idC0p1C1 (2.11)2. Let C = (C0; C1; s; t; {; Æ) and C 0 = (C 00; C 01; s0; t0; {0; Æ0) be internal 
ategories in C. Aninternal fun
tor F = (F0; F1) : C ! C 0 in C 
onsists of morphisms F0 : C0 ! C 00 andF1 : C1 ! C 01 of C su
h that the following diagrams 
ommute,C1 sF1 C0F0C 01 s0 C 00 C1 tF1 C0F0C 01 t0 C00 (2.12)
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ategoriesC0 {F0 C1F1C 00 {0 C01 C1 sQtC1 Æ(F1;F1)F0 C1F1C01 s0Qt0C01 Æ0 C01 (2.13)3. Let C = (C0; C1; s; t; {; Æ), C 0 = (C 00; C01; s0; t0; {0; Æ0) and C 00 = (C 000 ; C 001 ; s00; t00; {00; Æ00) beinternal 
ategories in C and F : C ! C 0 and G : C 0 ! C 00 be internal fun
tors. The
omposition of F and G is the internal fun
tor FG : C ! C 00 whi
h is de�ned by(FG)0 := F0G0 and (FG)1 := F1G1.4. Let C be an internal 
ategory in C. The identity internal fun
tor idC : C ! C is de�nedby (idC)0 := idC0 and (idC)1 := idC1 .5. Let F; eF : C ! C 0 be internal fun
tors between internal 
ategories C = (C0; C1; s; t; {; Æ)and C 0 = (C 00; C 01; s0; t0; {0; Æ0) in C. An internal natural transformation � : F ) eF is amorphism � : C0 ! C 01 of C su
h that the following diagrams 
ommute,C0 �F0 C 01s0C 00 C0 �eF0 C 01t0C 00 (2.14)C1 Æ(t�; eF1)teF0Æ(F1;s�)sF0 C01 s0Qt0C01Æ0C01 s0Qt0C 01 Æ0 C 01 (2.15)6. Let � : F ) eF and # : eF ) bF be internal natural transformations between internalfun
tors F; eF; bF : C ! C 0. The verti
al 
omposition (or just 
omposition) of � and # isthe internal natural transformation # Æ � : F ) bF de�ned by the following 
omposition,C0 Æ C0 idC0QidC0 C0 (�;#)eF0 C01 s0Qt0 C01 Æ0 C01 (2.16)Note that the verti
al 
omposition `Æ' is read from right to left2.7. Let F : C ! C 0 be an internal fun
tor in C. The identity internal natural transformationidF : F ) F is de�ned by idF := F0{0 or by {F1.8. Let � : F ) eF and � : G ) eG be internal natural transformations between internalfun
tors F; eF : C ! C 0 and G; eG : C 0 ! C 00. The horizontal 
omposition (or Godement2This is a deviation from [14℄ whi
h, however, will turn out to be more natural in a future work.
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t) of � and � is the internal natural transformation � � � : FG) eF eG de�ned bythe 
omposition,C0 Æ C0 QidC0 idC0 C0 (F0;�)F0 C00 QidC00 t0 C01 (� ; eG1)eG0 C001 Qs00 t00 C 001 Æ00 C 001 (2.17)or equivalently by,C0 Æ C0 QidC0 idC0 C0 (�; eF0)eF0 C01 Qs0 idC00 C 00 (G1;�)G0 C 001 Qs00 t00 C001 Æ00 C001 (2.18)Theorem 2.2. Let C be a �nitely 
omplete 
ategory. There is a 2-
ategory Cat(C) whoseobje
ts are internal 
ategories in C, whose morphisms are internal fun
tors and whose 2-morphisms are internal natural transformations.The following example is the motivation for the pre
ise details of the de�nition of Cat(C)presented above.Example 2.3. The 
ategory Set is �nitely 
omplete. Cat(Set) is the 2-
ategory Cat ofsmall 
ategories with fun
tors and natural transformations.Remark 2.4. For a te
hni
al subtlety that arises be
ause limit obje
ts are spe
i�ed only upto (unique) isomorphism, we refer to Remark A.9 in the Appendix.For generi
 �nitely 
omplete C, the 1-
ategory underlying Cat(C) is studied in the 
on-text of essentially algebrai
 theories [33℄, going ba
k to the work of Lawvere on fun
torialsemanti
s [29℄. For more details and referen
es, see, for example [34℄. The theory of 
ate-gories Th(Cat) is the smallest �nitely 
omplete 
ategory that 
ontains obje
ts C0, C1 andmorphisms s; t : C1 ! C0, { : C1 ! C0 and Æ : C1 sQtC1 ! C1 su
h that the relations (2.8){(2.11) hold. A model of Th(Cat) is a �nite-limit preserving fun
tor F : Th(Cat) ! C intosome �nitely 
omplete 
ategory C. If one denotes by Mod(Th(Cat); C) := Lex(Th(Cat); C)the 
ategory of �nite-limit preserving (left exa
t) fun
tors Th(Cat) ! C with their naturaltransformations, then Mod(Th(Cat); C) ' Cat(C) are equivalent as 1-
ategories, in par-ti
ular Mod(Th(Cat);Set) ' Cat, whi
h justi�es the terminology theory of 
ategories forTh(Cat).Usually, these te
hniques are used in order to study various algebrai
 or essentially alge-brai
 theories. One de�nes, for example, Th(Grp) su
h that Mod(Th(Grp);Set) ' Grp,et
.. The framework of internalization is also used in topos theory in order to repla
e the
ategory Set by more general �nitely 
omplete 
ategories.In the following, we are in addition interested in the 2-
ategori
al stru
ture of Cat(C)whi
h 
annot be dire
tly seen fromMod(Th(Cat); C), and we vary the base 
ategory C overfamiliar 
ategories of algebrai
 stru
turesmore spe
ial than Set, for example, C = Grp. ThenCat(C) forms a 2-
ategory whose obje
ts turn out to be (usually the stri
t versions of) novelhigher-dimensional algebrai
 stru
tures. Their higher-dimensional nature is dire
tly relatedto the fa
t that Cat(C) forms a 2-
ategory and thus exhibits one more level of stru
ture thanthe 1-
ategory C whi
h we have initially supplied.We 
an perform the 
onstru
tion Cat(C) for various �nitely 
omplete base 
ategories C.The following propositions show what happens if these di�erent base 
ategories are relatedby �nite-limit preserving fun
tors and by their natural transformations.
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ategoriesProposition 2.5. Let C and D be �nitely 
omplete 
ategories and T : C ! D be a fun
torthat preserves �nite limits. Then there is a 2-fun
tor Cat(T ) : Cat(C) ! Cat(D) given asfollows.1. Cat(T ) asso
iates with ea
h internal 
ategory C = (C0; C1; s; t; {; Æ) in C, the internal
ategory Cat(T )[C℄ := (TC0; TC1; Ts; T t; T {; TÆ) in D.2. Let C and C 0 be internal 
ategories in C. Cat(T ) asso
iates with ea
h internal fun
torF = (F0; F1) : C ! C 0 in C, the internal fun
tor Cat(T )[F ℄ : Cat(T )[C℄! Cat(T )[C 0℄in D whi
h is given by the following morphisms of D,(Cat(T )[F ℄)0 = TF0 : TC0 ! TC 00; (2.19)(Cat(T )[F ℄)1 = TF1 : TC1 ! TC 01: (2.20)3. Let C and C 0 be internal 
ategories and F; F 0 : C ! C 0 be internal fun
tors in C.Cat(T ) asso
iates with ea
h internal natural transformation � : F ) F 0, the internalnatural transformation Cat(T )[�℄ : Cat(T )[F ℄ ) Cat(T )[F 0℄ in D whi
h is de�ned bythe following morphism of D,Cat(T )[�℄ = T� : TC0 ! TC 01: (2.21)Proposition 2.6. Let C and D be �nitely 
omplete 
ategories, T; eT : C ! D be fun
torsthat preserve �nite limits and � : T ) eT a natural transformation. Then there is a 2-naturaltransformation Cat(�) : Cat(T )) Cat(eT ) given as follows.Cat(�) asso
iates with ea
h internal 
ategory C = (C0; C1; s; t; {; Æ) in C the internalfun
tor Cat(�)C : Cat(T )[C℄! Cat( eT )[C℄ in D whi
h is given by the following morphismsof D, (Cat(�)C)0 = �C0 : TC0 ! eTC0; (2.22)(Cat(�)C)1 = �C1 : TC1 ! eTC1: (2.23)Theorem 2.7. Let Lex denote the 2-
ategory of �nitely 
omplete small 
ategories, �nite-limit preserving fun
tors and natural transformations. Let 2Cat be the 2-
ategory of small2-
ategories, 2-fun
tors and 2-natural transformations. Then Cat(�) forms a 2-fun
tor3,Cat(�) : Lex! 2Cat: (2.24)Corollary 2.8. Let C ' D be an equivalen
e of �nitely 
omplete 
ategories provided by thefun
tors F : C ! D and G : D ! C with natural isomorphisms � : 1C ) FG and " : GF )1D . Then there is a 2-equivalen
e of the 2-
ategories Cat(C) ' Cat(D) given by the 2-fun
tors Cat(F ) : Cat(C) ! Cat(D) and Cat(G) : Cat(D) ! Cat(C) with the 2-naturalisomorphisms Cat(�) : 1Cat(C) ) Cat(F )Cat(G) and Cat(") : Cat(G)Cat(F )) 1Cat(D).We 
an now 
onsider any diagram in Lex, in parti
ular any diagram involving �nitely
omplete 
ategories of familiar algebrai
 stru
tures, �nite-limit preserving fun
tors and theirnatural transformations. Theorem 2.7 guarantees that theCat(�)-image of any su
h diagramis a valid diagram of 2-
ategories, 2-fun
tors and 2-natural transformations. This idea is thekey to the present arti
le and provides us with the desired 2-fun
tors between our 2-
ategoriesof higher-dimensional algebrai
 stru
tures.The study of 
ontravariant fun
tors, i.e. fun
tors that 
an be written 
ovariantly asT : D ! Cop, motivates the following 
on
ept dual to the notion of internal 
ategories.3It is known [34℄ that Cat(�) is a fun
tor Lex! Lex, but we do note make use of this fa
t here.
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ategories 13De�nition 2.9. Let C be a �nitely 
o
omplete 
ategory. An internal 
o
ategory in C isan internal 
ategory in Cop. Internal 
ofun
tors and internal 
onatural transformations areinternal fun
tors and internal natural transformations in Cop. We denote by CoCat(C) :=Cat(Cop) the 2-
ategory of internal 
o
ategories, 
ofun
tors and 
onatural transformationsin C.More expli
itly, an internal 
o
ategory C = (C0; C1; �; �; ";�) in C 
onsists of obje
ts C0and C1 of C and morphisms �; � : C0 ! C1, " : C1 ! C0 and �: C1 ! C1 �`� C1 of C su
hthat the diagrams dual to (2.8){(2.11) 
ommute if all the morphisms are relabelled as follows:s 7! �; t 7! � ; { 7! " and Æ 7! �. Noti
e that all arrows involved in the universal 
onstru
tionshave to be reversed, too, for example, pullba
ks have to be repla
ed by pushouts and diagonalmorphisms by 
odiagonal ones.Given internal 
o
ategories C and C 0 in C, an internal 
ofun
tor F = (F0; F1) : C ! C 0
onsists of morphisms F0 : C 00 ! C0 and F1 : C 01 ! C1 of C su
h that the diagrams dualto (2.12) and (2.13) 
ommute.Given internal 
ofun
tors F; eF : C ! C 0 in C, an internal 
onatural transformation is amorphism � : C 01 ! C0 su
h that the diagrams dual to (2.14) and (2.15) 
ommute.Wat
h out for the 
ounter-intuitive dire
tion of the morphisms F0, F1 and � whi
h is a
onsequen
e of our de�nition of CoCat(�).We �nally remark that we have never 
alled Cat(�) a 
ategori�
ation sin
e it is not
lear in whi
h sense it 
an be reversed and whether this would 
orrespond to a form ofde
ategori�
ation [3℄.2.3 Stri
t 2-groupsStri
t 2-groups form one of the simplest examples of higher-dimensional algebrai
 stru
tures.Just as a group 
an be viewed as a groupoid with one obje
t, every 2-group gives rise to a2-groupoid with one obje
t. 2-groups have appeared in the literature in various 
ontexts andin di�erent guises. For an overview and a 
omprehensive list of referen
es, we refer to [12℄.Stri
t 2-groups 
an be de�ned in several di�erent ways. In the present arti
le, we de�ne astri
t 2-group as an internal 
ategory in the 
ategory of groups so that the te
hniques ofSe
tion 2.2 are available. Alternatively, stri
t 2-groups 
an be de�ned as group obje
ts in the
ategory of small 
ategories, see, for example [35℄.In order to de�ne stri
t 2-groups, let us �rst re
all the 
onstru
tion of �nite limits inthe �nitely 
omplete 
ategory Grp of groups. The terminal obje
t is the trivial group fegwith the trivial group homomorphisms G ! feg; the binary produ
t of groups G and H isthe dire
t produ
t, GQH = G � H , with the proje
tions p1 : G � H ! G; (g; h) 7! g andp2 : G�H ! H; (g; h) 7! h and for group homomorphisms f1; f2 : G! H , their equalizer isa subgroup of G, eq(f1; f2) = f g 2 G : f1(g) = f2(g) g � G; (2.25)with its in
lusion e = (idG)jeq(f1;f2) : eq(f1; f2)! G.For group homomorphisms t : G! K and t : H ! K, we therefore obtain the pullba
k,G sQtH = G�K H = f (g; h) 2 G�H : s(g) = t(h) g � G�H; (2.26)with the proje
tions p1 : G�K H ! G, (g; h) 7! g and p2 : G�K H ! H , (g; h) 7! h.
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ategoriesDe�nition 2.10. The obje
ts, morphisms and 2-morphisms of 2Grp := Cat(Grp) are 
alledstri
t 2-groups, homomorphisms and 2-homomorphisms of stri
t 2-groups, respe
tively. Theobje
ts of f2Grp := Cat(fGrp) are 
alled stri
t �nite 2-groups.Examples of stri
t 2-groups, their homomorphisms and 2-homomorphisms 
an be 
on-stru
ted from Whitehead's 
rossed modules as follows [36℄.De�nition 2.11. 1. A 
rossed module (G;H;�; �) 
onsists of groups G and H and grouphomomorphisms � : H ! G and G! AutH; g 7! (h 7! g�h) that satisfy for all g 2 G,h; h0 2 H , �(g� h) = g�(h)g�1; (2.27)�(h)� h0 = hh0h�1: (2.28)2. A homomorphism F = (FG; FH) : (G;H;�; �) ! (G0; H 0;�0; � 0) of 
rossed modules
onsists of group homomorphisms FG : G! G0 and FH : H ! H 0 su
h that,H �FH GFGH 0 �0 G0 (2.29)and su
h that for all g 2 G, h 2 H ,FH(g � h) = FG(g)�0 FH(h): (2.30)3. Let F; eF : (G;H;�; �)! (G0; H 0;�0; � 0) be homomorphisms of 
rossed modules. A 2-homomorphism � : F ) eF is a map �H : G! H 0 su
h that for all g; g1; g2 2 G, h 2 H ,�H(e) = e; (2.31)�H(g1g2) = �H(g1)(FG(g1)�0 �H(g2)); (2.32)� 0(�(g)) = eFG(g)FG(g)�1; (2.33)�H(�(h)) = eFH(h)FH(h)�1: (2.34)Example 2.12. 1. Let H be a �nite group and G = AutH its group of automorphisms.Choose � : H ! G; h 7! (h0 7! hh0h�1), and g � h := g(h) for g 2 AutH and h 2 H .Then (G;H;�; �) forms a 
rossed module.2. Let G be a �nite group and (V; �) be a �nite-dimensional representation of G, i.e. V is ak-ve
tor spa
e and � : G! GLk(V ) a homomorphism of groups. Choose H := (V;+; 0)to be the additive group underlying the ve
tor spa
e, g�h := �(g)[h℄ for g 2 G, h 2 H ,and � : H ! G; h 7! e. Then (G;H;�; �) forms a 
rossed module.3. More examples are given in [12, 28℄. Note that stri
t 2-groups are 
alled 
at1-groupsin [28℄.Theorem 2.13. 1. There is a 2-
ategory XMod whose obje
ts are 
rossed modules,whose morphisms are homomorphisms of 
rossed modules and whose 2-morphisms are2-homomorphisms of 
rossed modules.
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ategories 152. The 2-
ategories 2Grp and XMod are 2-equivalent.In order to obtain examples of stri
t 2-groups from 
rossed modules, we need the expli
itform of one of the 2-fun
tors involved in this 2-equivalen
e, T : XMod! 2Grp.1. T asso
iates with ea
h 
rossed module (G;H;�; �) the stri
t 2-group (G0; G1; s; t; {; Æ)de�ned as follows. The groups are G0 := G and G1 := H o G where the semidire
tprodu
t uses the multipli
ation (h1; g1) � (h2; g2) := (h1(g1 � h2); g1g2). The grouphomomorphisms are given by s : HoG! G; (h; g) 7! g; t : HoG! G; (h; g) 7! �(h)g;{ : G ! H o G; g 7! (e; g) and Æ : (H o G) � (H o G) ! H o G; ((h1; g1); (h2; g2)) 7!(h1; g1) Æ (h2; g2) := (h1h2; g1), de�ned whenever g1 = s(h1; g1) = t(h2; g2) = �(h2)g2.2. For ea
h homomorphism F = (FG; FH) : (G;H;�; �)! (G0; H 0;�0; � 0) of 
rossed mod-ules, there is a homomorphism of stri
t 2-groups TF = (F0; F1) given by F0 :=FG : G0 ! G00 and F1 := FH � FG : H oG! H 0 oG0.3. Let F; eF : (G;H;�; �) ! (G0; H 0;�0; � 0) be homomorphisms of 
rossed modules. Forea
h 2-homomorphism � : F ) eF , there is a 2-homomorphism T� : TF ) T eF of stri
t2-groups given by T� : G0 ! G01 = H 0 oG0; g 7! (�H(g); FG(g)).3 Co
ommutative trialgebrasGiven some group G, its group algebra k[G℄ forms a 
o
ommutative Hopf algebra. In thisse
tion, we use the te
hnique of internalization in order to 
onstru
t the analogue of the groupalgebra for stri
t 2-groups. This gives rise to a novel higher-dimensional algebrai
 stru
turewhi
h is de�ned as an internal 
ategory in the 
ategory of 
o
ommutative Hopf algebras.We 
all this a 
o
ommutative trialgebra for reasons that are explained below. For generalba
kground on 
oalgebras, bialgebras and Hopf algebras, we refer to [37℄.De�nition 3.1. The fun
tor k[�℄ : Grp! 
o
HopfAlgk is de�ned as follows. It asso
iateswith ea
h group G its group algebra k[G℄. This is the free ve
tor spa
e over the set Gequipped with the stru
ture of a 
o
ommutative Hopf algebra (k[G℄; �; �;�; "; S) using themultipli
ation � : k[G℄ 
 k[G℄ ! k[G℄, de�ned on basis elements g; h 2 G by g 
 h 7! gh(group multipli
ation), the unit � : k ! k[G℄, 1 7! e (group unit), 
omultipli
ation �: k[G℄!k[G℄ 
 k[G℄, g 7! g 
 g (group-like), 
ounit " : k[G℄ ! k, g 7! 1, and antipode S : k[G℄ !k[G℄, g 7! g�1 (group inverse). The fun
tor k[�℄ asso
iates with ea
h group homomorphismf : G! H the Hopf algebra homomorphism k[f ℄ : k[G℄! k[H ℄ whi
h is the k-linear extensionof f .Given some stri
t 2-group (G0; G1; s; t; {; Æ), the idea is to apply k[�℄ to G0 and G1 andto all maps s; t; {; Æ. The result is a stru
ture (H0; H1;bs;bt;b{;bÆ) 
onsisting of 
o
ommutativeHopf algebras H0 and H1 with various bialgebra homomorphisms. In the following, we showthat su
h a stru
ture 
an alternatively be de�ned as an internal 
ategory in the 
ategory of
o
ommutative Hopf algebras. De�nition 2.1 refers to several universal 
onstru
tions su
h aspullba
ks and diagonal morphisms whi
h are all 
onstru
ted from �nite limits. It is thereforesuÆ
ient to show that k[�℄ preserves all �nite limits (
.f. Theorem 2.7).3.1 Finite limits in the 
ategory of 
o
ommutative Hopf algebrasWe �rst re
all the 
onstru
tion of �nite limits in the 
ategory 
o
HopfAlgk . The proofs ofthe following propositions are elementary.
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ategoriesProposition 3.2. The terminal obje
t in any of the 
ategories HopfAlgk, 
o
HopfAlgk,
o
BiAlgk and 
o
CoAlgk is given by k itself. For ea
h obje
t C, the unique morphismC ! k is the 
ounit operation "C : C ! k.Proposition 3.3. The binary produ
t in the 
ategory 
o
HopfAlgk is the tensor produ
tof Hopf algebras, i.e. for 
o
ommutative Hopf algebras A and B,AQB = A
B; (3.1)with the Hopf algebra homomorphisms p1 = idA
"B : A
B ! A and p2 = "A
idB : A
B !B. For 
onvenien
e, we have suppressed the isomorphisms A
 k �= A and k 
 B �= B.For ea
h 
o
ommutative Hopf algebra D with homomorphisms f1 : D ! A and f2 : D !B, there is a unique Hopf algebra homomorphism ' : D ! A 
 B su
h that 'p1 = f1 and'p2 = f2. It is given by ' := �D(f1 
 f2) (�rst �D, then f1 
 f2).Remark 3.4. The binary produ
t in the 
ategories 
o
BiAlgk and 
o
CoAlgk is given pre-
isely by the same 
onstru
tion: the tensor produ
t of bialgebras or 
oalgebras, respe
tively.In the 
ategory HopfAlgk of all (not ne
essarily 
o
ommutative) Hopf algebras, theprodu
t is in general not the tensor produ
t of Hopf algebras. Co
ommutativity is essentialin Proposition 3.3 in order to show that ' : D ! A 
 B is indeed a homomorphism of
oalgebras.Proposition 3.5. The equalizer of a pair of morphisms (binary equalizer) in the 
ategoryHopfAlgk is given by the 
oalgebra 
ogenerated by the equalizer in Ve
tk , i.e. for Hopfalgebras D, C with homomorphisms f1; f2 : D ! C, the equalizer of f1 and f2 is the largestsub
oalgebra eq(f1; f2) of D that is 
ontained in the linear subspa
e ker(f1 � f2) � D, withits in
lusion e := (idD)jeq(f1;f2) : eq(f1; f2) ! D. The 
oalgebra eq(f1; f2) turns out to be asub-Hopf algebra of D and e a homomorphism of Hopf algebras.For ea
h Hopf algebra H with a homomorphism  : H ! D su
h that  f1 =  f2, theimage  (H) forms a 
oalgebra whi
h is 
ontained in ker(f1 � f2) so that  (H) � eq(f1; f2).Then there is a unique Hopf algebra homomorphism ' : H ! eq(f1; f2) su
h that  = 'e. Itis obtained by simply restri
ting the 
odomain of  to eq(f1; f2).Remark 3.6. The equalizer in 
o
HopfAlgk, 
o
BiAlgk and 
o
CoAlgk is given pre
iselyby the same 
onstru
tion.Corollary 3.7. The pullba
k in the 
ategory 
o
HopfAlgk is 
onstru
ted as follows. Let A,B, C be 
o
ommutative Hopf algebras with homomorphisms s : A ! C and t : B ! C. Thepullba
k A sQtB is the largest sub
oalgebra of A
B that is 
ontained in the linear subspa
eker � � A
B. Here � denotes the linear map � = (s
"B�"A
t) : A
B ! C. The limiting
one is given by the Hopf algebra homomorphisms p1 = (idA
"B)jAsQtB : A sQtB ! A andp2 = ("A 
 idB)jAsQt B : A sQtB ! B.If H is a 
o
ommutative Hopf algebra with homomorphisms f1 : H ! A and f2 : H ! Bsu
h that f1s = f2t, then there is a unique homomorphism ' : H ! A sQtB su
h that 'p1 =f1 and 'p2 = f2. It is given by restri
ting the 
odomain of ' := �H(f1 
 f2) : H ! A 
 Bto A sQtB. This restri
tion is possible be
ause '(H) is a 
oalgebra that is 
ontained in thelinear subspa
e ker� whi
h implies that '(H) � A sQtB.
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ategories 173.2 Finite-limit preservation of the group algebra fun
torTheorem 3.8. The group algebra fun
tor k[�℄ : Grp! 
o
HopfAlgk preserves �nite lim-its.Proof. We verify in a dire
t 
al
ulation that k[�℄ preserves the terminal obje
t, binary prod-u
ts and binary equalizers.1. For the terminal obje
t, we note that k[feg℄ �= k are isomorphi
 as Hopf algebras.2. In order to see that k[�℄ preserves binary produ
ts, 
onsider groups G and H . We re
allthat there is an isomorphism of Hopf algebras,k[G�H ℄! k[G℄
 k[H ℄; (g; h) 7! g 
 h; (3.2)whi
h shows that k[�℄ maps the produ
t obje
t GQH = G�H in Grp to the produ
tobje
t k[G℄Qk[H ℄ = k[G℄
 k[H ℄ in 
o
HopfAlgk. Let p1 : G � H ! G; (g; h) 7! gbe the �rst proje
tion, then k[p1℄ : k[G℄ 
 k[H ℄ ! k[G℄; g 
 h 7! g is pre
isely themap k[p1℄ = idk[G℄
"k[H℄. An analogous result holds for p2 : G � H ! H; (g; h) 7! h.Therefore, K[�℄ maps the limiting 
one in Grp to the limiting 
one in 
o
HopfAlgk.3. For equalizers, 
onsider group homomorphisms f1; f2 : G! H and denote their equalizerin Grp by eq(f1; f2) � G. We show that,k[eq(f1; f2)℄ = ker(k[f1℄� k[f2℄) � k[G℄; (3.3)i.e. the kernel of the di�eren
e whi
h is the equalizer inVe
tk, already forms a 
oalgebra,namely k[eq(f1; f2)℄ itself. In order to see this, 
hoose the standard basis G of k[G℄.Then g 2 ker(k[f1℄� k[f2℄) if and only if f1(g)� f2(g) = 0 in k[H ℄ whi
h holds if andonly if g 2 eq(f1; f2).Corollary 3.9. The group algebra fun
tor k[�℄ : Grp! 
o
HopfAlgk preserves pullba
ks.In parti
ular, for groups G, H and K and group homomorphisms s : G! K and t : H ! K,there is an isomorphism of Hopf algebras,k[G�K H ℄ �= k[G℄ k[s℄Qk[t℄ k[H ℄ = ker� � k[G℄
 k[H ℄; (3.4)where � = (k[s℄
 "k[H℄ � "k[G℄ 
 k[t℄) : k[G℄
 k[H ℄! k[K℄.Remark 3.10. If the group algebra fun
tor is viewed as a fun
tor k[�℄ : Grp!HopfAlgkinto the 
ategory of all (not ne
essarily 
o
ommutative) Hopf algebras, it does not preserve allpullba
ks. In fa
t, it does not even preserve all binary produ
ts. The obsta
le is the in
lusionfun
tor 
o
HopfAlgk ! HopfAlgk whi
h does not preserve all binary produ
ts.3.3 De�nition of 
o
ommutative trialgebrasDe�nition 3.11. The obje
ts, morphisms and 2-morphisms of the 2-
ategory,
o
TriAlgk := Cat(
o
HopfAlgk); (3.5)are 
alled stri
t 
o
ommutative trialgebras, their homomorphisms and 2-homomorphisms,respe
tively.
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ategoriesProposition 3.12. The fun
tor k[�℄ : Grp! 
o
HopfAlgk gives rise to a 2-fun
tor,Cat(k[�℄) : 2Grp! 
o
TriAlgk: (3.6)This is the main 
onsequen
e of the pre
eding se
tion. In parti
ular, we 
an use this 2-fun
tor in order to obtain examples of stri
t 
o
ommutative trialgebras from stri
t 2-groupsand thereby from Whitehead's 
rossed modules.Let us �nally unfold the de�nition of a stri
t 
o
ommutative trialgebra in more detail.Proposition 3.13. A stri
t 
o
ommutative trialgebra H = (H0; H1; s; t; {; Æ) 
onsists of 
o-
ommutative Hopf algebras H0 and H1 over k and bialgebra homomorphisms s : H1 ! H0,t : H1 ! H0, { : H0 ! H1 and Æ : H1 sQtH1 ! H1 su
h that (2.8){(2.11) hold (with Cjrepla
ed by Hj).Remark 3.14. The terminology trialgebra for su
h an internal 
ategory H in 
o
HopfAlgkis motivated by the fa
t that the ve
tor spa
e H1 is equipped with three linear operations.There is a multipli
ation and a 
omultipli
ation sin
e H1 forms a Hopf algebra. In addition,there is another, partially de�ned, multipli
ation Æ : H1 sQtH1 ! H1. From the 
onstru
tionof the pullba
k (Corollary 3.7), we see that for h; h0 2 H1, the multipli
ation h Æ h0 is de�nedonly if h 
 h0 lies in the largest sub
oalgebra of H1 
 H1 that is 
ontained in the linearsubspa
e, ker(s
 "H1 � "H1 
 t) � H1 
H1: (3.7)Whenever the multipli
ation `Æ' is de�ned, (2.10) implies that it is asso
iative.The purpose of the Hopf algebra H0 and of the homomorphisms s; t : H1 ! H0 whi
hfeature in the pullba
k H1 sQtH1, is to keep tra
k of pre
isely when the multipli
ation `Æ' isde�ned. This is 
ompletely analogous to the partially de�ned multipli
ation Æ : G1�G0 G1 !G1 in a stri
t 2-group (G0; G1; s; t; {; Æ) where a pair of elements (g; g0) 2 G1 � G1 is `Æ'-
omposable if and only if the sour
e of g agrees with the target of g0, i.e. s(g) = t(g0).In the 
o
ommutative trialgebra H , the partially de�ned multipli
ation `Æ' has got lo
alunits. The homomorphism { : H0 ! H1 yields the units, and (2.11) implies the following unitlaw: the element {(t(h)) is (up to a fa
tor) a left-unit for h 2 H1, i.e. Æ({(t(h))
 h) = "(h) h,and {(s(h)) is a right-unit, i.e. Æ(h
 {(s(h))) = h "(h). Note that this sort of units 
an dependon s(h) and t(h), just as the identity morphisms in a small 
ategory whi
h form the left- orright-units of a given morphism, depend on the sour
e and target obje
t of that morphism.All three operations on H1 are 
ompatible in the following way. The multipli
ation and
omultipli
ation of H1 are 
ompatible with ea
h other be
ause H1 forms a bialgebra. Thepartially de�ned multipli
ation `Æ' and the lo
al unit map `{' are both homomorphisms ofbialgebras whi
h expresses their 
ompatibility with the Hopf algebra operations of H0 andH1.In parti
ular, the fa
t that `Æ' forms a homomorphism of algebras, implies that bothmultipli
ations, the globally de�ned multipli
ation `�' of the algebra H1 and the partiallyde�ned multipli
ation `Æ' are 
ompatible and satisfy an inter
hange law,(h1 � h2) Æ (h01 � h02) = (h1 Æ h01) � (h2 Æ h02); (3.8)for h1; h2; h01; h02 2 H1, whenever the partial multipli
ation `Æ' is de�ned. A possible E
kmann{Hilton argument [38℄ whi
h would render both multipli
ations 
ommutative and equal, issidestepped by the same me
hanism as in stri
t 2-groups: both multipli
ations 
an in generalhave di�erent units.
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ial 
ase in whi
h the E
kmann{Hilton argument is e�e
tive, is any example in whi
hH0 �= k. In this 
ase, s = t = "H1 : H1 ! k; { = �H1 : k ! H1; H1 sQtH1 = H1 
 H1, andthe multipli
ation `Æ' is de�ned for all pairs of elements of H1. Furthermore, {(1) 2 H1 is atwo-sided unit for `Æ', i.e. Æ({(1)
 h) = h = Æ(h
 {(1)); (3.9)for all h 2 H1. The E
kmann{Hilton argument then implies that for all h; h0 2 H1,Æ(h
 h0) = Æ(h0 
 h) = hh0 = h0h: (3.10)Obviously, H1 needs to be not only 
o
ommutative, but also 
ommutative in order to admitsu
h an example.4 Commutative 
otrialgebrasIn this se
tion, we develop the 
on
ept dual to 
o
ommutative trialgebras. This 
onstru
tionis based on the fun
tor k(�) : fGrp! 
omHopfAlgopk whi
h assigns to ea
h �nite group Gits 
ommutative Hopf algebra of fun
tions G! k. By internalization, this yields a 2-fun
torCat(k(�)) whi
h asso
iates with ea
h �nite 2-group G an internal 
o
ategory in the 
ategoryof 
ommutative Hopf algebras. We 
all su
h a stru
ture a 
ommutative 
otrialgebra.De�nition 4.1. The fun
tor k(�) : fGrp ! 
omHopfAlgopk is de�ned as follows. It asso-
iates with ea
h �nite group G the 
ommutative Hopf algebra (k(G); �; �;�; "; S) of fun
tionsk(G) = f f : G ! k g. They form an asso
iative unital algebra (k(G); �; �) under pointwiseoperations in k and a Hopf algebra using the operations inherited from the group stru
tureof G. The fun
tor k(�) asso
iates with ea
h group homomorphism ' : G! H the bialgebrahomomorphism k(') : k(H)! k(G); f 7! 'f (�rst ', then f).4.1 Finite 
olimits in the 
ategory of 
ommutative Hopf algebrasWe �rst re
all the 
onstru
tion of �nite 
olimits in the 
ategory 
omHopfAlgk. The proofsof the following propositions are again elementary.Proposition 4.2. The initial obje
t in any of the the 
ategories HopfAlgk, 
omHopfAlgk,
omBiAlgk and 
omAlgk is given by k itself. For ea
h obje
t A, the unique morphismk ! A is the unit operation � : k ! A of the underlying algebra.Proposition 4.3. The binary 
oprodu
t in the 
ategory 
omHopfAlgk is the tensor produ
tof Hopf algebras, i.e. for 
ommutative Hopf algebras A and B,A`B = A
B; (4.1)with the Hopf algebra homomorphisms {1 = idA
�B : A ! A 
 B and {2 = �A 
 idB : B !A 
B. Here we have again suppressed the isomorphisms A
 k �= A and k 
 B �= B.For ea
h 
ommutative Hopf algebra D with homomorphisms f1 : A! D and f2 : B ! D,there is a unique Hopf algebra homomorphism ' : A
B ! D su
h that {1' = f1 and {2' = f2.It is given by ' := (f1 
 f2)�.
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ategoriesRemark 4.4. The binary 
oprodu
t in the 
ategories 
omBiAlgk and 
omAlgk is givenpre
isely by the same 
onstru
tion: the tensor produ
t of bialgebras or 
oalgebras, respe
-tively.In the 
ategory HopfAlgk of all (not ne
essarily 
ommutative) Hopf algebras, the 
o-produ
t is in general not the tensor produ
t of Hopf algebras. Commutativity is essential inProposition 4.3 in order to show that ' : A
B ! D is indeed a homomorphism of algebras.Proposition 4.5. The binary 
oequalizer in the 
ategory HopfAlgk is given by a quotientof algebras. For Hopf algebras C, D with homomorphisms f1; f2 : C ! D, the 
oequalizer off1 and f2 is the quotient algebra D=I where I is the two-sided (algebra) ideal generated by(f1 � f2)(C), i.e. by all elements of the form f1(
)� f2(
), 
 2 C. The asso
iated 
olimiting
one is the 
anoni
al proje
tion � : D ! D=I . I turns out to be a Hopf ideal, and � ahomomorphism of Hopf algebras.For ea
h Hopf algebra H with a homomorphism  : D ! H su
h that f1 = f2 ,  vanishes on I � D so that it des
ends to the quotient D=I and gives rise to a Hopf algebrahomomorphism ' : D=I ! H . This ' is the unique Hopf algebra homomorphism for whi
h = �'.Remark 4.6. The 
oequalizer in 
omHopfAlgk, 
omBiAlgk and 
omAlgk is given pre-
isely by the same 
onstru
tion.Corollary 4.7. The pushout in the 
ategory 
omHopfAlgk is 
onstru
ted as follows. LetA, B, C be 
ommutative Hopf algebras with homomorphisms � : C ! A and � : C ! B.The pushout A �`� B is the quotient (A 
 B)=I where I is the two-sided (algebra) idealgenerated by �(C). Here � denotes the linear map � = (�
 �B � �A
 �) : C ! A
B. The
olimiting 
one is given by the Hopf algebra homomorphisms {1 = idA
�B : A ! A �`� Band {2 = �A 
 idA : B ! A �`� B.If H is a 
ommutative Hopf algebra with homomorphisms f1 : A ! H and f2 : B ! Hsu
h that �f1 = �f2, then there is a unique homomorphism ' : A �`� B ! H su
h that{1' = f1 and {2' = f2. It is given by taking the quotient of the domain of the homomorphism' := (f1 
 f2)� : A
B ! H modulo the ideal I � A
 B.4.2 Finite-limit preservation of the fun
tion algebra fun
torTheorem 4.8. The fun
tion algebra fun
tor k(�) : fGrp! 
omHopfAlgopk preserves �nitelimits.Proof. We verify in a dire
t 
al
ulation that k(�) preserves the terminal obje
t, binary prod-u
ts and binary equalizers. Sin
e k(�) maps fGrp to the opposite 
ategory 
omHopfAlgopk ,this means k(�) maps the terminal obje
t of fGrp to the initial obje
t of 
omHopfAlgk,maps binary produ
ts of fGrp to binary 
oprodu
ts of 
omHopfAlgk and similarly binaryequalizers to binary 
oequalizers.1. For the terminal obje
t, obviously k(feg) �= k form isomorphi
 Hopf algebras.2. For binary produ
ts, 
hoose for ea
h �nite group G, the basis fÆggg2G of k(G) whereÆg(g0) = 1 if g = g0 and Æg(g0) = 0 otherwise. For �nite groups G and H , there is anisomorphism of Hopf algebras,k(G�H)! k(G)
 k(H); Æ(g;h) ! Æg 
 Æh: (4.2)
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ategories 21Let p1 : G�H ! G; (g; h) 7! g be the �rst proje
tion. Then k(p1) : k(G)! k(G)
k(H)satis�es k(p1)[Æg℄ = p1Æg = ((g0; h0) 7! Æg(p1(g0; h0)) = Æg(g0)) = (idk(G)
�k(H))(Æg) forall g 2 G. The analogous result holds for p2. Therefore, k(�) maps the binary produ
tof fGrp to the binary 
oprodu
t of 
omHopfAlgk with the asso
iated 
ones.3. For equalizers, re
all that the equalizer in fGrp of a pair of group homomorphismsf1; f2 : G! H is the subgroup (2.25) with its in
lusion map. There is an isomorphismof Hopf algebras, k(eq(f1; f2)) �= k(G)=I; (4.3)where I is the two-sided (algebra) ideal generated by all elements of the form k(f1)[f ℄�k(f2)[f ℄ where f 2 k(H). By 
hoosing the usual basis fÆhgh2H of k(H), one sees thatI is generated by all elements,k(f1)[Æh℄� k(f2)[Æh℄ = f1Æh � f2Æh =Xg2G�Æh(f1(g))� Æh(f2(g))�Æg; (4.4)where h 2 H . Exploiting the ideal property of I � k(G) and multiplying (4.4) by allbasis ve
tors Æg0 , g0 2 G, of k(G), it follows that the ideal I is the following linear span,I = spankn�Æh(f1(g0))� Æh(f2(g0))�Æg0 : h 2 H; g0 2 Go: (4.5)If therefore f1(g0) 6= f2(g0), there is some h = f1(g) su
h that the above generatingset 
ontains Æg0 . If, however, f1(g0) = f2(g0), then Æg0 is not 
ontained. One 
antherefore read o� a basis for the quotient ve
tor spa
e k(G)=I . It agrees with theusual basis of k(eq(f1; f2)). It is furthermore obvious that k(�) sends the in
lusionmap eq(f1; f2) ! G to the 
anoni
al proje
tion map k(G)! k(G)=I of k(G) onto the
oequalizer of k(f1) and k(f2).Corollary 4.9. The fun
tion algebra fun
tor k(�) : fGrp! 
omHopfAlgopk preserves pull-ba
ks. In parti
ular, for groups G, H and K and group homomorphisms s : G ! K andt : H ! K, there is an isomorphism of Hopf algebras,k(G�K H) �= k(G) k(s)`k(t)k(H) = (k(G)
 k(H))=I; (4.6)where I is the (algebra) ideal generated by all elements of the form �(f)
�k(H)��k(G)
�(f)for f 2 k(K) where we have written � = k(s), � = k(t).Remark 4.10. If the fun
tion algebra is viewed as a fun
tor k(�) : fGrp ! HopfAlgopkinto the 
ategory of all (not ne
essarily 
ommutative) Hopf algebras, it does not preservepullba
ks. In fa
t, it does not even preserve binary produ
ts. The obsta
le is the in
lusionfun
tor 
omHopfAlgk !HopfAlgk whi
h does not preserve binary 
oprodu
ts.4.3 De�nition of 
ommutative 
otrialgebrasDe�nition 4.11. The obje
ts, morphisms and 2-morphisms of the 2-
ategory,
omCoTriAlgk := CoCat(
omHopfAlgk); (4.7)are 
alled stri
t 
ommutative 
otrialgebras, their homomorphisms and 2-homomorphisms,respe
tively.
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ategoriesThe main 
onsequen
e of the pre
eding se
tion is the existen
e of the following 2-fun
torwhi
h 
an be used in order to 
onstru
t examples of 
ommutative 
otrialgebras from stri
t�nite 2-groups and from �nite 
rossed modules.Proposition 4.12. The fun
tor k(�) : fGrp! 
omHopfAlgk gives rise to a 2-fun
tor,Cat(k(�)) : f2Grp! 
omCoTriAlgk: (4.8)Let us �nally unfold the de�nition of a stri
t 
ommutative 
otrialgebra.Proposition 4.13. A stri
t 
ommutative 
otrialgebra H = (H0; H1; �; �; ";�) 
onsists of
ommutative Hopf algebras H0 and H1 over k and of bialgebra homomorphisms �; � : H0 !H1, " : H1 ! H0 and �: H1 ! H1 �`�H1 su
h that the diagrams dual to (2.8){(2.11) hold,renaming Cj 7! Hh; s 7! �, t 7! � ; { 7! " and Æ 7! �.Remark 4.14. The terminology 
otrialgebra is motivated by the three operations that arede�ned on the ve
tor spa
eH1. Here we have again the multipli
ation and the 
omultipli
ationof the Hopf algebra H1, but with an additional, partially de�ned 
omultipli
ation,�: H1 ! H1 �`�H1: (4.9)The notion of a partially de�ned 
omultipli
ation is pre
isely dual to that of the partiallyde�ned multipli
ation in a trialgebra (Remark 3.14). The Hopf algebra homomorphism doesnot map into H1
H1, but rather into a suitable quotient of this algebra whi
h is te
hni
allygiven by the pushout (Corollary 4.7). Similarly, the partially de�ned 
omultipli
ation has alo
al 
ounit, " : H1 ! H0: (4.10)In parti
ular, the diagram dual to (2.10),H1 �� H1 �`�H1[idH1 ;�℄idH0H1 �`�H1 [�;idH1 ℄idH0H1 �`�H1 �`�H1 (4.11)states the 
oasso
iativity for the partially de�ned 
omultipli
ation while the diagram dualto (2.11), H1{1 � {2H1 �`idH0 H0 H1 �`�H1[idH1 ;"℄idH0 [";idH1 ℄idH0 H0 idH0`�H1 (4.12)states its 
ounit property. As far as the 
ompatibility of the three operations on H1 and theavoidan
e of the E
kmann{Hilton argument is 
on
erned, everything is dual to the 
ase of a
o
ommutative trialgebra.
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ategories 234.4 Compa
t topologi
al 2-groups and 
ommutative C�-
otrialgebrasWhereas the de�nition of the group algebra k[G℄ (Se
tion 3) is available for any group G, wehave to re�ne the de�nition of the fun
tion algebra k(G) (Se
tion 4) if G is supposed to bemore general than a �nite group4.One possibility is to restri
t the fun
tion algebra to the algebrai
, i.e. polynomial fun
-tions. If G is a 
ompa
t topologi
al group, however, a good 
hoi
e of fun
tion algebra isthe C�-algebra C(G) of 
ontinuous 
omplex-valued fun
tions on G. The resulting theoryis parti
ularly powerful be
ause the C�-algebra C(G) 
ontains the full information in orderto re
onstru
t G using Gel'fand representation theory. This fa
t 
an be expressed as anequivalen
e between the 
ategory of 
ompa
t topologi
al groups and a suitable 
ategory ofC�-algebras. In Appendix A, we review the 
onstru
tion of these 
ategories and how to derivetheir equivalen
e from Gel'fand representation theory. In the following, we just summarizethe relevant results and generalize the pre
eding subse
tion, in parti
ular Proposition 4.12,to the 
ase of 
ompa
t topologi
al groups.De�nition 4.15. 1. A 
ompa
t topologi
al group (G; �; �; �) is a 
ompa
t Hausdor� spa
eG with 
ontinuous maps,� : G� G! G; (multipli
ation); (4.13)� : feg ! G; (unit); (4.14)� : G! G; (inversion); (4.15)su
h that (� � idG)� = (idG��)�, (� � idG)� = p2, (idG��)� = p1, Æ(idG��)� = t�and Æ(�� idG)� = t�. Here p1 : G�G! G; (g1; g2) 7! g1 is the proje
tion onto the �rstfa
tor, similarly p2 onto the se
ond fa
tor; Æ : G ! G � G, g 7! (g; g) is the diagonalmap, and t : G! feg, g ! e.2. Let (G; �; �; �) and (G0; �0; �0; � 0) be 
ompa
t topologi
al groups. A homomorphism of
ompa
t topologi
al groups f : G ! G0 is a 
ontinuous map for whi
h �f = (f � f)�0,�f = �0 and �f = f� 0.3. There is a 
ategory 
ompTopGrp whose obje
ts are 
ompa
t topologi
al groups andwhose morphisms are homomorphisms of 
ompa
t topologi
al groups.De�nition 4.16. 1. A 
ommutative Hopf C�-algebra (H;�; "; S) is a 
ommutative unitalC�-algebra H with unital �-homomorphisms,�: H ! H 
� H; (
omultipli
ation); (4.16)" : H ! C; (
ounit); (4.17)S : H ! H; (antipode); (4.18)su
h that �(�
 idH) = �(idH 
�), �(idH 
") = idH 
1H , �(" 
 idH) = 1H 
 idH ,�(S 
 idH)� = "� and �(idH 
S)� = "� (
omposition is read from left to right). Here1H is the unit of H , � : C ! H , 1 7! 1H , and � : H 
� H ! H denotes multipli
ationin H . The notation 
� refers to the unique 
ompletion of the algebrai
 tensor produ
tto a C�-algebra (see Appendix A).4This is be
ause we want to provide k(G) with a 
omultipli
ation �: k(G)! k(G)
k(G) whi
h is indu
edby the group multipli
ation G�G! G, i.e. we need an isomorphism k(G�G) �= k(G)
 k(G). The algebrai
tensor produ
t, however, may be insuÆ
ient for this.



24 2-Groups, trialgebras and Hopf 
ategories2. Let (H;�; "; S) and (H 0;�0; "0; S 0) be 
ommutative Hopf C�-algebras. A homomorphismof 
ommutative Hopf C�-algebras is a unital �-homomorphism f : H ! H 0 for whi
h�(f 
 f) = f�0, " = f"0 and Sf = fS 0.3. There is a 
ategory 
omHopfC�Alg whose obje
ts are 
ommutative Hopf C�-algebrasand whose morphisms are homomorphisms of 
ommutative Hopf C�-algebras.Remark 4.17. 1. In a generi
 Hopf algebra, one usually de�nes the antipode S : H ! Has a linear map with the property that �(S 
 idH)� = "� and �(idH 
S)� = "�. Itthen turns out that S is an algebra anti-homomorphism. De�nition 4.16 looks a bitstrange be
ause it de�nes S as an algebra homomorphism (whi
h is here, of 
ourse, thesame as an anti-homomorphism sin
e H is 
ommutative). The reason for this 
hoi
e isour derivation of Theorem 4.18 in Appendix A.2. Note that the terminology 
omultipli
ation is used by some authors only if � maps intothe algebrai
 tensor produ
t H
H . Our 
omultipli
ation whi
h maps into a 
ompletionof the tensor produ
t would then be 
alled a topologi
al 
omultipli
ation.There is a fun
tor C(�) : 
ompTopGrp ! 
omHopfC�Algop whi
h assigns to ea
h
ompa
t topologi
al group G the 
ommutative unital C�-algebra C(G) of 
ontinuous 
omplex-valued fun
tions on G. Using the group operations of G, this C�-algebra is equipped withthe stru
ture of a Hopf C�-algebra by setting (�f)[g1; g2℄ := f(�(g1; g2)), "f := f(�) and(Sf)[g℄ := f(�(g)). There is also a fun
tor �(�) : 
omHopfC�Alg ! 
ompTopGrpopwhi
h assigns to ea
h 
ommutative Hopf C�-algebra H its Gel'fand spe
trum �(H) whi
h isa 
ompa
t topologi
al group using the 
oalgebra stru
ture of H . For more details, we referto Appendix A in whi
h we also review how to derive the following theorem.Theorem 4.18. There is an equivalen
e of 
ategories 
ompTopGrp ' 
omHopfC�Algopprovided by the fun
torsC(�) : 
ompTopGrp! 
omHopfC�Algop (4.19)and �(�) : 
omHopfC�Algop ! 
ompTopGrp: (4.20)The 
ategory 
ompTopGrp is �nitely 
omplete. In parti
ular, the terminal obje
t is thetrivial group feg, the binary produ
t GQH = G �H of two 
ompa
t topologi
al groups Gand H is the dire
t produ
t with the produ
t topology and the usual proje
tions, and theequalizer of a pair of homomorphisms of 
ompa
t topologi
al groups f1; f2 : G ! H is the(
losed) subgroup E = f g 2 G : f1(g) = f2(g) g � G with the indu
ed topology and the
anoni
al in
lusion map.Sin
e the fun
tors C(�) and �(�) form an equivalen
e of 
ategories, they both preserve�nite limits and �nite 
olimits, and 
omHopfC�Alg is �nitely 
o
omplete.De�nition 4.19. The obje
ts of the 2-
ategory,
ompTop2Grp := Cat(
ompTopGrp) (4.21)are 
alled stri
t 
ompa
t topologi
al 2-groups and the obje
ts of the 2-
ategory,
omC�CoTriAlg := CoCat(
omHopfC�Alg) (4.22)stri
t 
ommutative C�-
otrialgebras.
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ategories 25We 
an immediately employ the general theory and invoke Corollary 2.8 in order toobtain the following result whi
h generalizes Proposition 4.12 without the need to verify limitpreservation of the fun
tors by hand.Theorem 4.20. There is a 2-equivalen
e between the 2-
ategories
ompTop2Grp ' 
omC�CoTriAlg (4.23)provided by the fun
torsCat(C(�)) : 
ompTop2Grp! 
omC�CoTriAlg (4.24)and Cat(�(�)) : 
omC�CoTriAlg ! 
ompTop2Grp: (4.25)We 
an use the 2-fun
tor Cat(C(�)) in order to 
onstru
t a stri
t 
ommutative C�-
otrialgebra H := Cat(C(�))[G℄ from ea
h stri
t 
ompa
t topologi
al 2-group G. Con-versely, we 
an re
over the stri
t 
ompa
t topologi
al 2-group G from the stri
t 
ommutativeC�-
otrialgebra H up to isomorphism as G �= Cat(�(�))[H ℄. The 2-fun
tor Cat(�(�)) istherefore the appropriate generalization of the Gel'fand spe
trum to the 
ase of 
ommuta-tive C�-
otrialgebras and Theorem 4.20 the desired generalization of Gel'fand representationtheory.The general remarks of the Se
tions 4.1 to 4.3 generalize from �nite groups to 
ompa
ttopologi
al groups if we repla
e the algebra k(G) by C(G).5 Symmetri
 Hopf 
ategories5.1 Tannaka{Kre��n duality for 
ommutative Hopf algebrasIn order to de�ne and study symmetri
 Hopf 
ategories, we pro
eed in 
lose analogy to ourtreatment of Gel'fand representation theory in Se
tion 4.4. We start from the notion of astri
t 
ommutative 
otrialgebra (Se
tion 4.3) whi
h is de�ned as an internal 
o
ategory in the
ategory of 
ommutative Hopf algebras over some �eld k. We then exploit the equivalen
eof the 
ategory of 
ommutative Hopf algebras with a suitably 
hosen 
ategory whose obje
tsare symmetri
 monoidal 
ategories. This result is known as Tannaka{Kre��n duality andallows us to re
onstru
t the 
ommutative Hopf algebra from its 
ategory of �nite-dimensional
omodules. Both fun
tors involved in the equivalen
e preserve 
olimits. We 
an thereforemake use of the 2-fun
torCat(�) in order to de�ne symmetri
 Hopf 
ategories and to establisha generalization of Tannaka{Kre��n duality between 
ommutative 
otrialgebras and symmetri
Hopf 
ategories.Standard referen
es on Tannaka{Kre��n duality are [39{41℄. We are aiming for an equiva-len
e of 
ategories, and it is diÆ
ult to �nd su
h a result expli
itly stated in the literature. Wefollow the presentation of [42℄ whi
h 
omes 
losest to our goal. In Appendix B, we summarizehow the results of [42℄ 
an be employed in order to establish the desired equivalen
e of 
ate-gories. In the present se
tion, we just state the relevant de�nitions and results. We use theterm `symmetri
 monoidal 
ategory' for a tensor 
ategory and `braided monoidal 
ategory'for a quasi-tensor 
ategory following [37℄.De�nition 5.1. Let V be a 
ategory.
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ategories1. A 
ategory over V is a pair (C; !) of a 
ategory C and a fun
tor ! : C ! V .2. Let (C; !) and (C 0; !0) be 
ategories over V . A fun
tor over V is an equivalen
e 
lass[F; �℄ of pairs (F; �) where F : C ! C 0 is a fun
tor and � : ! ) F � !0 is a naturalisomorphism. Two su
h pairs (F; �) and ( eF; e�) are 
onsidered equivalent if and only ifthere is a natural isomorphism ' : F ) eF su
h that,e� = (' � id!0) Æ �: (5.1)Re
all that verti
al `Æ' 
omposition of natural transformations is read from right to left,but horizontal `�' 
omposition from left to right.3. For ea
h 
ategory (C; !) over V , we de�ne the identity fun
tor id(C;!) := [1C; id! ℄ overV .4. Let (C; !), (C 0; !0) and (C 00; !00) be 
ategories over V and [F; �℄ : (C; !) ! (C 0; !0) and[G; #℄ : (C 0; !0)! (C 00; !00) be fun
tors over V . Then their 
omposition is de�ned as,[F; �℄ � [G; #℄ := [F �G; (idF �#) Æ �℄: (5.2)De�nition 5.2. Let V be a monoidal 
ategory.1. A monoidal 
ategory over V is a 
ategory (C; !) over V su
h that C is a monoidal
ategory and ! : C ! V a monoidal fun
tor.2. Let (C; !) and (C 0; !0) be monoidal 
ategories over V . A monoidal fun
tor over V is afun
tor [F; �℄ : (C; !)! (C 0; !0) over V su
h that F : C ! C 0 is a monoidal fun
tor and �is a monoidal natural isomorphism.De�nition 5.3. Let V be a rigid monoidal 
ategory.1. A rigid monoidal 
ategory over V is a monoidal 
ategory (C; !) over V su
h that C is arigid monoidal 
ategory (i.e. every obje
t has got a left-dual).2. Let (C; !) and (C 0; !0) be rigid monoidal 
ategories over V . A rigid monoidal fun
tor overV is a monoidal fun
tor [F; �℄ : (C; !)! (C 0; !0) over V su
h that the fun
tor F : C ! C 0preserves left-duals.De�nition 5.4. Let V be a symmetri
 monoidal 
ategory.1. A symmetri
 monoidal 
ategory over V is a monoidal 
ategory (C; !) over V su
h thatC is a symmetri
 monoidal 
ategory and ! is a symmetri
 monoidal fun
tor.2. Let (C; !) and (C 0; !0) be symmetri
 monoidal 
ategories over V . A symmetri
 monoidalfun
tor over V is a monoidal fun
tor [F; �℄ : (C; !) ! (C 0; !0) over V su
h that for allobje
ts X; Y of C the following diagram 
ommutes,!0(F (X)
 F (Y )) !0(�X;Y )!0(�0F (X);F (Y )) !0(F (X 
 Y ))!0(F (�X;Y ))!0(F (Y )
 F (X)) !0(�Y;X) !0(F (Y 
X)): (5.3)



2-Groups, trialgebras and Hopf 
ategories 27Here ��;� denotes the (symmetri
) braiding of C, �0�;� the (symmetri
) braiding of C 0,and ��;� the monoidal stru
ture of the fun
tor F : C ! C 0. The diagram (5.3) is theimage under the fun
tor !0 : C 0 ! V of the 
ondition that F be a symmetri
 monoidalfun
tor.Proposition 5.5. Let V be a rigid monoidal 
ategory, (C; !) and (C 0; !0) be rigid monoidal
ategories over V and [F; �℄ : (C; !)! (C 0; !0) (5.4)be a monoidal fun
tor over V . Then [F; �℄ is a rigid monoidal fun
tor over V .Proof. Standard, see, for example [40℄.Proposition 5.6. Let V be a symmetri
 monoidal 
ategory, (C; !) and (C 0; !0) be symmetri
monoidal 
ategories over V and [F; �℄ : (C; !)! (C 0; !0) be a monoidal fun
tor over V . Then[F; �℄ is a symmetri
 monoidal fun
tor over V .Proof. The proof involves a huge 
ommutative diagram, but is otherwise an immediate 
on-sequen
e of the de�nitions.De�nition 5.7. Let k be a �eld. A re
onstru
tible 
ategory over Ve
tk is a rigid symmet-ri
 monoidal 
ategory (C; !) over Ve
tk su
h that C is a k-linear Abelian essentially small
ategory and ! : C ! Ve
tk is an exa
t faithful k-linear fun
tor into fdVe
tk. Noti
e thatk-linearity requires the tensor produ
t of C to be k-bilinear and the braiding to be k-linear.A re
onstru
tible fun
tor over Ve
tk is any monoidal fun
tor over Ve
tk. C
;�;sk;re
 denotes the
ategory whose obje
ts are re
onstru
tible 
ategories over Ve
tk and whose morphisms arere
onstru
tible fun
tors over Ve
tk.The following theorem states the Tannaka{Kre��n duality between 
ommutative Hopf al-gebras over k and re
onstru
tible 
ategories over Ve
tk. For more details, see Appendix B.Theorem 5.8. There is an equivalen
e of 
ategories,C
;�;sk;re
 ' 
omHopfAlgk; (5.5)given by the fun
tors 
oend(�) : C
;�;sk;re
 ! 
omHopfAlgk (5.6)and 
omod(�) : 
omHopfAlgk ! C
;�;sk;re
 (5.7)The fun
tor 
oend(�) asso
iates with ea
h re
onstru
tible 
ategory over Ve
tk the 
oendo-morphism 
oalgebra over k whi
h 
an be shown to form a 
ommutative Hopf algebra. Thefun
tor 
omod(�) asso
iates with ea
h 
ommutative Hopf algebra H over k the 
ategory(MH ; !H) over Ve
tk where MH is the 
ategory of �nite-dimensional right-H-
omodulesand !H : MH ! Ve
tk is the forgetful fun
tor. This 
ategory over Ve
tk 
an be shown tobe re
onstru
tible.From the equivalen
e (5.5), it follows that both fun
tors 
oend(�) and 
omod(�) pre-serve 
olimits. Sin
e the 
ategory 
omHopfAlgk is �nitely 
o
omplete (Se
tion 4.1), thesame holds for the 
ategory C
;�;sk;re
 .
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ategories5.2 De�nition of symmetri
 Hopf 
ategoriesDe�nition 5.9. The obje
ts of the 2-
ategory symHopfCatk := CoCat(C
;�;sk;re
 ) are 
alledstri
t symmetri
 Hopf 
ategories over k.Proposition 5.10. A stri
t symmetri
 Hopf 
ategory C = (C0; C1; �; �; ";�) 
onsists of re-
onstru
tible 
ategories C0 and C1 over Ve
tk and of re
onstru
tible fun
tors �; � : C0 ! C1," : C1 ! C0 and �: C1 ! C1 �`� C1 su
h that the diagrams dual to (2.8){(2.11) hold (withthe obvious renamings)Remark 5.11. The reason for 
alling this stru
ture a stri
t symmetri
 Hopf 
ategory are theproperties of the 
ategory C1. It is a symmetri
 monoidal 
ategory C1 = (C; !) over Ve
tK ,and so C has a symmetri
 tensor produ
t. The tensor produ
t bifun
tor 
 : C � C ! C playsthe role of a fun
torial multipli
ation. In addition, there is the fun
torial 
omultipli
ation,�: C1 ! C1 �a� C1 (5.8)The 
ompatibility of � with the monoidal stru
ture is en
oded in the requirement that �be a re
onstru
tible fun
tor over Ve
tk, i.e. in parti
ular a monoidal fun
tor over Ve
tk.If the fun
tor � mapped into the 
oprodu
t of the 
ategory C
;�;sk;re
 (whi
h is the externaltensor produ
t) rather than into the pushout, the 
ategory C1 would have pre
isely the stru
-ture expe
ted from a 
ategori�
ation of a 
ommutative bialgebra, namely a 
ategory witha symmetri
 multipli
ation fun
tor 
 and a 
ompatible 
omultipli
ation fun
tor �. In theterminology of Neu
hl [23℄, this would be 
alled a bimonoidal 
ategory or 2-bialgebra. In
ontrast to Neu
hl's de�nition, however, our fun
tor � does not map into the 
oprodu
t,but rather into a pushout. This is in 
omplete analogy to the situation for 2-groups and(
o-)trialgebras where one of the operations is always partially de�ned whi
h helps avoid theE
kmann{Hilton argument.5.3 Tannaka{Kre��n re
onstru
tion of 
ommutative 
otrialgebrasSimilarly to our treatment of 
ommutative 
otrialgebras, we 
an employ the general theoryand invoke Corollary 2.8 in order to obtain the generalization of Tannaka{Kre��n duality to
ommutative 
otrialgebras.Theorem 5.12. There is a 2-equivalen
e between the 2-
ategories
omCoTriAlgk ' symHopfCatk (5.9)provided by the fun
torsCat(
omod(�)) : 
omCoTriAlgk ! symHopfCatk (5.10)and Cat(
oend(�)) : symHopfCatk ! 
omCoTriAlgk : (5.11)Remark 5.13. We 
an therefore use the 2-fun
tor Cat(
omod(�)) in order to 
onstru
t astri
t symmetri
 Hopf 
ategory from ea
h stri
t 
ommutative 
otrialgebra. Conversely, the2-fun
tor Cat(
oend(�)) allows us to re
onstru
t the 
otrialgebra from the Hopf 
ategoryup to isomorphism.
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ategories 29Our de�nition of stri
t symmetri
 Hopf 
ategories is engineered in su
h a way thatTannaka{Kre��n duality 
an be generalized and that we obtain a large family of examplesfrom stri
t 2-groups. Comparing our de�nition with the literature [2, 23℄, there is one majordis
repan
y. Our fun
torial 
omultipli
ation maps into a pushout rather than into the exter-nal tensor produ
t whi
h is the 
oprodu
t in the 
ategory C
;�;sk;re
 . This immediately raises thequestion of how Neu
hl's work [23℄ 
an be extended to in
lude our notion of Hopf 
ategories.A se
ond question 
on
erns the antipode. From Remark 5.11 we see that we obtain afun
torial multipli
ation 
 : C1�C1 ! C1 and a fun
torial 
omultipli
ation �: C1 ! C1 �`� C1,i.e. the 
ategori
al analogue of a bialgebra (whose 
omultipli
ation is partially de�ned). Butis there a fun
tor S : C1 ! C1 that would play the role of the 
ategori
al antipode? Here wejust hint at the fa
t that in any stri
t 2-group, the verti
al 
omposition `Æ' has inverses.5.4 Semisimpli
ityConsider a stri
t symmetri
 Hopf 
ategory C = (C0; C1; �; �; ";�). The 
ategory C1 overVe
tkis what other authors would 
all the Hopf 
ategory (Remark 5.11). There is the followingnotion of semisimpli
ity for symmetri
 Hopf 
ategories.De�nition 5.14. 1. A k-linear Abelian 
ategory C is 
alled semisimple if there is a set C0of obje
ts of C su
h that,(a) any obje
t X 2 C0 is simple, i.e. any non-zero monomorphism f : Y ! X is anisomorphism and any non-zero epimorphism g : X !W is an isomorphism,(b) any obje
t Z of C is isomorphi
 to an obje
t of the form,Z = nMj=1Xj ; (5.12)where n 2 N and Xj 2 C0 for all j,(
) any obje
t X 2 C0 satis�es dimk Hom(X;X) = 1.The 
ategory C is 
alled �nitely semisimple if the set C0 is �nite.2. A re
onstru
tible 
ategory (C; !) overVe
tk is 
alled [�nitely℄ semisimple if the k-linearAbelian 
ategory C is [�nitely℄ semisimple.3. A stri
t symmetri
 Hopf 
ategory C = (C0; C1; �; �; ";�) is 
alled [�nitely℄ semisimple ifboth C0 and C1 are [�nitely℄ semisimple.De�nition 5.15. A 2-ve
tor spa
e of Kapranov{Voevodsky type5 is a semisimple k-linearAbelian 
ategory. A �nite-dimensional 2-ve
tor spa
e is a �nitely semisimple k-linear Abelian
ategory.Corollary 5.16. Let C = (C0; C1; �; �; ";�) be a [�nitely℄ semisimple stri
t symmetri
 Hopf
ategory. Then the 
ategory C in C1 = (C; !) is a [�nite-dimensional℄ 2-ve
tor spa
e ofKapranov{Voevodsky type.Semisimple Hopf 
ategories originate from 
osemisimple 
otrialgebras as follows. For the
orepresentation theory underlying the following results, we refer to [43℄.5A 2-ve
tor spa
e of Baez{Crans type [13℄ is an internal 
ategory in Ve
tk.
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ategoriesDe�nition 5.17. 1. A 
oalgebra C is 
alled 
osemisimple if it is a dire
t sum of 
osimple
oalgebras, i.e. 
oalgebras that have no proper sub
oalgebras.2. A stri
t 
ommutative 
otrialgebra H = (H0; H1; �; �; ";�) is 
alled 
osemisimple if bothHopf algebras H0 and H1 have 
osemisimple underlying 
oalgebras.Proposition 5.18 (see [43℄). Let C be a [�nite-dimensional℄ 
osemisimple 
oalgebra overk. Then the 
ategory MH of �nite-dimensional right-C-
omodules is [�nitely℄ semisimple.Corollary 5.19. Let H be a stri
t 
ommutative 
otrialgebra and C = Cat(
omod(�))[H ℄be the stri
t symmetri
 Hopf 
ategory that is Tannaka{Kre��n dual to H . If H is [�nite-dimensional and℄ 
osemisimple as a 
ommutative 
otrialgebra, then C is [�nitely℄ semisimpleas a symmetri
 Hopf 
ategory.5.5 Representations of 
ompa
t topologi
al 2-groupsThe representation theory of a 
ompa
t topologi
al group G 
an be developed as followsby �rst passing to its 
ommutative Hopf C�-algebra of 
ontinuous 
omplex valued fun
tionsC(G) and then study the 
omodules of the dense sub
oalgebra of representative fun
tions.Proposition 5.20 (see [43℄). Let G be a 
ompa
t topologi
al group.1. Let Calg(G) denote the algebra of representative fun
tions of G, i.e. the C-linear span ofall matrix elements of �nite-dimensional 
ontinuous unitary representations of G. ThenCalg(G) � C(G) forms a dense sub
oalgebra whi
h is 
osemisimple.2. Ea
h �nite-dimensional 
ontinuous unitary representation of G gives rise to a �nite-dimensional right-Calg(G)-
omodule stru
ture on the same underlying 
omplex ve
torspa
e. Any intertwiner of su
h representations forms a morphism of right-Calg(G)-
omodules.3. Denote by bG a set 
ontaining one representative for ea
h equivalen
e 
lass of isomorphi
simple obje
ts ofMCalg(G). Then Calg(G) is isomorphi
 as a 
oalgebra to the followingdire
t sum of 
osimple 
oalgebras,Calg(G) =M�2 bGV �� 
 V�; (5.13)where V� = !Calg(G)(�) denotes the underlying ve
tor spa
e of the simple obje
t �. Theve
tor spa
es V �� 
V� 
arry the 
oalgebra stru
ture of the 
osimple 
oeÆ
ient 
oalgebrasof the simple obje
ts. In parti
ular, Calg(G) is 
osemisimple.These results show how to pro
eed in order to formulate the representation theory ofa stri
t 
ompa
t topologi
al 2-group G = (G0; G1; s; t; {; Æ). First, use the equivalen
e of
ategories (4.23) in order to obtain the stri
t 
ommutative C�-
otrialgebra,H := Cat(C(�))[G℄ = (C(G0); C(G1); C(s); C(t); C({); C(Æ)): (5.14)Then restri
t to the dense sub
oalgebras Calg(G0) � C(G0), et
.. This also restri
ts the 
om-pleted tensor produ
ts to the algebrai
 ones. Noti
e that this restri
tion preserves 
olimits,
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ategories 31i.e. Halg := (Calg(G0); Calg(G1); Calg(s); Calg(t); Calg({); Calg(Æ)) is a stri
t 
ommutative 
otri-algebra. Then use the equivalen
e (5.9) in order to obtain a stri
t symmetri
 Hopf 
ategory,C := Cat(
omod(�))[Halg℄= (
omod(Calg(G0)); 
omod(Calg(G1)); 
omod(Calg(s)); 
omod(Calg(t));
omod(Calg({)); 
omod(Calg(Æ))): (5.15)This stri
t symmetri
 Hopf 
ategory C plays the role of the 
ategory of `�nite-dimensional
ontinuous unitary representations' of the 
ompa
t topologi
al 2-group. Re
all that Calg(�)is a 
ovariant fun
tor if written as Calg(�) : 
ompTopGrp ! 
omHopfAlgopC , and so C isindeed an internal 
o
ategory in C
;�;sC;re
.5.6 Individual representations of 2-groupsLet G be a 
ompa
t topologi
al group and Rep(G) := 
omod(Calg(G)) be its 
ategoryof �nite-dimensional 
ontinuous unitary representations, viewed as right-Calg(G)-
omoduleswith the forgetful fun
tor to fdVe
tC.If f : G! H is a homomorphism of 
ompa
t topologi
al groups, thenRep(f) : Rep(H)!Rep(G) is the fun
tor that assigns to ea
h �nite-dimensional 
ontinuous representation of Hthe same underlying ve
tor spa
e, but viewed via f as a representation of G.The stri
t symmetri
 Hopf 
ategory (5.15) is in this notation,Rep(G) = (Rep(G0);Rep(G1);Rep(s);Rep(t);Rep({);Rep(Æ)):= Cat(
omod(�))[Halg℄: (5.16)It plays the role of the representation 
ategory of the stri
t 
ompa
t topologi
al 2-groupG = (G0; G1; s; t; {; Æ). What is an individual representation of G?The answer is that an individual representation is just a (�nite-dimensional 
ontinuousunitary) representation of G1. There is no di�eren
e 
ompared with the representationsof ordinary groups ex
ept that for 2-groups, the representation 
ategory Rep(G1) has gotmore stru
ture. The purpose of the 
ategory Rep(G0) and of the fun
tors Rep(s), Rep(t)," := Rep({) and � := Rep(Æ) is merely to des
ribe this additional stru
ture, in a way verysimilar to the situation for trialgebras and 
otrialgebras.The most important additional stru
ture is the fun
torial 
omultipli
ation, i.e. the sym-metri
 monoidal fun
tor�: Rep(G1)! Rep(G1)Rep(s)aRep(t)Rep(G1) �= Rep�G1 sYtG1�; (5.17)where the isomorphism sign `�=' denotes isomorphism of obje
ts of C
;�;sk;re
 , i.e. equivalen
e ofthe 
orresponding 
ategories by Lemma 2.1.3 of [42℄. The fun
tor � over Ve
tk assigns toea
h �nite-dimensional unitary 
ontinuous representation of G1 the same underlying ve
torspa
e, but viewed as representation of G1 sQtG1 via the homomorphismÆ : G1 sYtG1 = f (g; g0) 2 G1 �G1 : s(g) = t(g0) g ! G1: (5.18)
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ategories6 The non-
ommutative and non-symmetri
 
asesGiven the 
onstru
tion of 
o
ommutative trialgebras and 
ommutative 
otrialgebras in Se
-tions 3 and 4, one might be tempted to try the following de�nition.De�nition 6.1. The obje
ts of the 2-
ategory,TriAlgk := Cat(HopfAlgk); (6.1)are 
alled stri
t generi
 trialgebras and the obje
ts of,CoTriAlgk := CoCat(HopfAlgk); (6.2)stri
t generi
 
otrialgebras.Remark 6.2. The above de�nition 
omes with an important warning, though. Although ea
h
o
ommutative Hopf algebra is at the same time a Hopf algebra, a 
o
ommutative trialgebrawould not ne
essarily be a generi
 trialgebra. This is a 
onsequen
e of the fa
t that thein
lusion fun
tor 
o
HopfAlgk ! HopfAlgk does not preserve all �nite limits. Similarly,a 
ommutative 
otrialgebra would not ne
essarily be a generi
 
otrialgebra. In parti
ular,stri
t 2-groups and 
rossed modules are not immediately helpful in 
onstru
ting examples ofgeneri
 (
o-)trialgebras.A se
ond obje
tion against De�nition 6.1 is the observation that it would use the 
ate-gori
al produ
t and pullba
k in HopfAlgk whi
h is in general `mu
h bigger' than the tensorprodu
t of Hopf algebras. Experien
e with the theory of Hopf algebras, however, suggeststhat one ought to 
onsider their tensor produ
t rather than their 
ategori
al produ
t.Noti
e further that in general, although every Hopf algebra has got an underlying ve
torspa
e, neither the obje
ts of Cat(
o
HopfAlgk) nor the obje
ts of CoCat(
omHopfAlgk)
ome with an underlying stri
t 2-ve
tor spa
e of Baez{Crans type [13℄. A stri
t 2-ve
torspa
e of that sort is an obje
t of Cat(Ve
tk). This is a 
onsequen
e of the fa
t that theforgetful fun
tors 
o
HopfAlgk ! Ve
tk and 
omHopfAlgk ! Ve
tk do not preserve all�nite limits.As soon as one has an example of a stri
t generi
 
otrialgebra, Tannaka{Kre��n duality 
anstill be used in order to obtain stri
t generi
 Hopf 
ategories. In order to show this, we dropthe requirement of symmetry from De�nition 5.1 and pro
eed as follows.De�nition 6.3. 1. C
;�k;re
 denotes the 
ategory whose obje
ts are rigid monoidal 
ategories(C; !) overVe
tk su
h that C is a k-linear Abelian essentially small 
ategory and ! : C !Ve
tk is an exa
t faithful k-linear fun
tor into fdVe
tk. The morphisms of C
;�k;re
 aremonoidal fun
tors over Ve
tk.2. The obje
ts of the 2-
ategoryHopfCatk := CoCat(C
;�k;re
) (6.3)are 
alled stri
t generi
 Hopf 
ategories over k.Then, slightly modifying the proofs of Appendix B, we obtain Tannaka{Kre��n duality inthe following form.
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ategories 33Theorem 6.4. There is an equivalen
e of 
ategories,C
;�k;re
 ' HopfAlgk; (6.4)given by the fun
tors 
omod(�) : HopfAlgk ! C
;�k;re
 (6.5)and 
oend(�) : C
;�k;re
 !HopfAlgk: (6.6)Corollary 6.5. There is a 2-equivalen
e between the 2-
ategoriesCoTriAlgk ' HopfCatk (6.7)provided by the fun
torsCat(
omod(�)) : CoTriAlgk !HopfCatk (6.8)and Cat(
oend(�)) : HopfCatk ! CoTriAlgk: (6.9)In order to generalize both the notions of trialgebra and of Hopf 
ategories beyond thestri
t 
ase, one strategy would be to set up the entire analysis of the present arti
le for themore general 
ase of weak or 
oherent 2-groups [12℄. So far, it is not obvious whether theseweaker stru
tures form models of any algebrai
 or essentially algebrai
 theory in Grp, and sothere is no obvious way of employing fun
tors su
h as k[�℄ : Grp! 
o
HopfAlgk. It seemsthat one either needs to extend and generalize the relevant universal algebra �rst or that onehas to �nd a di�erent way of relating the various algebrai
 stru
tures.A
knowledgmentsI would like to thank John Baez, Aaron Lauda and Karl-Georg S
hlesinger for valuabledis
ussions and the Erwin S
hr�odinger Institute, Vienna, for hosting the 2004 Programme onTensor Categories where this proje
t was started.A Compa
t topologi
al groupsIn this appendix, we sket
h how to en
apsulate all the fun
tional analysis of Gel'fand represen-tation theory in the algebrai
 statement that the 
ategory 
ompHaus of 
ompa
t Hausdor�spa
es with 
ontinuous maps is equivalent to the opposite of the 
ategory 
omUnC�Alg of
ommutative unital C�-algebras with unital �-homomorphisms,
ompHaus ' 
omUnC�Algop: (A.1)This allows us to present 
on
ise de�nitions for the 
ategory 
ompTopGrp of 
ompa
ttopologi
al groups and for the 
ategory 
omHopfC�Alg of 
ommutative Hopf C�-algebrasso that we 
an establish the equivalen
e,
ompTopGrp ' 
omHopfC�Algop; (A.2)whi
h we have stated as Theorem 4.18.
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ategoriesA.1 Gel'fand representation theoryFor ba
kground on C�-algebras and for the proofs of the results summarized here, see, forexample [44℄.There is a 
ategory 
omUnC�Alg whose obje
ts are 
ommutative unital C�-algebrasand whose morphisms are unital �-homomorphisms. This 
ategory has all �nite 
oprodu
ts.In parti
ular, its initial obje
t is the �eld of 
omplex numbers C. For ea
h 
ommutativeunital C�-algebra A, there is a unique unital �-homomorphism C! A, 1C 7! 1A. The binary
oprodu
t A`B = A
�B of two 
ommutative unital C�-algebras A and B is the 
ompletionof the tensor produ
t in the so-
alled spatial C�-norm jj � jj�. By a theorem of Takesaki, thisis the unique C�-norm on the algebrai
 tensor produ
t A
B whereby the uniqueness resultexploits that A and B are 
ommutative algebras. The 
olimiting 
one of the 
oprodu
t isgiven by the unital �-homomorphisms {A : A ! A 
� B, a 7! a 
 1B and {B : B ! A 
� B,b 7! 1A 
 b.Proposition A.1. There is a fun
tor C(�) : 
ompHaus! 
omUnC�Algop whi
h assignsto ea
h 
ompa
t Hausdor� spa
e X the 
ommutative unital C�-algebra C(X) of 
ontinuous
omplex valued fun
tions on X with the supremum norm,jjf jj := supx2X jf(x)j; f 2 C(X): (A.3)The fun
tor C(�) assigns to ea
h 
ontinuous map ' : X ! Y between 
ompa
t Hausdor�spa
es the unital �-homomorphism,C(') : C(Y )! C(X); f 7! 'f (A.4)(�rst ', then f).Let A be a 
ommutative C�-algebra. A 
hara
ter of A is a non-zero linear fun
tional! : A ! C for whi
h !(ab) = !(a)!(b) for all a; b 2 A. One 
an show that 
hara
ters are
ontinuous maps and that they satisfy !(1A) = 1 if A is unital. The Gel'fand spe
trum �(A)of A is the set of all 
hara
ters of A. For ea
h a 2 A, one de�nes the Gel'fand transformba : �(A)! C, ! ! !(a).Proposition A.2. There is a fun
tor �(�) : 
omUnC�Alg ! 
ompHausop whi
h assignsto ea
h 
ommutative unital C�-algebra A its Gel'fand spe
trum �(A). The set �(A) formsa 
ompa
t Hausdor� spa
e if it is equipped with the weak� topology whi
h is the 
oarsesttopology for �(A) su
h that all maps ba : �(A)! C, a 2 A, are 
ontinuous. The fun
tor �(�)assigns to ea
h unital �-homomorphism �: A! B between 
ommutative unital C�-algebrasA and B the 
ontinuous map, �(�): �(B)! �(A); ! 7! �! (A.5)(�rst �, then !).Theorem A.3 (Gel'fand). Let A be a 
ommutative unital C�-algebra. The Gel'fand trans-form, b: A! C(�(A)); a 7! ba; (A.6)is a unital �-isomorphism.
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ategories 35This theorem shows that ea
h 
ommutative unital C�-algebra arises as the algebra offun
tions on its Gel'fand spe
trum. In order to formulate the 
omplementary result that ea
h
ompa
t Hausdor� spa
e X arises as the Gel'fand spe
trum of its fun
tion algebra, we de�nethe following 
hara
ters of C(X) by evaluation at x 2 X ,!x : C(X)! C; f 7! f(x): (A.7)Theorem A.4 (Gel'fand). Let X be a 
ompa
t Hausdor� spa
e. The map,! : X ! �(C(X)); x 7! !x; (A.8)is a homeomorphism of topologi
al spa
es.The analyti
al results reviewed in this se
tion 
an be summarized in 
ategori
al terms asfollows.Theorem A.5. There is an equivalen
e of 
ategories 
ompHaus ' 
omUnC�Algop pro-vided by the fun
tors C(�) : 
ompHaus! 
omUnC�Algop (A.9)and �(�) : 
omUnC�Algop ! 
ompHaus (A.10)with the natural isomorphisms b: 1
omUnC�Algop ) �(�)C(�) de�ned in Theorem A.3 and! : 1
ompHaus) C(�)�(�) de�ned in Theorem A.4.Re
all that the 
ategory 
ompHaus has all �nite produ
ts. In parti
ular, the terminalobje
t is the one-element topologi
al spa
e f�g and the binary produ
t XQ Y = X � Y oftwo 
ompa
t Hausdor� spa
es X and Y is their Cartesian produ
t with the proje
tion mapsp1 : X � Y ! X; (x; y) 7! x and p2 : X � Y ! Y; (x; y) 7! y. We 
an now use Theorem A.5in order to relate produ
ts in 
ompHaus with 
oprodu
ts in 
omUnC�Alg. In parti
ularthere are isomorphisms of unital �-algebras,C(f�g) �= C and C(X � Y ) �= C(X)
� C(Y ) (A.11)and homeomorphisms of topologi
al spa
es,�(C) �= f�g and �(A
� B) �= �(A)� �(B): (A.12)A.2 Group obje
tsIn this se
tion, we re
all the de�nition of group obje
ts in 
ategories with �nite produ
ts.Then we 
an de�ne the notion of a topologi
al group as a group obje
t in 
ompHaus andof a 
ommutative Hopf C�-algebra as a group obje
t in 
omUnC�Algop.De�nition A.6. Let C be a 
ategory with �nite produ
ts and T be a terminal obje
t of C.1. A group obje
t G = (C; �; �; �) in C 
onsists of an obje
t C of C and of morphisms� : CQC ! C, � : T ! C and � : C ! C of C su
h that the following diagrams
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ategories
ommute, CQCQC (�;idC)(idC ;�) CQC�CQC � C (A.13)T QC (�;idC)p2 CQC� CQT(idC ;�)p1C (A.14)CÆ(idC ;�) T�CQC � C CÆ(�;idC) T�CQC � C (A.15)2. Let G = (C; �; �; �) and G0 = (C 0; �0; �0; �0) be group obje
ts in C. An internal grouphomomorphism ' : G ! G0 is a morphism ' : C ! C 0 of C su
h that the followingdiagrams 
ommute, CQC �(';') C'C0QC0 �0 C0 (A.16)T ��0 C'C0 (A.17)C �' C'C 0 �0 C0 (A.18)
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ategories 373. Let G = (C; �; �; �), G0 = (C 0; �0; �0; �0) and G00 = (C 00; �00; �00; � 00) be group obje
tsin C and ' : G ! G0 and  : G0 ! G00 be internal group homomorphisms in C. The
omposition of ' and  is the internal group homomorphism ' � : G! G00 de�ned bythe morphism ' � : C ! C 00 of C.4. Let G = (C; �; �; �) be a group obje
t in C. The identity internal group homomorphismidG : G! G is de�ned as the morphism idC : C ! C of C.Theorem A.7. Let C be a 
ategory with �nite produ
ts. There is a 
ategory Grp(C) whoseobje
ts are group obje
ts and whose morphisms are internal group homomorphisms in C.Similarly to the de�nition of internal 
ategories in Se
tion 2.2, the guiding example is thefollowing.Example A.8. The 
ategory Set has �nite produ
ts. Grp(Set) is the 
ategory of groupsand group homomorphisms.Remark A.9. In the de�nition of group obje
ts and internal group homomorphisms (De�ni-tion A.6) and also in the de�nition of internal 
ategories, fun
tors and natural transformations(De�nition 2.1), there is a te
hni
al subtlety whi
h we have suppressed.All obje
ts that are 
onstru
ted as limits and whi
h are used in the diagrams (A.13)to (A.18), for example, the terminal obje
t T or the produ
t CQC, are de�ned only up toisomorphism. The de�nition of a group obje
t in C should therefore 
ontain an obje
t C of Cand in addition the 
hoi
e of an obje
t T of C whi
h is terminal and of an obje
t C2 isomor-phi
 to the produ
t CQC, and so on. Correspondingly, the de�nition of an internal grouphomomorphism should 
ontain besides the morphism ' : C ! C 0 in addition a morphism'2 : C2 ! C2, and so on. This is tidied up and properly taken into a

ount, for example, bythe 
onstru
tion of sket
hes as in [34℄. We have been relu
tant to do the same for internal
ategories in Se
tion 2.2 sin
e this would have made that se
tion far less a

essible.Similarly to the study of internal 
ategories in Se
tion 2.2, we are interested in varyingthe base 
ategory C in the de�nition of Grp(C).Proposition A.10. Let C and D be 
ategories with �nite produ
ts and T : C ! D be a�nite-produ
t preserving fun
tor. Then there is a fun
torGrp(T ) : Grp(C)!Grp(D) givenas follows.1. Grp(T ) asso
iates with ea
h group obje
t G = (C; �; �; �) in C the group obje
tGrp(T )[G℄ := (TC; T�; T�; T�) in D.2. Let G = (C; �; �; �) and G0 = (C 0; �0; �0; �0) be group obje
ts in C. Grp(T ) asso-
iates with ea
h internal group homomorphism ' : G ! G0 in C the internal grouphomomorphism Grp(T )['℄ : Grp(C) ! Grp(D) in D whi
h is given by the morphismT' : TC ! TC 0 of D.Proposition A.11. Let C and D be 
ategories with �nite produ
ts, T; eT : C ! D be �nite-produ
t preserving fun
tors and � : T ) eT a natural transformation. Then there is a naturaltransformation Grp(�) : Grp(T ) ) Grp( eT ). It asso
iates with ea
h group obje
t G =(C; �; �; �) in C the internal group homomorphism Grp(�)G : Grp(T )[G℄!Grp(eT )[G℄ in Dwhi
h is given by the morphism �C : TC ! eTC.
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ategoriesTheorem A.12. Let FP denote the 2-
ategory of small 
ategories with �nite produ
ts, �nite-produ
t preserving fun
tors and natural transformations. Let Cat denote the 2-
ategory ofsmall 
ategories, fun
tors and natural transformations. Then Grp(�) forms a 2-fun
tor,Grp(�) : FP! Cat: (A.19)Remark A.13. It is known that the fun
tor Grp(�) a
tually maps into FP and not justinto Cat. In parti
ular, if C has all �nite produ
ts, so does the 
ategory Grp(C). Evenstronger, if C has all �nite limits, so does Grp(C) [34℄.Corollary A.14. Let C ' D be an equivalen
e of 
ategories with �nite produ
ts providedby (�nite-produ
t preserving) fun
tors F : C ! D and G : D ! C with natural isomorphisms� : 1C ) FG and " : GF ) 1D. Then there is an equivalen
e of 
ategories Grp(C) ' Grp(D)given by the fun
tors Grp(F ) : Grp(C) ! Grp(D) and Grp(G) : Grp(D) ! Grp(C) withnatural isomorphisms Grp(�) : 1Grp(C) ) Grp(F )Grp(G) and Grp(") : Grp(G)Grp(F ))1Grp(D).De�nition A.15. Let C be a 
ategory with �nite 
oprodu
ts. We de�ne,CoGrp(C) :=Grp(Cop)op; (A.20)and 
all the obje
ts of CoGrp(C) 
ogroup obje
ts in C and the morphisms internal 
ogrouphomomorphisms in C.Remark A.16. We have added the last `op' in (A.20) in order to make some familiar fun
torsturn out to be 
ontravariant as they are usually written. Note that su
h an `op' is not presentin the analogous de�nition of an internal 
o
ategory in De�nition 2.9.De�nition A.17. The obje
ts of the 
ategory,
ompTopGrp :=Grp(
ompHaus); (A.21)are 
alled 
ompa
t topologi
al groups. The obje
ts of,
omHopfC�Alg := CoGrp(
omUnC�Alg); (A.22)are 
alled 
ommutative Hopf C�-algebras.Remark A.18. 1. Let f; g be morphisms of 
ompHaus, then (f ; g) = f � g (
.f. Se
-tion 2.1). For morphisms k; ` of 
omUnC�Alg, [k; `℄ = k 
� `. Let A be an obje
t of
omUnC�Alg, then Æop : A 
� A ! A is pre
isely the multipli
ation operation of Asin
e the unit law of the multipli
ation agrees with the de�ning 
ondition of Æop.2. Comparing De�nition 4.16 with De�nition A.17, we note that (A.13) gives the 
oasso-
iativity axiom, (A.14) gives the 
ounit axiom and (A.15) gives the antipode axiom.A.3 Gel'fand representation theory for 
ompa
t topologi
al groupsCombining Gel'fand representation theory (Theorem A.5) with Corollary A.14, we obtain themain result of this Appendix:
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ategories 39Theorem A.19. There is an equivalen
e of 
ategories,
ompTopGrp = Grp(
ompHaus) ' Grp(
omUnC�Algop) = 
omHopfC�Algop(A.23)provided by the fun
tors,Grp(C(�)) : 
ompTopGrp! 
omHopfC�Algop; (A.24)and Grp(�(�)) : 
omHopfC�Algop ! 
ompTopGrp: (A.25)In the formulation as Theorem 4.18, we have just omitted the Grp(�) in the name of thefun
tors in order to keep the notation simple.B Tannaka{Kre��n dualityIn this appendix, we review the key results on Tannaka{Kre��n duality following the presen-tation of S
hauenburg [42℄ and show how to derive Theorem 5.8. We refer heavily to [42℄ inorder to take the qui
kest route to the theorem. In the following, k is some �xed �eld.S
hauenburg [42℄ shows the existen
e of an adjun
tion between the 
ategory of Hopfalgebras over k and a 
ategory of monoidal 
ategories over Ve
tk whi
h we restri
t to thefollowing 
ategory.De�nition B.1. C
;�k;re
 denotes the 
ategory whose obje
ts are rigid monoidal 
ategories (C; !)over Ve
tk su
h that C is a k-linear Abelian essentially small 
ategory and ! : C !Ve
tk anexa
t faithful k-linear fun
tor with values in fdVe
tk. The morphisms of C
;�k;re
 are monoidalfun
tors over Ve
tk .Theorem B.2 (see [42℄). There is an adjun
tion,C
;�k;re
 
oend(�) HopfAlgk
omod(�) (B.1)Proof. This result is stated in Remark 2.4.4 of [42℄ for a 
ategory that is bigger than ourC
;�;sk;re
 . For the de�nition of the fun
tors, see Theorem 5.8. The unit of the adjun
tionis given by a fun
tor [IC; id!℄ : (C; !) ! (MH ; !H) over Ve
tk for ea
h obje
t (C; !) ofC
;�k;re
. Here H := 
oend(C; !) and (MH ; !H) := 
omod(H). The fun
tor IC ! MHis de�ned in Theorem 2.1.12 of [42℄. The 
ounit is given by bialgebra homomorphisms"H : 
oend(MH ; !H) ! H where H is any Hopf algebra over k (Lemma 2.2.1 of [42℄). The"H are obtained from the universal property of the 
oendomorphism 
oalgebra by diagram
ompletion.In addition to [42℄, we have restri
ted the 
ategory on the left hand side of (B.1) to ourC
;�k;re
 by adding the `re
onstru
tibility' 
onditions that any obje
t (C; !) of C
;�k;re
 
onsistof a k-linear Abelian essentially small 
ategory C and an exa
t faithful k-linear fun
tor !(Se
tion 2.2 of [42℄). This also guarantees that the 
ategory of monoid obje
ts whi
h appearin [42℄ on the left hand side, indeed agrees with our de�nition of C
;�k;re
, 
.f. Lemma 2.3.4of [42℄ and the 
omments thereafter.
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ategoriesWe now restri
t the adjun
tion (B.1) to the 
ommutative and symmetri
 
ase. Notethat C
;�;sk;re
 is a full sub
ategory of C
;�k;re
 (Proposition 5.6) and that 
omHopfAlgk is a fullsub
ategory of HopfAlgk . In order to retain the adjun
tion, we have to show that bothfun
tors restri
t (on obje
ts) to the sub
ategories.Proposition B.3. 1. Let H be a 
ommutative Hopf algebra over k. Then the 
ategoryMH of �nite-dimensional right-H-
omodules forms a k-linear Abelian rigid symmetri
monoidal 
ategory. The forgetful fun
tor !H : MH ! fdVe
tk is a k-linear exa
tfaithful symmetri
 monoidal fun
tor.2. Let (C; !) be an obje
t of C
;�;sk;re
 . Then the re
onstru
ted Hopf algebraH := 
oend(C; !)is 
ommutative.Proof. The �rst part is standard. For the se
ond part, 
ommutativity ofH is a 
onsequen
e of! being a symmetri
 monoidal fun
tor. The proof involves a large 
ommutative diagram.Corollary B.4. There is an adjun
tion,C
;�;sk;re
 
oend(�)
omHopfAlgk
omod(�) (B.2)We �nally show that both unit and 
ounit of the adjun
tion are natural isomorphismsand thereby establish the equivalen
e of 
ategories 
laimed in Theorem 5.8.Proposition B.5. The adjun
tion (B.2) is an equivalen
e of 
ategories.Proof. In order to see that the 
ounit is a natural isomorphism, let H be a 
ommutativeHopf algebra over k. The 
ounit "H : 
oend(MH ; !H) ! H forms an isomorphism of 
oal-gebras (Lemma 2.2.1 of [42℄). Sin
e "H is also a homomorphism of bialgebras, it forms anisomorphism of bialgebras and therefore also an isomorphism in the 
ategory 
omHopfAlgk.In order to see that the unit is a natural isomorphism, let (C; !) be an obje
t of C
;�;sk;re
 .The 
onditions on (C; !) then guarantee that the fun
tor IC ! MH , H = 
oend(C; !)that features in the unit, forms an equivalen
e of 
ategories (Se
tion 2.2 of [42℄). Togetherwith the identity natural isomorphism of the underlying forgetful fun
tor, it forms a fun
tor[IC ; id!℄ : (C; !)! (MH ; !H) overVe
tk. By Corollary 2.3.7 of [42℄, IC is a monoidal fun
tor.Sin
e id! is a monoidal natural transformation, [IC; id!℄ is a monoidal fun
tor over Ve
tk,and by our Proposition 5.6 it is symmetri
 monoidal as a fun
tor over Ve
tk.Consider now the representative (IC ; id!) of the equivalen
e 
lass [IC; id!℄. Sin
e the fun
-tor !H : MH !Ve
tk is the underlying forgetful fun
tor, the 
ondition (5.3) that [IC ; id!℄ isa symmetri
 monoidal fun
tor overVe
tk , implies that IC : C !MH is a symmetri
 monoidalfun
tor. Sin
e IC is part of an equivalen
e of 
ategories, by [39℄, Chapter I, Proposition 4.4.2,IC forms a tensor equivalen
e, i.e. there exist a monoidal fun
tor JC :MH ! C and monoidalnatural isomorphisms � : 1C ) ICJC and " : JCIC ) 1D.The inverse of [IC; id!℄ as a fun
tor over Ve
tk is given by [JC ; #℄ : (MH ; !H) ! (C; !)where # := (idIC � id!) Æ ("�1 � id!H ) : !H ) JC � ! (Lemma 2.1.3 of [42℄). Obviously, # ismonoidal, too. Both [IC; id!℄ and [JC ; #℄ are thus morphisms of C
;�;sk;re
 and mutually inverse.
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ategories 41Remark B.6. Tannaka{Kre��n re
onstru
tion is here done for 
omodules of 
oalgebras ratherthan for modules of algebras for the usual two reasons.First, if the 
oprodu
t �: C ! C 
 C of the 
oalgebra C over k uses the algebrai
tensor produ
t, then the 
ategory of all right-C-
omodules is already determined by the�nite-dimensional right-C-
omodules. The forgetful fun
tor !C : MC ! Ve
tk from the
ategory MC of �nite-dimensional right-C-
omodules therefore maps into fdVe
tk , the fullsub
ategory of Ve
tk that 
ontains the rigid obje
ts (those that have left-duals).Se
ond, when one re
onstru
ts the bialgebra stru
ture of 
oend(C; !), one wants thetensor produ
t of the underlying monoidal 
ategory into whi
h ! maps, to preserve arbitrary
olimits in order to preserve the 
oend(C; !), too. This is possible in Ve
tk. In order toprovide an algebra whi
h is re
onstru
ted as a universal end with a 
oalgebra stru
ture, onewould need the tensor produ
t to preserve arbitrary limits. This is not always possible.Referen
es[1℄ R. Brown: Higher-dimensional group theory. In Low-dimensional topology, eds.Ronald Brown and T. K. Thi
kstun, London Mathemati
al So
iety Le
ture Note Series48. Cambridge University Press, Cambridge, 1982, pp. 215{238.[2℄ L. Crane and I. B. Frenkel: Four-dimensional topologi
al quantum �eld theory,Hopf 
ategories, and the 
anoni
al bases. J. Math. Phys. 35, No. 10 (1994) 5136{5154,hep-th/9405183.[3℄ J. C. Baez and J. Dolan: Categori�
ation. In Higher Category Theory, eds. E. Get-zler and M. Kapranov, Contemporary Mathemati
s 230. Ameri
an Mathemati
al So
i-ety, Providen
e, 1997, pp. 1{36, math.QA/9802029.[4℄ G. Kuperberg: Involutory Hopf algebras and 3-manifold invariants. Int. J. Math. 2,No. 1 (1991) 41{66.[5℄ S. W. Chung, M. Fukuma and A. Shapere: Stru
ture of topologi
al latti
e �eldtheories in three dimensions. Int. J. Mod. Phys. A 9, No. 8 (1994) 1305{1360,hep-th/9305080.[6℄ M. M. Kapranov and V. A. Voevodsky: 2-
ategories and Zamolod
hikov tetrahe-dron equations. In Algebrai
 groups and their generalizations: quantum and in�nite-dimensional methods, eds. W. J. Haboush and B. J. Parshall, Pro
. Symp. Pure Math.s56, Part 2. Ameri
an Mathemati
al So
iety, Providen
e, 1991, pp. 171{259.[7℄ M. M. Kapranov and V. A. Voevodsky: Braided monoidal 2-
ategories and Manin{S
he
htman higher braid groups. J. Pure Appl. Alg. 92 (1994) 241{267.[8℄ H. Grosse and K.-G. S
hlesinger: On a trialgebrai
 deformation of the Maninplane. Lett. Math. Phys. 52 (2000) 263{275.[9℄ H. Grosse and K.-G. S
hlesinger: On se
ond quantization of quantum groups. J.Math. Phys. 41, No. 10 (2000) 7043{7060.[10℄ H. Grosse and K.-G. S
hlesinger: A suggestion for an integrability notion for twodimensional spin systems. Lett. Math. Phys. 55 (2001) 161{167, hep-th/0103176.



42 2-Groups, trialgebras and Hopf 
ategories[11℄ J. C. Baez: Higher Yang{Mills theory (2002). Preprint hep-th/0206130.[12℄ J. C. Baez and A. D. Lauda: Higher-dimensional algebra V: 2-groups. Theor. Appl.Cat. 12 (2004) 423{491, math.QA/0307200.[13℄ J. C. Baez and A. Crans: Higher dimensional algebra VI: Lie 2-algebras. Theor.Appl. Cat. 12 (2004) 492{538, math.QA/0307263.[14℄ H. Pfeiffer: Higher gauge theory and a non-Abelian generalization of 2-form ele
tro-dynami
s. Ann. Phys. 308, No. 2 (2003) 447{477, hep-th/0304074.[15℄ T. Bartels: Categori�ed gauge theory: two-bundles. Preprint math.CT/0410328.[16℄ J. C. Baez and U. S
hreiber: Higher gauge theory: 2-
onne
tions on 2-bundles(2004). Preprint hep-th/0412325.[17℄ D. N. Yetter: TQFT's from homotopy 2-type. J. Knot Th. Ramif. 2, No. 1 (1993)113{123.[18℄ M. Fukuma, S. Hosono and H. Kawai: Latti
e topologi
al �eld theory in two di-mensions. Comm. Math. Phys. 161 (1994) 157{175, hep-th/9212154.[19℄ V. G. Turaev and O. Y. Viro: State sum invariants of 3-manifolds and quantum6j-symbols. Topology 31, No. 4 (1992) 865{902.[20℄ J. W. Barrett and B. W. Westbury: Invariants of pie
ewise-linear 3-manifolds.Trans. AMS 348, No. 10 (1996) 3997{4022, hep-th/9311155.[21℄ J. W. Barrett and B. W. Westbury: The equality of 3-manifold invariants. Math.Pro
. Cam. Phil. So
. 118, No. 9 (1995) 503{510, hep-th/9406019.[22℄ M. Ma
kaay: Spheri
al 2-
ategories and 4-manifold invariants. Adv. Math. 143, No. 2(1999) 288{348, math.QA/9805030.[23℄ M. Neu
hl: Representation theory of Hopf 
ategories. Ph.D. thesis, University ofMuni
h (LMU), Muni
h, Germany (1999).[24℄ J. S. Carter, L. H. Kauffman and M. Saito: Stru
tures and Diagrammati
sof four dimensional topologi
al latti
e �eld theories. Adv. Math. 146 (1999) 39{100,math.GT/9806023.[25℄ L. Crane and D. N. Yetter: Measurable 
ategories and 2-groups (2003). Preprintmath.QA/0305176.[26℄ J. W. Barrett and M. Ma
kaay: Categori
al representations of 
ategori
al groups(2004). Preprint math.CT/0407463.[27℄ J. Elgueta: Representation theory of 2-groups on �nite dimensional 2-ve
tor spa
es(2004). Preprint math.CT/0408120.[28℄ M. Forrester-Barker: Representations of 
rossed modules and 
at1-groups. Ph.D.thesis, University of Wales, Bangor (2003). Availble athttp://www.informati
s.bangor.a
.uk/publi
/mathemati
s/resear
h/ftp/theses/forrester-barker.pdf.



2-Groups, trialgebras and Hopf 
ategories 43[29℄ F. W. Lawvere: Fun
torial semanti
s of algebrai
 theories. Pro
. Nat. A
ad. S
i. 50,No. 5 (1963) 869{873.[30℄ L. Crane and D. N. Yetter: A more sensitive Lorentzian state sum (2003). Preprintgr-q
/0301017.[31℄ F. Bor
eux: Handbook of 
ategori
al algebra | Basi
 
ategory theory, volume 1.Cambridge University Press, Cambridge, 1994.[32℄ Ch. Ehresmann: Introdu
tion to the theory of stru
tured 
ategories. In CharlesEhresmann. Oeuvres 
ompl�etes et 
omment�ees. Partie III{2. Supplement to Cah. Top.G�eom. Di�., 1980{84, pp. 591{676. Originally published as Te
h. Report 10, Universityof Kansas, Lawren
e (1966).[33℄ P. Freyd: Aspe
ts of topoi. Bull. Austral. Math. So
. 7 (1972) 1{76.[34℄ M. Barr and C. Wells: Toposes, triples and theories. Grundlehren der mathematis-
hen Wissens
haften 278. Springer, Berlin, 1983. Availble athttp://www.
wru.edu/arts
i/math/wells/pub/ttt.html.[35℄ M. Forrester-Barker: Group obje
ts and internal 
ategories (2002). Preprintmath.CT/0212065.[36℄ T. Porter: Extensions, 
rossed modules and internal 
ategories in 
ategories of groupswith operations. Pro
. Edinb. Math. So
. 30 (1987) 373{381.[37℄ S. Majid: Foundations of quantum group theory. Cambridge University Press, Cam-bridge, 1995.[38℄ B. E
kmann and P. Hilton: Group-like stru
tures in 
ategories. Math. Ann. 145(1962) 227{255.[39℄ N. Saavedra Rivano: Cat�egories Tannakiennes. Le
ture Notes in Mathemati
s 265.Springer, Berlin, 1972.[40℄ P. Deligne and J. S. Milne: Tannakian 
ategories. In Hodge 
y
les, Motives andShimura Varieties, eds. A. Dold and B. E
kman, Le
ture Notes in Mathemati
s 900.Springer, Berlin, 1982.[41℄ A. Joyal and R. Street: An introdu
tion to Tannaka duality and quantum groups.In Category Theory, eds. A. Carboni, M. C. Pedi

io and G. Rosolini, Le
ture Notes inMathemati
s 1488. Springer, Berlin, 1991, pp. 412{492.[42℄ P. S
hauenburg: Tannaka duality for arbitrary Hopf algebras. Algebra Beri
hte 66.Verlag Reinhard Fis
her, Muni
h, Germany, 1992. Available athttp://www.mathematik.uni-muen
hen.de/personen/s
hauenburg en.html.[43℄ A. Klimyk and K. S
hm�udgen: Quantum groups and their representations. Springer,Berlin, 1997.[44℄ G. J. Murphy: C�-algebras and operator theory. A
ademi
 Press, Boston, 1990.


