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.ilIn the note [KiL74℄ the �rst two authors suggested a general evolutionary equa-tion for a panmi
ti
 multilo
us multiallele population under 
ommon a
tion ofprin
ipal hereditary fa
tors: any polyploid type, any sexual stru
ture (with an ar-bitrary numbers of sexes), re
ombination, mutation and migration. In the sele
tionfree 
ase all traje
tories 
onverge if and only if the spe
trum of the mutation-migration matrix lies in the set f� 2 C : j�j < 1 or � = 1g: This result 
overs aseries of limit theorems for the sele
tion free populations under a
tion of a singlefa
tor [H℄, [G47, G49℄, [R60℄, [E65℄, [Ke70℄, [L71℄, [Ki73℄, see also [M62℄ and [L92℄.Moreover, though evolutionary equations are nonlinear they were 
an be expli
itlysolved in some diploid situations [L71℄, [Ki93℄, [L92℄, see also [B01℄ for a re
entdevelopment. The goal of the present work is to expli
itly solve the evolutionaryequations for a single lo
us autosomal polyploid population. We apply the methodoriginated from [L71℄ and developed in [Ki74℄, see also [L92, Chapter 6℄.However,this 
an be done only after a 
on
eptual elaboration we will start with.Let us assume that there are l di�erent alleles and that ea
h gamete is N -ploid. Su
h a gamete g 
an be formally de�ned as an arbitrary mapping from theset N = f1; 2; :::;Ng of 
hromosomes into the set L = f1; 2; :::; lg of alleles. Moregenerally, we de�ne a partial gamete 
 as a partial mapping 
:N! L, i.e. a mappingfrom a subset of N into L. This subset is 
alled the support of 
 and denoted bysupp(
). It may happen that supp(
)=;. In this 
ase we will write 
 = ;.Let U be a partial mapping N ! N, i.e. a mapping from a subset DU � Ninto N: Let 
 be a partial gamete. Then the sequen
e N U! N 
! L determines the
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omposition (produ
t) 
U : N! L whi
h is a partial gamete again. We denote by�U the mapping de�ned as �U
 = 
U , �U maps the set of all partial gametesinto itself but so that supp(
U ) � DU . In more detail, supp(
U ) is the set of those
hromosomes from DU the U -images of whi
h are 
ontained in supp(
). The allelefrom i-th 
hromosome of 
U is the same as the allele from U(i)-th 
hromosome of
. Note that �;
 = ; for all 
 and�U�V = �V U (1)A state of the population in generation is a formal linear 
ombinationG =Xg p(g)g (2)where the 
oeÆ
ients p(g) are the probabilities of gametes in a generation. In this
ontext we 
onsider the real linear spa
e RjGj where G is the set of gametes. Thelatter is a natural basis in RjGj, the set of states is just the 
oordinate simplex.To des
ribe the evolution in our terms we 
onsider the unordered pairs U jV ofpartial mappings N 7! N whi
h are 
omplementary in the sense that DU \DV = ;and DU [DV = N (i.e.DU jDV is a partition of N). For ea
h 
omplementary pairU jV and ea
h two gametes g and h we have the partial gametes �Ug = gU and�V h = hV whose supports are DU andDV respe
tively. This allows us to introdu
ethe gamete f = (�Ug)(�V h) as the 
ontamination of the partial mappings �Ugand �V h. Namely, if i 2 N thenf(i) = � (gU )(i); i 2 DU ; U (i) 2 supp(g)(hV )(i); i 2 DV ; V (i) 2 supp(h):Biologi
ally, g and h are parental gametes, f is one of possible o�spring gametes,namely, the 
hromosomes the numbers of whi
h belong to �U go to f from ga

ording to the mapping gU ; similarly, the mapping V determines the transitionof genes from h. For example, let N=4 and let the alleles are A and a. For themappings U; V su
h that U (1) = 3, U (2) = 3, U (3) = 4, U (4) = 1 the genetransition is that of Fig.1.
Fig. 1. Gametegenesis: a typi
al 
ase.



3Formally, a meioti
 distribution is a probability distribution �(U jV ) on the setof all 
omplementary pairs U jV . The probability �(U jV ) 
orresponds to a randomappearing of the o�spring gamete (�Ug)(�V h) in the meiosis when the parentalgametes are g and h. Then the state of the o�spring population 
reated by the pairg, h is g � h =XUjV �(U jV )(�Ug)(�V h): (3)Formula (3) 
an be treated as a multipli
ation table for the basis ve
tors in RjGj.This multipli
ation is 
ommutative. We 
an extend it by linearity to the wholespa
e RjGj: G�H =XUjV �(U jV )(�UG)(�VH): (4)This is the one-lo
us polyploid gamete algebra, 
f. e.g. [4, Se
tion 6.2℄. Now theevolutionary equation (in a ve
tor form) isG0 = G� G � G2 (5)where G is the state of the population in a generation and G0 is the state in thenext generation under panmixia. In more detail,G0 =XUjV �(U jV )(�UG)(�VG): (6)By iteration of this mapping in the 
oordinate simplex we obtain the traje
toriesfGtg10 the behavior of whi
h we are going to study. Every traje
tory fGtg10 is thesolution to the evolutionary equationGt+1 =XUjV �(U jV )(�UGt)(�VGt) (7)where t = 0; 1; 2; :::; and G0 is an arbitrary initial state.The evolutionary operator G 7! G0 is quadrati
 but some terms in (6) are linear.It is important to separate the linear part of (6) from the purely quadrati
 one,namely,G0 = XU :DU=N �(U j;)(�UG)+ XV :DV =N �(;jV )(�VG)+ XUjV 6=; �(U jV )(�UG)(�VG)(8)where U jV 6= ; means that U 6= ; and V 6= ;.Now we introdu
e the following symmetry 
ondition for the meioti
distribution: �(�U!j�V !) = �(U jV ) (9)for all �, � , ! 2 P(N) where P(N) is the set of permutations of N. This meansthat �(U jV ) depends only on the 
ombinatorial stru
ture of the mappings U , V .Namely, denote by �k(U ) the number of those elements in the image of a mappingU , whose preimages 
onsist of k elements, so that



4 Xk k�k(U ) = jDU j:We 
all the sequen
e �(U ) = (�k(U ))Nk=1 the 
hara
teristi
 of U . An equivalentform of assumption (9) is: �(U 0jV 0) = �(U jV ) (10)if (�(U 0) = �(U )) & (�(V 0) = �(V )) or (�(U 0) = �(V )) & (�(V 0) = �(U )). Inparti
ular, �(U� jV �) = �(U jV ) (11)where U� = �U��1, V � = �V ��1.A state G of a population is said to be symmetri
 if any reordering of 
hromo-somes does not a�e
t it. In notation (2) this means thatp(g) = p(g�); g� = g��1 (12)for all gametes g and all permutations �.Lemma 1. If a state G is symmetri
 then su
h is G0.Proof. Let G0 =Xg p0(g)g: (13)Then p0(g) = XUjV;h1;h2f�(U jV )p(h1)p(h2) : (�Uh1)(�V h2) = gg:After a permutation � ea
h gamete g be
omes g� = g��1. Hen
e,p0(g��1 ) = XUjV;h1;h2f�(U jV )p(h1)p(h2) : ((�Uh1)(�V h2))� = gg:However, ((�Uh1)(�V h2))� = ((h1U )(h2V ))��1 =(h1U��1)(h2V ��1) = (h�1U�)(h�2V �) = (�U�h�1 )(�V �h�2 )On the other hand, we have (11) and p(h�1 ) = p(h1); p(h�2 ) = p(h2). By substi-tutions U�  U , V �  V we obtain for p(g��1 ) the same expression as for p(g).Hen
e, p(g��1 ) = p(g) or, equivalently, p(g�) = p(g) for all g and �.Later on all states under 
onsideration are supposed to besymmetri
.



5Re
all that a system C = fC1; :::; Crg of sets is 
alled disjun
tive if so are any twoCi; Ck with i 6= k, i.e. CiTCk = ;. For two disjun
tive systems A = fA1; :::; Apgand B = fB1; :::; Bqg of subsets of N we will write fA1; :::; Apg � fB1; :::; Bqg ifevery Bi is the union of some A0js. Obviously if A �B and B � A then p = q andthe systems A and B are some permutations ea
h of other.We provide the set of partial mappings N! N with a quasiorder, namely,U � W , fU�1(t)gt2Im(U) � fW�1(s)gs2Im(W ): (14)where U�1(t) and W�1(s) mean the preimages. Obviously, if U; V is a 
omplemen-tary pair then U�1(t)TW�1(s) = ; hen
e, neither U � V nor V � U .Lemma 2. The relation U � V is valid if and only if there exists a partialmapping Z : N! N su
h that W = ZU .Proof. Let W = ZU . Then for any s 2 Im(ZU ) we haveW�1(s) = (ZU )�1(s) = U�1(Z�1(s)) = [fU�1(t) : t 2 Z�1(s)g;i.e. U � W .Conversely, we de�ne Z with DZ = UDW by setting Z(i) = W (j) wheneveri = U (j) and j 2 DW . This de�nition would be 
orre
t if W (j1) = W (j2) forany pair j1; j2 2 DW su
h that U (j1) = U (j2). Suppose to the 
ontrary thatW (j1) = t1;W (j2) = t2 and t1 6= t2. The W�1(t1) \W�1(t2) = ;. On the otherhand, sin
e U � V , there are s1; s1 2 DU su
h that U (j1) = s1 and U (j2) = s2.Hen
e, s1 = s2 and their 
ommon U -preimage belongs to W�1(t1) and W�1(t2), a
ontradi
tion.The partial mappings U and W are 
alled equivalent, U � W , if U � W andW � U , in other words, iffU�1(t)gt2ImU = fW�1(s)gs2ImW : (15)In parti
ular, (U � W )) (DU = DW ): (16)We will write U � W when U � W and U and W are not equivalent.Corollary 1. U � W if and only if there exists � 2 P(N) su
h that U = �W(and then W = ��1U).Proof. By Lemma 2 we have U � W if U = �W and W � U sin
e W = ��1U .Finally, U � W .Conversely, let U � W . By Lemma 2 again, U = Z1W and W = Z2U . Hen
e,DU = DW and U = (Z1Z2)U so, Z1Z2 = idjImU . Similarly, Z2Z1 = idjImW .Thus, Z1 determines a bije
tion ImW ! ImU and Z1 is the inverse bije
tion.Hen
e, U = �W where � 2 P(N); �jImW = Z1.



6 Corollary 2. If U �W then UV � WV for all V .We 
all two pairs U jV and U 0jV 0 equivalent if U � U 0 & V � V 0 or U � V 0 &V � U 0. Obviously, two 
ases of the latter alternative are un
ompatible.Corollary 3. If U jV � U 0jV 0 then�(U 0jV 0) = �(U jV ): (17)Proof. This follows from (10) sin
e the equivalent mappings have the same 
har-a
teristi
s.Lemma 3. If U � W then �UG = �WG.Proof. By Corollary 1, U = �W for some � 2 P(N). Applying �U to (2) weobtain �UG =Xg p(g)�Ug =Xg p(g)(gU ) =Xg p(g�)(g�W )sin
e G is symmetri
. Setting g� = 
 we obtain�UG =X
 p(
)(
W ) =X
 p(
)�W 
 = �WG:Now we �x an arbitrary partial mapping W : N ! N and apply the operator�W to both parts of (6). This yields�WG0 =XUjV �(U jV )(�UWG)(�VWG): (18)sin
e �W ((�Ug)(�V h)) = ((�W�U)g)((�W�V )h) = (�UW g)(�VWh): (19)Let us stress that the pair UW jVW is 
omplementary with respe
t to DW (insteadof N), i.e. DUW and DVW 
onstitute a partition of DW . In general, we will usethe notation ujv for the 
omplementary pair of partial mappings DW ! N, so thatDu [Dv = DW ; Du \Dv = ;: (20)In (18) many summands 
an be brought together be
ause of the equalities ofshape (�U 0WG)(�V 0WG) = (�UWG)(�VWG).Using Lemma 3 we obtain�WG0 =Xujv �W (ujv)(�uG)(�vG ) (21)where the summation is taken over a 
omplete system of pairwise non-equivalentujv and �W (ujv) =X~uj~v f~�W (~uj~v) : ~uj~v � ujvg; (22)



7and, in its turn,~�W (~uj~v) =XUjV f�(U jV ) : UW = ~u; VW = ~v or UW = ~v; V W = ~ug; (23)Here �W (ujv) = 0 if ujv is not of shape UW jVW .In parti
ular, we use W j; as a representative of the 
orresponding equivalen
e
lass, so that �W (W ) = �W (W j;) = X~u�W ~�W (~uj;) (24)where~�W (~uj;) =XUjVf�(U jV ) : UW = ~u; VW = ; or UW = ;; VW = ~ug: (25)Note that if ~u � W and U jV is su
h that UW = ~u then V W = ;. Indeed, inthis 
ase ~u = !W where ! 2 P(N). Thus, DUW = D~u = D!W = DW . Hen
e,ImW � DU and then ImW TDV = ;.Formula (21) 
an be rewritten as�WG0 = �W (W )�WG+ Xujv 6=;�W (ujv)(�uG)(�vG); (26)where �W (ujv) is well-de�ned as a fun
tion of the equivalen
e 
lass of ujv. Moreover,we haveLemma 4. The probabilities �W (ujv) depend only on the equivalen
e 
lasses ofW and ujv.Proof. . Let W1 � W so, W1 = !W where ! 2 P(N. By (23) we have~�W1 (~uj~v) =XUjV f�(U jV ) : UW1 = ~u; VW1 = ~v or UW1 = ~v; V W1 = ~ug =XUjVf�(U jV ) : U!W = ~u; V !W = ~v or U!W = ~v; V !W = ~ug:Passing to the summation over U!jV ! and taking (9) into a

ount we obtain that~�W1 (~uj~v) = ~�W (~uj~v). By (22) we have �W1 (ujv) = �W (ujv).Now if u1jv1 � ujv then (22) shows that �(u1jv1) = �(ujv) sin
e (~uj~v � u1jv1),(~uj~v � ujv).In parti
ular, �W (W ) depends only on the equivalen
e 
lass � of W . Moreover,we haveLemma 5. The probabilities �W (W ) depend only on jImW j.Proof. If follows from (24) and (25) that�W (W ) = X~u�WXUjVf�(U jV ) : UW = ~u or VW = ~ug



8Obviously, UW = u � W if and only if U jImW 2 P(ImW ). Hen
e,�W (W ) = X!2P(ImW )XUjV f�(U jV ) : U jImW = ! or V jImW = !g (27)If jImW1j = jImW j then there exists a bije
tion � : N ! N su
h that ImW =�(ImW1). After transformations ! 7! ��1!�, U 7! U�, V 7! V � the sum (27)turns into the similar sum for �W1 (W1).Sin
e DW is the same for all equivalent W , one 
an introdu
e the notation D�for any equivalen
e 
lass �. We say that two equivalen
e 
lasses K and Q 
onstitutea partition KjQ of the 
lass � ifD� = DK [DQ; DK \DQ = ;: (28)We denote the set of all partition of � by S(�). It follows from Lemma 4 that thevalues ��(KjQ) are well-de�ned. Moreover, Lemma 5 allows us to set�(n�) = �W (W ) (29)for W 2 � and n� = jImWj. For any equivalen
e 
lass �0 whi
h is minimal withrespe
t to the order " � " we have ��Im(�0)�� = 1, i.e. �(1) = 1.By Lemma 3 we 
an introdu
e ��G as �WG, the same for allW 2 �. Similarly,we have the well-de�ned �KG and �QG for any partition KjQ of �. As a result,formula (26) 
an be translated into the language of 
lasses,��G0 = �(n�)��G+Xf��(KjQ)(�KG)(�QG) : KjQ 2 S(�); KjQ 6= ;g: (30)A

ordingly, the evolutionary equation (7) redu
es to��Gt+1 = �(n�)��Gt+Xf��(KjQ)(�KGt)(�QGt) : KjQ 2 S(�); KjQ 6= ;g:(31)Note that for any minimal 
lass �0 we have ��0Gt = ��0G0 for all t. This isa base for the indu
tive assumption in the proof of 
onvergen
e of traje
tories.The indu
tion is 
ondu
ted with respe
t to ordering of the 
lasses like [4,Se
tion6.3℄,moreover, in this way we obtain the Convergen
e Theorem.Theorem 1. The limit states ��G1 are��G1 = XK1j:::jKq �K1j:::jKq (�) qYi=1�KiG0; (32)where �K1 j:::jKq (�) are some 
oeÆ
ients, the sum is taken over all partitionsK1 j:::jKq of 
lass � su
h that Ki are minimal 
lasses, Ki � �.The 
oeÆ
ients �K1j:::jKq (�) 
an be presented expli
itly. It follows from (26)and Lemmas 4, 5 that��G1 = (1� �(n�))�1Xujv ��(ujv)(�uG1)(�vG1): (33)



9If nu 6= 1 (or nv 6= 1), then the same equations 
an be written for �uG1 ( or�vG1 respe
tively). For ea
h partition K1 j:::jKq mentioned in Theorem 1 we
onsider the set ! = f1; 2; :::; qg and realize the following di
hotomi
 pro
ess: !splits into two subsets !1 and !2, after that ea
h of !1, !2 splits into two subsets,et
. Ea
h implementation of this pro
ess determines a tree T�K1 j:::jKq with the root� and with the minimal 
lasses (singletons) as the end verti
es. Letz 2 (T�K1 j:::jKq )0;where prime means that the end verti
es are removed. Denote by x; y the 
lassesappearing by splitting of z and letKx = [i2xKi; Ky = [i2yKi; Kz = [i2zKi = Kx [Ky:The above mentioned expli
it formula is�K1j:::jKq(�) = XT�K1j:::jKq Yz2(T�K1j:::jKq )0 
(z) (34)where 
(z) = �Kz (KxjKy)1� �(nKz ) ; (35)
f. [4,(6.5.15)℄.For the polyploids the following Linearization Theorem is quite similar to The-orem 6.4.1 from [4℄.Theorem 2. For ea
h 
lass � there exists a univariate polynomial ��(�) su
hthat all traje
tories f��Gtg1t=0 satisfy the equation[��(T )��Gt℄ = 0 (t = 0; 1; 2; :::); (36)where T is the shift operator, T (��Gt) = ��Gt+1.This polynomial is uniquely determined by the indu
tive 
onstru
tion��(�) = (:::_ [�K(�)}�Q(�)℄ _ :::) _(�� �(n�)) (37)where KjQ runs over the set of partitions of �, �K(�)}�Q(�) is the quasitensorprodu
t of �K and �Q, the symbol "_" means the least 
ommon multiple. (In the
ase when �(n�) 
oin
ides with a root of some �K(�)}�Q(�), the fa
tor �� �(n�)must be repla
ed by (�� �(n�))� with some �.)The leading 
oeÆ
ient in ��(�) is equal to 1 if as long as this 
ondition isful�lled for the minimal 
lasses. This ��(�) is 
alled the evolutionary polynomial,its roots are 
alled the evolutionary roots and they 
onstitute the evolutionaryspe
trum W (�).The 
onstru
tion (37) leads toTheorem 3. 1 2 W (�) � [0; 1℄.



10Proof. W (�0) = f1g for every minimal �0 andW (�) = f�(n�)g[ [KjQ6=;W (K)W (Q) (38)by indu
tion based on (37).Theorem 4. The evolutionary spe
trum W (�) 
onsists of all produ
ts�n1j:::jnm = mYi=1 �(ni) (39)where ni satisfy the 
onditionni � 2; mXi=1 ni � jIm(�)j (40)and �; = 1.Proof. The root �n� = �(n�) is already presented in (39). A

ording to (38), allother roots of ��(�) are some produ
ts of roots of W (K) and W (Q) where KjQruns over nontrivial partitions of �. Therefore, if (39) is true forK and Q separatelythen it is true for �. (Re
all that the roots of �}	 are the produ
ts of two fa
tors,one of whi
h runs over roots of � and the se
ond runs over the roots of 	.)Conversely, �n1j:::jnm 2W (�) under 
ondition (40). Indeed, ifm = 1 then eithern1 = n� or n1 < n� and we 
an take KjQ with nK = n1 (1 2 W (K) be
ause ofTheorem 3). Let m � 2. By indu
tion, KjQ 
an be 
hosen so that nK = n1 and�n2j:::jnm 2 W (Q) be
ause of n2 + :::+ nm � jIm(Q)j = jIm(�)j � jIm(K)j.Also, by indu
tion one 
an prove the followingTheorem 5. An evolutionary polynomial ��(�) does not have multiple roots ifand only if the inequality�(n) 6= mYi=1 �(ni); mXi=1 �i � n; ni < n (41)is true for all n; 1 < n � n�.Further we assume (41) to hold true (a 
ondition of no "resonan
es"). Then,given G0, the 
orresponding solution to the linear di�eren
e equation (36) is a linear
ombination of exponents (�n1j:::jnm)t with some ve
tor 
oeÆ
ients depending onG0. Thus,��Gt = C;(��G0) + Xn1j:::jnmCn1j:::jnm(��G0)( mYi=1�(ni))t (42)where the summation on the right-hand side is taken over all sets fnigm1 satisfying(40). In parti
ular,Gt = �IGt = C;(G0) + Xn1j:::jnmCn1j:::jnm(G0)( mYi=1 �(ni))t; (43)



11ni � 2; mXi=1 ni � N (44)As long as the 
oeÆ
ients Cn1j:::jnm(G0) in (43) are presented expli
itly, this formulaturns into that we want.Without loss of generality, we 
an assume that�n1j:::jnm 6= �k1j:::jkl (45)if the unordered sets fn1; :::; nmg and fk1; :::; klg are di�erent.Sin
e all roots �n1j:::jnm are less than 1, we get from (42)��G1 = C;(��G0) (46)For all traje
tories of form (42) to be in a

ordan
e with (21), it is ne
essaryand suÆ
ient that all Cn1j:::jnm(��G0) satisfy the initial 
ondition��G0 = C;(��G0) + Xn1j:::jnm Cn1j:::jnm(��G0) (47)and the re
urrent equationC;(��G0) +XCn1j:::jnm(��G0)( mYi=1 �(ni))t+1 =�(n�)[C;(��G0) +XCn1j:::jnm(��G0)( mYi=1 �(ni))t℄+XKjQ ��(KjQ)[C;(�KG0) +XCn1j:::jnm(�KG0)( mYi=1 �(ni))t℄�[C;(�QG0) +XCn1j:::jnm(�QG0)( mYi=1 �(ni))t℄; (48)where fnig satisfy (40) and KjQ are partitions of �. In its turn, (48) is true for allt if the 
oeÆ
ients at the 
orresponding roots are the same on both sides of it. Byassumption (45) this 
ondition is also ne
essary. Now the indu
tion yieldsCn1j:::jnm(��G0) =[ mYi=1�(ni)� �(n�)℄�1XKjQ ��(KjQ)XCnK1 j:::jnKm(�KG0)CnQ1 j:::jnQm(�QG0) (49)where the exterior sum is taken over all KjQ su
h that there exist �nK1 j:::jnKm 2W (K) and �nQ1 j:::jnQm 2 W (Q) su
h that�nK1 j:::jnKm�nQ1 j:::jnQm = �n1j:::jnm;



12the interior sum, 
orresponds to all possible partitions of fnig into fnKi g and fnQi g.If there exists �n1j:::jnm 2 W (K); then �; is 
hosen from W (Q) and, a

ordingly,one of summands in (49) equals Cn1j:::jnm(�KG0)C;(�QG0). Of 
ourse, �n1j:::jnm 2W (Q) are handled similarly. Note that the formula (49) makes no sense for m = 1and n1 = n�.Let us rewrite (47) asCn�(��G0) = ��(G0 � G1)� Xn1j:::jnm0Cn1j:::jnm(��G0) (50)where prime means that the terms C;(��G0) = ��G1 and Cn�(��G0) are omit-ted. Thus, Cn�(��G0) have to satisfy (50).Let us determine for Cn1j:::jnm(��G0) in the shapeCn1j:::jnm(��G0) = X�1j:::j�mC�1j:::j�m(��G0) (51)where �i are the equivalen
e 
lasses su
h that�i � �; D�i \D�j = ; (i 6= j); n�i = ni: (52)The sets �1j:::j�m and n1j:::jnm are unordered but C�1j:::j�m(��G0) is uniquelydetermined. Inserting (51) in to (49) we getP�1j:::j�mC�1j:::j�m(��G0) = [ mQi=1�(ni) � �(n�)℄�1 PKjQ��(KjQ)Xk1j:::jkljkl+1j:::jkm�KjQCk1j:::jkl(�KG0)� Ckl+1j:::jkm(�QG0); (53)ki � K (i = 1; :::; l); ki � Q (i = l + 1; :::;m);Dki \Dkj = ;; fnkigl1 [ fnkigml+1 = fn�igm1 :(If l = 0 or if l = m then one of the sets is empty.) Ea
h system fkigl1 [ fkigml+1
orresponds to a set f�igm1 = fkigm1 of sub
lasses of �. Vi
e versa, ea
h set f�igfrom � 
orresponds to a KjQ � �1j:::j�m with sets f�Ki gm1 and f�Qi gm1 . Hen
e, forthe equality (49) to be true, the following equality is suÆ
ient:C�1j:::j�m(��G0) = [ mQi=1�(n�i) � �(n�)℄�1XKjQ��1j:::j�m ��(KjQ)C�K1 j:::j�Km(�KG0)C�Q1 j:::j�Qm(�QG0) (54)for all �1j:::j�m satisfying (52). In the 
ase when all �i � K we take C;(�QG0)and, similarly, for all �i � Q. Sin
e Cn�(��G0) = C�(��G0) (nK < n� for anysub
lass K � �), it follows from (50) and (51) thatC�(��G0) = ��(G0 �G1) � X�1j:::j�m0C�1j:::j�m(��G0) (55)where �1j:::j�m satisfy (52) with any fnig admissible in (40) ex
ept n = n�. Thefollowing theorem is a 
onsequen
e of (54) and (55),



13Theorem 6. If 
oeÆ
ients C�1j:::j�m(��G0) satisfy (54) and (55) then they
an be represented asC�1j:::j�m(��G0) = XQ1j:::jQqBQ1 j:::jQq�1j:::j�m (��G0) qYi=1�Qi(G0 �G1) (56)where Q1j:::jQq runs over all partitions su
h thata)DQi \DQj = ; (i 6= j) and nQj � 2;b) for ea
h Qi there is a �j ; Qi � �j;
) for ea
h �j there is a Qi; �j � Qi; (57)The values BQ1 j:::jQq�1j:::j�m (��G0) depend only on the initial state ��G0 and on meioti
distribution.It follows from (57
) that q � m. The produ
ts qQi=1�Qi(G0 � G1) express"how far" the initial state is from the �nal state and are 
alled the measures ofdisequilibrium for Q1j:::jQq. The number q is 
alled the degree of the measure ofdisequilibrium.Theorem 6 gives a ne
essary 
ondition on the 
oeÆ
ients C�1j:::j�m(��G0) andgives a hint to 
onstru
t them. The next problem is to �nd BQ1 j:::jQq�1j:::j�m (��G0) su
hthat C�1j:::j�m(��G0) de�ned by (56) do satisfy (54) and (55).The equality (54) is true ifBQ1 j:::jQq�1 j:::j�m (��G0) = [ mQi=1 �(n�i)� �(n�)℄�1XKjQ��1j:::j�m ��(KjQ)BQQ1 j:::jQQq�K1 j:::j�Km (�KG0)BQQ1 j:::jQQq�Q1 j:::j�Qm (�QG0) (58)for all �; �1j:::j�m with n�i 6= n�. The systems QK1 j:::jQKq (QQ1 j:::jQQq ) satisfy (57)for �K1 j:::j�Km (for �Q1 j:::j�Qm respe
tively). In addition, B;(�KG0) = C;(�KG0) =�KG1.Let us 
onsider the following pro
ess: a 
lass � is divided into two sub
lassesK;Q (K � �; Q � �) in a way su
h that for any i either K � �i or Q � �i. IfK 6= �i for all i and there exists a �j su
h that K � �j, then K, in its turn, fallsinto two parts 
onsistently with �Ki .(For Q, instead of K, the above pro
edure issimilar.) The pro
ess must be 
ontinued up to a natural halt. Ea
h its realizationyields some tree T 2 =�1j:::j�m� , whose set of terminating verti
es 
onsists of �i'sand of the equivalen
e 
lasses whi
h 
onstitute a partition of �n mSi=1�i.A union Si �i of 
lasses �i where D�i \D�j = ; for all �i;�j; i 6= j, is a 
lass�0 = Si �i su
h that the system of sets fu�1(t)gt2Im(u) (u 2 �0) equals to the unionof systems fu�1i (t)gt2Im(ui) (ui 2 �i) with i from 1 to m. Let KjQ be a partition



14of �, KjQ � �1j:::j�m. Let us asso
iate with a pair of trees T1 2 =�K1 j:::j�KmK andT2 2 =�Q1 j:::j�QmQ another tree T1 �T2 2 =�1j:::j�m� .Namely, the root of T1 �T2 bran
hesinto K and Q and the nodes that follow K; Q 
orrespond to the nodes of trees T1and T2.For ea
h nonterminating node z 2 T 0 let us de�ne a fun
tion �(z):�(z) = [ Yi; �i�z �(n�zi ) � �(nz)℄�1�z(xjy)Æ(x)Æ(y) (59)where x; y are the 
lasses in whi
h 
lass z is divided into, �zi are those �i for whi
hz � �i, and Æ(x) = �xG1 when x 6� �i (i = 1; 2; :::;m) but Æ(x) = 1 when x � �i.The equality (58) is true if and only ifBQ1j:::jQq�1j:::j�m (��G0) = [ XT2=�1 j:::j�m� Yz2T 0 �(z)℄ mYi=1BQ�i1 j:::jQ�iq�i (��iG0): (60)To prove the statement above it is suÆ
ient to note that (60) 
an be derivedfrom (58) by 
onse
utive applying of the latter. If all BQ1 j:::jQq�1j:::j�m (��G0) 
an berepresented in the form (60) then[ mYi=1�(n�i)��(n�)℄�1 XKjQ��1j:::j�m ��(KjQ)BQK1 j:::jQKq�K1 j:::j�Km (�KG0)BQQ1 j:::jQQq�Q1 j:::j�Qm (�QG0) =[ mYi=1�(n�i) � �(n�)℄�1[ XKjQ; K�mS1 �i ��(KjQ)�QG1( XT2=�1j:::j�mK Yz2T 0 �(z))�mYi=1BQ�i1 j:::jQ�iq�i (��iG0) + XKjQ; Q�mS1 �i ��(KjQ)�KG1( XT2=�1j:::j�mQ Yz2T 0�(z))�mYi=1BQ�i1 j:::jQ�iq�i (��iG0) + XKjQ; K=�j; j=1;:::;m��(KjQ)BQ�j1 j:::jQ�jq�j (��jG0)�( XT2=�Q1 j:::j�QmQ Yz2T 0�(z))Yi6=jBQ�i1 j:::jQ�iq�i (��iG0) + XKjQ; Q=�j; j=1;:::;m��(KjQ)BQ�j1 j:::jQ�jq�j (��jG0)�( XT2=�K1 j:::j�KmK Yz2T 0 �(z))Yi6=jBQ�i1 j:::jQ�iq�i (��iG0)+



15XKjQ��1j:::j�m ��(KjQ)( XT12=�K1 j:::j�KmK Yz2T 01�(z))�( XT22=�Q1 j:::j�QmQ Yz2T 02�(z)) mYi=1BQ�i1 j:::jQ�iq�i (��iG0) =( XT2=�1 j:::j�m� Yz2T 0 �(z)) mYi=1BQ�i1 j:::jQ�iq�i (��iG0) = BQ1 j:::jQq�1j:::j�m (��G0):In order to provide (55) we needB��(��G0) = 1; (61)then B�1j:::j�m�1j:::j�m (��G0) = XT2=�1 j:::j�m� Yz2T 0 �(z): (62)Now the formula (60) 
an be rewritten asBQ1 j:::jQq�1 j:::j�m (��G0) = B�1 j:::j�m�1 j:::j�m (��G0) mYi=1BQ�i1 j:::jQ�iq�i (��iG0): (63)To our goal it is suÆ
ient to have both (61) andBQ1 j:::jQq� (��G0) = � XSQi�K��BQ1 j:::jQqK1j:::jKp(��G0); (64)where K = pSi=1Ki. For fKig, (57b,
) is true with respe
t to Q1j:::jQq, the sum onthe right is taken over all possible K1j:::jKp ex
ept K1 = �. Thus, for (54) and(55) to be true it is suÆ
ient to �nd su
h B:::::: that satisfy (60), (61) and (64) (or(61)-(64)).Formula (64) drasti
ally redu
ed if q = 1. In this 
aseBQ� (��G0) = � XQ�K��BQK (��G0) = � XQ�K��BQK(�KG0)[ XT2=K� Yz2T 0 �(z)℄ =� XQ�K��BQK(�KG0)BKK (��G0): (65)The values BKK (��G0) 
an be found expli
itly using (62).Let us 
onsider a 
hain � = K0 � K1 � K2 � ::: � Kn = Q. A tree T 2<Q� 
orresponds to every 
hain of su
h a form, n = jT 0j is the height of the tree.The equality (65) is equivalent toBQ� (��G0) = XT2<Q� (�1)jT 0 j jT 0 jYi=1BKiKi (�Ki�1G0); (66)



16where the sum is taken over all trees T of the form des
ribed above. The proof ofequivalen
e of (65) and (66) is similar to the proof of (58) and (60).Let q 6= 1 in (64). Let us 
onsider partitions K1j:::jKp of a 
lass K; SQi �K � � whi
h satisfy (57b, 
) (with respe
t to Q1j:::jQq). If the partition 
onsists ofa single 
lass K1 = K then it is required that K � �. A similar partition has to bedone for some sub
lasses ~Ki ( ~Ki � SQKij ) of every 
lass Ki whi
h is not equal toany Qj, and so on, up to appearing of Qj. Ea
h realization of su
h a pro
ess yieldsa tree T out of the set <Q1 j:::jQq� of all the trees of this type. A

ording to (63), theformula (64) 
an be rewritten asBQ1 j:::jQq� (��G0) = �X0SQi�K��BK1j:::jKpK1 j:::jKp (��G0) pYi=1BQKi1 j:::jQKiqKi (�KiG0);(67)By 
onsiderations stated prove, (67) 
an be rewritten asBQ1 j:::jQq� (��G0) = XT2<Q1 j:::jQq� (�1)jT 0j YJ2T 0 BJ1 j:::jJlJ1 j:::jJl (�JG0); (68)where J1j:::jJl is the partition of the sub
lass of a node J that 
orresponds to T ;jT 0j is the number of nonterminating nodes of the tree T . The equality (66) is aspe
ial 
ase (68).Combining (32), (13), (42), (46), (51), (56), (61), (62), (63) and (68) weobtain the expli
it evolution formula for ��G and, when � = I, forG in its own.Sin
e the 
oeÆ
ients Cn1j:::jnm(G0) depend on the initial state G0 
ontinuously,the spe
trum for G lies on the [0; 1℄. The expli
it evolution formula implies thatall traje
tories are stable in Lyapunov's sen
e, i.e. they 
ontinuously depend on theinitial state.In 
on
lusion let us illustrate our general theory by the following simple example,when N = f1; 2g. Then there exist exa
tly eight partial mappings N! N:Tab.1 ; u1 u2 u3 u4 u5 u6 u7 u8; 1 1 2 2 1 2 1 2 1 2 1 2; 1 2 1 2 1 1 2 2 1 2 2 1A

ordingly, we have the following table of 
hara
teristi
s:Tab. 2 ; u1 u2 u3 u4 u5 u6 u7 u8�0 0 0 0 0 0 0 0 0 0�1 0 1 1 1 1 0 0 2 2�2 0 0 0 0 0 1 1 0 0Thus, we have 4 
hara
teristi
 ve
tors�0 = [0; 0; 0℄; �1 = [0; 1; 0℄; �2 = [0; 0; 1℄; �3 = [0; 2; 0℄;



17so that �(u0) = �0�(u1) = �(u2) = �(u3) = �(u4) = �1�(u5) = �(u6) = �2�(u7) = �(u8) = �3The 
omplementary pairs U jV areu1ju3; u1ju4; u2ju3; u2ju4; u5j;; u6j; u7j;; u8j;respe
tively. By the symmetry 
ondition (9) we have�(u1ju3) = �(u1ju4) = �(u2ju3) = �(u2ju4) = �1;�(u5j;) = �(u6j;) = �2;�(u7j;) = �(u8j;) = �3: 9=; (69)This meioti
 distribution satis�es all required assumption, and, obviously8�1 + 4�2 + 4�3 = 1: (70)As a 
onse
uen
e,0 � �1 � 1=8; 0 � �2 � 1=4; 0 � �3 � 1=4: (71)If an initial state is symmetri
 then by (69) we obtain the evolutionary equationGn+1 = 4�3�u7Gn + 4�2�u5Gn + 8�1(�u1Gn)(�u3Gn): (72)In order to apply �uk(k = 1; 3; 5; 7) to (72) we need the following multipli
ationtable 
ontainig the produ
t uiuk at the interse
tion of ui-th row and uk-th 
olumn:Tabl. 3 u1 u3 u5 u7u1 u1 u3 u5 u1u3 ; ; ; u3u5 u1 u3 u5 u5u7 u1 u3 u5 u7By the rule (1) we have�u1Gn+1 = 4�3�u7u1Gn + 4�2�u5u1Gn + 8�1(�u1u1Gn)(�u3u1Gn);and then, a

ording to Table 3,�u1Gn+1 = 4�3�u1Gn+4�2�u1Gn+8�1(�u1Gn)(�;Gn) = (8�1+4�2+4�3)�u1Gnsin
e the fa
tor �;Gn must be 
an
eled. Finally,�u1Gn+1 = �u1Gn (73)be
ause of (70).



18 Similarly, �u3Gn+1 = �u3Gn; �u5Gn+1 = �u5Gn; (74)and �u7Gn+1 = 4�3�u7Gn + 4�2�u5Gn + 8�1(�u1Gn)(�u3Gn) (75)Sin
e u7 is the identity mapping we haveGn+1 = 4�3Gn + 4�2�u5Gn + 8�1(�u1Gn)(�u3Gn):However, �u1Gn = �u1G0; �u3Gn = �u3G0; �u5Gn = �u5G0; (76)so that Gn+1 = 4�3Gn +H; (77)H = 4�2�u5G0 + 8�1(�u1G0)(�u3G0): (78)Assume �3 < 1=4. Then the general solution of the di�eren
e equation (77) isGn = C(4�3)n + H1� 4�3 ; (79)where C=
onst. In fa
t, C = G0 � H1� 4�3 : (80)Thus, Gn = (G0 � H1� 4�3 )(4�3)n + H1� 4�3 : (81)Passing to the limit as n!1 we obtainG1 = H1� 4�3 = 4�2�u5G0 + 8�1(�u1G0)(�u3G0)1� 4�3 ; (82)therefore, Gn = G1 + (4�3)n(G0 �G1): (83)We see that the evolutionary spe
trum 
onsist of �; = 1 and �2 = 4�3. Theexa
t rate of 
onvergen
e is O((4�3)n). Note that the value �3 
an be arbitrarilysmall.In the extremal 
ase �3 = 1=4 we have �1 = �2 = 0 as follows from (70) for�1 � 0; �2 � 0. Then H = 0 by (78) and Gn+1 = Gn by (77). Hen
e, Gn =
onst,so Gn = G1 in this 
ase.A
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