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Notes onSobolev spa
es on 
ompa
t 
lassi
al groupsand Stein{Sahi representationsYurii A. NeretinWe dis
uss kernels on 
ompla
t 
lassi
al groups G = U(n), O(2n), Sp(n) de�ned bythe formula K(z;u) = jdet(1� zu�)js. We obtain the expli
it Plan
herel formula forthese kernels and the interval of positive-de�niteness. We also obtain expli
it modelsfor Sahi's 'unipotent' representations.In [15℄, the author proposed a 
lass of natural kernels on pseudo-Riemanniansymmetri
 spa
es G=H and 
onje
tured that these kernels admit expli
it Plan
herelformula. The purpose of these notes is to verify that at least in the 
ase thenG=H is a 
ompa
t group G�G=G � U(n), O(2n), Sp(n) this Plan
herel formula
an be written.10.1. A preliminary example. Re
all the 
onstru
tion of unitary represen-tations of the 
omplementary series of the group SL(2;R) (Bargmann [1℄, 1947,see also [6℄). Consider the unit 
ir
le S1: z = ei' and the following Hermitianform in the spa
e of smooth fun
tions on S1hf; gis = Z 2�0 Z 2�0 ��sin('=2)��1�sf('1) g('2) d'1 d'2:This Hermitian form is invariant with respe
t to the M�obius transformationsof the 
ir
le in the following sen
e. Consider the group SL(2;R) ' SU(1; 1)
onsisting of all 
omplex 2� 2-matri
es g = �a bb a�, satisfying jaj2 � jbj2 = 1.Then the operators�s�a bb a� f(z) = f�(a+ bz)�1(a + bz)�ja+ bzj�1+spreserve the form hf; gis, and moreover this property uniquely determines ourform.For �1 < s < 1 our Hermitian form is positive de�nite. This fa
t followsfrom the identityhX anein'; bnein'i = 
onstX �(n+ (1� s)=2)�(n+ (1 + s)=2)anbn:We observe, that for �1 < s < 1, all the gamma-
oeÆ
ients are positive, andhen
e hf; fis is positive for all f .1Of 
ourse, the 
ompa
t groups are the most simple obje
ts among symmetri
 spa
es. Nev-ertheless, our 
al
ulation (see also [16℄) is an important heuri
ti
 argument for a 
omputabilityof the Plan
herel measure in the general 
ase. Indeed, Oshima [18℄ re
entely observed thatdi�eren
e equations for 
-fun
tion are the same for di�erent real forms of one 
omplex sym-metri
 spa
e GC =HC (and hen
e 
-fun
tions of di�erent real forms di�ers by trigonometri
fa
tors; a
tual evaluation of this trigonometri
 fa
tor is a highly nontrivial result of Oshima).It is natural to believe that this phenomenon survives in our situation.1



It is natural to 
onsider the 
ompletionHs of the spa
e C1(S1) with respe
tto this inner produ
t. Obviously,f(') =X anein' 2 Hs () X �(n + (1� s)=2)�(n + (1 + s)=2) janj2 <1 ()() X�1 + jnj��sjanj2 <1:The last 
ondition shows that Hs is a Sobolev spa
e.This 
onstru
tion is the simplest example of a representation that is unitaryby some nontrivial reason. In fa
t, Hilbert spa
es with various inner produ
thaving the form hf; gi = ZZX�X K(x; y)f(x) g(y) dx dy;where K(x; y) is a distribution, are usual in the representation theory.For instan
e (see Vilenkin, [26℄, X.2), 
onformally invariant inner produ
tsin spa
es of fun
tions on a spere jx1j2+ � � �+ jxnj2 = 1 are given by the formulahf; gi = ZZSn�1�Sn�1 kx� yk��f(x)g(y) dx dy (0.1)and this inner produ
t is positive de�nite i� 0 < � < n� 1.The Hilbert spa
es de�ned by the inner produ
ts (0.1) are Sobolev spa
es.In the representation theory also there are few 
ases (related to the groupsU(1; n), Sp(1; n)) when some anisotropi
 Sobolev spa
es arise in a natural way,but usually the situation is more 
ompli
ated (some dis
ussion of fun
tional-theoreti
al phenomena is 
ontained in [17℄).0.2. Stein kernels. Consider the spa
e Matn 
onsisting of n� n 
omplexmatri
es. Consider the following Hermitian form on C1(Matn)hf; gi = ZZMatn �Matn j det(x� y)j�2n+�f(x)g(y) dx dy (0.2)(for � > 2n the integral is well de�ned, further we 
an 
onsider the meromorphi

ontinuation in �). The Hermitian form (0.2) is invariant with respe
t to thetransformations�� �a b
 d� f(x) = f((a + x
)�1(b+ xd))j det(a + x
)j�2n��;where �a b
 d� 2 GL(2n; C ) is an arbitrary invertible (n+ n)� (n+ n) matrix.Stein's theorem. The inner produ
t (0.2) is positive de�nite i� �1 < � <1. Vogan [27℄, 1986, extended Stein's 
onstru
tion to the groups GL(n) overreal numbers R and quaternions H , see also [20℄. Sahi [21℄, [22℄ extended the2




onstru
tion to other series of 
lassi
al groups, pre
isely to the groups O(2n; 2n),U(n; n), Sp(n; n), Sp(2n;R), SO�(4n), Sp(4n; C ), and O(2n; C ),The inner produ
ts (0.1) and (0.2) seem similar, but the kernel kx � yk��has a singularity on the diagonal x = y; on the 
ontrary j det(x� y)j�2n�� hasa singularity on a 
ompli
ated surfa
e in Matn�Matn 
ontaining the diagonal.In parti
ular, the Hilbert spa
e de�ned by the Stein inner produ
t (0.2) is nota Sobolev spa
e in the standard sen
e.Similarily, various natural integral operators that appear in the representa-tion theory usually are not pseudodi�erential operators in the standard sen
e.0.3. Sobolev kernels on the orthogonal groups O(2n). Consider theorthogonal group O(2n), i.e., the group of real 2n � 2n-matri
es h satisfyinghth = 1. We 
onsider the Hermitian form on C1(O(2n)) given byhF1; F2i� = ZZO(2n)�O(2n) j det(u� v)j�F1(u)F2(v) d�(u) d�(v); (0.3)where � is the Haar measure on O(2n). This form is well de�ned for � > 0, for� < 0 we 
onsider its meromorphi
 
ontinuation.In this paper, we obtain the expli
it expression of this form in 
hara
ters(Theorem 3.2) and also show that for �n < � < �n + 1 our form is positivede�niteWe 
onsider the group O(2n; 2n) 
onsisting of (2n+2n)�(2n+2n)-matri
es�a b
 d� satisfying the 
ondition�a b
 d�t�1 00 �1��a b
 d� = �1 00 �1� ;where the symbol t denotes the transposition of a matrix.For an orthogonal matrix h 2 O(2n) and �a b
 d� 2 O(2n; 2n), we have(a + h
)�1(b+ hd) 2 O(2n):It is easy to verify that the Hermitian form (0.3) is invariant with respe
t to theoperators C1(O(2n))! C1(O(2n)) given by���a b
 d�F (h) = F �(a+ h
)�1(b+ hd)�det(a+ h
)�2n+1��:Thus our Theorem 3.2 gives another proof of Sahi's theorem about existen
eof Stein-type series for the groups O(2n; 2n). Also, we obtain new models ofthe "unipotent representations" of the groups O(2n; 2n) (see Sahi, [23℄, Dvorskyand Sahi, [4℄, [5℄).0.4. Stru
ture of the paper. We 
onsider the groups U(n), O(2n),Sp(n) in Se
tions 2, 3, 4 respe
tively. We also obtain models of Stein{Sahi3



representations for the groups U(n; n), O(2n; 2n), Sp(n; n) In parti
ular, weobtain an independent proof of the 
orresponding Sahi's results.In all the 
ases, we redu
e the problem to evaluation of some determinants,ne
essary determinant 
al
ulations are 
olle
ted in preliminary Se
tion 1 (our
al
ulations are more uniform than it seems at the �rst glan
e, see [16℄.In Se
tion 5, we dis
uss models of 'unipotent representations' from [23℄, [4℄,[5℄.0.5. Notation. We denote the Haar measure on U(n), SO(n), Sp(n) by �.We assume that the measure of the whole group is 1.The Po
hhammer symbol is given by(a)n = a(a+ 1) : : : (a + n� 1) = �(a+ n)�(a) : (0.4)The se
ond expression also has sen
e for negative n.A
knowledgements. I am grateful to A.Dvorsky for his explanationson 'unipotent representations'. This work was done during my visit to theS
hr�odinger Institute, Vienna, winter 2001{2002. I thank the administrators ofthe Institute for their hospitality.1. Some determinant identitiesLet A = faklg be a square n � n matrix, k; l = 1; 2; : : : ; n, We denote itsdeterminant by detk;l akl.1.1. A determinant of Cau
hy type. Re
all that the Cau
hy determi-nant (see, for instan
e, [11℄) is given bydetkl 1xk + yl = Q16k<l6n(xk � xl) �Q16k<l6n(yk � yl)Q16k;l6n(xk + yl) : (1.1)The following variant of the Cau
hy determinant, is also well known.Lemma 1.1.det0BBBBBB� 1 1 1 : : : 11x1+b1 1x2+b1 1x3+b1 : : : 1xn+b11x1+b2 1x2+b2 1x3+b2 : : : 1xn+b2... ... ... . . . ...1x1+bn�1 1x2+bn�1 1x3+bn�1 : : : 1xn+bn�11CCCCCCA == Q16k<l6n(xk � xl)Q16�<�6n�1(b� � b�)Q16k6n16�6n�1(xk + b�) : (1.2)4



Proof. Let � be the Cau
hy determinant (1.1). Theny1� = 0BBB� y1x1+y1 y1x2+y1 : : : y1x1+y11x1+y2 1x2+y2 : : : 1xn+y2... ... . . . ...1x1+yn 1x2+yn : : : 1xn+yn1CCCA :We 
onsider limy1!1 y1� and substitute y�+1 = b�.1.2. One standard determinant. The following determinant is equivalentto Lemma 3 from Krattenthaller, [11℄.Lemma 1.2.det0BBBBBBBBB� 1 1 1 : : : 1x1+b1x1+a1 x2+a1x2+b1 x3+a1x3+b1 : : : xn+a1xn+b1(x1+a1)(x1+a2)(x1+b1)(x1+b2) (x2+a1)(x2+a2)(x2+b1)(x2+b2) (x3+a1)(x3+a2)(x3+b1)(x3+b2) : : : (xn+a1)(xn+a2)(xn+b1)(xn+b2)... ... ... . . . ...Q16m6n�1(x1+am)Q16m6n�1(x1+bm) Q16m6n�1(x2+am)Q16m6n�1(x2+bm) Q16m6n�1(x3+am)Q16m6n�1(x3+bm) : : : Qm: 16m6n�1(xn+am)Qm: 16m6n�1(xn+bm)1CCCCCCCCCA == Q16k<l6n(xk � xl) Q16�6�6n�1(a� � b�)Q16k6n;16�6n�1(xk + b�) : (1.3)Proof. De
omposing a matrix element into the sum of partial fra
tions,we obtain(xk + a1) : : : (xk + a�)(xk + b1) : : : (xk + b�) = 1+ X16�6� (a1 � b�)(a2 � b�) : : : (a� � b�)(b1 � b�) : : : (b��1 � b�)(b��1 � b�) � 1xk + b�We observe that the (� + 1)-th row is a linear 
ombination of the rows� 1 1 : : : 1 �;� 1x1+b1 1x2+b1 : : : 1xn+b1 �;: : : : : : : : : : : : : : : : : :� 1x1+b� 1x2+b� : : : 1xn+b� �: :Thus our determinant isl�1Y�=1 Q�j=1(aj � b�)Q��1j=1 (bj � b�) � det0BBB� 1 1 : : : 11x1+b1 1x2+b1 : : : 1xn+b1... ... . . . ...1x1+b� 1x2+b� : : : 1xn+b�1CCCA :5



and we redu
e the evaluation of our determinant to Lemma 1.1.1.3. Two determinants.Lemma 1.3. Con
ider the n� n matrix Q having elementsqlk = (xk + a1)(xk + a2) : : : (xk + al)(xk + b1)(xk + b2) : : : (xk + bl) � (xk � a1)(xk � a2) : : : (xk � al)(xk � b1)(xk � b2) : : : (xk � bl) :ThendetQ = 2n Q16k6nxk � Q16k<l6n(x2k � x2l ) � Q16�<�6n(b� + b�) � Q16�6�6n(a� � b�)Q16k6n;16�6n�1(x2k � b2�) :Proof. We expand a matrix element in a sum of partial fra
tions.qkl = lX�=1 Qlj=1(aj � b�)Q��1j=1 (bj � b�)n 1xk + b� + 1xk � b�o:We write 1xk + b� + 1xk � b� = 2xkx2k � b2�and observe that an l-th row is a linear 
ombination of ve
tor-rows� x1x21�b21 : : : xkx2n�b21 �;: : : : : : : : : : : : : : :� x1x21�b2l : : : xkx2n�b2l �:Thus our determinant isnYl=1 Qlj=1(aj � b�)Q��1�=1(bj � b�) � nYj=1(2xj) � det16j;l6n 1x2j � b2l :and the last fa
tor is redu
ed to the 
lassi
al Cau
hy determinant (1.1).Lemma 1.4.detk;l( (xk + a1)(xk + a2) : : : (xk + al)(xk + b1)(xk + b2) : : : (xk + bl) + (xk � a1)(xk � a2) : : : (xk � al)(xk � b1)(xk � b2) : : : (xk � bl) ) == 2 Q16k<l6n(x2k � x2l ) � Q16�6�6n�1(b� + b�) � Q16�6�6n�1(a� � b�)Q16k6n;16�6n�1(x2k � b2�) : (1.4)Remark. In parti
ular the �rst row of our matrix is �2 : : : 2�.Proof. De
omposing a matrix element into a sum of prime fra
tions, weobtain qkl = 2 + lX�=1 Q�j=1(aj � b�)Q��1j=1 (bj � b�)� 1xk + bj � 1xk � bj �6



Sin
e, 1xk + bl � 1xk � bl = �2bkx2k � b2l ;the l-th row is a linear 
ombination of the ve
tors-rows� 2 : : : 2 �� b1x21�b21 : : : b1x2n�b21 �: : : : : : : : : : : : : : :� bl�1x21�b2n�1 : : : bnx2n�b2n�1 �and we obtain2 Y16j6n�12bj Y16l6n�1 (a1 � bl)(a2 � bl) : : : (al � bl)(b1 � bl)(b2 � bl) : : : (bl�1 � bl)�� detk;l 0BBBB� 1 1 : : : 11x21�b21 1x22�b21 : : : 1x2n�b21... ... . . . ...1x21�b2n�1 1x22�b2n�1 : : : 1x2n�b2n�11CCCCA :It remains to apply Lemma 1.1.2. Sobolev kernel on the unitary group.2.1. De�nition of kernel. Let z be an n� n matrix with norm < 1. For� 2 C , we de�ne the fun
tion det(1 � z)� bydet(1� z)� := deth1� �z + �(� � 1)2! g2 � �(� � 1)(� � 2)3! g3 + : : : i:We also de�ne this fun
tion for z satisfying kzk = 1, det(1� z) 6= 0 beingdet(1� z)� := limu!z; juk<1det(1� u)�:The expression det(1 � z)� is 
ontinuous on the domain kzk 6 1 ex
ept thesurfa
e det(1� z) = 0.We denote by det(1� z)f�j�g the fun
tiondet(1� z)f�j�g := det(1� z)� det(1� z)� :We de�ne the fun
tion `�;� (g) on the unitary group U(n) by`�;� (g) := 2�(�+�)n det(1� z)f�j�g:Obviously, `�;� (h�1gh) = `�;� (g) for g, h 2 U(n): (2.1)7



Lemma 2.1. Let ei 1 , . . . , ei n be the eigenvalues of g 2 U(n); we assume0 6  k < 2�. Then`(g) = exp�(� � � )Xk ( k � �)=2	 nYk=1 sin�+�  k2 :Proof. It is suÆ
ient to verify this statement for diagonal matri
es, orequivalenly we 
an 
he
k the identity(1� ei )f�j�g = exp�(� � � )( � �)=2	 sin�+�  2 :We have 12(1� ei ) = expfi( � �)=2g sin  2 :Further, in the equality2��(1� ei )� = expfi�( � �)=2g sin�  2 ;the both sides are real-analyti
 on (0; 2�) and the substitution  = � gives 1 inthe both sides. �We also de�ne the kernel L�;� (g; h) on U(n) byL�;� (g; h) = `�;� (gh�1): (2.2)Obviously, this kernel is invariant with respe
t to left and right shifts on U(n),i.e., L�;� (r1gr2; r1hr2) = L�;� (g; h) for g, h, r1, r2 2 U(n):2.2. Chara
ters, see Weyl book [28℄. The set of �nite dimensional repre-sentations of U(n) is parametrized by 
olle
tions of integers (signatures)m : m1 > m2 > � � � > mn:The 
hara
ter �m of representation �m (a S
hur fun
tion) 
orresponding to asignature m is given by�m(g) = detk;j=1;2;:::;n�eimj k	detk;j=1;2;:::;n�ei(j�1) k	 ; (2.3)where ei k is the eigenvalues of g. Re
all that the denominator admits de
om-position Yl<k(ei l � ei k ): (2.4)The dimension of �m isdim�m = �m(1) = Q06�<�6n(m� �m�)Qnj=1 j! : (2.5)8



A fun
tion F (g) on U(n) is 
entral if it satis�es the identity F (h�1gh) =F (g).Consider the Haar measure � on U(n) normalized by the 
ondition: themeasure of the whole group is 1. For a 
entral fun
tion on U(n), the followingWeyl integration formula holdsZU(n) F (g) d�(g) == 1(2�)nn! Z0< 1<2� : : : Z0< n<2�F �diag(ei 1 ; : : : ; ei n)����Ym<k(ei m �ei k )���2 nYk=1d'k;(2.6)where diag(�) is a diagonal matrix with given entries.A 
entral fun
tion F 2 L2(U(n)) admits an expansion in 
hara
ters,F (g) =Xm 
m�m:where the summation is given over all the signatures m and the 
oeÆ
ients 
mare the L2-inner produ
ts
m = ZU(n)F (g)�m(g) d�(g):Applying formula (2.6), expli
it expression (2.3) for 
hara
ters, and formula(2.4) for the denominator, we obtain
m = 1(2�)nn! Z0< 1<2� : : : Z0< n<2� F�diag�ei 1 ; : : : ; ei n	��� detk;j=1;2;:::;n�ei(j�1) k	 detk;j=1;2;:::;n�e�imj k	 nYk=1d'k: (2.7)For 
al
ulation of su
h expressions, we will use the following evident Lemma(see, for instan
e, [15℄,)Lemma 2.2. Let X be a set,ZXn nYk=1f(xk) detk;l=1;:::nful(xk)g detk;l=1;:::nfvl(xk)g nYj=1dxj == n! detl;m=1;:::;nnZX f(x)ul(x)vm(x) dxo9



2.3. Loba
hevsky beta-integrals. We will use two following integrals,see [7℄, 3.631,1, 3.631,8,Z �0 sin��1(') eibx dx = 21����(�)eib�=2��(� + b+ 1)=2���(� � b+ 1)=2� (2.8)Z �0 sin��1(') 
os(bx) dx = 21����(�) 
os(b�=2)��(� + b+ 1)=2���(� � b+ 1)=2� (2.9)In some sen
e, our integral evaluations below, 2.4, 3.3, 4.3, are multivariateanalogs of these integrals.2.4. Expansion of the fun
tion `�;� .Theorem 2.3. Let Re(� + � ) < 1. Then`�;� (g) == (�1)n(n�1)=2 sinn(��)2�(�+�)n�n nYj=1�(� + � + j)��Xm ( Y16�<�6n(m� �m�) nYj=1 �(�� +mj � n+ 1)�(� +mj + 1) �m(g)) =(2.10)= (�1)n(n�1)=22�(�+�)n nYj=1�(� + � + j)��Xm ( (�1)Pmj Q16�<�6n(m� �m�)nQj=1�(� �mj + n)�(� +mj + 1)�m(g)): (2.11)Proof. We must evaluate the inner produ
tZU(n) `�;� (g)�m(g) d�(g)Applying (2.7), we obtain1(2�)n n! Z0< k<2� nYj=1hsin�+� � j=2� � exp�i(� � � )( j � �)=2	i�� det16k;l6nfe�imk lg � det16k;l6nfei(k�1)'lg nYl=1 d'l:By Lemma 2.2, we redu
e this integral to1(2�)n det16k;j6nI(k; j);10



whereI(k; j) = e�i(���)�=2 Z 2�0 sin�+� ( =2) � exp�i( (� + � )=2 + k � 1�mj)	 d':We apply (2.8) and obtainI(k; j) = 21������(� + � + 1) (�1)k�1�mj�(� + k �mj)�(� � k +mj + 2)Applying standard formulae for �-fun
tion, we obtainI(k; j) = 21�����(� + � + 1) sin(���) � �(�� +mj � k + 1)�(� +mj � k + 2) == 21�����(�+�+1) sin(���)��(�� +mj � n+ 1)�(� +mj � n + 2) � (�� +mj � n+ 1)n�k(� +mj � n+ 2)n�kThe fa
tors outside the box do not depend on on k. Thus, we must evaluatethe determinant det16k;j6n (�� +mj � n+ 1)n�k(� +mj � n+ 2)n�kUp to a permutation of rows, it is a determinant of the form des
ribed in Lemma1.2 with xj = mj ; aj = �� � n + j; � = �n+ j + 1:After a simple rearangement of the fa
tors, we obtain the required result �2.5. Hermitians forms de�ned by kernels. First, re
all some standardfa
ts on 
hara
ters of 
ompa
t groups, for details see, for instan
e, [9℄, 9.2, 11.1.LetK be a 
ompa
t Lie group equipped with the Haar measure �, we assumethat the measure of the whole group is 1. Let �1, �2, . . . be the 
omplete
olle
tion of pairwise distin
t irredu
ible representations. Let �1, �2, . . . betheir 
hara
ters. Re
all the orthogonality relationsh�k; �liL2 := ZK �k(h)�l(h) d�(h) = Æk;l (2.12)and �k � �l = ( 1dim �k �k; if k = 10; if k 6= l (2.13)where � denotes the 
onvolution on the group, u � v(g) = R u(gh�1)v(h)d�(h).We 
onsider the a
tion of the group K �K on K by the left and right shifts(k1; k2) : g 7! k1gk2. The representation K �K in L2(K) is a multipli
ity freedire
t sum of irredu
ible represntations having the form �k 
 ��k, where ��k isthe dual representation, L2(K) 'Mk �k 
 ��k: (2.14)11



Ea
h distribution f on K is a sum of "elementary harmoni
s"f =Xk f (k); fk 2 Vk:The summands of this sum 
orrespond to the de
omposition (2.14).The proje
tor to a subspa
e �k 
 ��k of k-th elementary harmoni
s is the
onvolution with the 
orresponding 
hara
ter,ffkg = 1dim�k f � �k (2.15)(in parti
ular, f (k) is smooth).For a 
entral distribution � on K, 
onsider the Hermitian formhu; vi = ZZK�K �(h; g)u(h)v(g) d�(u) d�(g):Consider the expansion of � in 
hara
ters� =Xk 
k�k:Lemma 2.4.hu; vi =Xk 
kdim�k ZU(n) ufkg(h)vfkg(h) d�(h): (2.16)Proof. We 
an assume u = �k, v = �l. We evaluateZZK�KXk 
k�(gh�1)�k(h)�l(g) d�(g) d�(h):using (2.12) and (2.13). �2.6. Positivity. Let Re(� + � ) < 1. Consider the sesquilinear form onC1(U(n)) given byhq; ri�;� = ZZU(n)�U(n)L�;� (g; h)q(g)r(h) dg dh; (2.17)where the kernel L�;tau is the same as above. Obviously, for �xed q, r, thisexpression admits a meromorphi
 
ontinuation in �, � to the whole C 2 . More-over, Theorem 2.3 allows to write an expli
it expression for this 
ontinuation.Expanding q and r in elementary harmoni
sq(h) =Xm {m(h); r(h) =Xm �m(h);we obtain (see Lemma 2.4)hq; ri�;� =Xm 
mdim�m ZU(n){m(h)�m(h) d�(h);12



where the meromorphi
 expressions for 
m were obtained in Theorem 2.3.If �, � 2 R, then our kernel L�;� is Hermitian, i.e., L�;� (h; g) = L�;� (g; h),or eguivalently hq; ri�;� = hr; qi�;�Corollary 2.5. For �; � 2 R nZ, the inner produ
t (2.17) is positivede�nite (up to a sign), i� fra
tional parts of �� � n and � are equal.The domain of positivity is the union of the dotted squares on Figure 1.For �, � satisfying this 
orollary, denote byH�;� the 
ompletion ofC1(U(n))with respe
t to our inner produ
t.2.7. A
tion of U(n; n) on the spa
e U(n). Consider the linear spa
eCn � Cn equipped with the inde�nite Hermitian formfv � w; v0 �w0g = hv; v0iCn�0 � hw;w0i0�Cnwhere h�; �i is the standard inner produ
t in Cn . Denote by U(n; n) the groupof linear operators in Cn � Cn preserving the form f�; �g. We write elements ofthis group as blo
k (n + n) � (n + n) matri
es g := �� �
 Æ�. By de�nition,these matri
es satisfy the 
onditiong�1 00 �1� g� = �1 00 �1� : (2.18)For h 2 U(n), 
onsider its graph graph(h) in Cn�C n . It is an n-dimensionallinear subspa
e, 
onsisting of all ve
tors z � zh, where a ve
tor-row z rangesin Cn . Sin
e h 2 U(n), the subspa
e graph(h) is isotropi
2 with respe
t toour Hermitian form f�; �g. Conversely, any n-dimensional isotropi
 subspa
e inCn � Cn is a graph of a unitary operator h 2 U(n).Thus we have one-to-one 
orresponden
e between the group U(n) and theGrassmannian of n-dimensional isotropi
 subspa
es in Cn � Cn .The group U(n; n) a
ts on the Grassmannian in an obvious way, and hen
eU(n; n) a
ts on the spa
e U(n). An expli
it formula for the latter a
tion 
an beeasily written:g = �� �
 Æ� : h 7! h[g℄ := (a+ z
)�1(b+ zd); h 2 U(n); g 2 U(n; n)(2.19)Lemma 2.6. a) For the Haar measure �(h) on U(n), we have��h[g℄� = j det�2n(�+ z
)j � �(h)b) The kernel L�;� satis�es the identityL�;� (u[g℄; v[g℄) = L�;� (u; v) det(�+ u
)f�j�g det(�+ v
)f�j�g : (2.20)2A subspa
e V in a linear spa
e is isotropi
 with respe
t to an Hermitian (or bilinear) formQ if Q equals 0 on V . 13



Proof. a) The di�erential of the map u 7! u[g℄ is given bydu 7! (a+ u
)�1 du (�
u[g℄ + Æ); (2.21)see, for instan
e, [13℄, Lemma 1.1.The rational map u 7! u[g℄ is de�ned on the spa
e of all 
omplex n � nmatri
es. By (2.21), its 
omplex Ja
obian isJ(g; u) := det�n(a + z
)�n detn(�
u[g℄ + Æ):Hen
e the real Ja
obian on the spa
e of all matri
es is jJ(g; u)j2, and the Ja-
obian of the map U(n) ! U(n) is jJ(g; u)j. It 
an easily be 
he
ked (see [13℄,Lemma 1.2) that det(�
u[g℄ + Æ) = det(�+ z
)�1 det(g):By (2.18), j det gj = 1, and this �nishes proof.b) A dire
t 
al
ulation.2.8. Unitary representations of U(n; n). Let U(n; n) a
ts in the spa
eof C1-fun
tions on U(n) by the operators��;� (g)F (h) = F (h[g℄) detf�n��j�n��g(�+ h
): (2.22)Remark. Let us explain the sen
e of the 
omplex power in this formula. It
an easily be 
he
ked with (2.18), that k
��1k < 1. Hen
e, for all matri
es hsatisfying khk 6 1, the matrix �+ h
 is invertible. Hen
e the fun
tionln det(�+ h
)has a 
ountable family of 
ontinuous bran
hes on the set khk 6 1 and in parti
-ular on U(n). We de�nedetf�n��j�n��g(�+ h
) := exp��(n + �) ln det(�+ h
)�� (n+ � )lndet(�+ h
) � 2�ik(� � � )	: (2.23)Thus, we 
an think that for ea
h g 2 U(n; n) formula (2.22) de�nes a 
ountablefamily of operators ��;� (g), they di�ers one from another by 
onstant fa
torsexpf2�ik(��� )g. These operators de�ne a proje
tive representation (see [9℄,14)of the group U(n; n)��;� (g)��;� (g0) = �(g; g0)��;� (gg0); �(g; g0) 2 C :Equivalently, we 
an 
onsider the multi-valued operator-valued fun
tion ��;� (g)on U(n; n) as a single-valued fun
tion on the universal 
overing group U(n; n)�of U(n; n). Then ��;� (g) be
ame a linear representation of U(n; n)�.If (��� ) 2Z, then expf2�ik(��� )g and (2.23) is a well de�ned single-valuedexpression. In this 
ase ��;� is a linear representation of U(n; n).14



Proposition 2.7. The operators ��;� (g) preserve the form h�; �i�;� .Proof. First, let Re(� + � ) < 1. Substitute h1 = u[g℄1 , h2 = u[g℄2 to theintegral ZZU(n)�U(n)L�;� (h1; h2) q(h1)r(h2) d�(h1) d�(h2):By Lemma 2.5, we obtainZZU(n)�U(n)L�;� (u1; u2) det(�+ u1
)f��j��g j det(�+ u2
)j��j��g�� q(h1)r(h2)j det(�+ u1
)j�2nj det(�+ u2
)j�2n d�(u1) d�(u2):Thus, our operators preserve the form h�; �i�;� .For general �, � , we 
onsider the analyti
 
ontinuation.Corollary 2.8. For �, � satisfying the positivity 
onditions of Corollary2.5, the representation ��;� is unitary.2.9. Some remarks. a) The 
ase n = 1, � = � = s � 1 gives pre
isely the
omplementary series of representations of SL(2;R)� SU(1; 1) des
ribed abovein 0.1.b) The representations ��;� are very degenerated in the followng sense. Forany irredu
ible unitary representation of a semisimple group G, its restri
tionto the maximal 
ompa
t subgroup K has a spe
trum with �nite multipli
ities,but usually these multipli
ities are not bounded.In our 
ase, i.e., G = U(n; n), K = U(n)�U(n), the restri
tion of ��;� to Kis the multipli
ity free sum �m 
 ��m (thus, only few representations of K arepresent in the spe
trum).
) Shifts of parameters. For integer k, the proje
tive representations ��+k;��kand ��;� are equivalent. The intertwining operator is the multipli
ation by thedeterminant F (h) 7! F (h) det(h)k:This operator also de�nes an isometry of forms L�+k;��k and L�;�d) Symmetry. Representations ��n=2�p;�n=2�q and ��n=2+p;�n=2+q are dual.The invariant pairing is given by the formula(F1; F2) 7! ZU(n)F1(h)F2(h) d�(h): (2.24)For veri�
ation of this statement, we substitute h 7! h[g℄ and apply theformula for the Ja
obian.In parti
ular, the point (�; � ) = (n=2; n=2) 
orresponds to a representationof a unitary prin
iple series of U(n; n) (it is unitary in the spa
e L2(U(n))).15
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11u ���RShift. . .. . .. . .. . .. . .. . .. . .. . .
... ... ... ... ... ... ... ... ... ... ...Figure. Groups U(n). The 
ase n = 5.1. The dotted squares 
orrespond to unitary representations ��;� .2. Verti
al and horizontal rays in the south-west of Figure 
orrespond to nonde-generated highest weight and lowest weight representations. Fat points 
orrespondto degenerated highest and lowest weight, representations, and also to unipotentrepresentations. The point (�; � ) = (0; 0) 
orresponds to the trivial one-dimensionalrepresentation.3. In points of the thi
k segments, we have some exoti
 unitary sub-fa
tors.4. The shift (�; � ) 7! (� + 1; � � 1) transform a proje
tive representation ��;�to an equivalent representation.5. The permutation of the axes (�; �) 7! (�; � ) gives a 
omplex 
onjugaterepresentation.6. The symmetry with respe
t to the point (�n=2;�n=2) (bla
k 
ir
le) gives adual representation (for odd n this point is a 
enter of a dotted square; for even nthis point is a 
ommon vertex of two dotted squares).7. For � + � = n (the skew diagonal line) our Hermitian form is the standardL2-produ
t. The represenations ��;� in this 
ase are in the untary prin
ipal series.8. Linear (non-proje
tive) reprsentations of U(n; n) 
orrespond to the family ofparallel lines � � � 2Z. 16



e) Another symmetry. The representation ��;� is 
omplex 
ojugate to ��;�f) Problem of unitarisability of subquotients. Corollary 2.8 gives a 
lassi-�
ation of unitary representations among ��;� . But for integer � or integer� , the representation ��;� 
an 
ontain a unitary subrepresentation, a unitaryfa
tor-representation, or a unitary sub-fa
tor.g) Unitary highest weight representations and Sahi's unipotent representa-tions. The kernels L�;0(u; v) = det�(1� uv�1)are well-known, and they de�ne highest weight representations. By a well-known theorem (Berezin, Gindikin, Rossi{Vergne, Walla
h), the form L�;0 is anonnegative Hermitian form i�� < �n+ 1 and for � = �n + 1, �n + 2, . . . , 0: (2.25)First, let � < �(n�1), If mn is negative, then the fa
tor �(0+mj+1) in thedenominator of (2.10) is in�nity, and hen
e (2.10) is 0. If mn > 0, then all other
oeÆtients 
m have the same sign (all signs are positive or all are negative). Itis easy to observe this from (2.10) for noninteger �. For integer �, this followsfrom the limit 
onsiderations: numerator and denominator in (2.19) have polesof the same order, the limit as � ! �l have to be nonnegative as a limit of anonnegative fun
tion.Se
ond, let � be in the dis
rete part of the set (2.25), � = �n+ �. Then thefa
tor Q�(�+ j) has a pole of order n� j. The fa
tor Q�(� + n�mj) has apole of order > n � j (sin
e mn > 0, mn�1 > 1, . . . , m1 > n � 1). Hen
e theratio is �nite, it is nonvanishing if the order of a pole of denominator is pre
iselyn � j. This happens i� mn = 0, m1 = 1,. . . , mn�j+1 = j � 1. After this, itremains to follow signs in (2.11).Remark. This 
onsideration almost 
oin
ides with the original Berezin'sproof [2℄. Hua Loo Keng [8℄ have obtained an expansion of the kernel L�;0 ina series of 
hara
ters (it is a partial 
ase℄ of our Theorem 2.3), and Berezin
he
ked signs in this expansion.In integer points lying in the strip 0 > �+ � > �n+1 also there are lo
atedunipotent representations [23℄, see below Se
tion 5.h) Some other unitary subquotients. Consider a representation ��;� lying onthe boundary of the dotted domain on Fig.1. For de�niteness, assume � = 0.Obviously, ea
h term of its Jordan{Holder series is unitarizable (sin
e a limit ofpositive inner produ
ts is positive). Denote by Yj the set of all the signaturesm satisfying the 
onditionmn�j > 0; mn�j+1 < 0(i.e., pre
isely j terms of the signature are negarive). Form 2 Yj, the expression
m (2.19) has a zero of order j.Denote by Wj , the subspa
e in C1(U(n)) spanned by all harmoni
s withsignatures lying in [k>jYj . We obtain an invariant �ltrationC1(U(n)) =W0 � W1 � � � � �Wn17



The representation of U(n; n) in ea
h sub-fa
tor Wj=Wj+1 is unitaty.i) Matrix Sobolev spa
es of an arbitrary order. Denotes = �� � � + n:Let F be a distribution on U(n), let F =PFm be its expansion in a seriesof elementary harmoni
s. We haveF 2 H�;� () Xm 
mdim�m kFmk2L2 <1 ()() Xm nkFmk2L2 nYj=1(1 + jmjj)so <1; (2.26)where kFmkL2 denoteskFmkL2 := �ZU(n) jFm(h)j2 d�(h)�1=2Our Hermitian form de�nes a norm only in the 
ase jsj < 1, but (2.26) has sen
efor arbitrary real s, and thus we have a possibility to de�ne a Sobolev spa
e Hson U(n) of an arbitrary order.Author do not know appli
ations of this remark, but it seems that it 
an beuseful in two following situations.First, a reasonable harmoni
 analysis related to semisimple Lie groups isthe analysis of unitary represenations. But near 1980 Mol
hanov observed thatthere are many identities with spe
ial fun
tion that admits interpretations on"physi
al level of rigor" as formulae of nonunitary harmoni
 analysis. Up to now,there are no reasonable interpretations of this phenomenon (see, for instan
e [3℄,see also [14℄, Se
tion 1-32 and formula (2.6){(2.15) ). In parti
ular, we do notknow reasonable fun
tional spa
es that 
an be pla
e of a
tion of this analysis.It seems that our spa
es Hs 
an be possible 
andidates.Se
ond, natural integral operators in the non
omutative harmoni
 anal-ysis seem similar to pseudo-di�erential operators, but they are not pseudo-di�erential operators in the usual sen
e. In parti
ular, they are not well 
om-patible with the standard s
ales of fun
tional spa
es. It 
an happened that ourspa
es Hs 
an be more reasonable in this situation.j) An identity for formal series. We have (see notation (0.4))��sin('=2)���+� e(���)' = 2�+��(� + � + 1)�(�)�(� ) 1Xm=�1 (�1)meim'(� + 1)m(� + 1)�m :Introdu
e new variables xp = ei'p . We 
an rewrite Theorem 2.3 as the following18



identity for formal seriesnYp=1n 1Xm=�1 (�1)mxlp(� + 1)m(� + 1)�mo == Qn�1k=1(� + � + 1)k(�)nn �Xl h nYj=1 (�1)jj(� + 1)lj (� + n)�lj i �det16j;p6n xljp 	�det16j;p6nxj�1p 	3. Orthogonal groups3.1. De�nition of the kernel. We 
onsider the (dis
onne
ted) groupO(2n) as a basi
 obje
t3. Ea
h element of this group 
an be redu
ed by a
onjugation g 7! hgh�1 to the blo
k diagonal form with 2� 2-blo
ks0BBB�A('1) 0 : : : 00 A('2) : : : 0... ... . . . ...0 0 : : : A('n)1CCCA , where A('j) = � 
os'j sin'j� sin'j 
os'j�: (3.1)The 
olle
tion ('1; : : : ; 'n) is uniquely determined by g modulo permuta-tions and arbitrary transformations 'j 7! �'j . The numbers e�i'j 
oin
idewith the eigenvalues of g.We de�ne the fun
tion `�(g) on O(2n) by`�(g) = (det�(1� g)=2��; ; if g 2 SO(2n);0; if g =2 SO(2n).the derminant is nonegative and hen
e its 
omplex powers are well-de�ned. Inthe terms of the eigenvalues e�i'j , the fun
tion `�(g) 
oin
ides with`�(g) = nYj=1��sin( j=2)��2�:We de�ne the kernel L�(�; �) on O(2n) asL�(g; h) = `�(gh�1):3.2. Chara
ters, see [28℄. Irredu
ible representations �� of SO(2n) areparametrized by 
olle
tions of numbers(l; ") : l1 > l2 > � � � > ln > 0; " = �1;3It is also possible to 
on
ider its 
onne
td subgroup SO(2n); in this 
ase we must repla
ethe group O(2n; 2n) below by it 
onne
ted 
omponent SO0(2n; 2n), 
onsider a 
onne
ted
omponent of the Grassmannian and also do some obvious minor 
hanges.19



or l : l1 > l2 > � � � > ln = 0:Formulae for the 
hara
ters are slightly di�erent in these two 
ases.If ln = 0, we have�l(g) = det16k;m6n�
os(lk'm)	det16k;m6n�
os(k � 1)'m	 :For ln 6= 0, we have�"l (g) = det16k;m6n�
os(lk'm)	 + " det16k;m6n�sin(lk'm)	2 det16k;m6n�
os(k � 1)'m	 :Denote by J the diagonal matrix 2 O(2n) having (2n � 1) entries (+1)and one (�1). The map h 7! JhJ�1 is an interior automorphism of O(2n)and an exterior automorphism of SO(2n). The representations ��l of SO(2n)
orresponding to the 
hara
ters ��l are twins in the following sen
e��l (JhJ�1) = ��l (h):Also the substitution'1 7! '1; : : : 'n�1 7! 'n�1; 'n 7! �'n
hanges �+l and ��l .For ln = 0, the representation �l is stable with respe
t to the exterior auto-morphism h 7! JhJ�1.This digression about two types of 
hara
ters is almost non-essential for us,sin
e really we will 
onsider arbitraryl : l1 > l2 > � � � > ln > 0;and the fun
tions �l given by�l(g) := det16k;m6n�
os(lk'm)	det16k;m6n�
os(k � 1)'m	 = (�l(g); if ln = 0,�+l (g) + ��l (g); if ln > 0. (3.2)Remark. The fun
tions (3.2) are pre
isely restri
tions of the 
hara
ters ofthe dis
onne
ted group O(2n) to the 
onne
ted group SO(2n).Let F be a 
entral fun
tions on SO(2n). Let f be its restri
tion to themaximal torus, i.e., to the set of matri
es having the form (3.1). The Weylintegration formula for 
entral fun
tions on SO(2n) has the formZSO(2n) F (g)d�(g) == 1�nn! Z0< 1<2� : : : Z0< n<2� f('1; : : : ; 'n)� det16k;m6n�
os(k�1)'m	�2 d'1 : : : d'n:20



3.3. Expansion of `� in 
hara
ters.Theorem 3.2. Let � < 1=2. For g 2 SO(2n),`�(g) = Xl: ln=0 
l�l + 12 Xl: ln>0 
l(�+l + ��l );where
l = (�1)n(n�1)=222n�+1��n sinn �� nYk=1�(2� + 2k � 1)�� Y16�<�6n(l2� � l2�) � nYj=1 �(lj � � � n+ 1)�(lj + � + n) = (3.3)= (�1)n(n�1)=222n�+1 nYk=1�(2� + 2k � 1)�� (�1)P lj Q16�<�6n(l2� � l2�)Qnj=1 �(�lj + � + n)�(lj + �+ n)) : (3.4)Proof. First, `�(JhJ�1) = `�(h). Hen
eh`�; �+l iL2 = h`�; ��l iL2 = 12 h`�; �liL2Evaluating the last expression, we obtain1�nn! Z0<'1<2� : : : Z0<'n<2� nYk=1��sin('k=2)��2��� det16j;k6n�
os lj'k	 det16j;k6n�
os(j � 1)'k	 nYk=1d'k:Applying Lemma 2.2, we transform this integral to��n det I(j;m);where I(j;m) = Z 2�0 ��sin('=2)��2� 
os(lj') 
os[(m� 1)'℄ d':Expanding the produ
t of 
osines, we obtain a sum of two integrals of the form(2.9) Z �0 ��sin'��2�h
os 2(lj +m� 1)'+ 
os 2(lj �m+ 1)'id' =21



= �2�2��(2� + 1)h (�1)lj+m�1�(�+ lj +m)�(� � lj �m+ 2)++ (�1)lj+m�1�(�+ lj �m+ 2)�(�� lj +m) i:After simple transformations, we get2�2��(2�+ 1) sin��h�(�1 � � + lj +m)�(� + lj +m) + �(1� �+ lj �m)�(2 + �+ lj �m) i == �(2�+ 1) sin(��)22� � �(lj � �)�(lj + � + 1) � (lj � �)m�1(lj + �+ 1)m�1 + (lj + ��m + 2)m�1(lj � ��m + 1)m�1�The fa
tors outside the boxed equation do not depend on m. Thus, we mustevaluate det16j;m6nh (lj � �)m�1(lj + �+ 1)m�1 + (lj + � �m + 2)m�1(lj � � �m + 1)m�1 i:A matrix element 
an be represented in the fromhjm = (lj � �)(lj � �+ 1) : : : (lj � �+m� 2)(lj + �+ 1)(lj + � + 2) : : : (lj + � +m � 1)++ (lj + �)(lj + �� 1) : : : (lj + ��m+ 2)(lj � �� 1)(lj � �� 2) : : : (lj � � �m + 1) :(in ea
h numerator and denominator we have (m � 1) fa
tor; in parti
ular form = 1 we have hj1 = 2). Thus we obtain a determinat evaluated in Lemma 1.4with xj = lj ; aj = �� + j � 1; bj = �j + j:After some rearangement of the fa
tors we obtain the required result.3.4. Representations. Now we 
an repreate the 
onsiderations of 2.6-2.8.Consider the linear spa
e R2n�R2n equipped with the inde�nite bilinear formfv �w; v0 �w0g = hv; v0iR2n�0 � hw;w0i0�R2n;where h�; �i is the standard inner produ
t inR2n. Denote by O(2n; 2n) the groupof linear operators in R2n�R2n preserving this form.For h 2 O(2n) 
onsider its graph graph(h) in R2n�R2n. Sin
e h 2 O(2n),the subspa
e graph(h) is isotropi
 with respe
t to our bilinear form f�; �g.Thus we have one-to-one 
orresponden
e between the group O(2n) and theGrassmannian of 2n-dimensional isotropi
 subspa
es in R2n�R2n.The group O(2n; 2n) a
ts on the Grassmannian and hen
e O(2n; 2n) a
tson the spa
e O(2n). The expli
it formula for the latter a
tion is the same asabove, see (2.19).We 
onsider the inner produ
t in C1(O(2n)) given byhF1; F2i� = ZZO(2n)�O(2n)L�(h1; h2)F (h1)F (h2) d�(h1) d�(h2): (3.5)22



This integral is 
onvergent if � > �1=2, for general � we 
onsider the analyti

ontinuation.Proposition 3.2. a) The inner produ
t (3.5) is invariant with respe
t tothe transformations��(g)F (h) = F (h[g℄) det(�+ h
)�2n+1��;where g 2 O(2n; 2n), h 2 O(2n).b) If �(n � 1) > � > �n, then the inner produ
t h�; �i� is positive de�nite.In other words, the representation �� in this 
ase is unitary.Proof. Statement b) follows from Theorem 3.1. For evaluation of theJa
obian, see, for instan
e, [13℄, 1.2{1.3.4. Symple
ti
 groups4.1. Quaternioni
 matri
es. We denote by H the quaternioni
 �eld.Operators in the quaternioni
 
oordinate spa
e Hn 
an written in the formv 7! vQ;where Q is an n � n-matrix with quaternioni
 elements, and v 2 Hn is ave
tor-row. More formaly, these transformations are endomorphisms of a leftn-dimensional module over the �eld H .Let Q be a quaternioni
 matrix. It de�nes the operator Hn ! Hn , identifyingHn with R4n, Hen
e we obtain an operator QR: R4n ! R4n. We de�ne thedeterminant of Q by detQ = 4pdetQR:(detQRis a nonnegative real number, hen
e detQ also is a positive real number).A quaternini
 matrix Q is unitary, if it preserves the Hermitian formfv; wg =X vjwj :In other words QQ� = 1;where Q� is a matrix obtained fromQ by transposition and element-wise quater-nioni
 
onjugation; if qkl are the matrix elements of Q, then the matrix elementsof Q� are qlk.4.2. Symple
ti
 group, see [28℄. The group of all n � n quaternini
unitary matri
es is 
alled "symple
ti
 group" or "
ompa
t symple
ti
 group",the standard notation is Sp(n).Using a group 
onjugation h 7! g�1hg, ea
h element of Sp(n) 
an be redu
edto a diagonal matrix with the entries eik'. The 
olle
tion  j is de�ned uniquelymodulo permutations and 
hange of signs:  j 7! (�1)�j j.23



Let F be a 
entral fun
tion on Sp(n), let f be its restri
tion to the set ofdiagonal matri
es. The following Weyl integration formula holdsZSp(n)F (g) d�(g) = 1�nn! Z0< 1<2� : : : Z0< n<2� f('1; : : : ; 'n)�� ��� det16j;k6n�sin(k j)	���2 nYj=1d'j:Finite-dimensional irredu
ible representations of Sp(2n) are enumerated by
olle
tions l of integers having the forml : l1 > l2 > � � � > ln > 0:The 
orresponding 
hara
ter is�l(g) = det16j;k6n�sin(lk j)	det16j;k6n�sin(k j)	 :We de�ne the fun
tion `� on Sp(n) by`�(g) = det�(1 � g)=2�2� = nYj=1 j sin( j=2)j2�:4.3. Expansion of l�.Theorem 4.1. For Re� < 1=2,`�(g) =Xl 
l�l;where
l = ��n2�2n� sinn �� nYk=1�(2�+ 2k)�� nY�=1(2l�) Y06�<�6n(l2� � l2�) nYj=1 �(lj � � � k)�(lj + �+ 1 + k) : (4.1)Proof is very similar to the orthogonal 
ase. We must evaluate the deter-minat whose matrix elements areI(k; j) := Z 2�0 ��sin('=2)��2� sin(lj') sin(k') d':24



Expanding the produ
t of sines, we obtain a sum of two integrals of the form(2.9)Z �0 ��sin('=2)��2��
os 2(lj � k)'� 
os 2(lj + k)'� d' == �2�2��(2�+ 1)��h (�1)lj�k�(lj + �� k + 1)�(�lj + � + k + 1)� (�1)lj+k�(lj + �+ k + 1)�(�lj + � � k + 1)i == �2�2��(2� + 1)h �(lj � � � k)�(lj + � � k + 1) + �(lj � � + k)�(lj + � + k + 1)i:We transform the expression in the bra
kets to�(lj � �)�(lj + �) �n (lj + �� k + 1)k(lj � � � k)k � (lj � �)k(lj + � + 1)ko:The fa
tor in the front of bra
kets does not depend on k and hen
e it is suÆtientto evaluate the determinant of the matrixukj = (lj + � � k + 1)k(lj � � � k)k � (lj � �)k(lj + �)k :This matrix has the form des
ribed in Lemma 1.3, withxj = lj ; ak = � + 1� k; bk = ��� k:4.4. Unitary representations of Sp(n; n). The pseudounitary quater-nioni
 group Sp(n; n) is the group of quaternioni
 (n + n) � (n + n)-matri
espreserving the Hermitian formfv; wg := nXj=1 vjwj � 2nXj=n+1 vjwj:We 
onsider its a
tion on Sp(n) by linear fra
tional transformations (2.19)as above. We also 
onsider the representation ��(g) of Sp(n; n) in the spa
eC1(Sp(n)) given by��(g)F (h) = F (h[g℄) det(�+ h
)�2n�1��Proposition 4.2. a) The operators ��(g) preserve the Hermitian formhF1; F2i� = ZZSp(n)�Sp(n) `�(gh�1)F1(g)F (h) d�(g) d�(h):b) If �n > � > �n � 1, then the Hermitian form h�; �i� is positive de�niteand thus the representation �� is unitary.The nontrivial part of the statement is positivity of the Hermitian form.This follows from Theorem 4.1. 25



5. Unipotent representations.Here we dis
uss models of "unipotent" representations of Sahi [23℄ andDvorsky{Sahi, [4℄{[5℄.5.1. The 
ase O(2n; 2n). In notation of Se
tion 3, we suppose that� = �n+ � � = 1, 2, . . . , n. (5.1)The �rst row in (3.3) has zero of order � at our �. The se
ond row in (3.3)has a pole of order 6 �. Hen
e the total expression is nonzero i� the order ofthe pole is pre
isely �, i.e.,ln = 0; ; ln�1 = 1; : : : ln��+1 = �� 1Under this 
ondition, all the 
oeÆ
ients 
l are positive.Thus, for � having the form (5.1), the inner produ
t (3.5) is non-negativede�nite (and degenerated) and the operators (3.6) are unitary with respe
t tothis inner produ
t.Remark. For � = 0, our representation is the one-dimensional representa-tion.For � = 1, the representation obtained in this way is an element of theMol
hanov degenerated dis
rete series, see [12℄, now there exists a wide literaturedevoted to this representation, see, for instan
e [10℄.5.2. Groups U(n; n). Now we assume� = 0; � = �n + �; where � = 1, . . . , n � 1. (5.2)The 
oeÆ
ient 
m given by (2.10) is non-zero, ifm is 
ontained in the union ofthe following disjoint sets Zj , j = 0, 1, . . . , n� �,Z� :m has form (m1; : : : ;mn����; �� 1; �� 2; : : : ; 0;mn��+1; : : :mn)Denote by Vm be the U(n) � U(n)-submodule in C1(U(n)) 
orrespondinga signature m, see 2.5.Proposition 5.1. The subspa
eWtail := �V� � C1(U(n)); where � =2 [Zj ,is a U(n; n)-invariant subspa
e.b) The quotient C1(U(n))=Wtail is a sum n� �+ 1 submodulesWj = ��2ZjV�The representation of U(n; n) in ea
h Vj is unitary.A proof is given below.5.3. Blow-up. The distribution `�;� depends meromorphi
ally in the two
omplex variables �, � . Its poles and zeros are lo
ated at � 2Zand in � 2 Z26



and hen
e values of this distributions at points (�; � ) 2 Z2 generally are notuniquely de�ned. Passing to this point from di�erent dire
tions, we 
an obtaindi�erent limits.It is 
onvenient to formulate this more formally.We �x a point (�; � ) = (�n+ �; 0) and introdu
e the new lo
al 
oordinatesnear this point4 by � = �n + �+ s"; � = t" (5.3)The new 
oordinates are de�ned up to the equivalen
e(s; t; ") � (su; tu; "=u) (5.4)We also think thatjsj; jtj; j"j are suÆtiently small, and (s; t) 6= (0; 0). (5.5)If we repla
e " = 1=R, then the 
olle
tions (s; t; R) are de�ned up to theequivalen
e (s; t; ") � (su; tu;Ru)i.e., s; t; u is a point of the proje
tive plane. Thus the set (5.5) 
an be 
onsired asa subset in proje
tive plane. In the new 
oordinates, the point (�n+�; 0) 2 C 2
orresponds to the whole 
omplex proje
tive line (s; t; 0).Thus repla
ing a neibourhood of (�n+�; 0) 2 C 2 by the set (5.5), we obtaina new 
omplex manifold, denote it by eC 2 .Proposition 5.2. The distribution`s;t;"(z) := `�;� (z)is a meromorphi
 distribution-valued fun
tion on eC 2 in the domain (5.5). Theunique pole (or order n) near (s; t) = (0; 0) is the line s + t = 0.Proof. Ea
h Fourier 
oeÆ
ient 
m in the formula (2.10) has the form"k tjsn���j(s+ t)n��Rm(s; t; ") (5.6)where the last fa
tor is holomorphi
 and nonvanishing near the line (s; t; 0), andthe powers k, j, n� �� j are nonnegative.Thus, the Fourier 
oeÆ
ients 
m of the distribution `s;t;" are meromorphi
in the our region.We must verify that the derivatives �`s;t;"=�t, �`s;t;"=�s, �`s;t;"=�" are well-de�ned distributions.A 
entral fun
tion on U(n) is a distribution, if its Forier 
oeÆ
ient have atmost polynomial growth inm. For (5.6), this 
an be veri�ed by a dire
t tra
ing.4This 
onstru
tion is the blow-up of the plane C2 at the point (�n + �;0).27



5.4. The family of invariant Hermitian forms. Proof of Proposition5.1. Thus, for (�; � ) = (�n + �; 0), we have the following family of Hermitianforms invariant with respe
t to the operators (2.22)�s;t(f; g) = ZZU(n)�U(n) `s;t;0(zu�)f(z)f(u) d�(z) d�(u)Now we emphasis some additional properties of the formula (5.6).First, the exponent k in (5.6) is zero i�m 2 [Zj. Hen
e Wtail is the 
ommonkernel of all the forms �s;t. This implies the statement a) of Proposition 5.1.By the invarian
e, we subspa
es Wj are pairwise orthogonal with respe
t toall the forms �s;t;0.Se
ondly, Rm(s; t; 0) is a 
onstant whi
h depend only on m (sin
e non
on-stant summands in the linear fa
tors of Rm have the form s"), t").Thirdly, if m 2 Zj , then the exponent j in (5.6) is our j. This means, thatthe restri
tion of �s;t;0 to Wj has the the formtjsn���j(s + t)n���j(f; g) (5.7)where �(f; g) is independent of t, s.The Fourier 
oeÆ
ients of �j are the fa
tors Rm(s; t; 0) from (5.6), and they
an easily be written. It is easy to observe that all these 
oeÆ
ients have thesame sign.This �nishes proof of Proposition 5.1.b).5.5. Expression for the kernel. We 
an 
on
ider the form �j as a formon C1(U(n)) extending it to other harmoni
s as zero.Proposition 5.3. The form �j is de�ned by the distribution1n! �j�tj (1 + t)n��`1;t;0(zu�)���t=0 == 1n! lim"!0 �j�tj (1 + t)n�� det(1� zu�)fn+�+"jt"g���t=0;"=0Proof. The �rst expression is obtained by di�erention of the blo
k de
om-position (5.7) of the Hermitian forms �s;t; the right-hand side is a result of
hanging of the limit passing and di�erentiation.Remark. The sum (5.8) 
ontains the well-de�ned term det(1�zu�)�n+� :=`1;0;0(zu�) (that looks like a fun
tion) and sum of distributions supported bythe submanifold rk(1 � zu�) = n � 1, n � 2, . . . , n � � (the analysis of thedeterminantal distributions was done by Ri
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