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.atAbstra
tIt was suggested in [Kon 1999℄ that the Grothendie
k-Tei
hm�ullergroup GT should a
t on the Du
o isomorphism of su(2) but the 
or-responding realization of GT turned out to be trivial. We show thata solvable quotient of the motivi
 Galois group - whi
h is supposedto agree with GT - is 
losely related to the quantum 
oadjoint a
tionon Uq (sl2) for q a root of unity, i.e. in the quantum group 
ase onehas a nontrivial realization of a quotient of the motivi
 Galois group.From a dis
ussion of the algebrai
 properties of this realization we
on
lude that in more general 
ases than Uq (sl2) it should be relatedto a quantum version of the motivi
 Galois group. Finally, we dis
ussthe relation of our 
onstru
tion to quantum �eld and string theoryand explain what we believe to be the \physi
al reason" behind thisrelation between the motiviv Galois group and the quantum 
oadjointa
tion. This might be a starting point for the generalization of our
onstru
tion to more invloved examples.1



1 Introdu
tionIn the seminal paper [Kon 1999℄, a symmetry on the spa
e D (M) of defor-mation quantizations of a �nite dimensional manifold M , in the form of ana
tion of a quotient of the motivi
 Galois group (this quotient is supposedto be equivalent to the Grothendie
k-Tei
hm�uller group GT as introdu
ed in[Dri℄), is dis
ussed. Conje
turally, this is related to an a
tion of GT on theextended moduli spa
e (see [Kon 1994℄, [Wit 1991a℄ for this notion) of 
on-formal �eld theories, as it appears in string theory. As a simple example forthe appearan
e of this symmetry, an a
tion of GT on the Du
o isomorphismof �nite dimensional Lie algebras is suggested. But it was observed by Du
o(see [Kon 1999℄) that the 
orresponding realization of GT is trivial.In this paper, we restri
t the 
onsideration to the 
ase of the Lie algebrasu(2). We pose the question if a nontrivial realization of the motivi
 Galoisgroup 
an be observed in the q-deformed 
ase. Sin
e our argument does notinvolve any �-stru
ture, we 
an work with the quantum algebra Uq (sl2). Weshow that in the 
ase where q is a root of unity, the quantum 
oadjoint a
tionon Uq (sl2) (see [DK℄, [DKP℄) is, indeed, 
losely related to a quotient of themotivi
 Galois group whi
h is stated in [Kon 1999℄ to a
t on the Ho
hs
hild
ohomology of algebrai
 varieties and is 
onje
tured, there, to be equivalentto GT . It is pre
isely the mu
h larger and highly nontrivial 
enter of Uq (sl2),appearing in the root of unity 
ase, whi
h makes a nontrivial realization ofthe motivi
 Galois group possible. This explains why one observes in thenon-deformed 
ase - but also in the 
ase of generi
 values of q - only a trivialrealization.After 
olle
ting, in se
tion 2, some basi
 ba
kground material on the mo-tivi
 Galois group and the quantum 
oadjoint a
tion, we present, in se
tion3, our 
onstru
tion. In se
tion 4, we dis
uss the relation of our result toquantum �eld and string theory. The algebrai
 stru
ture appearing in our
onstru
tion suggests that in the 
ase of more involved examples than Uq (sl2)a quantum version of the motivi
 Galois group will appear.. We suggest aphysi
al \explanation", rooted in properties of quantum �eld theory, whyour 
onstru
tion works, whi
h might serve as a starting point for the gener-alization to other examples. Se
tion 5 
ontains some 
on
luding remarks.We should utter a warning addressed to any potential reader of this paperwho is on a te
hni
al level a
quainted with modern algebrai
 number theory:The ne
essary spe
i�
ation of the pre
ise type of motivi
 Galois group at use(pro-nilpotent, pro-unipotent, et
.) is 
ompletely ignored in this paper. We2



work with the (pro-unipotent) approa
h of [Kon 1999℄ and feel free to adoptthe terminology \the motivi
 Galois group" used there.2 Ba
kground material on the motivi
 Galoisgroup and the quantum 
oadjoint a
tionThe Grothendie
k-Tei
hm�uller group GT is introdu
ed in [Dri℄ as a kind ofgauge freedom on the Drinfeld asso
iator � and the R-matrix of any qua-sitriangular quasi-Hopf algebra (see [Dri℄ for the te
hni
al details). It wasalready observed there that the Lie algebra of GT is 
losely related to the so
alled Ihara algebra (see [Iha 1987℄, [Iha 1989℄). The Ihara algebra has thefollowing stru
ture: Consider formal expressions ' (:) where the (:) indi
atesthat these expressions 
an be evaluated at any �nite dimensional metriz-able - i.e. equipped with an invariant inner produ
t - Lie algebra g. Afterevaluation, ' (g) be
omes an element of the Poisson algebra de�ned by theKirillov bra
ket f; gg of g. So, the ' (:) are, roughly speaking, all universalexpressions whi
h one 
an de�ne for any �nite dimensional metrizable Liealgebra using the Kirillov bra
ket. The Ihara algebra is then de�ned as theLie algebra with bra
ket [; ℄ on the ' (:) with['1; '2℄ (g) = f'1 (g) ; '2 (g)gg (1)It is 
onje
tured in [Kon 1999℄ that GT 
an be identi�ed with a solvablequotient of the motivi
 Galois group the Lie algebra of this quotient havinggenerators L0; P3; P5; P7; ::: and the bra
ket given by[P2k+1; P2l+1℄ = 0 (2)and [L0; P2k+1℄ = (2k + 1)P2k+1 (3)for all k; l � 1. A proof is announ
ed there that this quotient a
ts on theHo
hs
hild 
ohomology of any 
omplex algebrai
 variety.A simple expli
it example for an a
tion of GT is suggested in [Kon 1999℄by 
onsidering the Du
o isomorphism of a �nite dimensional Lie algebra gover R: The Poin
are-Birkho�-Witt isomorphism gives a linear isomorphismbetween the universal envelope U (g) of g and the algebra Sym (g) of poly-nomials on g�. This is, obviously, not an algebra isomorphism sin
e U (g)3



is non
ommutative. But as shown in [Duf℄, the restri
tion of the Poin
are-Birkho�-Witt map to a linear isomorphism between the 
enter of U (g) andthe algebra Sym (g)g of invariant polynomials on g� be
omes an algebraisomorphism after 
ombining it with an automorphism of Sym (g)g. Thisautomorphism is generated (see e.g. [Kon 1997℄ for the te
hni
al details) bythe formal power series F (x) =sex2 � e�x2x (4)The 
laim is that there are other possible 
hoi
es for F than the 
lassi
al
hoi
e (4) and that this \gauge freedom" of the Du
o isomorphism is de-s
ribed by an a
tion of GT . But this a
tion of GT turns out to be trivial: Itwas observed by M. Du
o (see [Kon 1999℄) that, though the di�erent 
hoi
esof F generate di�erent morphisms of Sym (g), upon restri
tion to Sym (g)gall 
hoi
es are equivalent.We will show in this paper for the 
ase g = su(2) that upon passing tothe quantum algebra Uq (sl2) for q a root of unity, one does get a nontriviala
tion of the quotient of the motivi
 Galois group determined by (2) and(3). Sin
e we do not need any �-stru
ture in our 
onstru
tion, we 
an workwith the algebra Uq (sl2) instead of a quantum version of su(2). We will 
losethis se
tion with a brief introdu
tion to Uq (sl2) and the quantum 
oadjointa
tion, and a short explanation why the question of an a
tion of the motivi
Galois group related to the 
enter of U (g), respe
tively, Uq (g) is of spe
ialinterest in string theory.The quantum algebra Uq (sl2), q 2 C is de�ned as the 
omplex, asso
ia-tive, unital algebra with generators e; f; k; k�1 and relationskk�1 = k�1k = 1ke = q2ekkf = q�2fk[e; f ℄ = k � k�1q � q�1In addition, Uq (sl2) 
arries a uniquely given Hopf algebra stru
ture with
oprodu
t � (e) = e
 1 + k 
 e4



�(f) = f 
 k�1 + 1
 f�(k) = k 
 k
ounit " (e) = " (f) = 0" (k) = 1and antipode � (e) = �k�1e� (f) = �fk� (k) = k�1For q not a root of unity, i.e. qn 6= 1 for all n 2 N, the 
enter of Uq (sl2) isgenerated by the quantum Casimir Cq given byCq = qk + q�1k�1 + �q � q�1�2 fe (5)Now, let q be a primitive l-th root of unity with l � 3, i.e. ql = 1 andqn 6= 1 for n < l. In this 
ase, the 
enter of Uq (sl2) is generated by Cqand Z0, where Z0 is the 
ommutative subalgebra of Uq (sl2) generated by theelements x; y; z; z�1 with x = ��q � q�1� e�ly = ��q � q�1� f�lz = klz�1 = k�land l = lfor l odd, and l = l2for l even. For a more detailed introdu
tion to Uq (sl2) we refer the reader to[CP℄ or [KS℄. 5



The quantum 
oadjoint a
tion (see [DK℄, [DKP℄) on Uq (sl2) is introdu
edas follows: De�ne derivations e; f; k; k�1 on Uq (sl2) bye (a) = " el�l�q!; a#f (a) = " f l�l�q!; a#k (a) = " kl�l�q!; a#k�1 (a) = "(k�1)l�l�q! ; a#for a 2 Uq (sl2). Remember that the q-fa
torial [n℄q! is given by[n℄q! = [n℄q [n� 1℄q ::: [1℄qThese derivations stay well de�ned in the limit ql ! 1 and 
an, alternatively,be de�ned by e (e) = 0e (f) = kq � k�1q�1q � q�1 el�1[l � 1℄!e (k) = �l�1xke �k�1� = l�1xk�1and f (e) = � f l�1[l� 1℄! kq � k�1q�1q � q�1f (f) = 0f (k) = l�1ykf �k�1� = �l�1yk�1We only give this alternative de�nition for e; f , here, sin
e these will serveas the generators of the quantum 
oadjoint a
tion (see below). The a
tion6



of e; f ; k; k�1 on the subalgebra Z0 is given bye (x) = 0e (y) = z � z�1e (z) = �xze �z�1� = �xz�1respe
tively f (x) = � �z � z�1�f (y) = 0f (z) = yzf �z�1� = �yz�1respe
tively k (x) = xzk (y) = �yzk (z) = k �z�1� = 0and k�1 (x) = xz�1k�1 (y) = �yz�1k�1 (z) = k�1 �z�1� = 0Exponentiating e and f yields automorphisms of Uq (sl2). We denote by Gthe (in�nite dimensional) group of automorphisms of Uq (sl2) generated bythe exponentials of e and f and by L (G) the Lie algebra of G.Now, let bG be the following group: As elements of bG we take formalexpressions ' (:) whi
h 
an be evaluated at any Hopf algebra H in the 
lassof Hopf algebras whi
h 
arry a quantum 
oadjoint a
tion. Denote by GH the
orresponding group of automorphisms, i.e.GUq(sl2) = GWe assume that after evaluation' (H) 2 GH7



De�ne the group law of bG by('1 � '2) (H) = '1 (H) � '2 (H)where on the right hand side the multipli
ation is taken in GH. It is easily
he
ked by 
al
ulation that this together with the de�nition of a unit 1 andan inverse (:)�1 of bG by 1 (H) = 1GHand '�1 (H) = (' (H))�1gives bG the stru
ture of a group.Obviously, bG generalizes the Ihara algebra in pre
isely the same way inwhi
h the quantum 
oadjoint a
tion generalizes the 
lassi
al 
oadjoint a
tionand the Kirillov bra
ket. In this sense, the quantum 
oadjoint a
tion seemsto be a 
on
rete realization of a universal stru
ture related to a quantum
ounterpart of the motivi
 Galois group. We will see in the next se
tion thatone 
an establish this 
laim for Uq (sl2) in a pre
ise way by studying the Liealgebra L (G) in more detail.Let us 
lose this se
tion by shortly mentioning the role played by Uq (sl2)in string theory: For a sta
k of k 
at NS5 branes the ba
kground is 
ompletelydetermined by vanishing R-R �elds and (see [BS℄, [CHS℄, [FGP℄, [Rey℄)ds2 = ���dx�dx� + e�2� �dr2 + r2ds23�e�2� = e�2�0 �1 + kr2�H = dB = �kd
3where �; � = 0; 1; :::; 5 are dire
tions tangent to the NS5 brane. Here, ds3 andd
3 denote the line element and volume form, respe
tively, on the S3. So,in the transversal geometry of the 
at NS5 there is always 
ontained an S3.Strings on the transversal S3 
an always be des
ribed by a super-extensionof the SU(2)-WZW model at level k. One 
an further show (see the 
itedliterature) that the fermioni
 degrees of freedom 
an be de
oupled and oneremains with the usual SU(2)-WZW model and a renormalization of the levelk by k 7! k + 28



It has further been shown in [ARS℄ that the world-volume geometry of D-branes in the SU(2)-WZW model at level k is des
ribed by the q-deformedfuzzy sphere of [GMS℄, i.e. by the representation theory of Uq (sl2) withq = e 2�ik+2In the limit k ! 1 one retains the usual fuzzy sphere of [Mad℄ whi
h is
ompletely determined by the representation theory of su(2).In [Kon 1999℄ and [KoSo℄ a far rea
hing program was initiated to establishan a
tion of (a quotient of) the motivi
 Galois group on the extended modulispa
e of (topologi
al) string theory. It is tempting to ask for a similar ap-proa
h in the mu
h simpler 
ase of the SU(2)-WZW model. The suggestionmade in [Kon 1999℄ to study an a
tion of the motivi
 Galois group on the
enter of U (su(2)) (more pre
isely, on the Du
o isomorphism of su(2), seeabove) is very mu
h related to trying to �nd su
h an a
tion for the SU(2)-WZW model at level k ! 1. As we have mentioned already, the a
tionone �nds in this way is trivial. Now, k !1 is an unphysi
al limit (in�nitesta
k of NS5 branes). The approa
h we follow, here, to study the 
enter ofthe quantum algebra Uq (sl2) at roots of unity, instead, 
an from the stringtheoreti
 side be seen as returning to the physi
ally more realisti
 
ase of�nite level k.3 The 
onstru
tionAs is well known, the Lie algebra L (G) is in�nite dimensional. Con
retely,this means that the 
ommutator �e; f� does not 
lose but is the starting pointfor the de�nition of in�nitely many new basis elements of the Lie algebra.Here, and in the sequel, we mean by a 
ommutator like �e; f� the 
ommutatorin the sense of derivations, i.e.�e; f� = e Æ f � f Æ ewhere Æ denotes the su

essive appli
ation of the derivations. We introdu
ethe following notation: L = k + k�1e0 = ef0 = f9



One 
he
ks that �e; f� = LWe further de�ne for all N 2 NeN+1 = [L; eN ℄fN+1 = [L; fN ℄Lemma 1 On the subalgebra Z0 we haveeN (x) = Nx2 �z + z�1�N�1 �z � z�1�eN (y) = �z + z�1�N �z � z�1��Nxy �z + z�1�N�1 �z � z�1�eN �z + z�1� = (�x) �z + z�1�N �z � z�1�andfN (x) = (�1)N�1 �z + z�1�N �z � z�1�+ (�1)N Nxy �z + z�1�N�1 �z � z�1�fN (y) = (�1)N�1Ny2 �z + z�1�N�1 �z � z�1�fN �z + z�1� = (�1)N y �z + z�1�N �z � z�1�Proof. By 
al
ulation.For 
onvenien
e, we have 
hosen the 
oordinate z + z�1 instead of z(observe that z and z�1 are not independent, i.e. we do not have to take the
omplementary 
oordinate z � z�1, in addition).Let A be the algebra of polynomials in z and z�1. De�ningL0 = z ddzand P 2k+1 = z2k+1one 
he
ks that for arbitrary  2 A we have�L0; P 2k+1� = L0P 2k+1 � P 2k+1L0 = �z ddzP 2k+1� + zP 2k+1� ddz �� zP 2k+1� ddz �= (2k + 1)P 2k+1 10



i.e. �L0; P 2k+1� = (2k + 1)P 2k+1and L0 and the P 2k+1 give a representation of the algebra de�ned by (2) and(3). Denote this representation by %.Let I and A be the following two linear operators on A:I ( ) = z and A (z) = z + z�1for  2 A and extension of A to A by requiring 
onservation of produ
ts andinversion.Obviously, I 
ommutes with the P 2k+1. We 
an use I to enlarge % by
onsidering the additional 
ommutators�L0; IP 2k+1� = (2k + 2) IP 2k+1i.e. the resulting algebra has the form�L0; P n� = nP nwhere now n 2 N. Finally, we use A to apply a 
oordinate transformation tothe operator P n: P n 7! P n ÆAWe get the resulting 
ommutators[L0; Pn℄ = nPn�1 �z � z�1� (6)where Pn = P n ÆAi.e. Pn (z) = �z + z�1�nWe 
all the Lie algebra de�ned by (6) b%. As follows from the 
onstru
tion,b% is dire
tly indu
ed by a 
oordinate transformation on one of the operatorsand a trivial enlargement by the operator I from the representation %.11



We 
an now rewrite the result of the previous lemma as:eN �z + z�1� = (�x) �z + z�1� [L0; PN ℄ (z)eN (x) = Nx2 [L0; PN ℄ (z)eN (y) = �z + z�1 �Nxy� [L0; PN ℄ (z)and fN �z + z�1� = (�1)N�1 (�y) �z + z�1� [L0; PN ℄ (z)fN (x) = (�1)N�1 �z + z�1 �Nxy� [L0; PN ℄ (z)fN (y) = (�1)N�1Ny2 [L0; PN ℄ (z)As we have remarked already, from the four variables x; y; z; z�1, z and z�1are not independent. A
tually, only two free variables remain after taking aquotient to implement the relationz + z�1 + xy = 0 (7)This should be done be
ause of the following lemma:Lemma 2 For all N 2 N we haveeN �z + z�1 + xy� = fN �z + z�1 + xy� = 0Proof. We haveeN �z + z�1 + xy�= (�x) �z + z�1�N �z � z�1�+ eN (x) y + xeN (y)= (�x) �z + z�1�N �z � z�1�+Nx2y �z + z�1�N�1 �z � z�1�+x �z + z�1�N �z � z�1��Nx2y �z + z�1�N�1 �z � z�1�= 0A similar 
al
ulation proves the 
ase of the fN .On a more abstra
t level, the result of the previous lemma 
an be seen asa 
onsequen
e of the fa
t that the quantum Casimir Cq is invariant under thequantum 
oadjoint a
tion, i.e. the polynomial z+ z�1+ xy is annihilated by12



L (G) (see the 
ited literature, see also se
tion 2 of [Kor℄ for a brief overviewof some properties of the quantum 
oadjoint a
tion).Using (7), we �nally haveeN �z + z�1� = (�x) �z + z�1� [L0; PN ℄ (z) (8)eN (x) = Nx2 [L0; PN ℄ (z)eN (y) = � (N + 1)xy [L0; PN ℄ (z)and fN �z + z�1� = (�1)N�1 (�y) �z + z�1� [L0; PN ℄ (z) (9)fN (x) = (�1)N�1 (� (N + 1))xy [L0; PN ℄ (z)fN (y) = (�1)N�1Ny2 [L0; PN ℄ (z)In 
on
lusion, the operators eN ; fN give a three dimensional - using variablesx; y; z - realization of the algebra b%. The nontrivial a
tion of these operatorson the variable z is always given by a 
ommutator in b%. The additional poly-nomial in x; y; z; z�1 in front of the 
ommutator is 
ompletely determined -up to a numeri
al fa
tor - by the trivial rule that eN multiplies the argu-ment by x and fN multiplies the argument by y. E.g. eN (z + z�1) re
eivesthe fa
tor x (z + z�1) while fN (x) re
eives the fa
tor xy. One proves thatthe numeri
al 
oeÆ
ients are 
ompletely determined by the requirement (7),then.As an immediate 
onsequen
e of (8) and (9), the 
ommutators [eN ; eM ℄,[eN ; fM ℄, et
. are determined by the higher 
ommutators in b% together withan extension of the multipli
ation rule for the 
oeÆ
ients. E.g. [eN ; eM℄ (y)means that the 
oeÆ
ient polynomial is x2y sin
e we have two fa
tors eN ; eMand, hen
e, a multipli
ation by x2. In 
onsequen
e, we have the followingresult:Lemma 3 The 
omplete algebra L (G) is indu
ed, in the way des
ribed above,by a representation of the solvable quotient of the motivi
 Galois group givenby (2) and (3).The nontriviality of the quantum 
oadjoint a
tion immediately shows thatthe quotient of the motivi
 Galois group is realized nontrivially on Uq (sl2).13



Remark 1 The 
oeÆ
ient fa
tors re
eived by the rule that eN multiplies byx and fN by y strongly remind one of how one would introdu
e an aÆneversion of the algebra given by (2) and (3). In the 
ase of the 
lassi
al �nitedimensional Lie algebras, the theorem of Kazhdan-Lusztig relates the aÆneversion of the Lie algebra to a quantum deformation of the universal envelopeof the Lie algebra. A 
orresponding theorem for the in�nite dimensional 
aseis not proved but we will see below that, indeed, we should see L (G) as arealization of a quantum 
ounterpart of the motivi
 Galois group. This isalso in a

ordan
e with the 
onstru
tion of bG above as a quantum analogueof the Ihara algebra. The fa
t that in the 
ase of Uq (sl2) we mainly - up to asimple multipli
ation table - see the 
lassi
al motivi
 Galois group should berelated to the semi-rigidity of Uq (sl2) (i.e. one 
an always transform awaydeformations of the 
oprodu
t) whi
h makes the Hopf algebra 
ohomology ofUq (sl2) very 
lose to Ho
hs
hild 
ohomology.In the next se
tion, we will give a physi
s motivated \explanation" forthe above results whi
h also points towards their possible generalization.4 The physi
s behindIn [Kon 1999℄, [KoSo℄ the a
tion of GT on Ho
hs
hild 
ohomology is 
on-sidered. If one passes from Ho
hs
hild- to Hopf algebra 
ohomology, oneexpe
ts a doubling of this GT a
tion with pre
isely the 
ompatibility rela-tions installed whi
h lead to the de�nition of the self-dual, non
ommutative,and non
o
ommutative Hopf algebra HGT (see [S
h℄).As we have mentioned in se
tion 2, Uq (sl2) appears in string theory as de-s
ribing the world-volume geometry of D-branes in the SU(2)-WZW model.We now makeAssumption 1:The generators of a suitable moduli spa
e of the boundary SU(2)-WZWmodel should be given by the Hopf algebra 
ohomology of Uq (sl2).With this assumption, we 
an 
on
lude that the deformation theory of theboundary SU(2)-WZW model should have an a
tion of HGT as a symmetry.It is one of the general believes in the theory of the quantum 
oadjointa
tion (see e.g. [CP℄) that - roughly speaking - the following holds true:14



Assumption 2:The representation theory of a Hopf algebra with quantum 
oadjoint a
-tion is determined by the quantum 
oadjoint a
tion.In physi
s terminology, this means espe
ially that in the SU(2)-WZWmodel the operator produ
t expansion should be determined by knowing G.If we now make Assumption 3, below, we 
an 
on
lude that the quantum
oadjoint a
tion should give a realization of HGT . In the semi-rigid 
ase ofUq (sl2) - where we do not really have the doubling of GT to HGT - this meansthat the quantum 
oadjoint a
tion should give a realization of the quotientof the motivi
 Galois group whi
h is supposed to be equivalent to GT . Thisis pre
isely what we have shown in the pre
eding se
tion.Assumption 3:The SU(2)-WZW model should be formal in the sense that its deforma-tion theory should agree with its algebra of observables.This formality assumption (the 
ohomology of the algebrai
 stru
tureshould agree with the algebrai
 stru
ture itself) is the essential input topass from HGT to the quantum 
oadjoint a
tion. We believe that this is akey element to generalize our approa
h: Quantum �eld theories whi
h havesu
h a formality property should give a realization of HGT in terms of ageneralization of the quantum 
oadjoint a
tion on Uq (sl2).There are indi
ations that in many 
ases this formality assumption holdstrue in quantum �eld theory: For 2d CFTs the deformations des
ribed bythe WDVV-equations (see [DVV℄, [Wit 1991b℄) are, indeed, in one to one
orresponden
e to the observables of the theory. If one turns on ba
kground�elds or introdu
es NS-branes in string theory, the deformation theory be-
omes mu
h more 
ompli
ated (see the fundamental work [HM℄). We havesuggested in [GS℄ a universal envelope for the BRST-
omplex, the 
ohomol-ogy of whi
h might des
ribe the full deformation theory with ba
kground�elds and NS-branes. On the level of this universal envelope we, again, ex-pe
t a formality property to hold as a 
onsequen
e of ultrarigidity (see [S
h℄for this notion).So, Assumption 3 might well be a general property of quantum �eld theorybut in more 
ompli
ated models it might only hold true if one in
ludes allthe allowed ba
kground �elds into the model. Turned the other way around,Assumption 3 
ould serve as a guideline to sear
h for ne
essary ba
kground15



�elds to in
lude in order to satisfy this prin
iple. If su
h a view holds true,our 
onstru
tion might be an example of a general link between HGT asa quantum 
ounterpart of the motivi
 Galois group and its representationtheoreti
 realization in quantum �eld theory.Let us 
on
lude this se
tion by making three remarks on how we thinkone 
ould 
on
retely start to generalize our approa
h to more 
ompli
atedba
kgrounds in string theory:� One should try to exploit the link between D-brane world-volume ge-ometry in the SU(2)-WZW model and NS5-brane ba
kgrounds to getknowledge about quantum motivi
 stru
tures in the 
ase of more gen-eral NS5-brane ba
kgrounds and for the 
ase of little string theory (seealso the remarks in [GS℄ on this topi
).� In [Bez℄ a link between 
ohomology of tilting modules over quantumgroups at roots of unity and derived 
ategories of 
oherent sheaveshas been shown. This might serve as a starting point to study quan-tum motivi
 symmetries on these derived 
ategories and 
ould there-fore be highly relevant for the homologi
al mirror symmetry program([Kon 1994℄).� Last but not least, the quantum 
oadjoint a
tion on Uq (sl2) has beenshown to relate to a hidden symmetry of the six-vertex model (see[DFM℄, [FM 2000a℄, [FM 2000b℄, [Kor℄). Can one generalize this ap-proa
h to the melting 
rystal models appearing in topologi
al stringtheory (see [ORV℄, [INOV℄)? This might be a very dire
t way to estab-lish a large hidden symmetry of a quantum motivi
 type in topologi
alstring theory.5 Con
lusionWe have shown that the Lie algebra L (G) of the quantum 
oadjoint a
tion onUq (sl2) is indu
ed by a representation of the solvable quotient of the motivi
Galois group given by (2) and (3). We have also given an argument why wethink that our 
onstru
tion might relate to a general formality property of16



quantum �eld theories and pointed out di�erent dire
tions how to a
hievesu
h a generalization.We plan to study the physi
al impli
ations of this link between the quan-tum 
oadjoint a
tion and the motivi
 Galois group in more detail in the nearfuture.Referen
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