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Ultradistributions andTime{Frequen
y AnalysisNenad TeofanovAbstra
t. The aim of the paper is to show the 
onne
tion between the theoryof ultradistributions and time-frequen
y analysis. This is done through time-frequen
y representations and modulation spa
es. Furthermore, some 
lassesof pseudodi�erential operators are observed.1. Introdu
tionThe aim of the paper is to illustrate the natural 
onne
tion between time-frequen
yanalysis and the theory of (tempered) ultradistributions. This is done by the useof the so 
alled time-frequen
y representations, Theorems 3.8 and 3.9. Anotherresult is the de�nition of 
ertain Gelfand-Shilov type spa
es within the frameworkof modulation spa
es, Proposition 4.3.Pseudodi�erential operators serve as yet another example whi
h demon-strates how the 
ombination of the te
hniques may lead to new results, Theorem5.5. They are a traditional tool in mi
ro-lo
al analysis, [5℄, [33℄, [39℄, [51℄. However,the use of the te
hniques of time-frequen
y analysis in the study of pseudodi�er-ential operators lead to a new insight into their properties. Not only some 
lassi
alresults are generalized, e.g. the Calderon - Vaillan
ourt theorem, but also the s
opeof the theory has been enlarged. More 
on
retely, operators whose symbols are nonsmooth, or the ones whose symbols may grow faster than polynomials are studiedby the use of time-frequen
y analysis te
hniques, [19℄,[21℄, [22℄, [46℄, [47℄.The paper is organized as follows. In Se
tion 2 we introdu
e the notation. Asurvey of test fun
tion spa
es is given in Se
tion 3. Subse
tion 3.3 
ontains mainresults of the �rst part of the paper. Modulation spa
es and their 
onne
tion to
ertain test fun
tion spa
es is given in Se
tion 4. In the last Se
tion we study thea
tion of pseudodi�erential operators on modulation spa
es.Re
eived by the editors January, 2005.1991 Mathemati
s Subje
t Classi�
ation. Primary 46F05, 47G30; Se
ondary 35S05, 44A05.Key words and phrases. ultradistributions, modulation spa
es, pseudodi�erential operators,time-frequen
y representations.This resear
h was supported by MNZ�ZS of Serbia, proje
t no. 1835 .



2 N. Teofanov2. Basi
 NotationBy N; Z; R and C; we denote sets of positive integers, integers, real numbers and
omplex numbers respe
tively, and N0 = N[f0g: By Rd (Nd0); d 2N; we denoteset of d�dimensional real numbers (nonnegative integers). Eu
lidean norm of x 2Rd is given by jxj = �x21 + � � �+ x2d�1=2 ; and hxi = (1 + jxj2)1=2: For multiindi
es�; � 2 Nd0; we have j�j = �1+ � � �+�d; �! = �1! � � ��d!; x� = x�11 � � �x�dd ; x 2 Rd;and, for � � �; i.e. �j � �j; j 2 f1; 2; : : :; dg; ���� = ��1�1� � � � � � ��d�d�: The letter Cdenotes a positive 
onstant, not ne
essarily the same at every appearan
e. Dualpairing between a test fun
tion spa
e A and its dual A0 is denoted by h�; �i =A0h�; �iA: By �f we denote the re
e
tion �f (x) = f(�x): The operator of partialdi�erentiation D is given byD� = D�x = D�11 � � �D�dd = � 12�i ��x1��1 � � �� 12�i ��xd��dfor all multiindi
es � 2 Nd0 and all x = (x1; : : : ; xd) 2 Rd: If f and g are smoothenough, then the Leibnitz formula holdsD�(fg)(x) = X�������D(���)f(x)D(�)g(x):By 
 we denote an open subset of Rd: The spa
e of in�nitely di�erentiable fun
-tions on 
 is denoted by C1(
): Throughout the paper, the integrals are takenover Rd; or R; unless otherwise indi
ated. L2(Rd) is the Hilbert spa
e of squareintegrable fun
tions with the inner produ
t (f; g) = R f(x)g(x)dx = hf; gi: By kfkwe denote norm of f 2 L2(Rd): The Fourier transform of an integrable fun
tionf is de�ned by Ff(�) = f̂ (�) = Z e�2�ix�f(x)dx; � 2 Rd:Translation and modulation operators, T and M are de�ned byTxf(�) = f(� � x) and Mxf(�) = e2�ix�f(�); x 2 Rd:The following relations holdMyTx = e2�ix�yTxMy; (Txf )̂ =M�xf̂ ; (Mxf )̂ = Txf̂ ; x; y 2 Rd; f; g 2 L2(Rd):3. Test Fun
tion Spa
esWe suppose that a reader is familiar with the "
lassi
al" S
hwartz test fun
tionspa
es D(
); E(
); S(Rd) and their duals, D0(
); E 0(
) and S 0(Rd); [41℄.We have D(
) ,! E(
) ,! E 0(
) ,!D0(
); andD(Rd) ,!S(Rd) ,! E(Rd) ,! E 0(Rd) ,!S 0(Rd) ,!D0(Rd);where "A ,! B" means that A is dense subset of B and that the in
lusion mappingis 
ontinuous.



Ultradistributions and Time{Frequen
y Analysis 3S(Rd) and S 0(Rd) play a parti
ularly important role in various appli
ationssin
e the Fourier transform is a topologi
al isomorphismbetween S(Rd) and S(Rd)and extends to a 
ontinuous linear transform from S 0(Rd) onto itself.In order to deal with parti
ular problems in appli
ations various generaliza-tions of the S
hwartz type spa
es were proposed. We give here only a very briefand in
omplete list in order to make our aim more transparent. More pre
isely, werestri
t our exposition to Gevrey 
lasses and 
ertain Gelfand-Shilov type spa
es.Their duals are spa
es of ultradistributions.Starting with the work of Beurling [2℄ and Roumieu [40℄ several theories ofultradistributions are developed, e.g. Denjoy-Carleman-Komatsu [30℄, Beurling-Bj�or
k [3℄, Braun-Meise-Taylor [4℄, Cioranes
u-Zsid�o [10℄. The notion of equiva-len
e of ultradistribution theories allows to transfer results from one theory to an-other. This in
ludes, for example, topologi
al properties, repesentation and stru
-ture theorems, behavior under various integral transforms, hypoellipti
ity, see [9℄,[6℄, [18℄, [27℄, [30℄, [34℄, [39℄.3.1. Gevrey ClassesGevrey type spa
es �ll the gap between the spa
e of analyti
 fun
tions A(
)and the spa
e of in�nitely di�erentiable fun
tions C1(
): This turns out to beparti
ularly important in the study of operators whose behavior di�ers in C1 andanalyti
 framework (lo
al and mi
rolo
al analysis). Re
all, the spa
e of analyti
fun
tions is de�ned byA(
) = ff 2 C1(
) j (8K b 
)(9C > 0)(9h > 0) supx2K j��f(x)j � Chj�jj�j!g:K b 
 means that K is a 
ompa
t subset of 
: For 1 < s <1 we de�ne a Gevrey
lass byGs(
) = ff 2 C1(
) j (8K b 
)(9C > 0)(9h > 0) supx2K j��f(x)j � Chj�jj�j!sg:we denote by Gs0(
) a subspa
e of Gs(
) whi
h 
onsists of 
ompa
tly supportedfun
tions. We have A(
) ,!\s>1Gs(
) and [s�1Gs(
) ,! C1(
):For 1 < s < 1 the Gevrey 
lass Efsg(
) (resp. E (s)(
)) 
onsists of allf 2 C1(
) su
h that for any 
ompa
t set K in 
 there are 
onstants h and C(resp. for any h > 0 there is a 
onstant C) su
h thatsupx2K j��f(x)j � Chj�jj�j!s:Dfsg(
) (resp. Dfsg(
)) is the spa
e of all f 2 Efsg(
) (resp. f 2 E (s)(
)) with
ompa
t support under a natural lo
ally 
onvex topology. The 
orresponding dualspa
es (E (s)(
))0 and (D(s)(
))0 are spa
es of Beurling ultradistributions, while(Efsg(
))0 and (Dfsg(
))0 are spa
es of Roumieu type ultradistributions, see[31℄.Common notation for both proje
tive and indu
tive limit is � in the upper index(instead of (s) or fsg): The ultradistributions spa
es are a generalization of the



4 N. Teofanov
orresponding S
hwartz distribution spa
es sin
eE�(
) ,! E(
) and D�(
) ,!D(
)imply D0(
) ,! (D�(
))0 and E 0(
) ,! (E�(
))0: Also, (E�(
))0 ,! (D�(
))0:Remark 3.1. � Global de�nition, with 
 = Rd; is obtained by taking thesupremum over Rd:� One may use j�jsj�j or �(sj�j+ 1) instead of j�j!s; [39, Proposition 1.4.2℄.� Weighted ultradistribution spa
es (D�Ls(Rd))0; s � 1; are studied in [6℄.� Likewise D(Rd) and E(Rd); spa
es D�(Rd) and E�(Rd) are not invariantunder the Fourier transform. Their behavior under the Fourier transformis given by Paley-Wiener type theorems, see e.g. [39, Paragraph 1.6℄.The last remark is a motivation for the study of other generalizations. Theidea is to obtain Beurling and Roumieu type spa
es invariant under the Fouriertransform, i.e. to de�ne a natural 
ounterpart of the spa
e of tempered distribu-tions in the framework of ultradistributions.3.2. Gelfand-Shilov Type Spa
esFor the sake of simpli
ity we skip the de�nition of Gelfand-Shilov type spa
es S�;S� ; and WM�M ; and refer the reader to [17℄, [23℄, [25℄.De�nition 3.2. Let there be given �; � � 0; and A;B > 0: Gelfand-Shilov typespa
e S�;B�;A = S�;B�;A (Rd) is de�ned byS�;B�;A = ff 2 C1(Rd) j (9C > 0) supx2Rd jxp�qf(x)j � CAppp�Bqqq� ; 8p; q 2Nd0g:We introdu
e the following notation for proje
tive and indu
tive limits:��� = S�;0�;0 = proj limA>0;B>0S�;B�;A ; S�� := ind limA>0;B>0S�;B�;A :S�� is nontrivial if and only if �+� > 1; or �+� = 1 and �� > 0; [17℄. Spa
es���; � > 1=2; were introdu
ed and studied in [34℄. Note that �1=21=2; if de�ned asabove, is trivial. An alternative de�nition of �1=21=2 based on the Hermite expansionsis given in [34℄. We have ��� ,! S�� ,! S:For the proof of the following theorem we refer to [17℄. See also [9℄, [27℄ and [34℄.Theorem 3.3. Let there be given �; � � 0: The Fourier transform is a topologi
alisomorphism between S�� and S�� (F(S��) = S�� ) and extends to a 
ontinuous lin-ear transform from (S��)0 onto (S�� )0. In parti
ular, if � = � and � � 1=2 thenF(S�� ) = S�� :Similar assertions hold for ��� :



Ultradistributions and Time{Frequen
y Analysis 5Therefore we obtain a family of Fourier transform invariant spa
es whi
hare 
ontained in S: Corresponding dual spa
es are, due to this, 
alled temperedultradistributions (of Beurling or Roumieu type).Further on we will use the notation S(�) = ���; Sf�g = S�� ; and S�; � means(�) or f�g:The relation between Gevrey type spa
es and Gelfand-Shilov type spa
es isgiven by the in
lusions D�(Rd) ,! S�(Rd) ,! E�(Rd):In parti
ular, G�0 (Rd) ,! S��(Rd) ,! G�(Rd); � > 1:Apart from being invariant under the Fourier transform, spa
es S� have an-other important property. Namely, for 1=2 � � < 1; S�� and ��� are subspa
es ofthe spa
e of analyti
 fun
tions (hen
e do not 
ontain 
ompa
tly supported fun
-tions ex
ept f � 0). However, the spa
es are "suÆ
iently ri
h" in the sense of [17℄.On 
ontrary, Gevrey 
lasses 
an not jump in the quasi-analyti
 
ase.Remark 3.4. � Quasi-analyti
 Gelfand-Shilov type spa
es are essential forthe ultradistributional approa
h to hyperfun
tions, [8℄. For example, S11 isknown as the Sato test fun
tion spa
e for a spa
e of Fourier hyperfun
tions.� For an abstra
t harmoni
 analysis approa
h to Gelfand-Shilov type spa
eswe refer to [26℄.� For a relation between the spa
es of type WM�M (studied in [25℄) andGelfand-Shilov type spa
es, see [27℄.3.3. Time-Frequen
y RepresentationsIn this subse
tion we give a 
hara
terization of S� by means of time-frequen
yrepresentations. Although Theorems 3.8 and 3.9 are not 
ompletely new resultswe present them not only to make the exposition self 
ontained, but also in or-der to emphasize the role of time-frequen
y analysis te
hniques in the study ofultradistributions.The following theorem gives a beautiful symmetri
 
hara
terization of S�: Ithas been reinvented several times, [9℄, [23℄, [27℄, [37℄.Theorem 3.5. Let there be given s � 1=2: The following 
onditions are equivalent:a) f 2 Sfsg (resp. f 2 S(s); s > 1=2)b) supx2Rd jx�f(x)j � Chj�j�!s and sup�2Rd j�� f̂(�)j � Ckj�j�!s for some (resp.every) h; k > 0;
) supx2Rd jx�f(x)j � Chj�j�!s and supx2Rd j��f(x)j � Ckj�j�!s for some (resp.every) h; k > 0;d) supx2Rd jf(x)jehjxj1=s < 1 and sup�2Rd jf̂ (�)jekj�j1=s < 1; for some (resp.every) h; k > 0:Proof. For the proof of the indu
tive limit 
ase see [9℄. Proje
tive limit 
ase isobserved in [27℄.



6 N. TeofanovThe following de�nition 
olle
ts some of the most important time-frequen
yrepresentations.De�nition 3.6. Let g 2 L2(Rd) n f0g: The short-time Fourier transform of a signalf 2 L2(Rd); known also as the Gabor transform, is given by(3.1) Vgf(x; �) = Z e�2�it�g(t� x)f(t)dt; x; � 2 Rd:The 
ross ambiguity fun
tion (the Fourier{Wigner transform) of f and g is(3.2) A(f; g)(x; �) = Z e2�i�tf(t + x2 )g(t � x2 )dt; x; � 2 Rdand the 
ross Wigner distribution of f and g is(3.3) W (f; g)(x; �) = Z e�2�i�tf(x + t2)g(x � t2)dt; x; � 2 Rd:The quadrati
 expressions Af := A(f; f) andWf :=W (f; f) are 
alled the (radar)ambiguity fun
tion and the Wigner distribution of f:For various appli
ations of the time-frequen
y representations in signal anal-ysis and in harmoni
 analysis see [16℄, [19℄, [20℄, [22℄, [24℄, [25℄, [27℄, [49℄ and thereferen
es given there.For f; g 2 L2(Rd); following relations hold:A(f; g)(x; �) = e�ix�Vgf(x; �);W (f; g)(x; �) = 2de4�ix�V�gf(2x; 2�);W (f; g)(x; �) = (FA(f; g))(x; �); x; � 2 Rd:Thus, for our purpose, it will be enough to 
hoose one of the representations. We
onsider the 
ross Wigner distribution. The 
hoi
e is made due to the role whi
hit plays in the theory of pseudodi�erential and lo
alization operators, see the nextse
tion.Proposition 3.7. We list here some of the properties of the 
ross Wigner distribu-tion.a) W (f; g) maps S(Rd)�S(Rd) into S(Rd�Rd) and extends to a map fromS0(Rd)� S 0(Rd) into S 0(Rd �Rd):b) For f1; f2; g1; g2 2 L2(Rd); the Moyal identity holds:hW (f1; g1);W (f2; g2)i = hf1; f2ihg1; g2i:
) kW (f; g)k1 � 2dkfkkgk:d) W (f̂ ; ĝ)(x; �) = W (f; g)(��; x):e) W (f; g)(x; �) = W (g; f)(x; �):For the proofs we refer to [16℄, [19℄, [49℄.The spa
e �1=21=2 = S(1=2) is not in
luded in the following theorem.



Ultradistributions and Time{Frequen
y Analysis 7Theorem 3.8. Let f; g 2 S�(Rd): Then W (f; g)(x; �) 2 S�(Rd�Rd): The same istrue for the Fourier{Wigner transform and the short-time Fourier transform.Proof. The proof for the 
ase f = g; i.e. for the Wigner distribution W (f; f) isgiven in [7℄ for Sfsg and in [27℄ for S�: We follow the proof of Proposition 3.7 a)given in [49℄ and give the proof in two steps.Step 1. Obviously, f; g 2 S�(Rd) implies that f(x)g(t) 2 S�(Rd �Rd); thatis(3.4) supx;t2Rd jx�t��
x�Æt f(x)g(t)j � Chj�j+j�j+j
j+jÆjj�jsj�j � �sj�j � j
jsj
j � ÆsjÆj;for some (resp. all) h > 0: Here we use j � jsj�j instead of j � j!s for the 
onvenien
e,see Remark 3.1. Re
all, S� denotes S(s) or Sfsg; s � 1=2: Let us show that, underthe same assumptions '(x; t) := f(x + t2)g(x � t2 ) 2 S�(Rd � Rd): By Theorem3.5 
) we need to showsupx;t2Rd jx�t�'(x; t)j � Chj�j+j�jj�jsj�j � �sj�j;and supx;t2Rd j��x��t '(x; t)j � Ckj�j+j�jj�jsj�j � �sj�jfor some (resp. every) h; k > 0: The �rst inequality easily follows from assumptionson f and g and a 
hange of variables:supx;t2Rd jx�t�f(x + t2)g(x � t2)j = supy;t2Rd j(y � t=2)�t�f(y)g(y � t)j� 2�j�j supy;t2Rd j(y � (t � y))�(�1)j�j((y � t) � y)�f(y)g(y � t)j= 2�j�j supy;z2Rd j(y � z)�(z � y)�f(y)g(z)j � C�;� supy;z2Rd j(z � y)�+�f(y)g(z)j:Now, (3.4) implies supx;t2Rd jx�t�'(x; t)j � Chj�j+j�jj�jsj�j � �sj�j for some (resp.every) h > 0:In order to prove the se
ond inequality re
all that in the de�nition of S� wemay take j�jsj�j instead of �!s: The Leibniz formula givesj��x ��t '(x; t)j = jXÆ��X
����Æ���
� 12j�j+j�j �Æx�
t f(x + t=2)���Æx ���
t g(x � t=2)j� C�;� supx;t2Rd j�Æx�
t f(x + t=2)���Æx ���
t g(x � t=2)j:Now, msmnsn � (m + n)s(m+n) and (3.4) implysupx;t2Rd j��x��t '(x; t)j � Ckj�j+j�jj�jsj�j � �sj�jfor some (resp. all) k > 0:Therefore, '(x; t) 2 S�(Rd �Rd):



8 N. TeofanovStep 2. Now, we show that �(x; �) = Z e�2�it�'(x; t)dt 2 S�(Rd � Rd) if' 2 S�(Rd �Rd):Again, we use Theorem 3.5 
) and show thatsupx;�2Rd jx����(x; �)j � Chj�j+j�j�!s�!s; and supx;�2Rd j��x ��� �(x; �)j � Ckj�j�!s�!sfor some (resp. every) h; k > 0: Integration by parts givesjx��� Z e�2�it�'(x; t)dtj = j Z (�1)�D�t e�2�it�x�'(x; t)dtj= j Z e�2�it�x�D�t '(x; t)dtj � C Z (1 + t2)�d(1 + t2)dx���t '(x; t)dtj:Sin
e ' 2 S�(Rd � Rd) we have j(1 + t2)dx���t '(x; t)j � C~h2d+�+�(2d)s�!s�!s;for some (any) ~h > 0: Then, an easy 
ase studies examination shows that for some(resp. for all) h > 0; supx;�2Rd jx����(x; �)j � Chj�j+j�j�!s�!s:For the se
ond equality, we havej��x ��� Z e�2�it�'(x; t)dtj = j Z (�2�it)�e�2�it���x'(x; t)dtj= j Z (2�i)j�je�2�it�t���x'(x; t)dtj � j2�ijj�jj Z e�2�it�(1 + t2)�dt���x (x; t)dtj;where  = (1 + t2)d': Now ' 2 S� implies that  2 S� hen
ejt���x (x; t)j � Chj�j+j�j�!s�!s ) supx;�2Rd j��x ��� �(x; �)j � Ckj�j�!s�!s:Theorem 3.8 is therefore proved in a general 
ase for transforms of the typeR e�2�it�'(x; t)dt with ' 2 S�: In parti
ular, the assertion holds for the 
rossWigner ditribution as 
laimed. Proofs for the Fourier Wigner transform and theshort- ime Fourier transform are analogous.Note that Theorem 3.8 for the indu
tive limit 
ase and the short-time Fouriertransform is proved in [23℄, see also [19, Se
tion 11.2℄. The main di�eren
e is thatwe use Theorem 3.5 
) whi
h allows to estimate a
tions of multipli
ation anddi�erentiation separately.Theorem 3.9. Let g 2 S�(Rd) and let f 2 S 0�(Rd): If the 
ross Wigner distri-bution W (f; g)(x; �) (resp. the 
ross ambiguity fun
tion or the short-time Fouriertransform) belongs to S�(Rd �Rd) then f 2 S�(Rd):Proof. We 
ombine the ideas of the proof of similar assertions given in [23℄ and [7℄.Firstly, we show the inversion formula for the 
ross Wigner distribuiton in the spiritof [19, Se
tion 3.2℄. First, note that, for given g1; g2 2 L2(Rd) and hg1; g2i 6= 0;l(h) = 1hg1; g2i2d Z Z e4�ix�W (f; g1)(x; �)hh;M2�T2x�g2idxd�; h 2 L2(Rd);



Ultradistributions and Time{Frequen
y Analysis 9is a bounded fun
tional on L2(Rd) and therefore it de�nes a unique fun
tion~f 2 L2(Rd);(3.5) ~f (t) = 2d Z Z e4�ix�W (f; g)(x; �)M2�T2x�g(t)dxd�su
h that l(h) = h ~f ; hi; for all h 2 L2(Rd):Let us show that for all f 2 L2(Rd) the following inversion formula holdsf = 1hg1; g2i2d Z Z e4�ix�W (f; g1)(x; �)M2�T2x �g2dxd�:A
tually, (3.5), the Moyal formula andW (f; g)(x; �) = hf; 2de4�ix�M2�T2x�giimply h ~f ; hi = 1hg1; g2i Z Z W (f; g1)(x; �)W (h; g2)dxd� = hf; hi:Thus ~f = f in L2(Rd):Moreover, it 
an be shown that f 2 S(Rd); [19, Proposition11.2.4℄.We are now in a position to show that f 2 S�(Rd):Wewill again use Theorem3.5. Now it is 
onvenient to use part d) of the Theorem. Therefore, we need toshow that supx2R jf(x)jehjxj1=s <1 and sup!2R jf̂(!)jekj!j1=s <1; for some (resp. forevery) h; k � 0:Note that ehjtj1=sM2�T2x�g(t) = M2�T2xehjt+2xj1=s�g(t): The inversion formulaimplies supt2Rd ehjtj1=s 1hg1; g2i j2d Z Z e4�ix�W (f; g1)(x; �)M2�T2x �g2dxd�j� supt2Rd j2d Z Z e4�ix�W (f; g1)(x; �)ehj2xj1=sM2�T2xehjtj1=s�g(t)dxd�� C Z Z e�~hjxj1=se�kj2xj1=sehj2xj1=sdxd� <1;sin
e W (f; g1) 2 S�(Rd �Rd) and g 2 S�: In order to provesup!2R jf̂ (!)jekj!j1=s <1we use (M2�T2x�g(t))̂(!) = T2�M�2x�ĝ(!) and the same arguments as above.Remark 3.10. Theorems 3.8 and 3.9 are proved in [23℄ for the indu
tive limit
ase and the short-time Fourier transform. The proof for the Wigner distributionW (f; f) is given in [7℄.



10 N. Teofanov3.4. Tempered UltradistributionsThis subse
tion is given for the sake of 
ompleteness, having in mind that Gevreyand (non-quasianalyti
) Gelfand-Shilov type spa
es might be 
onsidered as spe
ial
ases of the following 
onstru
tion [30℄.Let (Mp) = (Mp)p2N0 be a sequen
e of positive numbers whi
h satis�es someof the following 
onditions:(M:1) (logarithmi
 
onvexity) M2p �Mp�1Mp+1; p 2N;(M:2)0 (stability under the a
tion of di�erential operators) There exist positive
onstants A;H su
h that Mp+1 � AHpMp;(M:2) (stability under the a
tion of ultradi�erential operators) There exist positive
onstants A;H su
h thatMp+1 � AHp min 0�q�pMp�qMq ; p; q 2N0;(M:3)0 (non-quasi-anali
ity)Pp2N Mp�1Mp <1;(M:3) (strong non-quasi-anali
ity) There exists A > 0; su
h that1Xp=q+1 Mp�1Mp < AqMq+1Mq ; q 2N:We assume M0 = 1: Obviously (M:2)) (M:2)0; (M:3)) (M:3)0:The so-
alled asso
iated fun
tion for a sequen
e (Mp) is de�ned byM (�) = supp2N0 ln �pM0Mp ; 0 < � <1:Properties (M:1)� (M:3) 
an be expressed via the asso
iated fun
tion. It plays animportant role in the proofs of properties of ultradistributions, see [30, page 29℄.We give the de�nition in one dimension for the sake of simpli
ity only.De�nition 3.11. Let there be given h � 0; and a sequen
e (Mp) su
h that (M:1)�(M:3)0 holds. The spa
e S(Mp)h = S(Mp)h (R) is the spa
e of smooth fun
tions f onR su
h that supx2R sup�;�2N0 h�+�jx�f (�)(x)jM�M� <1:It is a Bana
h spa
e with the norm�m;1(f) = sup�;�2N0 h�+�M�M� kx�f (�)(x)k1; f 2 S(Mp)h :Let S(Mp) and SfMpg be a proje
tive (when h ! 1) and an indu
tive (whenh! 0) limit of S(Mp)h ; and SfMpgh ; respe
tively. Dual spa
es of S(Mp) and SfMpg;denoted by S 0(Mp) and S 0fMpg; are then spa
es of tempered ultradistributions ofBeurling and Roumieu type respe
tively. They are studied in [25℄, [9℄, [27℄, [30℄,[31℄, [34℄, where one 
an �nd expansion of the elements of S(Mp); SfMpg andtheir duals via Hermite fun
tions, as well as their 
hara
terization through theFourier transform, the Wigner distribution and the Bargman transform. Stru
tural
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ontinuity of ultradi�erential operators, the Hilbert transform and the
onvolution are studied there as well.The following in
lusions holdD(Mp)(R) ,! S(Mp)(R) ,!S(R) ,! L2(R) ,! S 0(R) ,!S 0(Mp)(R) ,!D0(Mp)(R):Remark 3.12. � If s > 1 examples of (Mp) sequen
es whi
h satisfy some ofthe above 
onditions are Mp = p!s; Mp = psp; Mp = �(sp + 1); where� denotes the Gamma fun
tion. Therefore spa
es S� of the pre
edingparagraph are examples of spa
es obtained by the above 
onstru
tion.� Spa
es D� and E� and 
orresponding weighted versions are introdu
ed andstudied within the above approa
h in [6℄, [30℄, [31℄, [35℄, [36℄.4. Modulation Spa
esModulation spa
es 
onsist of fun
tions or distributions whose short-time Fouriertransform satis�es some pres
ribed de
ay at in�nity as well as some integrability
onditions. They are re
ognized as the most important spa
es in time-frequen
yanalysis, [19℄, [13℄, [1℄. The de
ay of the short-time Fourier transform is 
ontrolledby a weight fun
tion, i.e. a non negative lo
ally integrable fun
tion on R2d: It isoften suÆ
ient to suppose that weights have (at most) polynomial growth. How-ever, in order to deal with ultradistribution, almost exponential growth should beallowed.De�nition 4.1. Let 
 2 [0; 1): A stri
tly positive and 
ontinuous fun
tion w
 onRd �Rd is 
alled an exp{type weight if there exist h � 0 and C > 0 su
h thatw
(x+ y; � + �) � Ceh(jxj
+j�j
)w
(y; �); x; y; �; � 2 Rdand w
(x; �1 � �1; : : : ; �d � �d) = w
(x; �); � = (�1; : : : ; �d) 2 f�1; 1gd:A typi
al example of an exp{type weight is(4.1) w
(x; �) = eh1 jxj
+h2 j�j
 ; x; � 2 Rd; h1; h2 � 0:More generally, (1+ jxj+ j�j)aebjxj
1+
j�j
2 is an exp-type weight for any a; b; 
 � 0and 
1; 
2 2 [0; 1):De�nition 4.2. Let there be given 
 2 [0; 1); an exp-type weight w
 ; t 2 R; and1 � p; q <1: Let 0 6� g 2 S(1=
) (if 
 = 0; then 0 6� g 2 S): Then(4.2) Mw
;tp;q = nf 2 S 0(1=
) : kfkMw
;tp;q <1o ;kfkMw
;tp;q = "Z �Z jVgf(x; �)jp wp
(x; �)et(jxj
+j�j
)dx�q=p d�#1=qis 
alled the modulation spa
e.
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;tp;q is a Bana
h spa
e [19, Theorem 11.3.5.℄. If t = 0; we write Mw
p;q =Mw
 ;0p;q ; for short. The above de�nition is independent of the 
hoi
e of g; 0 6� g 2S(1=
); in the sense that di�erent fun
tions de�ne the same modulation spa
e andequivalent norms [13℄.Modulation spa
es Mwp;q ; where 1 � p; q < 1 and w(x + y; � + �) � C(1 +jxj+ j�j)sw(y; �); for some C > 0 and all x; y; �; � 2 Rd; are studied in [1℄, [15℄, [19℄and [43℄. Obviously, every weight de�ned in su
h a way is an exp{type weight. Inparti
ular, for ws(x; �) = (1 + jxj+ j�j)s; x; � 2 Rd; s � 0 properties of pseudodif-ferential operators whose symbols belong to the 
orresponding modulation spa
esare given in [22℄, see also [15℄, [19℄, [29℄, [46℄, [47℄ for some generalizations.In
lusion relations between modulation spa
es and other spa
es of fun
tionsor distributions (Lp; Besov and Sobolev spa
es) are given in [13℄, [19℄, [28℄, [46℄.Note that for ws(x; y) = (1 + jxj+ jyj)s; x; y 2 Rd;S = proj lims!1Mwsp;q ; 1 � p; q <1;[14℄, [47℄. De�nition 4.2 and Theorems 3.8 and 3.9 imply that an analogous state-ment should hold for Gelfand-Shilov type spa
es if polynomial weights are repla
edby weights of almost exponential growth. Indeed,Proposition 4.3. Let 1 � p < 1 and �x 
 2 (0; 1): Put w
;s(x; �) = es(jxj
+j�j
 );s 2 R: We haveS(1=
) = proj lims!1Mw
;s2;2 ; Sf1=
g = ind lims!1Mw
;sp;p :For the proof of proje
tive limit 
ase we refer to [37℄. The indu
tive limit 
aseis proved in [23℄.5. Pseudodi�erential OperatorsPseudodi�erential operators in Gevrey 
lasses are studied in [5℄, [18℄, [33℄, [39℄,[51℄. For operators whi
h map Gs0(
) to Gs(
); s > 1; almost exponential (sub-exponential) growth of 
orresponding symbols is allowed. This gives rise to op-erators of "in�nite order" in 
ontrast to "�nite order" symbols whi
h are slowlyin
reasing at in�nity. Depending on the problem at hand various 
lasses of symbolsare introdu
ed. Just to give an example, a 
lass of symbols S1;�%;Æ (R2d) 
onsists ofall fun
tions � 2 C1(R2d) for whi
h there exist 
onstants C > 0 and B � 0 su
hthat for every " > 0 there is a 
onstant 
" > 0 su
h that(5.1) supx2Rd ���D�xD�� �(x; �)��� � 
"Cj�+�j�!�(%�Æ)�!(1 + j�j)Æj�j�%j�je("j�j)1=�for every �; � 2Nd0 and every j�j � Bj�j�; [51℄.In order to deal with Gelfand-Shilov type spa
es, we use their de�nition viamodulation spa
es. In the 
ontext of modulation spa
es with polynomial weightssmooth symbols with at most polynomial growth are studied in [12℄, [43℄, [44℄. The
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lass, whi
h in
ludes fun
tions of almost exponential growth, is studiedin [38℄.De�nition 5.1. Let 
 2 (0; 1): Let there be given L1; L2 � 0; and �; � 2 R: Wede�ne the symbol 
lass S�;�;
L1;L2(R2d) = S�;�;
L1;L2 as the set of � 2 C1(R2d) satisfyingj Lj�j1�!1=
 Lj�j2�!1=
D�xD�� �(x; �)j � Ce�jxj
+�j�j
 ; �; � 2Nd0; x; � 2 Rdfor some positive 
onstant C = C� depending on L1; L2; �; � and 
: The in�mumof su
h 
onstants C� will be denoted by k�k�;�;
L1;L2 :S�;�;
L1 ;L2 
ontains polynomial symbols as well as some ultrapolynomial symbols.For example, if janj � C knn!1=
 ; for some positive 
onstants C and k; and all n 2N0then �(x; �) := 1Xn=0 an �1 + jxj2+ j�j2�n=2 ;2 S�;�;
L1 ;L2for all L1; L2 > 0 and�; � � (k
2
=2(1 + d(L21 + L22))
=2)=
:For a relation between S�;�;
L1;L2 and 
lasses of symbol introdu
ed in [5℄, [43℄ and [51℄,as well as for the 
ontinuity properties of the 
orresponding operators we refer to[38℄. As an illustration we give the following result from [38℄. The notion of Weylsymbol is given in De�nition 5.3.Proposition 5.2. Let 
 2 (0; 1): Let there be given L1; L2 � 0; and �; � 2 R; andL1 � ��2
+1=
 if � < 0:Observe a pseudodi�erential equation �(x;D)u = f; where the Weyl symbolof �(x;D) belongs to the 
lass S�;�;
A;B ; withA > 2~
L1; B > 2~
L2; where ~
 = ( 41 � 
2 )1=
 :If u 2 S(1=
); then f 2 S(1=
) as well. Moreover, the mapping �(x;D) : S(1=
) 7!S1=(
) is 
ontinuous.Another 
onsequen
e is the boundedness of the operator Pj�j�n a�D�; onS(1=
): It follows from the fa
t that its Weyl symbol belongs to the 
lass S�;�;
A;B forany 
hoi
e of A;B > 0:De�nition 5.3. Let A be a 
lass of symbols. We say that � 2 A is the Weyl symbolof the operator �(x;D) if and only if(5.2) �(x;D)f(x) = Z Z ��x+ y2 ; �� e2�i(x�y)�f(y)dyd�; f 2 S(1=
)(Rd):We also say that �(x;D) is the Weyl transforms of the symbol �(x; �) and refer to(5.2) as the Weyl 
orresponden
e between an operator and a symbol.
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orresponden
e 
an be de�ned by the means of the 
ross Wignerdistribution [49℄. Namely, for f; g 2 L2(Rd) and � 2 L2(R2d)(�(x;D)f; g) = (�;W (g; f)) = h�; �W (g; f)i = Z Z �(x; �)W (f; g)(x; �)dxd�:Remark 5.4. � The 
ross Wigner distribution and the short-time Fouriertransform play important role in the study of lo
alization operators, [1℄,[11℄, [50℄. For given "windows" '1; '2 2 L2(Rd) and a suitable symbol a;the time-frequen
y lo
alization operator A'1;'2a is de�ned byA'1;'2a f = Z Z a(x; �)V'1f(x; �)M�Tx'2dxd�:For various 
hoi
es of windows and symbols we refer to [11℄. We are inter-ested here in a representation of lo
alization operator through the 
rossWigner distribution. It 
an be shown that A'1 ;'2a is operator whose Weylsymbol � is given by � = a �W ('1; '2):� The so 
alled anti-Wi
k operators arise as a spe
ial 
ase of lo
alizationoperators, [1, Chapters 8,9℄. Re
all, an anti-Wi
k symbol � determinesWeyl symbol � � (22de�j�j2): Let �(x; �) 2 S 0(
): Then there exists s > 0su
h that ���22de�j�j2� 2 S�;�;
L1 ;L2 for any �; � � s; and 0 � L1; L2 � 2�1=2;[38℄.� Another time-frequen
y representation, Riha
zek distribution is 
loselyrelated to the Kohn-Nirenberg 
orresponden
e between symbols and op-erators, see [19℄, [21℄.Let us now 
onsider a 
lass of symbols � 2 C1(Rd �Rd) satisfying:(S1) �(z) � 1; z = (x; �) 2 Rd �Rd:(S2) (9C > 0) (9� > 0) su
h that�(z + w) � Ce�jzj
�(w); z; w 2 R2d:(S3) (8h � 0) (9C > 0) (9~s � 0) su
h thatsup�2N2d0 ;j�j�1 ���� hj�j�!1=
D��(z)���� � C �(z)(1 + jzj)~s ; z 2 R2d:(S4) �(x; �) � �(x; �0) for all �; �0 2 Rd su
h that j�j � j�0j:Note, by (S2), (S3) and jzj � jxj
 + j�j
 ; we have �(x; �) 2 S�;�L1;L2 for everyL1; L2 � 0: Also, 
ondition (S2) implies that � is an exp-type weight and �(z) ��(0)C e��jzj
 for all z 2 R2d:Example. The following fun
tions satisfy 
onditions (S1)-(S4).a) �(z) =Pnk=0 akhzi2k; z = (x; �) 2 Rd �Rd; where a0 � 1; ak > 0;b) �(x; �) = (1 + jxj2 + j�j2)s=2; s � 0; x; � 2 Rd: In parti
ular,�(�) = (1 + j�j2)s=2; s � 0; � 2 Rd;
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) �(x; �) = j�j2 + V (x); x; � 2 Rd; where(V1) V 2 C1(Rd); V � 1; V (x)!1 when jxj ! 1:(V2) (9C > 0) (9� > 0) su
h that V (x+ y) � Ce�jxj
V (y); x; y 2 Rd:(V3) (8h � 0) (9C > 0) su
h thatsup�2Nd0 ;j�j�1 ���� hj�j�!1=
D�V (x)���� � CV (x); x 2 Rd;d) �(x; �) = e(1+jxj2+j�j2)
=2 ; x; � 2 Rd;Example 
) implies that we may observe the S
hr�odinger operator with po-tential V (x) whi
h may have sub-exponential growth.Theorem 5.5. Assume that �(x; �) satis�es (S1)-(S4). Thena) Let 1 � p; q < 1 and s � 0: For every f 2 M�;sp;q there exist positive
onstants C1; C2 and C3 su
h that(5.3) C1kfkM�;sp;q � k�(x;D)fkM1;sp;q +C2kfkM1;0p;q � C3kfkM�;sp;q :b) If, additionally, �(z) � Ce�jzj
 for jzj � K; for some positive 
onstantsC; � and K; and if �(x;D)f 2 M1;sp;q for f 2 M1;0p;q ; then f belongs toM1;s+�p;q :
) Let(5.4) �(x; �) � e�(jxj
+j�j
) for some � > 0 when jxj+ j�j ! 1:Then �(x;D)jS(1=
) is essentially self-adjoint in L2 and the domain ofits unique self adjoint extension L is M�;02;2 : Furthermore, the self adjointoperator L is 
ompa
t operator and its eigenfun
tions belong to S(1=
):Proof. Part a) is proved in [38℄, see also [44℄. Part b) is a 
orollary of the result.For simpli
ity we prove b) for p = q = 2: Let B(0;K) = fz 2 R2d j jzj � Kg:kfk2M1;s+�2;2 = Z Z jVgf(x; y)j2e2(s+�)(jxj
+jyj
)dxdy� ZZB(0;K) jVgf(x; y)j2e2(s+�)(jxj
+jyj
)dxdy+ ZZRdnB(0;K) jVgf(x; y)j2e2(s+�)(jxj
+jyj
)dxdy� C + j ZZRdnB(0;K) jVgf(x; y)j2�2(x; y)e2s(jxj
+jyj
)dxdyj � C + kfkM�;s2;2� C + k�(x;D)fkM1;s2;2 +C2kfkM1;02;2 <1;where we used a) together with the fa
t that f 2M1;02;2 implies Vgf 2M1;02;2 :
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) We prove that �(x;D)jS(1=
) is essentially self-adjoint by using [42, The-orem 26.1℄. To that end we need to show the S(1=
) hypoellipti
ity. This followsfrom b) sin
e S(1=
) = Ts�0M1;s2;2 : It remains to show that L is 
ompa
t.Now we need the following fa
t from time-frequen
y analysis. Re
all, a set offun
tions fgk;n; k; n 2 Zg; is 
alled a Gabor system ifgk;n(x) = e2�bnxg(x � ak) =MbnTakg; k; n 2 Z;for a �xed fun
tion g and time-frequen
y shift parameters a; b > 0:A Gabor systemis a Gabor frame in L2(R) if there exists 0 < A � B <1 su
h thatAkfk2 � Xk;n2Z jhgk;n; fij2 � Bkfk2:If A = B the frame is tight. For a tight Gabor frame fgk;n; k; n 2 Zg; we have(5.5) kfk2 = Xk2Nd;n2Zd jhgk;n; fij2:To show that L is 
ompa
t it is suÆ
ient to prove that the setS = ff 2 L2 : Xk2Nd;n2Zd jhgk;n; fij2�k;n � 1gwhere �k;n = �(n+ �2 ; l) for k = 2l + � 2Nd; � 2 f0; 1gd; is 
ompa
t in L2(Rd):Let (fn)n2N be a sequen
e in S:We need to show that it 
ontains a 
onvergentsubsequen
e. Sin
e (fn)n2N is bounded in L2(Rd) it 
ontains a weakly 
onvergentsubsequen
e (fln )ln2N; i.e. there exists f 2 S su
h that(5.6) limn!1(fln � f; �) = 0; 8� 2 L2(Rd):Let us show that this 
onvergen
e is strong, i.e. limn!1 kfln � fk = 0; or, equiv-alently(5.7) limn!1 Xk2Nd;m2Zd jhfln � f; gk;mij2 = 0:Sin
e limjkj+jmj!1 �k;m = 1; for arbitrary "=4 > 0 there is a �nite number ofindi
es (k;m) su
h that 1�k;m � "4 : Denote the set of indi
es by I1: Then we haveXk;m)62I1 jhfln � f; gk;mij2�k;m�k;m< 2 "4( X(k;m)62I1 jhfln ; gk;mij2�k;m + X(k;m)62I1 jhf; gk;mij2�k;m) < ":Furthermore, sin
e (5.6) implies thatlimn!1 X(k;m)2I1 jhfln � f; gk;mij2 = 0;by taking e.g. " = 2�ln we obtain (5.7), hen
e S is 
ompa
t in L2(Rd):
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) is derived by part b) and\s�0M1;s2;2 = S(1=
):An immediate 
onsequen
e of Theorem 5.5 is the 
ontinuity of the mapping� : M�;sp;q 7! M1;sp;q : Moreover, �(M�;sp;q ); the image of M�;sp;q under �; is a Bana
hsubspa
e of M1;sp;q :For spe
tral asymptoti
s we refer to [12℄,[38℄, [44℄.Referen
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