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tWe investigate a family of latti
e models with manifest N=2 supersymmetry. The modelsdes
ribe fermions on a 1D latti
e, subje
t to the 
onstraint that no more than k 
onse
utivelatti
e sites may be o

upied. We dis
uss the spe
ial properties arising from the supersym-metry, and present Bethe ansatz solutions of the simplest models. We display the 
onne
tionsof the k = 1 model with the spin-12 antiferromagneti
 XXZ 
hain at � = �1=2, and thek = 2 model with both the su(2j1)-symmetri
 tJ model in the ferromagneti
 regime and theintegrable spin-1 XXZ 
hain at � = �1=p2. We argue that these models in
lude 
riti
alpoints des
ribed by the super
onformal minimal models.1 Introdu
tion: supersymmetri
 latti
e modelsIn the analysis of quantum me
hani
s and quantum �eld theory, one is often guided by thepresen
e of symmetries. Among these symmetries, supersymmetry stands out as parti
ularlypowerful: supersymmetri
 theories enjoy spe
ial `magi
al' properties and in many 
ases super-symmetry leads to 
onsiderable 
omputational simpli�
ation.Supersymmetri
 �eld theories in two (2+0 or 1+1) dimensions are parti
ularly interesting.They have manifold appli
ations, ranging from their use as world sheet theories in (super-)stringtheory to their role as 
ontinuum limits of 
riti
al models of 2D statisti
al me
hani
s or 1Dquantum 
hains. For example, the �eld theory des
ribing the (experimentally realizable [1℄)antiferromagneti
 XXZ spin 
hain at anisotropy � = �1=2 has N=(2,2) supersymmetry.Other latti
e models, su
h as the two-dimensional tri
riti
al Ising model along the �rst-ordertransition line, are des
ribed by supersymmetri
 �eld theories in the 
ontinuum limit [2℄ as well.In none of these 
ases is it obvious how the supersymmetry manifests itself in the underlyinglatti
e model. To understand this issue, and to show how supersymmetry improves our under-standing of latti
e models dire
tly, we introdu
ed latti
e models with expli
it supersymmetry [3℄.These models des
ribe hard-
ore fermions on a general latti
e or graph, and the supersymmetrygenerators are related to operators that 
reate or annihilate these fermions. We showed that the1



simplest of these models de�ned on a 1D 
hain is 
riti
al, and is 
losely related to the XXZ 
hainat � = �1=2.In the present work, we greatly expand upon the work of [3℄. We introdu
e a series ofsupersymmetri
 latti
e models, the simplest one that of [3℄. Here we we limit our study to one-dimensional (open or 
losed) 
hains, but the models (if not the results) 
an be easily generalizedto higher dimensions. Analyzing the models in detail, we pay parti
ular attention to the followingaspe
ts: (i) spe
ial features, su
h as zero-energy ground states, implied by the supersymmetry,(ii) integrability by Bethe ansatz, (iii) mappings to other models, and (iv) 
ontinuum limit andrelation with models of N=(2,2) super
onformal �eld theory. In se
tion 2, we de�ne a series ofmodels (denoted Mk), and 
ompute their Witten index. In se
tion 3, we dis
uss the simplestmodel M1 in detail, extending the results of [3℄. In se
tion 4, we show that the model M2 ata parti
ular 
oupling is 
losely related to the su(2j1)-supersymmetri
 tJ model, thus providingan intriguing relation between spa
etime supersymmetry and global symmetries with fermioni
generators (whi
h are often 
alled supersymmetries in the 
ondensed-matter literature). We alsoshow that at a di�erent 
oupling, M2 is related to the spin-1 XXZ model with 
ouplings tuned tobe integrable. The latter model and the model M1 are des
ribed in the 
ontinuum limit by the�rst two minimal models of super
onformal �eld theory. In se
tion 5, we argue that a parti
ular
oupling of the model Mk is des
ribed by the kth super
onformal minimal model.2 A family of N=2 supersymmetri
 latti
e models2.1 The models Mk: general stru
tureTo de�ne the models Mk , we 
onsider fermions on a 1D 
hain, subje
t to the 
ondition thatat the most k 
onse
utive latti
e sites may be o

upied. This de�nes a Hilbert spa
e Hk , withsubspa
es H(f)k de�ned by the 
ondition that the eigenvalue of the fermion-number operator Fbe equal to f . The supersymmetry generators Q = Q� and Qy = Q+ a
t on the 
onstrainedHilbert spa
es Hk as Q� : H(f)k !H(f�1)k ; Q+ : H(f)k !H(f+1)k (1)so that [F;Q�℄ = �Q�: (2)They are nilpotent: (Q+)2 = (Q�)2 = 0 : (3)One of the most important 
hara
teristi
s of models with spa
etime supersymmetry is that thealgebra of the supersymmetry generators involves the Hamiltonian H . For N=2 supersymmetry,the relation is H = fQ+; Q�g : (4)This de�nition, together with the nilpoten
y of the supersymmetry generators, implies that H
ommutes with both the fermion number and the supersymmetry generators[F;H ℄ = 0; [Q+; H ℄ = [Q�; H ℄ = 0 : (5)The algebrai
 stru
ture summarized in the equations (2), (3), (4) and (5) is 
hara
teristi
 ofsupersymmetri
 quantum me
hani
s or N=2 supersymmetri
 quantum �eld theory.2



To further spe
ify the modelsMk, we start by introdu
ing 
reation and annihilation operators
yi , 
i for unrestri
ted fermions. They obey the usual anti
ommutation relationsf
i; 
yjg = Æij f
i; 
jg = f
yi ; 
yjg = 0;so there is at most one fermion per site. The supersymmetry generators are parti
ular 
ombina-tions of the fermion annihilation and 
reation operators. There is some freedom in de�ning theQ� on Hk while maintaining the above algebrai
 stru
ture. This freedom will lead to adjustableparameters x1; : : : ; xk�1 in the de�nitions of the models Mk.For k = 1, adja
ent fermions are forbidden; i.e. the Hilbert spa
e is 
onstrained so thatnearest-neighbor sites on the latti
e 
annot be o

upied. With this, the fermions 
an be thoughtof as hard-
ore dimers 
entered on site i, with the dimer 
overing the sites i � 12 and i + 12 onthe dual latti
e. Introdu
ing the proje
tion operator Pi � 1� 
yi
i, we 
an write di � Pi�1
yiPi+1and de�ne the supersymmetry generators byQ+ = NXi=1 dyi ; Q� = NXi=1 di :The resulting Hamiltonian will be displayed, and its eigenstates found, in se
tion 3.Putting k = 2, we 
an de�ne dyi � Pi�1
yiPi+1, eyi � Pi�2
yi�1
i�1
yiPi+1 +Pi�1
yi 
yi+1
i+1Pi+2and de�ne supersymmetry asQ+ = NXi=1 [y1dyi + y2eyi ℄ ; Q� = (Q+)y :The 
ondition (Q�)2 = 0 is satis�ed for all y1, y2, leaving the ratio x1 = y1=y2 as a non-trivialadjustable parameter.For general k, one may extend these results to 
onstru
t a family of nilpotent supersymmetryoperators with adjustable parameters x1; : : : ; xk�1. This 
onstru
tion goes as follows. De�neoperators d[a;b℄;i, dy[a;b℄;i, with a; b = 1; : : : ; k, b � a, and with d[a;b℄;i taking out a fermion at a sitei, whi
h is at the b-th position of a length-a string of 
onse
utive o

upied sites. The de�nitionof d[a;b℄;i in
ludes the appropriate minus sign for bringing the annihilation operator to site i.Weighing the 
ontribution of d[a;b℄;i to the supersymmetry generator with ya;b, one arrives atQ� =Xi Xa;b ya;bd[a;b℄;i : (6)Imposing then that (Q�)2 = 0 leads to re
ursion relations on the 
oeÆ
ients ya;b, whi
h 
an besolved in a 
losed form that is reminis
ent of Newton's binomium. Writing ya = ya;1, the solutionreads ya;b = yaya�1 : : :ya�b+1yb�1yb�2 : : :y1 : (7)This leaves y1; y2; : : : ; yk as free, adjustable parameters in the de�nition of a nilpotent supersym-metry operator on the spa
e Hk . The resulting Hamiltonian depends non-trivially on all k � 1ratios xi � yi=yk , i = 1; 2; : : : ; k � 1. 3



2.2 Witten index and ground-state degenera
yThe algebrai
 stru
ture (3), (4) and (5) implies the following simple properties of the spe
trumof H [4℄:� all energies satisfy E � 0,� all states with E > 0 
an be organized into doublets of the supersymmetry algebra,� states are annihilated by both Q+ and Q� if and only if they are zero-energy eigenstatesof H .The Witten index of a supersymmetri
 theory isWk = TrHk(�1)F exp(��H) : (8)Be
ause all states with E > 0 appear in doublets with the same energy and fermion numberdi�ering by 1, their 
ontribution to Wk 
an
els. Thus Wk 
ounts the number of ground statesof the theory, weighted by (�1)F . A non-zero Witten index requires the existen
e of at leastjWkj ground states with E = 0. Note that Wk is independent of �, and in fa
t H itself, as longas supersymmetry is preserved. The number of ground states in the theory 
an 
hange as theparameters 
hange, but Wk 
annot. This means ground states 
an only appear or disappear inpairs with opposite values of (�1)F .Sin
e Wk is independent of �, we 
an evaluate it at � ! 0, so that all states 
ontribute witha fa
tor (�1)F . We 
ompute this by employing a re
ursion matrix to pass from N to N +1 sites,while keeping tra
k of the 
on�guration near one open end. The 
hara
teristi
 equation for thematrix pertaining to the spa
e Hk is�k+1 � �k + : : :� (�1)k = 0 ;whi
h implies that �k+2 = (�1)k. This means that the Witten index Wk(N) for an N -site 
hainobeys Wk(N + k + 2) = (�1)kWk(N). We obtain (for N = 1; : : :k + 2)� Hk on an N -site open 
hain,Wk(N) = (0 for 1 � N � k(�1)k for N = k + 1; k+ 2 (9)� for Hk on an N -site 
losed 
hain with periodi
 boundary 
onditions,Wk(N) = ((�1)N+1 for 1 � N � k + 1(�1)k(k + 1) for N = k + 2 (10)For the 
ase with periodi
 boundary 
onditions, one 
an re�ne this result by restri
ting theindex to se
tors with a spe
i�
 eigenvalue t of the shift operator T . As TN = 1, these eigenvaluesare of the form t = exp(2�il=N), l = 1; 2; : : : ; N . For the 
ase N = n(k + 2), where jW j = k + 1we �nd W = (�1)N for t = (�1)N+1 exp� 2�ik + 2 j� with j = 1; : : : ; k+ 1 (11)4



and W = 0 otherwise. For all other NW = (�1)N+1 at t = (�1)N+1 ; (12)and W = 0 otherwise.These values of the index are independent of the xi: as noted above, Witten's index is inde-pendent of all supersymmetry-preserving deformations of the theory. We will show in subsequentse
tions that in two simple 
ases,M1 and M2[x = 0℄, the eigenstates of H 
an be found using theBethe ansatz. In these two 
ases, and forM2[x = p2℄ we also have non-trivial mappings relatingthe supersymmetri
 
hain to other integrable models. The models Mk[x1 : : : ℄ do not appear tobe integrable in general, however.3 M1: a supersymmetri
 model of hard-
ore fermions3.1 HamiltonianThe Hamiltonian for the k = 1 model is found by working out the general expression eq. (4) forthe supersymmetry generators de�ned in eq. (2.1). Denoting di � Pi�1
iPi+1 to be the hard-
orefermion, we have H1 = NXi=1 Pi�1Pi+1 + dyi+1di + dyidi+1: (13)Hen
eforth we take periodi
 boundary 
onditions, so the index i is de�ned mod N . The potential
ounts the number of \empty pairs", va
an
ies two sites apart. Adding a fermion more than twosites from any other fermions de
reases the potential by 2, sin
e there are now two less emptypairs. It is 
onvenient to rewrite the Hamiltonian asH1 = N � 2f + NXi=1 hdyi+1di + dyidi+1 + dyididyi+2di+2i : (14)In this formulation, the Hamiltonian has a 
onstant term, a 
hemi
al potential of 2 per fermion,a hopping term, and a repulsive potential for fermions two sites apart. This looks like a latti
eversion of the Thirring model with a hard-
ore repulsion, and a next-nearest-neighbor repulsivepotential.We remark that the Hamiltonian (14) has been introdu
ed and analyzed in the literature; itis a spe
ial 
ase of the so-
alled 
onstrained XXZ model dis
ussed in [5℄. These papers do notmention the supersymmetry properties whi
h form the fo
us of our analysis here.3.2 The 
orresponden
e with the XXZ modelThe Hamiltonian (14) bears a simple relation with the XXZ Hamiltonian with � = �1=2HXXZ� 12 = 12 LXj=1 h�xj �xj+1 + �yj �yj+1 ���zj�zj+1i (15)Here the � are Pauli spin matri
es. The transformation 
an be e�e
ted on a periodi
 
hain asfollows. Ea
h edge between empty sites is repla
ed by an up-spin, and ea
h o

upied site with itsadja
ent edges is repla
ed by a down-spin. The length L of the XXZ 
hain is therefore related to5



the length of the fermion latti
e as L = N � f . To transform the Hamiltonian, observe that thehopping term simply allows a fermion to move to a neighboring site, provided its other neighbor isempty. The e�e
t is the same as that of the terms 1=2(�xj�xj+1+�yj �yj+1) in the XXZ Hamiltonian.The diagonal term in (14) 
ounts the number of empty se
ond-neighbor pairs and translates intothe operator Pj(1� �zj)=2 + (1 + �zj)(1 + �zj+1)=4, whi
h 
ounts the number of down-spins andthe number of nearest neighbor up-spin pairs. On a periodi
 
hain this expression is identi
al to(3L+Pj �zj�zj+1)=4. This gives, up to an additive 
onstant, a map between the Hamiltonians,H1 $ HXXZ�1=2 + 3L=4. Note, however, that the 
onstant 3L=4 in the spin 
hain would not be
onstant in the fermion model, as L = N � f .In spite of this reasoning these Hamiltonians do not have entirely the same spe
trum. Onereason for this is that the size of the Hilbert spa
e is not the same between the two models, evenin the 
orresponding se
tor. The size of the se
tor (N; f) in the fermion 
hain is (for 0 < f < N=2and N=f not an integer) N � N � f � 1f � 1 � ;while the size of the 
orresponding se
tor in the XXZ 
hain is� N � ff � :The se
ond di�eren
e is the fa
t that if a fermion on position N hops to the right to position 1,the weight of the resulting state will have an additional minus sign if the total number of fermionsis even.To relate the spe
tra of the two models we �rst identify the missing states of the fermion 
hain.The rules given above give a one-to-one 
orresponden
e with states of the XXZ 
hain, for all statesin the fermion 
hain in whi
h the leftmost position is empty. The a
tion of the Hamiltonian (14)within this subspa
e is well represented by the expression (15), but of 
ourse the Hamiltonianwill also hop parti
les onto the leftmost site. In order to adjust the Hamiltonian (15) to a

ountfor jumps outside the subspa
e, we have to restri
t it to se
tors where the translation operatorT has eigenvalue t. Within this se
tor ea
h state 
an be identi�ed with t (t�1) times its left(right) translated version. When in the fermion 
hain the leftmost position is o

upied by aleft hop, we identify this state with t times its left translate. With this identi�
ation, the hop
orresponds pre
isely with a spin ex
hange between the leftmost and the rightmost position,leaving the rest of the 
on�guration una�e
ted. If the number of fermions is even an additionalminus sign should be taken into a

ount for the 
y
li
 permutation of the fermions in this move.The result 
an be emulated in the in the XXZ Hamiltonian by a twist in the periodi
 boundary
onditions: �+L+1 = (�1)f+1t�+1 and ��L+1 = (�1)f+1t�1��1 . Noti
e that with this boundary
ondition the eigenvalues of T in the spin model are not the usual roots of unity tL = 1, butthose of the 
orresponding fermion 
hain tN = 1. With this modi�
ation the spe
trum of the XXZHamiltonian in the appropriate momentum se
tor 
orresponds pre
isely to that of the fermioni

hain. We will 
on�rm this result below by showing that the Bethe-ansatz equations of thefermioni
 
hain of N sites are the same as the XXZ 
hain of length L = N � f if one in
ludes atwist fa
tor t(�1)f+1 in the latter. 6



3.3 The Bethe ansatz3.3.1 The Bethe equationsThe Bethe ansatz 
omputation follows 
losely the original 
omputation of Bethe for the Heisen-berg spin-
hain. For a review, see e.g. [6, 7℄. An eigenstate with f hard-
ore fermions is of theform �(f) =Xfijg'(i1; i2; : : : if)dyi1dyi2 : : :dyif j0i (16)where we order 1 � i1 < i2 � 1 < i3 � 2 : : : . The state j0i is the va
uum state with no fermions,not the ground state. First we 
onstru
t eigenstates of the translation operator T , whi
h sendsTdyi1dyi2 � � � = dyi1+1dyi2+1 : : : . If there is no fermion at site N , then this 
an be done simply bytaking '(i1; i2; : : : if) � �i11 �i22 : : :�iff :but this pres
ription does not work if if = N . The way to �x this is to sum over permutationsof the �i. Denoting P to be the permutation (P1; P2; : : : ; Pf) of (1; 2; : : :f), we de�ne'(i1; i2; : : : if) =XP AP �i1P1�i2P2 : : :�ifPf : (17)The periodi
 boundary 
onditions give a 
onstraint on the amplitudes AP . For �(f) to be aneigenstate of T , the amplitudes must be 
y
li
ally related asAPf;P1;P2;:::P (f�1) = �NPf (�1)f�1AP1;P2;:::P f : (18)The eigenvalue t of T is then given by t = fYi=1(�i)�1 (19)For periodi
 boundary 
onditions, untwisted in the fermioni
 basis, we set tN = 1. De�ning thebare momentum pi as �i � exp(ipi), the relation (18) 
orresponds to quantizing the momentumof a parti
le in a box.Equation (17) is Bethe's ansatz for the eigenstates. There is no a priori guarantee that it willwork, but in this 
ase it does. The �i and the amplitudes AP are found by demanding that �(f)be an eigenstate. Let us �rst study the 
ase with two fermions. We have�(2) = Xi1<i2�1'(i1; i2)dyi1dyi2where the sum on i1 and i2 is restri
ted to be 1 � i1 < i2� 1 � N � 1. The Bethe ansatz is that'(i1; i2) = XP AP �i1P1�i2P2= A12�i11 �i22 +A21�i12 �i21Requiring �(2) be an eigenstate of T means thatA12 = �A21�N1 ;7



with t = (�1�2)�1. Operating with the Hamiltonian (14) on �(f), one �ndsH�(f) = (N � 2f)�(f) + NXi=1 '(i; i+ 2) dyidyi+2+ Xi1<i2�1'(i1; i2) hdyi1+1dyi2 + dyi1�1dyi2 + dyi1dyi2+1 + dyi1dyi2�1i : (20)Shifting the latter sums by i1 ! i1 � 1; i1 ! i1 + 1; i2 ! i2 � 1 and i2 ! i2 + 1, respe
tively,yields H�(f) = E�(f)+ NXi=1 Xidyidyi+2where E = N � 2f + �1 + �2 + (�1)�1 + (�2)�1:The other terms must vanish for �(f) to be an eigenstate of H . They involve fermions two sitesapart, and are Xi = '(i; i+ 2)� '(i; i+ 1)� '(i+ 1; i+ 2):The �rst 
ontribution to Xi 
omes from the potential energy. The other two are a little bit moresubtle. Be
ause of the hard-
ore repulsion, there are no terms in (20) of the form '(i; i+1)dyidyi+1.After the shifts in i1 and i2, su
h terms would result in ne
essary 
ontributions to E�(f). However,sin
e they are la
king, we need to add them into E�(f) and therefore subtra
t them o� from theXi.The terms Xi must all vanish if �(f) is to be an eigenstate: for all iXi =XP AP �iP1�iP2 ��2P2 � �P2 � �P1�2P2� = 0Ea
h of these vanishes if A21A12 = ��2�1 �2�1 + 1� �2�2�1 + 1� �1 :Combining this with the earlier 
ondition yieldsA12A21 = ��N1 = ��1(�1�2 + 1� �1)�2(�1�2 + 1� �2) :Using the fa
t that t�1 = �1�2 gives the Bethe equation�N�2k t�1 = �k�j + 1� �k�k�j + 1� �k ;whi
h holds for (k; j) = (1; 2) and (2; 1). One solves these two equations for �1 and �2 subje
t tothe 
onstraint t�1 = �1�2. Then the 
orresponding eigenstate is found (up to an overall 
onstant)by substituting the values of �i into the equation for A21=A12. In general, one must also restri
t�1 6= �2, or else �(2) vanishes. There is one ex
eption to this: if �1 = �2 = exp(�i�=3), then theXi vanish without imposing a 
ondition on the AP . These sort of states are dis
ussed in detailin [8℄, where it is explained how the Bethe ansatz gives a 
omplete set of states. For example,one 
an easily 
he
k that �1 = �2 = exp(�i�=3) yields eigenstates of energy E = N � 2 when Nis an odd multiple of 3. 8



This 
omputation 
an be generalized to all f . The 
onstraint that �(f) be an eigenstate isbasi
ally the same as the two-fermion 
ase: one requires that'(i1; i2; : : : i; i+2; : : : ; if)�'(i1; i2; : : : ; i; i+1; : : : ; if)�'(i1; i2; : : : ; i+1; i+2; : : : ; if) = 0 (21)for any 
hoi
e of i1; i2; : : : if and i. The tri
k to make this vanish is to 
onsider the permutationP 0, whi
h di�ers from P only in that Pk and P (k + 1) are reversed, i.e. P 0 = P1P2 : : :P (k �1)P (k+ 1)PkP (k + 2) : : :Pf . Then (21) 
an be written as0 =PP �i1P1�i2P2 : : :�iPk�iP (k+1) : : :�ifPfhAP ��2P (k+1) � �P (k+1) � �Pk�2P (k+1)�+AP 0 ��2Pk � �Pk � �P (k+1)�2Pk�iThis vanishes if for all P and k AP 0AP = g(�P (k+1); �Pk) (22)with g(a; b) � �a(ab+ 1� a)b(ab+ 1� b) :One 
an think of g as the bare S-matrix des
ribing the phase shift when two fermions are inter-
hanged. The fa
t that g(a; a) = �1 means that the wavefun
tion vanishes if two of the �j areidenti
al (ex
ept for �j = exp(�i�=3), as dis
ussed above).To �nd the �i, we impose the boundary 
ondition (18). Note thatAPf;P1;P2;:::P (f�1)AP1;P2;:::P f = AP1;P f;P2;:::P (f�1)AP1;P2:::P f g(�Pf ; �P1)= fYj=1 g(�Pf ; �Pj)The 
ondition (18) must hold for all Pf , and hen
e all j. Putting this all together yields theBethe equations for the �j : �Nj = (�1)f fYk=1 g(�j ; �k):This is thus a 
oupled set of polynomial equations for the �i. Using the expli
it form of g, andthe expression (19) for the translation eigenvalue t, the Bethe equations simplify to�N�fj t�1 = fYk=1 �j�k + 1� �j�j�k + 1� �k : (23)These are a set of f 
oupled polynomial equations for the �j , j = 1 : : :f . Solving these for a setof �j , one then �nds the 
orresponding eigenstate (up to an overall normalization) by using (22).This eigenstate has energy E = N � 2f + fXj=1 ��j + (�j)�1� (24)The 
orresponden
e to the XXZ model at � = �1=2 dis
ussed above is readily apparentin the Bethe equations (23). These are pre
isely the Bethe equations one obtains for this XXZ9



model with L = N � f sites, and with a twist resulting in the fa
tor of t�1 in (23). However, theeigenstates in the two 
ases are slightly di�erent: the fa
tor �P (k+1)=�Pk in (22) does not appearin the XXZ 
ase.In the pre
eding Bethe ansatz 
omputation, we have not used the supersymmetry at all. Infa
t, one 
an easily repeat the 
omputation for a model with an arbitrary 
oeÆ
ient of the four-fermion term in (14). Su
h a model is integrable (it is related to the XXZ 
hain at arbitrary�), but it is no longer supersymmetri
. It would be interesting to understand if there is aquantum-group symmetry generalizing the supersymmetry to arbitrary four-fermion 
oupling.In parti
ular, it is plausible that the loop group symmetry of [9℄ spe
ialized to � = �1=2 isrelated to the supersymmetry des
ribed here.3.3.2 The monomer Bethe ansatzThe Bethe ansatz has been argued to be 
omplete [8℄. However, when f > N=3, there seem to betoo many solutions to the Bethe equations. For example, 
onsider the state with the maximumnumber of fermions, whi
h has f = N=2 when N is even. In this state, the hard-
ore fermions(or equivalently, the hard-
ore dimers) are 
losely pa
ked. There are just two eigenstates for thisvalue of f , but the Bethe equations are suggestive of many more solutions. Sin
e however, allsolutions to the Bethe equations in whi
h the � are either distin
t or equal to exp(�i�=3) give aneigenve
tor, the number of solutions 
an not ex
eed the number of eigenve
tors unless dependentve
tors are 
onstru
ted. The analogous situation in the XXZ model is easy to understand: thetwo situations are related by an overall spin 
ip, and the 
orresponding solutions to the Betheequations 
an be related. Be
ause of the hard-
ore 
onstraint in our problem, the parti
le/holetransformation is tri
kier; it 
an be found using the mapping to the XXZ model des
ribed above,but will relate systems with di�erent numbers of sites. To understand the states with f > N=3,it is thus useful to build up a Bethe ansatz solution starting from the 
lose-pa
ked state. It willturn out as well that the resulting Bethe ansatz equations 
an also be de�ned even in the 
asethat the states have fra
tional 
harge.For N even, there are two 
lose-pa
ked states. In terms of fermions they 
an be written asjC1i = dy1dy3 : : : dyN�1j0i jC2i = dy2dy4 : : : dyN j0iStates with smaller f are des
ribed by having domain walls between the two referen
e states.A state with f = N=2 � 1 has two domain walls. It is 
onvenient to pi
torially des
ribe ea
hhard-
ore fermion as a dimer 
entered on site i. The domain walls then 
orrespond to monomers:sites on the dual latti
e uno

upied by a dimer. The two referen
e states and an example of astate with two monomers are thenjC1i = : : :jC2i = : : :my5my10jCi = Æ Æ : : :We have denoted by mi the operator whi
h 
reates a monomer at site i on the dual latti
e.These of 
ourse 
an be written in terms of the original dimer 
reation operators: for example,my5my10jCi = dy1dy3dy6dy8dy11dy13 : : : j0i.All of the states in the Hilbert spa
e 
an be des
ribed in this monomer basis. For N even,there must be an even number of monomers M to ensure the periodi
 boundary 
onditions. Themonomer 
onstru
tion works for odd N as well: su
h states 
orrespond to odd M . For both even10



and odd N , the fermion number f is f = (N �M)=2. Monomers 
an be pla
ed next to ea
hother; two adja
ent monomers simply 
orrespond to removing a dimer. The only restri
tion onmonomer pla
ement is that sequential monomers must be an odd number of sites apart. We 
anthus write any state as �(f) = 'M(i1; i2; : : : ; iM)myi1myi2 : : :myiM jCi:with 1 � i1 < i2 < � � � < iM � N , and ij+1 � ij must be an odd number. There is no ne
essityfor the subs
ript of jCi when there are monomers present: the monomer 
reation operators aresuÆ
ient to spe
ify the state uniquely.The Hamiltonian in the monomer basis isHM = N2 � M2 + NXi=1 h�myi+2mi +myimi+2��1�myi+1mi+1�+myi+1mi+1myimiiA monomer 
an hop two sites as long as it does not hop over another monomer; this preservesthe restri
tion that ij� ij+1 be odd. As for dimers, the potential energy goes up when monomersare adja
ent.The one subtlety in working in the monomer basis is the implementation of the translationoperator. The translation operator takes T jC1i = jC2i, but be
ause the dimer 
reation operatorsanti
ommute, T jC2i = �(�1)f jC1i. In general, one pi
ks up this minus sign if f is even and ifthe �rst monomer is on an even site. It is thus 
onvenient to de�nite some of the monomer stateswith an extra fa
tor of �i, namely myi1myi2 : : : jCi � �i dy2dy4 : : : j0i when both f and i1 are even.With this de�nition, one has for states with no monomer on the last site N ,T (myi1myi2 : : : jCi) = �myi1+1myi2+1 : : : jCiwhere � = i if f is even, and � = 1 if f is odd. If there is a monomer on the last site N , one has(for any f) T (myi1myi2 : : :myN jCi) = my1myi1+1myi2+1 : : :myiM�1+1jCi:The latter relation means that the monomer operators 
ommute with ea
h other.The Bethe ansatz analysis is very similar to that in the original basis. We take'M(i1; i2; : : :iM ) =XP BP �i1P1�i2P2 : : :�ifPf : (25)The eigenvalue of the translation operator T is thent = � MYj=1(�j)�1:Imposing the periodi
 boundary 
onditions yields�BPM;P1;P2;:::P (f�1) = �NPfBP1;P2;:::PM : (26)For (25) to des
ribe an eigenstate of the Hamiltonian, the amplitudes BP must obeyBP 0BP = � �Pk�P (k+1) �2Pk�2P (k+1) + 1� �2P (k+1)�2Pk�2P (k+1) + 1� �2Pk (27)11



where the permutation P 0 is de�ned as before. Combining (27) with the 
y
li
 relation (26) yieldsthe Bethe equations. In terms of new variables �j � (�j)2, they resemble those in the originalbasis; they are �N�fj t = (�1)M+f MYk=1 �j�k + 1� �j�j�k + 1� �k (28)MYj=1 �j = (�1)f+1t�2 (29)where we used the fa
t that f = (N �M)=2. The energy of this eigenstate isE = f + MXj=1 ��j + (�j)�1� (30)The similarity of the Bethe equations in the two bases is of 
ourse a 
onsequen
e of the mappingto the XXZ model; in the XXZ model there is an obvious symmetry between up and down spins.3.3.3 Supersymmetry and the ground stateIn this se
tion we des
ribe several interesting 
onsequen
es of the supersymmetry for the Betheansatz.The simplest one is the pairing of eigenstates of H . A
ting with Q+ on the state �(f) de�nedin (16), we have Q+�(f) =Xfijg'(i1; i2; : : : if) fXi=1 dyidyi1dyi2 : : : dyif j0i! :This is a state with f + 1 fermions, and so 
an also be written in the form (16) where ' takes aspe
ial form '+, namely'+ = i1�2Xi=1 '(i; i1; : : : if)� i2�2Xi=i1+2'(i1; i; i2 : : : if ) + � � �+ (�1)f+1 NXi=if+2'(i1; i2; : : : ; if ; i):The minus signs are a result of the fermions anti
ommuting. If the state �(f) is of Bethe ansatzform (17), the state Q+�(f) is also of Bethe ansatz form, with'+ = '(1; �1; �2; : : :�f ):The relative minus signs work out 
orre
tly from (22) be
ause g(1; �j) = �1. It is easy to
he
k that if a state �(f) obeys the Bethe equations (23) with a set �1; �2; : : : ; �f , then the set(1; �1; �2; : : : ; �f ) also obeys the Bethe equations. Moreover, the two states have the same energy.We have thus shown that a
ting with the supersymmetry generator Q+ 
orresponds to insert-ing a parti
le with zero bare momentum, where the bare momentum pj is de�ned via �j � eipj .A
ting with Q+ twi
e annihilates the state, be
ause states with �j = �k = 1 for j 6= k havevanishing wavefun
tion. Thus (Q+)2 = 0 as required. To 
omplete this identi�
ation of doubletswithin the Bethe ansatz one 
an verify expli
itly that any state obeying the Bethe equationssatis�es Q��(f) = 0 unless one of the �j = 1. An E = 0 ground state �0 therefore has all �j 6= 1;it also has the spe
ial property that Q+�0 = 0 even though none of the �j are 1.12



An even deeper 
onsequen
e of the supersymmetry results from the fa
t that the ground stateenergy is zero. We will derive a single polynomial whose roots give the roots of the Bethe equations�j (or �j) des
ribing the ground state. Thus for the ground state we redu
e a set of f 
oupledpolynomial equations of order f to a single one of order f . Results very similar to those in thisse
tion have been derived for the XXZ 
hain at � = �1=2 for an odd number of sites, or for spe
ialtwisted boundary 
onditions [11℄. The 
omputations of [11℄ were possible be
ause the transfer-matrix eigenvalues of the 
orresponding six-vertex model were known expli
itly, through some
lever arguments [6℄. Our result thus explains why these eigenvalues 
ould be found expli
itly:in our formulation, the model is supersymmetri
, and so the ground state energy vanishes.To do this 
omputation, we need to make some de�nitions. We de�ne wj , j = 1 : : :f , via�j = wj � qqwj � 1where q � exp(�i�=3). In terms of w, the energy of an eigenstate isE = N � fXj=1 (wj + 1)2(wj � q)(wj � q�1) : (31)Baxter's Q-fun
tion [6℄ is a polynomial with zeroes at w = wk, namelyQ(w) = fYi=1(w � wk):The Bethe equations 
an then be written in terms of the wj as� wj � qqwj � 1�N�f t�1 = q�fQ(q�2wj)Q(q2wj)Baxter de�ned this fun
tion for integrable latti
e models be
ause the transfer-matrix eigenvalues
an be easily expressed in terms of it. We de�ne an analogous fun
tion T (w) by the equationT (w)Q(w)(1+ w)N�fq�N t = Q(q�2w)(q�2w + 1)N�f � t�1q�NQ(q2w)(q2w + 1)N�f (32)Note that T (wk) is �nite even though Q(wk) = 0, be
ause the Bethe equations require the right-hand side of this equation to vanish when w = wk as well. To simplify this relation, we de�neR(w) = Q(w)(1 + w)N�f , so thatT (w)R(w)q�Nt = R(q�2w)� t�1qNR(q2w): (33)The eigenvalue t of the translation operator 
an be expressed ast = fYi=1(�j)�1 = Q(q)Q(q�1)q�f = R(q)R(q�1)q�N (34)We have de�ned T (w) so that we 
an obtain the energy eigenvalues (24) by expanding T (w)around w = q. Be
ause R(q3) = R(�1) = 0, the relations (33) and (34) giveT (q) = t�1qNR(q�1)R(q) = 113



Expanding T (q) and R(q) in Taylor series, and substituting into (32), relates their derivatives asT 0(q)T (q) = q�2R0(q�1)R(q�1) � R0(q)R(q) (35)Using the de�nition of R(w), we �nd thatR0(w)R(w) = N � f1 + w + fXj=1 1w � wj :Substituting this into (35), and 
omparing to the energy (31), we �nd thatT 0(q)T (q) = 1q2 � 1E (36)In light of the 
orresponden
e of our model with the XXZ model dis
ussed above, it is naturalto expe
t that T (w) for arbitrary w will provide the eigenvalues for some latti
e model with was an anisotropy parameter. The eigenve
tors of the transfer matrix of the latti
e model will beidenti
al to the eigenve
tors of our quantum Hamiltonian. These eigenve
tors will be independentof w, so the latti
e model will have 
ommuting transfer matri
es and hen
e be integrable as well.The eigenvalues, whi
h do depend on w, are determined by the same Bethe equations as ourfermion 
hain, via the T -Q relation (32). One 
an also work out a dual TM , using the monomerBethe ansatz. We will not, however, pursue this 
onne
tion with the latti
e model any further.The fa
t that the energy is simply related to T (q) via (36) allows us to expli
itly �nd Q(w)for the zero-energy ground states. Be
ause T (q) = 1 and T 0(q) / E, this means that we shouldsear
h for a Q(w) satisfying (32) with T (w) = 1 for all w. Su
h a solution (denoted Q0(w)) isthe Q-fun
tion for a ground state with E = 0. The roots of the polynomial Q0(w) are the wj forthis ground state. Denoting the 
orresponding R(w) by R0(w), we require thereforeR0(q�2w) = tq�NR0(w) + t�1qNR0(q2w): (37)If there exists a solution to this equation with non-vanishing wavefun
tion, then we have an E = 0state. We will �nd su
h solutions expli
itly.The 
ru
ial fa
t to exploit is that by de�nition Q0(w) and R0(w) are polynomials of order fand N respe
tively. We de�ne the 
oeÆ
ients rk so that R0(w) = RfPNk=0(�w)krk, where Rfis an unimportant overall 
oeÆ
ient. Using this expansion in (37) gives�q�2k � tq�N � t�1qN+2k� rk = 0for all k. Thus either the expression in parentheses vanishes, or else rk does. This requires thatevery third term in R0 must vanish. A non-vanishing r0 means that 1 = tq�N + t�1qN , so forN = 3p with p an integer, R0 6= 0 only if t = (�1)Nq�1, while when N = 3p� 1, one must havet = (�1)N .Two fa
ts about R0(w) give us enough information to �nd it exa
tly, following the method of[10℄. The �rst is that every third term vanishes. The se
ond is that Q0(w) = R0(w)=(1+w)N�fis a polynomial of order f , so thatR0(�1) = R00(�1) = R000(�1) = : : :R(N�f�1)0 (�1) = 014



If f is too small, then there are too many equations to solve, and no non-trivial solution exists. If fis too large, one 
an �nd solutions, but these must have vanishing wavefun
tion (this presumably
an be shown by utilizing the monomer Bethe ansatz). One �nds a non-trivial R0(w) only whenf = f0 � int((N + 1)=3). Thus the ground state has f = f0, as had already been shown usingother te
hniques in [3℄. With a little more work, we �nd R0 expli
itly. The non-vanishing rk arerN�3k = (�1)fr3k = B�1=3;1=30;1=3 (k) N = 3f0 + 1rN�3k = (�1)fr3k = B1=3;5=30;2=3 (k) N = 3f0 � 1and r3k = B1=3;2=31=3;0 (k); r3k+1 = B1=3;2=30;�1=3 (k) N = 3f0where Ba;b
;d(k) is the produ
t of binomialsBa;b
;d(k) = �f0 � ak � 
��f0 � bk � d� :There are two ground states for N = 3f0; the other R0 is given by ex
hanging r3k with rN�3k.Dividing by (1 + w)N�f gives Q0. There are many interesting mathemati
al issues asso
iatedwith these polynomials. In parti
ular, it is from these polynomials that some few of the verymany observed properties of the ground state of the XXZ 
hain have now been proven[13℄.3.4 Ex
itationsIn this subse
tion, we will show that the low-energy \holon" ex
itations of this model havefra
tional 
harge �1=2. The fra
tional 
harge of 1=2 is quite natural in the monomer basis,be
ause two monomers have a 
harge of only one. Another hint of 
harge-1=2 parti
les is the fa
tthat there are two ground states when the number of sites is a multiple of three. We will use theBethe ansatz to derive their existen
e.The presen
e of fra
tional 
harge was 
onje
tured in [3℄ by using a heuristi
 N�eel-like pi
tureof the ground state. It was suggested there that ex
itations with 
harge 1=3 appear, but thereare several reasons why these states do not appear in the spe
trum in the 
ontinuum limit. Thereason for the 
harge 1=3 was that there seem to be three N�eel-like ground states, di�ering bytranslation by one latti
e site. However, the exa
t index results of [3℄ and the results for Q0above indi
ate that there are either one or two ground states, depending on the number of sites.Moreover, in the 
onformal �eld theory des
ribing the 
ontinuum limit, the 
harge-1=3 states are
reated by a 
hiral operator 
alled the spinon. Although one 
an build up the Hilbert spa
e ofthe 
onformal �eld theory by a
ting with the spinons, neither single-spinon nor two-spinon statesappear in the spe
trum, as de�ned by the toroidal partition fun
tion.To �nd the 
harge �1=2 states, we need to study the solutions of the Bethe equations (23)in the N ! 1 limit. To make 
onta
t with past studies of the XXZ model at � = �1=2, it is
onvenient to de�ne uj = ln(wj)=2 so that�j � sinh(uj + i�=6)sinh(uj � i�=6) ;and the Bethe equations are�sinh(uj + i�=6)sinh(uj � i�=6)�N�f t�1 = (�1)f fYk=1 sinh(uj � uk + i�=3)sinh(uj � uk � i�=3) : (38)15



In the N !1 limit, there are solutions of (38) with uj real, and with uj+i�=2 real, so that bothsides of the equation have modulus 1. There are also \string" solutions, where there are two ormore uj with the same real part, and having imaginary parts di�ering by i�=3. The 
lassi
 resultof [12℄ is that in the N !1 limit, the only string solution whi
h needs to be in
luded is the 2+string, whi
h 
onsists of pairs u(2)j � i�=6; u(2)j +i�=6, with u(2)j real. Other string solutions o

urat most in �nite numbers as N !1, and so 
an be ignored.Another long-known result is that the ground state of this model 
ontains only solutionsof (38) with real uj [6℄ (to avoid 
ompli
ations involving 1=N 
orre
tions, we assume in thissubse
tion that N is a multiple of 3). In terms of the bare momenta pj de�ned by �j = eipj , realuj 
orresponds to � � jpjj > �=3, so one 
an think of pF = ��=3 as the Fermi levels. One 
an
he
k using the following analysis that in
luding other solutions of the Bethe equations raises theenergy. (One 
an also 
he
k that all the roots of the polynomial Q0 
orrespond to real uj .)Sin
e there are f0 = int [(N + 1)=3℄ parti
les in the ground state, the number of �j in theground state also diverges as N ! 1. We 
an therefore de�ne a density �0(u), so that in thislimit, the number of solutions of (38) in the ground state with uj real and in between u andu + du is �0(u)du. To derive �0, we follow the standard pro
edure (see e.g. [7℄). We take thederivative of the log of (38), yielding�0(u) = (N � f0)�1=6(u)� Z 1�1 du0�0(u0)�1=3(u� u0);where �a(u) = � 12�i ��u ln sinh(u+ ia)sinh(u� ia) = 1� sin(2a)
osh(2u)� 
os(2a)This 
an be solved by Fourier transformation, using the fa
t that for 0 < a � 1=2e�a(k) = sinh[(1� 2a)�k=2℄sinh[�k=2℄ :This yields e�0(k) = N � f02 
osh[�k=6℄; �0(u) = 3(N � f0)2� 
osh(3u) :This result 
an be 
he
ked in several ways. First, note that the fermion number f0 in the groundstate is f0 = Z 1�1 du �0(u) = e�0(0) = N � f02 :Thus f0 = N=3 as shown previously. Se
ond, one 
an plug in this expression for �0(u) into (24),and verify that indeed E0 = 0.To understand the ex
itations over this ground state, we de�ne P (u) to be the density ofsolutions of (38) with u real. For the ground state with N a multiple of 3, all real solutions areutilized and P0(u) = �0(u). For ex
ited states, we allow there to be holes in this distribution: ahole is a value uj whi
h solves (38) but whi
h is not one of the uk, k = 1 : : :f . We denote thevalues of uj 
orresponding to these holes as u(h)a , a = 1 : : :H . Ex
ited states 
an also 
ontain thetwo kinds of solutions of (38) whi
h have u not real. Those of the form uj = u(1)b + i�=2 withu(1)b real are usually 
alled 1� strings, and are indexed b = 1 : : :N1. The 2+ strings, 
onsistingof pairs u(2)
 � i�=6; u(2)
 + i�=6, are indexed 
 = 1 : : :N2. The Bethe equation for the Fourier16



transform eP (k) for the low-energy ex
itations is theneP (k) = e�0(k) + 12 
osh[�k=6℄  f0 � f + HXa=1 e�1=3(k)e�1=6(k)eiku(h)a + N1Xb=1 eiku(1)b � N2X
=1 eiku(2)
 ! (39)We 
an use (39) to 
ompute the 
harge of the ex
itations. Denoting by Nreal the total numberof real solutions of the Bethe equations, we have (39):Nreal = Z 1�1 duP (u) = eP (0) = 3f02 � f2 + H4 + N12 � N22By de�nition of H , the total number of �lled real solutions is Nreal �H . The fermion number fis therefore f = Nreal �H +N1 + 2N2;the latter fa
tor of 2 be
ause ea
h 2+ string 
orresponds to two �j and hen
e fermion number 2.Thus the fermion number of a low-lying ex
ited state isf = f0 � H2 +N1 �N2One must 
hoose the numbers of holes and strings in a given solution so that Nreal is an integer.This means there must be an even number of holes, so overall the fermion number is indeed aninteger, as it must be. However, a two-hole state is des
ribed by two variables, u(h)1 and u(h)2 .Moreover, one 
an 
he
k that the energy of this state is the sum of two terms, one dependingon u(h)1 and the other u(h)2 . Thus this state is properly des
ribed as a two-holon state withfermion number �1 relative to the ground state. These holons are identi
al, so ea
h holon isinterpreted as having fermion number �1=2. One 
an �nd a 
harge +1=2 state by a
ting withthe supersymmetry 
harge Q+; this yields a state with two holes and one 1� string (the latterwith u(1) = i�=2). The state has no net 
harge over the ground state, and is interpreted as aholon/antiholon pair.To �nd the ex
itations with positive fra
tional 
harge dire
tly, it is easiest to look at themonomer basis. The analysis is virtually identi
al to that above. The number of monomers Mis related to fermion number f by f = (N �M)=2. For these Bethe equations we denote Mreal,MH , M1, M2 and M0 the number of real solutions, the number of holes, the number of 1�strings, the number of 2+ strings, and the number of monomers in the ground state. We �ndM =Mreal�MH +M1 +M2and Mreal = 3M04 + M4 + MH4 + M12 � M22 :Putting these two together yieldsf � f0 = M0 �M2 = MH2 �M1 +M2:Thus we �nd that holes in the sea of monomers have 
harge 1=2. One slight di�eren
e with thepre
eding analysis is that one 
an �nd solutions of the Bethe equations where MH = 1, so thatthe state seems to have fra
tional fermion number. These states (e.g. N = 15, M0 = 5, M = 4,Mreal = 6) do have Mreal and M integer. However, these states are not in our original spa
e ofstates, be
ause they violate the restri
tion that the number of monomers M be odd for odd N ,and even for even N . However, it is interesting that by extending the spa
e of allowed monomerstates, one 
an �nd sensible Bethe equations for states with fra
tional 
harge.17



3.5 The holons in �eld theoryIt is not hard to 
he
k that the low-energy ex
itations of the theory are gapless in the 
ontinuumlimit. Thus one would expe
t that there should be a 
onformally-invariant �eld theory des
ribingthe model in this limit. This 
onformal �eld theory is the simplest N=(2,2) supersymmetri

onformal �eld theory. The (2; 2) means that in this Lorentz-invariant gapless �eld theory, thesymmetry is enhan
ed to two left-moving and two right-moving supersymmetries. Its relationto this latti
e model has been des
ribed in detail in [3℄. If we assume that the 
harge �1=2holons form a doublet under supersymmetry, this implies that the left-moving holon states areV�1=2;�3=4j0iNS, and the right movers are V�1=2;�3=4j0iNS. The left-moving state has left andright s
aling dimensions (3=8; 0), while the right-moving state has (0; 3=8). This �ts in ni
elyif somewhat strangely in the N=(2,2) language: the left-moving holon has left part in the �rstex
ited Ramond state, while the right part is in the Neveu-S
hwarz va
uum. Putting a left and aright holon together gives the dimension (3=8; 3=8) state, whi
h 
orresponds to a 
hiral primary�eld a
ting on the Ramond va
ua. The holon 
reation operators a
ting on the Ramond groundstates (those appearing in the latti
e model with periodi
 boundary 
onditions) are V�1=2;�1=4,and have dimension 5=24 and Lorentz spin 1=8. It would be interesting to use the monomerBethe ansatz to 
ompute the �nite-size energy of a single holon state in order to verify this.We note also that one 
an obtain a N=2 supersymmetri
 massive �eld theory by perturbingthe 
onformal �eld theory by the only supersymmetry-preserving relevant operator, V0;2+V0;�2,of dimensions (2=3; 2=3). This model is integrable, and its exa
t parti
le spe
trum is known. Inthe N=2 language, this amounts to a doublet of 
harge �1=2 kinks [17℄. These kinks interpolatebetween the two va
ua of the theory. It is natural to identify these two fra
tionally-
harged kinkswith the holons at the 
riti
al point.4 M2[x℄: supersymmetri
 models of single fermions and pairs4.1 The Hamiltonian and the ground statesOur dis
ussion in se
tion 2.2 provides a somewhat impli
it de�nition of the model M2[x℄, withthe parameters y1, y2 �xed at y1 = x, y2 = 1. Its Hamiltonian a
ts on the spa
e H2 of singlefermions (s) and nearest neighbor pairs (p) on a 1D latti
e, all spa
ed by one or more uno

upiedsites. The Hamiltonian 
an be written out in se
ond quantized form, but we prefer to list thenon-vanishing amplitudes that it entails� single hop, : : :0100 : : :$ : : :0010 : : :, with amplitude x2 � 1,� pair hop, : : :01100 : : :$ : : :00110 : : :, with amplitude �1,� split-join, : : :01010 : : :$ : : :01100 : : :, : : :01010 : : :$ : : :00110 : : :, with amplitude x,� partner swap, : : :011010 : : :$ : : :010110 : : :, with amplitude 1,� potential, given by x2 eNs + eNp, where eNs 
ounts the number of sites where, within H2, asingle fermion with empty neighboring sites 
an be put in or taken out, and, similarly, eNp
ounts the number of sites where a fermion 
an be put in or taken out, su
h as to 
onverta pair to a single fermion or vi
e versa.As an example of the potential, the diagonal term for the 
on�guration 0011010 on a 7-siteopen 
hain will be 2x2+3. The potential 
an be rewritten in terms of the number of singlets Ns,18



the number of pairs Np, and the number of \nearest" neighbor states, where Nss, Nsp and Npp
ounts the number of times singlets or pairs are separated by only one site in between. We havefor N sitesx2 eNs + eNp = x2N � (2x2 � 2)Ns � (4x2 � 2)Np + (x2 � 2)Nss + (x2 � 1)Nsp + x2Npp : (40)Clearly, x = 0, x = 1, x = p2, and x!1 are spe
ial in the sense that some of the amplitudesdrop out and/or be
ome equal to ea
h other.The general dis
ussion of se
tion 2.2 applies to this 
ase, so we already know the Witten indexfor any M2[x℄: W2 = 3 for a 
hain of length N = 4n, so we know that there are at least threeground states. Based on numeri
al analysis, we expe
t that for general x 6= 0, there are pre
iselythree E = 0 ground states at fermion number f = N=2.For x = 0, the situation is quite di�erent and there are many more E = 0 ground states,although for N = 4n there must be three more bosoni
 ground states than fermioni
 ones, sothat the Witten index remains three. A spe
ial feature at x = 0 is that the split-join amplitudein the Hamiltonian vanishes. This means that both Ns and Np are 
onserved individually, withthe total fermion number equal to f = Ns + 2Np. We observe the following ground states inM2[x = 0℄:� the empty state with Np = Ns = 0, t = 1� at t = 1: the unweighted sum of all states with Np = 1, Ns even� at t = 1: the unweighted sum of all states with Np = 0, Ns odd� for N = 4n, at t = �i, the states j1010 : : :10i � i j0101 : : :01i� for N = 4n+ 2, at t = �1, the state j1010 : : :10i � j0101 : : :01iNote that the supersymmetry gives a ni
e way of �nding the ground states: it is often easier to�nd states annihilated by both Q+ and Q� dire
tly, instead of those with zero eigenvalue of H .An unweighted sum over states amounts to having bare parti
les of momentum zero. Thusthe ground states at x = 0 in
lude fermion 
ondensates with any fermion number: the 
hemi
alpotential and intera
tions 
ompensate for the fermi repulsion. In the model M1, the fermi levelis jpf j = �=3. That model has the spe
ial property that multiple fermions are allowed with thesame bare momentum equal to the fermi level. The same property holds in M2[x = 0℄, but evenmore remarkably here, the fermi level here 
orresponds to pf = 0, a state with zero bare energy.This is why one 
an have an arbitrary number of su
h parti
les in the ground state, as long asthe periodi
 boundary 
onditions are satis�ed. At any �nite temperature, however, there are nop = 0 parti
les in the state minimizing the free energy: adding a p = 0 parti
le to a given stateredu
es the entropy without de
reasing the energy, and so raises the free energy.4.2 Relation with the su(2j1) symmetri
 tJ model when x = 0We earlier dis
ussed a mapping between the simplest supersymmetri
 latti
e model M1 and theXXZ 
hain at � = �1=2. We 
an �nd a similar mapping for M2[x = 0℄. Rather surprisingly,this turns out to lead to a well-known integrable model, the so-
alled tJ model at its integrableferromagneti
 point J = �2, t = 1.First, it is useful to give the operators Q� and H for x = 0 in terms of the 
reation andannihilation operators for single fermions (sy and s) and for the pairs (py and p). Expressed in19



terms of the basi
 fermion annihilation operators we have si = di = Pi�1
iPi+1 at latti
e site i.The pairs are lo
ated at the sites of the dual latti
e, of whi
h the indi
es take half-integer values:pi+1=2 = Pi�1
i
i+1Pi+2. Singlets must be 2 sites from ea
h other, pairs must be 3 sites from ea
hother, and a pair and a singlet must be 5/2 sites from ea
h other. (One 
an thus think of this asa system of hard-
ore dimers and trimers.) The super
harges in this basis are quite simple: theyjust 
hange a singlet to a pair, and vi
e versa, namelyQ+ = NXi=1(pyi�1=2 � pyi+1=2)si Q� = NXi=1(syi � syi+1)pi+1=2 :The Hamiltonian isH2[x = 0℄ = 2Ns + 2Np + NXi=1 �(�syi+1si � pyi+1=2pi�1=2 + pyi+1=2pi+5=2syi+3si + h:
:)� 2syi+2si+2syisi � pyi+5=2pi+5=2syi si � pyi�5=2pi�5=2syi si�: (41)In these formulas, the a
tion of Q� and H is restri
ted to the k = 2 Hilbert spa
e H2. Thevarious amplitude listed in above are in agreement with (41). This model is reminis
ent of thetJ model in that it involves two spe
ies of parti
les, with four-parti
le intera
tions. Note alsothat in this Hamiltonian the 
hemi
al potentials are negative and the intera
tions are attra
tive,both in 
ontrast to the Hamiltonian forM1. It thus resembles a ferromagneti
 tJ model; we givethe pre
ise mapping next.The tJ model des
ribes fermions with spin hopping on a latti
e. No double o

upan
y isallowed, and the intera
tion between nearest-neighbor fermions is of Heisenberg type. Thus wehave three possible states at ea
h site, (", #, hole). Comparing with se
tion (3.2), we again mapan edge between empty sites to an up-spin, and a single o

upied site to a down-spin. In addition,we map a pair to an empty state (hole) in the 
orresponding spin model. In the resulting stateof the spin model we in
lude a minus sign for every pair (hole at j, down-spin at k) with j < k.In terms of N , Np and Ns, the parameters of the spin model areN" = N � 2Ns � 3Np; N# = Ns; Nh = Np (42)and the spin model lives on a 
hain with L = N �Ns � 2Np sites. Converting the Hamiltonian(41) to a
t on the spin model produ
es pre
isely the Hamiltonian of the tJ model, with J = �2and t = 1: H2[x = 0℄$ HtJ [t = 1; J = �2℄ + 2Nh ; (43)where the tJ Hamiltonian is given by (we follow the 
onventions of [20℄)HtJ = �t LXj=1 X�=";# hQyj;�Qj+1;� + Qyj+1;�Qj;�i+J LXj=1 �SzjSzj+1 + 12(S+j S�j+1 + S�j S+j+1)� 14njnj+1� : (44)The operators Qyj;�, Qj;� and Saj and nj are bilinears of the tJ fermion annihilation/
reation20



operators 
�;j ; 
y�;j and the bosoni
 hole annihilation/
reation operators bj ; byj at site j:Qyj;� = 
yj;�bj(1� nj;��) ; Qj;� = byj
j;�(1� nj;��)S+j = 
y";j
#;j ; S�j = 
y#;j
";j ; Szj = 12(nj;" � nj;#)nj;� = 
y�;j
�;j ; nj = nj;" + nj;# :These operators all a
t within the physi
al spa
e de�ned by nj;" + nj;# + byjbj = 1 for all sites j.As for the mapping M1 $ XXZ, the resulting tJ model is subje
t to twisted boundary
onditions, with the twist depending on the eigenvalue t of the translation operator. In parti
ular
yL+1;" = 
y1;" 
yL+1;# = (�1)1+N#+Nh t�1
y1;# byL+1 = (�1)N#t�2by1 : (45)The tJ model at J = �2t, with periodi
 boundary 
onditions, is invariant under the gradedLie algebra symmetry su(2j1). On a given site, the su(2j1) symmetry rotates the three possiblestates on the site amongst ea
h other. The algebra is generated by Q� ; Qy�; Si and n�. Sin
e anele
tron is fermioni
 and the empty site bosoni
, some of these generators are fermioni
, and someare bosoni
. For this reason graded Lie algebra symmetries are usually 
alled `supersymmetries'in the 
ondensed-matter literature. This terminology is unfortunate, as the su(2j1) symmetry ofthe `supersymmetri
' tJ model is unrelated to the (spa
etime) supersymmetry des
ribed in thispaper. Be
ause of the twist involved in the mapping M2[x = 0℄$ tJ , there is no Hamiltonian in�nite volume whi
h has both the supersymmetry and the graded Lie algebra symmetry su(2j1):in the fermion model M2[x = 0℄ the su(2j1) stru
ture is hidden, and in the tJ model there is ahidden supersymmetry.The mapping does elu
idate some aspe
ts of M2[x = 0℄. In the absen
e of twists in theboundary 
onditions, the tJ model with ferromagneti
 sign of the spin-spin intera
tion has anE = 0 ground state multiplet, whi
h is a multiplet of dimension 2L+ 1 of the su(2j1) symmetry,at t = 1. It 
onsists of two su(2) multiplets, one of dimension L + 1 with highest weight statewith N" = L, N# = Nh = 0, the other of dimension L and highest weight state with N" = L� 1,N# = 0, Nh = 1. In the presen
e of the twisted boundary 
onditions, eq. (45), the states withN# = 0 or Nh +N# odd survive as E = 0 ground states. Mapping ba
k to M2[x = 0℄ produ
esthe E = 0 ground states with t = 1 and Np = Ns = 0, (Np = 0, Ns odd) and (Np = 1, Ns even)that we dis
ussed in se
tion 4.1.4.3 Relation with integrable spin-1 XXZ model when x = p2The Hamiltonian for M2[x℄ for x 6= 0 does not 
onserve Ns and Np individually, but only thefermion number Ns + 2Np. As a result, it is quite 
ompli
ated. Nevertheless, at x = p2, it isintegrable. We show this is so in this se
tion by mapping it onto an integrable spin-1 XXZ 
hain.This mapping pro
eeds similarly to the above two mappings. Be
ause the singlets and pairsin M2[x℄ take up multiple sites, the 
orresponden
e is between M2[x℄ on the periodi
 
hain withN sites and the spin-1 XXZ 
hain with L = N � f sites and twisted boundary 
onditions.The states in the spin-1 XXZ 
hain are denoted +, 0 and �, with the Hamiltonian 
onservingN+ �N� = L�N0 � 2N�.We identify the empty state in M2[x℄ with the state with all spins + in the spin-1 
hain. Thesinglets are identi�ed with spin 0 and the pairs are identi�ed with spin � in the same fashion asin the tJ model above. The four o�-diagonal terms in the Hamiltonian for M2[x℄ listed at the21



beginning of this se
tion then 
orrespond respe
tively to the pro
esses: : :+ 0 : : : $ : : : 0 + : : :: : :+ � : : : $ : : :�+ : : :: : : 0 0 : : : $ : : :+� : : : and : : : 0 0 : : :$ : : :� +: : :: : :� 0 : : : $ : : : 0 � : : :The 
oeÆ
ient of these terms in theM2[x℄ Hamiltonian are respe
tively x2�1;�1; x and 1. Thusif we demand that the spin-
hain Hamiltonian satisfy a Z2 symmetry under + $ �, this �xesthe 
oupling in the 
orresponding model M2[x℄ to be x = p2. At this value of x the diagonalpart of the Hamiltonian, denoted by 2 eNs + eNp in M2[x℄, redu
es to the simple expression2L�N+� �N�+in the 
orresponding spin 
hain, also manifestly + $ � symmetri
. This means that M2[p2℄indeed 
orresponds to a spin-1 XXZ 
hain.To show that M2[p2℄ is integrable, we now show that the 
orresponding spin-1 XXZ 
hainis integrable. Sin
e the SU(2) symmetry of the spin-1 
hain is broken to U(1) � Z2, thereare many possible nearest-neighbor 
ouplings. The model is integrable only in a one-parameterfamily of these 
ouplings [14℄. These 
ouplings 
an be obtained from the spin-1/2 XXZ 
hain byimplementing a pro
edure 
alled fusion on the related six-vertex model with � = � 
os(�) [15℄.One �nds that the integrable spin-1 Hamiltonian on L sites 
an be written asHXXZ�1 = LXj=1 h ~S+j ~S�j+1 + ~S�j ~S+j+1 � ( ~S+j )2( ~S�j+1)2 � ( ~S�j )2( ~S+j+1)2 � ~S+j ~S�j ~S�j+1 ~S+j+1� ~S�j ~S+j ~S+j+1 ~S�j+1 + (1� 2 
os(�))fSzjSzj+1; ~S+j ~S�j+1 + ~S�j ~S+j+1g+
os(2�)SzjSzj+1 � 
os(2�)(Szj)2(Szj+1)2 + 2(
os(2�)� 1)(Szj )2iwhere Sz = 0�1 0 00 0 00 0 �11A ~S+ = 0�0 1 00 0 10 0 01A ~S� = 0�0 0 01 0 00 1 01A :The matri
es ~S� are de�ned without the p2 appearing in the usual SU(2) spin-1 generators.When � = 0, SU(2) invarian
e reappears; when � = �=4, 
os(2�) vanishes and the Hamiltoniansimpli�es.It is now straightforward to verify that when � = �=4, the above mapping takes the Hamilto-nian for M2[p2℄ to HXXZ�1 + 4L. Note again that the shift 4L is a 
onstant in the XXZ model,but not in the original fermion 
hain. To �nd an equivalent model where the shift is independentof L, one 
an in
lude a magneti
 �eld term �PLj=1HSzj in the spin-
hain Hamiltonian. Thenthe Hamiltonian for M2[p2℄ maps on to HXXZ�1 + 2N with H = �2.The Hamiltonians ofM2[p2℄ and the spin-1 XXZ 
hain at � = �1=p2 are therefore identi
al,up to a shift and a twist in the latter. As with the tJ model, when one takes into a

ount theperiodi
 boundary 
onditions, the spin-1 model must have twisted boundary 
onditions. Thediagonal terms �N+� �N�+ 
learly show that the spin model is antiferromagneti
. Despite thefa
t that this Hamiltonian is relatively 
ompli
ated, implementing the Bethe ansatz is relativelystraightforward. The fusion pro
edure ensures that the Bethe equations will be the same as for22



the spin-1/2 XXZ model with � = �1=p2; only the expression for the energy will 
hange. Theground states for periodi
 boundary 
onditions will have E0 = 0, so this means it is likely thatQ0 for M2[p2℄ 
an be 
al
ulated expli
itly as for M1.Just as the spin-1/2 XXZ model at � = �1=2 is des
ribed by an N = (2; 2) supersymmetri

onformal �eld theory in the 
ontinuum limit, so is the integrable spin-1 XXZ model at � =�1=p2. That this is the value of � whi
h gives a supersymmetri
 �eld theory 
an be 
he
kedby studying the system at �nite temperature. It is straightforward to derive the thermodynami
Bethe ansatz (TBA) equations giving the free energy in the 
ontinuum limit of this theory (seee.g. [16℄). They are identi
al to those for the N = (2; 2) super
onformal �eld theory with 
 = 3=2,as 
an be shown by taking the massless limit of the TBA equations for the supersymmetri
 �eldtheory with Landau-Ginzburg potential X4 �X2 found in [17℄.4.4 Nested BA solution at x = 0We 
an solve the models M2[x = 0℄ and M2[x = p2℄ by using the Bethe ansatz. Although thissolution 
an be inferred from the mappings to the tJ model and the spin-1 XXZ model withtwisted boundary 
onditions, it is instru
tive to solve the model dire
tly. We do so in this se
tionfor M2[x = 0℄.Sin
e there are two di�erent kinds of parti
les, the Bethe ansatz is more 
ompli
ated. Parti
lesof di�erent spe
ies 
an hop over ea
h other, so we need to also tra
k of the ordering of a givenstate. We denote the lo
ations of the singlets by i1; i2; : : :iNs , and the pairs by iNs+1; iNs+2; : : :iM ,whereM = Ns+Np is the total number of parti
les. A parti
ular ordering iQ1 < iQ2 < � � � < iQM ,is labeled by Q, a permutation of 1 : : :M . The ansatz for the wavefun
tion is then'(Ns;Np)(i1 : : : iM) =XP;QAP;Q �iQ1P1 �iQ2P2 : : :�iQMPMwhere P is another permutation of 1 : : :M . If all the parti
les are of one type, then we don't needthe sum over Q: the symmetry or antisymmetry of the wavefun
tion relates the wavefun
tionsfor di�erent orderings of the parti
les. The eigenvalue of the translation operator ist = MYj=1(�j)�1as before. If this is an eigenstate of H , the eigenvalue isE = 2M � MXj=1 ��j + (�j)�1� :Let us �rst look at the system with only pairs present. We see from the Hamiltonian (41)that this is a free system, ex
ept for the hard-
ore repulsion. The repulsion means that for anypair of parti
les, an eigenstate must satisfy'(0;Np)(: : : ; i+ 1; i+ 3; : : :) + '(0;Np)(: : : ; i; i+ 2; : : :) = 0for any i. This means that XP AP ��i+1Pj �i+3P (j+1) + �iP j�i+2P (j+1)� = 023



for all i and j. This is satis�ed ifA0PAP = ��2P (j+1) + �Pj�3P (j+1)�2Pj + �P (j+1)�3Pj = ��2P (j+1)�2PjThis yields the Bethe equations �N�2Mj t�2 = (�1)M�1Thus as before, the hard-
ore repulsion e�e
tively redu
es the size of the system and inserts atwist.The system with only singlets is very similar to the systemM1. Their Hilbert spa
es are iden-ti
al, while the Hamiltonian forM2[x = 0℄ has twi
e the potential, and is multiplied by an overallminus sign. The singlet-only subse
tor thus 
orresponds to a hard-
ore fermion representationof the XXZ model at � = 1, the ferromagneti
 Heisenberg model. This does not mean that theferromagneti
 Heisenberg model is supersymmetri
, be
ause the supersymmetry 
onverts singletsto pairs, and takes the theory out of the singlet-only se
tor. Repeating the earlier Bethe ansatzanalysis with these slight modi�
ations, one has'(Ns;0)(: : : ; i+ 1; i+ 2; : : :) + '(Ns;0)(: : : ; i; i+ 1; : : :)� 2'(Ns;0)(: : : ; i; i+ 2; : : :) = 0These vanish if DP 0DP = �yx xy + 1� 2yxy + 1� 2x:where hen
eforth we denote �Pj = x and �P (j+1) = y for simpli
ity. We have denoted the
oeÆ
ient DP � AP;(12:::M) here. The Bethe equations are�N�Mk t�1 =Yj 6=k �k�j + 1� 2�k�k�j + 1� 2�j :The 
orresponden
e with the Heisenberg model is not surprising in light of the map to the tJmodel; in the latter with an ele
tron on every site, the hopping term is zero, and the modelredu
es to the Heisenberg model, with the spin up and down ele
trons playing the role of theHeisenberg spins. In the map of the M2[x = 0℄ to the tJ model, a state with only singlets in theformer indeed maps to a state with an ele
tron on every site in the latter.These two spe
ial 
ases in fa
t yield all the two-parti
le ex
ited states, sin
e we 
an use Q+on �(2;0) and Q� on the �(0;2) to obtain any ex
ited state with Ns = Np = 1. It is still usefulto apply the Bethe ansatz here, to derive the R-matrix ne
essary for the nesting. Let i1 be thelo
ation of the singlet, and i2 be the lo
ation of the pair. We then write the Bethe ansatz as�(1;1)(i1; i2) = (B12xi1yi2 + B21yi1xi2 i1 < i2C12xi2yi1 + C21yi2xi1 i1 > i2In the previous notation, B12 � A(12);(12), B21 � A(21);(12), C12 � A(12);(21), C21 � A(21);(21). Thisis an eigenstate of the Hamiltonian (41) if0 = '(1;1)(i+ 1; i+ 5=2) + '(1;1)(i; i+ 3=2)� '(1;1)(i; i+ 5=2) + '(1;1)(i+ 3; i+ 1=2)= '(1;1)(i� 1; i� 5=2) + '(1;1)(i; i� 3=2)� '(1;1)(i; i� 5=2) + '(1;1)(i� 3; i� 1=2)24



These equation 
an be veri�ed with the expli
it '(1;1) found by applying Q� to �(0;2) and Q+ to�(2;0). Substituting the expli
it form of '(1;1) into the �rst of these equations yields0 = B12y3=2(1 + xy � y) + B21x3=2(1 + xy � x) + C12x1=2y3 + C21y1=2x3while se
ond one yields0 = C12y3=2(1 + xy � y) + C21x3=2(1 + xy � x) +B12x�1=2y2 + B21y�1=2x2:Sin
e there are two linear equations with four unknowns, we 
an solve for B21; C21 in terms ofB12; C12, yielding�B21C21� = 1xy + 1� 2x y3=2x3=2 � �(x� 1)(y � 1) x1=2y1=2(x� y)x�1=2y�1=2(x� y) �(x� 1)(y � 1)��B12C12�Putting all this together gives us the R-matrix of the theory. Denoting the ve
tor �P =(AP ; BP ; CP ; DP ), the R-matrix is de�ned as �21 = R(x; y)�12. Here the matrix R isR = � 1xy + 1� 2x y3=2x3=2 0BBB� y1=2x1=2 (xy + 1� 2x) 0 0 00 (x� 1)(y � 1) �(xy)1=2(x� y) 00 �(xy)�1=2(x� y) (x� 1)(y � 1) 00 0 0 x1=2y1=2 (xy + 1� 2y)1CCCAThis will look a little more familiar if we de�nex � �1 + i�=2�1 � i�=2 y � �2 + i�=2�2 � i�=2so R = � 1� + i� y3=2x3=2 0BBB�y1=2x1=2 (� + i�) 0 0 00 i� (xy)1=2� 00 (xy)�1=2� i� 00 0 0 x1=2y1=2 (i� � �)1CCCAwhere � � �1 � �2. This is the R-matrix whi
h gives the Boltzmann weights for a parti
ularsix-vertex model in an ele
tri
 �eld; the extra fa
tors of x and y in the last equation 
an
el out ofthe resulting partition fun
tion. The R-matrix satis�es the inversion relation R(x; y)R(y; x) = 1as it should.This R-matrix is 
hara
teristi
 of those arising in N=2 supersymmetri
 �eld theories, in thatit satis�es what is known as the free-fermion 
ondition. Denoting the six non-zero elementsof the R-matrix in order as a; 
; b;eb;e
;ea, it is easy to 
he
k that they satisfy aea + beb � 
e
 =0. In supersymmetri
 �eld theories, the supersymmetry 
onstrains the elements of the two-parti
le S matrix to obey this relation [17℄. We have found other integrable N=2 supersymmetri
latti
e models, and their R-matri
es also satisfy the free-fermion 
ondition. Presumably, thesupersymmetry 
onstrains the R-matrix of our latti
e models to be of this form, but we do nothave a general proof of this observation. (The name free-fermion 
ondition is a bit 
onfusing: itmeans that a 
lassi
al latti
e model with Boltzmann weights given by this R-matrix 
an be solvedby using PfaÆans, without re
ourse to the Bethe ansatz. Su
h a latti
e model is equivalent to afree-fermion theory, but our quantum theories are not: the R-matrix appears in the nested Betheansatz, not as a Boltzmann weight.) 25



This R matrix satis�es the Yang-Baxter equation, so we 
an apply the nested Bethe ansatzto �nd the energy eigenstates for general (Ns; Np). Sin
e this pro
edure is standard, we omitthe details here. An ex
ellent referen
e is the original paper by Yang [18℄. Asso
iated with ea
hparti
le is a variable �i, i = 1 : : :Ns +Np, so that ln(�i)=i is its bare momentum. We then needthe \magnon" variables �k to a

ount for the extra degrees of freedom of allowing a given parti
leto be either a singlet or a pair. If we asso
iate the �k with singlets in a ba
kground of pairs, wethen have k = 1 : : :Ns. The resulting nested Bethe equations are�Ni = � NsYk=1 (�i � �k)�i(�i�k + 1� 2�k) Ns+NpYj=1 �2i�2j1 = Ns+NpYi=1 (�i � �k)�i(�i�k + 1� 2�k) : (46)Ea
h solution of these equations represents an eigenstate of the Hamiltonian with the energyE = Ns+NpXi=1 �2� �i � ��1i � : (47)If we instead asso
iate the magnons with the pairs so that k = 1 : : :Np, the Bethe equations�Ni = Np+NsYj=1 �i(�i�j + 1� 2�i)�j(�i�j + 1� 2�j) NpYk=1 �i(1� �i�k)�i + �k � 2�i�k (48)1 = Np+NsYj=1 �j(1� �j�k)�j + �k � 2�j�k (49)with E again given by (47). In either set of Bethe equations, the supersymmetry doublets arestates with identi
al �j and �k, save for one extra magnon with �k = 0.These two sets of Bethe equations have both arisen in the tJ model: our se
ond set 
orrespondsto the Sutherland or `BFF' set[19, 20℄, while our �rst solution is the `FBF' set �rst given in [20℄.The two sets were shown to be equivalent in [20℄. Comparing the tJ equations to those forM2[x = 0℄ 
on�rms the twist that we already des
ribed, and the relation L = N � Ns � 2Np.We stress that, while in the end there is agreement between the Bethe equations, the underlyingalgebrai
 stru
tures are very di�erent: our analysis here is an
hored on 4 � 4 supersymmetri
R-matri
es, while the solutions of the tJ model involve 9�9 R-matri
es asso
iated to the gradedLie algebra u(2j1).5 General Mk models and the CFT 
onne
tionWe have already mentioned in se
tions 3.5 and 4.3 that in the 
ontinuum limit, the models M1and M2[p2℄ are ea
h des
ribed by N = (2; 2) supersymmetri
 
onformal �eld theories. Theoperator 
ontent of the former 
ase is dis
ussed in detail in ref. [3℄; the analysis of the latter 
aseis very similar. The simplest super
onformal �eld theories (SCFTs) are 
alled minimal models.They are indexed by an integer k, and have a 
entral 
harge 3k=(k + 2). The �eld theoriesdes
ribing the 
ontinuum limit of the models M1 and M2[p2℄ are the �rst two super
onformalminimal models. 26



This 
orresponden
e makes it highly plausible that the models Mk[fxig℄ are also related tominimal models. We thus 
onje
ture that for a spe
i�
 
hoi
e of the parameters x1; : : : ; xk�1, themodel Mk has a 
ontinuum limit des
ribed by k-th N = (2; 2) super
onformal minimal model.One pie
e of eviden
e for this 
onje
ture is that the value of the Witten index forMk on a 
losed
hain with N = n(k+2) is jWkj = k+1, in agreement with the Witten index in the k-th minimalmodel [21℄.Another, very di�erent, pie
e of eviden
e stems from the fa
t that there exist a �nitizationpro
edure whi
h relates the Hilbert spa
es of the SCFT and the latti
e model. By startingfrom the 
hiral Hilbert spa
e of the k-th N = (2; 2) SCFT, one produ
es �nite spa
es, gradedby fermion number f , with dimensionalities identi
al to those of H(f)k . The �nitization s
hemeemploys a quasi-parti
le basis of the N = (2; 2) CFT, whi
h is related to the so-
alled spinonbasis of the k-th minimal model of su(2) invariant CFT [22℄.We also note that the stru
ture of the Hilbert spa
es Hk, involving 
lustering of up to kfundamental fermions, seems natural from the point of view of the Zk parafermions underlyingthe k-th minimal N = (2; 2) SCFT. For example, in [23℄, these CFTs have been related toquantum Hall states with a order-k 
lustering property similar to ours.The relation between the models M1 and Mk is in a way similar to that between the spinS = 1=2 and spin S = k=2 nearest neighbor Heisenberg models on a 1D 
hain. In the latter
ase, there are k� 1 adjustable parameters in the Hamiltonian, whi
h 
an be tuned to produ
e a
riti
al model having the k-th minimal su(2) invariant CFT for its 
ontinuum limit. The latterCFTs are 
losely related to the k-th minimal N = (2; 2) SCFTs.Finally, the presen
e of supersymmetry enables 
omputations like that of se
t. 3.3.3 even at�nite temperature. In the simplest 
ase, at a spe
ial value of (imaginary) 
hemi
al potential, theQ-fun
tion for M1 in the 
ontinuum limit turns into a Bessel fun
tion [24℄. This simpli�
ationhas useful 
onsequen
es, be
ause the Q-fun
tions for a variety of integrable �eld theories havebeen shown to be useful in deriving the spe
tral determinant for the S
hr�odinger equation with
ertain potentials. This simpli�
ation has been shown to take pla
e in many 
ases, in
luding theintegrable spin-k=2 spin 
hains at their supersymmetri
 points � = � 
os(�=(k + 2)) [25℄. (Thefa
t that these points are des
ribed by supersymmetri
 �eld theories 
an be shown by extendingthe arguments at the end of se
t. 4.3). One might wonder if the simpli�
ation in general is relatedto the presen
e of supersymmetry [25℄; indeed, the analysis of [24℄ requires the supersymmetry.We have shown in this paper that in the spin-1=2 and spin-1 
ases, the supersymmetry is presenteven on the latti
e. Therefore, the fa
t that the analysis of [25℄ su

eeds for any k is yet anotherindi
ation that the models Mk 
ontain a point at whi
h they are solvable and des
ribed by thek-th super
onformal minimal model.A
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