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In the note [KiL74] the first two authors suggested a general evolutionary equa-
tion for a panmictic multilocus multiallele population under common action of
principal hereditary factors: any polyploid type, any sexual structure (with an ar-
bitrary numbers of sexes), recombination, mutation and migration. In the selection
free case all trajectories converge if and only if the spectrum of the mutation-
migration matrix lies in the set {A € C : |A| < 1 or A = 1}. This result covers a
series of limit theorems for the selection free populations under action of a single
factor [H], [G47, G49], [R60], [E65], [KeT0], [L71], [Ki73], see also [M62] and [L.92].
Moreover, though evolutionary equations are nonlinear they were can be explicitly
solved in some diploid situations [L71], [Ki93], [L92], see also [BO1] for a recent
development. The goal of the present work is to explicitly solve the evolutionary
equations for a single locus autosomal polyploid population. We apply the method
originated from [L71] and developed in [Ki74], see also [L.92, Chapter 6].However,
this can be done only after a conceptual elaboration we will start with.

Let us assume that there are [ different alleles and that each gamete is N-
ploid. Such a gamete g can be formally defined as an arbitrary mapping from the
set 91 = {1,2,..., N} of chromosomes into the set £ = {1,2,...,1} of alleles. More
generally, we define a partial gamete v as a partial mapping v: 91 — £, 1.e. a mapping
from a subset of 97 into £. This subset is called the support of v and denoted by
supp(7). It may happen that supp(y)=0. In this case we will write v = .

Let U be a partial mapping 91 — 91, i.e. a mapping from a subset Dy C 9N

into 9. Let v be a partial gamete. Then the sequence 9 % 92 £ determines the



composition (product) vU : 91 — £ which is a partial gamete again. We denote by
Ay the mapping defined as Ayy = vU, Ay maps the set of all partial gametes
into itself but so that supp(yU') C Dy . In more detail, supp(yU) is the set of those
chromosomes from Dy the U-images of which are contained in supp(7y). The allele
from ¢th chromosome of yU is the same as the allele from U(i)-th chromosome of
~v. Note that Agy = @ for all v and

AyAy = Ayy (1)

A state of the population in generation is a formal linear combination

G=> plg)g (2)

where the coefficients p(g) are the probabilities of gametes in a generation. In this
context we consider the real linear space RI®! where & is the set of gametes. The
latter is a natural basis in RI®!, the set of states is just the coordinate simplex.

To describe the evolution in our terms we consider the unordered pairs U|V of
partial mappings 91 — 91 which are complementary in the sense that Dy N Dy =
and Dy U Dy =N (i.e.Dy|Dy is a partition of N). For each complementary pair
U|V and each two gametes g and h we have the partial gametes Ayg = gU and
Ay h = hV whose supports are Dy and Dy respectively. This allows us to introduce
the gamete f = (Apg)(Avh) as the contamination of the partial mappings Apyg
and Ay h. Namely, if i € 97 then

f(l) _ { (gU)(i), i€ Dy, U(Z) € Supp(g)
(hV)(%), i € Dy, V(i) € supp(h).

Biologically, ¢ and h are parental gametes, f is one of possible offspring gametes,
namely, the chromosomes the numbers of which belong to Ay go to f from g
according to the mapping ¢gU; similarly, the mapping V' determines the transition
of genes from h. For example, let N=4 and let the alleles are A and a. For the
mappings U,V such that U(1) = 3, U(2) = 3, U(3) = 4, U(4) = 1 the gene
transition is that of Fig.1.

g: Ala |AlA

*AA A a

N/
L

h:ﬂAﬂA. 1 2 3 4

Fig. 1. Gametegenesis: a typical case.



Formally, a meiotic distribution is a probability distribution p(U|V') on the set
of all complementary pairs U|V. The probability p(U|V) corresponds to a random
appearing of the offspring gamete (Ayg)(Av h) in the meiosis when the parental
gametes are ¢ and h. Then the state of the offspring population created by the pair
g, his

gxh=7"pUIV)(Avg)(Avh). (3)
UV

Formula (3) can be treated as a multiplication table for the basis vectors in ROl
This multiplication is commutative. We can extend it by linearity to the whole
space RI®l:
GxH=> pU|V)(AvG)(AvH). (4)
Ul
This is the one-locus polyploid gamete algebra, cf. e.g. [4, Section 6.2]. Now the
evolutionary equation (in a vector form) is

G=GxG=q (5)

where G is the state of the population in a generation and G’ is the state in the
next generation under panmixia. In more detail,

G'=) " pUIV)(AvG)(AvG). (6)
Ul

By iteration of this mapping in the coordinate simplex we obtain the trajectories
{G+}1§° the behavior of which we are going to study. Every trajectory {G:}§° is the
solution to the evolutionary equation

Gepr =Y p(UIV)(AuG:)(AvGy) (7)
Ulv
where t = 0,1,2, ..., and Gy is an arbitrary initial state.

The evolutionary operator G +— G’ is quadratic but some terms in (6) are linear.
It is important to separate the linear part of (6) from the purely quadratic one,
namely,
¢= Y dUIAeGE Y pBVIAVGH Y sV ArG)ArG)(E)
U:Dy=M V:Dy=N UV #£60
where U|V # §) means that U # @ and V # 0.

Now we introduce the following symmetry condition for the meiotic
distribution:

pleUw|rVw) = p(U[V) (9)

for all o, 7, w € P(N) where P(M) is the set of permutations of M. This means
that p(U|V) depends only on the combinatorial structure of the mappings U, V.
Namely, denote by v (U) the number of those elements in the image of a mapping
U, whose preimages consist of k elements, so that



Zk’ljk |DU|

We call the sequence v(U) = (vx(U))h_, the characteristic of U. An equivalent
form of assumption (9) is:

p(U'IV') = p(U]V) (10)
it (W(U') = v(U)) & (v(V') = v(V)) or (v(U) = v(V)) & (v(V') = v(U)). In

particular,
p(UVT) = p(UIV) (11)
where U = glUo™ !, Vo =oVo~!

A state G of a population is said to be symmetric if any reordering of chromo-
somes does not affect it. In notation (2) this means that

plg) =p(g7), 9° =go~! (12)

for all gametes g and all permutations ¢.
Lemma 1. If a state G is symmetric then such is G'.

Proof. Let
=> V(g (13)
g

Then

Pig)= D ApWUIV)p(ha)p(ha) : (Avhi)(Avhs) = g}.

U|V,hi1,h2

After a permutation o each gamete g becomes g° = go~'. Hence,

P = 0 pUWV)p(ha)p(hs) : (Arhi)(Avha))” = g).

U|V,hi1,h2

(Auh1)(Ay hs))7 = ((h1U) (haV))o ™" =

(Uc™")(hoVe™") = (h{U7)(h3V7) = (Aeh) (Ao hS)

On the other hand, we have (11) and p(h{) = p( 1), p(hg) = p(h2). By substi-
tutions U ~ U, V ~ V we obtain for p(g7 ) th
Hence, p(ga_l) = p(g) or, equivalently, p(97) = p(g) for all g and o. |

e same expression as for p(g).

Later on all states under consideration are supposed to be
symmetric.



Recall that a system € = {CY, ..., C,} of sets is called disjunctive if so are any two
Ci,Cy with 1 # k, i.e. C;[Cyx = 0. For two disjunctive systems A = {A;, ..., 4.}
and B = {Bi, ..., By} of subsets of M we will write {44, ..., 4.} = {By,..., By} if
every B; is the union of some A}s. Obviously if 2 > B and B > 2 then p = ¢ and
the systems 2 and ‘B are some permutations each of other.

We provide the set of partial mappings 91 — 91 with a quasiorder, namely,

UsW e (U0} emw) = W (5) beetmw).- (14)

where U~1(t) and W~1(s) mean the preimages. Obviously, if U/, V is a complemen-
tary pair then U~1(¢) ()W ~1(s) = 0 hence, neither U > V nor V > U.

Lemma 2. The relation U = V 1is valid if and only if there exists a partial
mapping Z : N — N such that W = ZU.

Proof. Let W = ZU. Then for any s € Im(ZU) we have

W=s) = (ZU) 7 (s) = UTHZ7 () = U{U (1) st € 277 ()},

le. U= W.

Conversely, we define Z with Dz = UDw by setting Z(i) = W(j) whenever
i = U(j) and j € Dy . This definition would be correct if W(j1) = W{(ja2) for
any pair ji,j2 € Dw such that U(j1) = U(j2). Suppose to the contrary that
W (j1) = t1, W(j2) = t2 and t; # t5. The W=t(t1) N W=1(t5) = 0. On the other
hand, since U = V, there are s1,s; € Dy such that U(j1) = s1 and U(j2) = sa.
Hence, s; = s3 and their common U-preimage belongs to W=1(¢;) and W=1(¢2), a
contradiction. O

The partial mappings U and W are called equivalent, U ~ W if U > W and
W > U, in other words, if

(U (O eetmv = {W () }setmw- (15)
In particular,
(U ~ W) = (DU = Dw) (16)

We will write U > W when U > W and U and W are not equivalent.
Corollary 1. U ~ W if and only if there exists o € P(MN) such that U = oW
(and then W = o=1U ).

Proof. By Lemma 2 we have U = W if U = ¢W and W > U since W = ¢~ 1U.
Finally, U ~ W.

Conversely, let U ~ W. By Lemma 2 again, U = Z1W and W = Z5U. Hence,
Dy = Dw and U = (Z172)U so, Z17Z2 = id|ImU. Similarly, Z27; = id|ImW.
Thus, Z; determines a bijection ImW — ImU and Z; is the inverse bijection.
Hence, U = W where o € PB(N), o|ImWV = 7;. O



Corollary 2. If U ~W then UV ~ WV foralV.
We call two pairs U|V and U'|V’ equivalent it U ~U' &V ~ V' or U ~ V' &
V ~ U’. Obviously, two cases of the latter alternative are uncompatible.

Corollary 8. IfU|V ~ U'|V’ then
p(U'IV") = p(UIV). (17)

Proof. This follows from (10) since the equivalent mappings have the same char-
acteristics. O

Lemma 3. If U ~ W then AyG = AwG.

Proof. By Corollary 1, U = oW for some o € P(N). Applying Ay to (2) we
obtain

AvG =3 " p(e)Auvg =Y p(9)(9U) = plgo)(gaW)

since G 1s symmetric. Setting go = v we obtain

AvG =) p(1)(W) = p(1)Awy = AwG. o

Now we fix an arbitrary partial mapping W : 91 — 91 and apply the operator
Aw to both parts of (6). This yields

AwG = p(UIV)(AvwG)(Avw G). (18)
Ulv
Aw ((Avg)(Avh)) = (AwAv)g) ((Aw Av)h) = (Avwg)(Avwh). (19)

Let us stress that the pair UW|VW is complementary with respect to Dy (instead
of M), i.e. DyW and Dy W constitute a partition of Dy . In general, we will use
the notation u|v for the complementary pair of partial mappings Dy — N, so that

D,UD, = Dw, D,ND, =0 (20)
In (18) many summands can be brought together because of the equalities of
shape (Avw G)(Aviw G) = (Auw G)(Aviv G).
Using Lemma 3 we obtain
AwG = pw (u|v)(AuG)(AG ) (21)
ulv
where the summation is taken over a complete system of pairwise non-equivalent
u|v and

pw (ulo) = S {w (D) : 6 ~ ulo), (22)

o



and, in its turn,
pw (A5) = {p(UIV) :UW =&, VW =5 or UW =, VW = i}, (23)
Ulv
Here pw (u]v) = 0 if u|v is not of shape UW|VIV.
In particular, we use W|() as a representative of the corresponding equivalence
class, so that
pw (W) = pw (WI0) = > pw (al9) (24)
amW
where
pw (@l0) = {p(UIV) : UW =@, VW =P or UW =0, VW = a}. (25)
Ulv
Note that if @ ~ W and U|V is such that UW = @ then VW = {. Indeed, in
this case &« = wW where w € PMN). Thus, Dyw = Dg = Dyw = Dw. Hence,
ImW C Dy and then ImW (| Dy = .
Formula (21) can be rewritten as
AwG = pw (W)AwG+ > pw (ulv)(A,G)(A,G), (26)
ulvZ@
where pw (u|v) is well-defined as a function of the equivalence class of u|v. Moreover,
we have

Lemma 4. The probabilities pw (u|v) depend only on the equivalence classes of

W and u|v.

Proof. . Let Wi ~ W so, Wi = wW where w € PB(9. By (23) we have

pw, (a5) =Y _{p(UV) : UWy = @, VWy =5 or UWy = 5, VW, = i} =
U|v

S {pUV) : UwW =i, VoW =& or UwW =&, VwW = i}.
Ulv
Passing to the summation over Uw|Vw and taking (9) into account we obtain that
i (i17) = pw (a17). By (22) we have pw, (ule) = pw (u]0).
Now if uy|vy ~ u|v then (22) shows that p(ui|vi) = p(ulv) since (@]t ~ uy|vy)
(4|6 ~ ulv). |

In particular, pw (W) depends only on the equivalence class T' of W. Moreover,
we have
Lemma 5. The probabilities pw (W) depend only on |[ImW|.

Proof. If follows from (24) and (25) that

pw (W)= > {p(UV) : UW =@ or VW = @i}
a~W UV



Obviously, UW = u ~ W if and only if U[ImW &€ PB(ImW). Hence,
pw(W)= > D A{pUV): UImW =w or V[ImW = w} (27)
wEPImW) U|V

If TmW;| = |ImW| then there exists a bijection ¢ : 91 = 91 such that ImW =
o(ImWi). After transformations w +— o~ lwe, U — U, V + V7 the sum (27)
turns into the similar sum for pw, (W71). O

Since Dyy is the same for all equivalent W, one can introduce the notation Dr
for any equivalence class I'. We say that two equivalence classes K and @) constitute
a partition K|Q of the class T if

DF:DKUDQ, DKQDQ:Q). (28)

We denote the set of all partition of T by &(T'). Tt follows from Lemma 4 that the
values pr(K|Q) are well-defined. Moreover, Lemma 5 allows us to set

p(nr) = pw (W) (29)

for W € T and np = |[ImW|. For any equivalence class ' which is minimal with
respect to the order 7 <7 we have |Im(F0)| =1,ie p(1) =1.

By Lemma 3 we can introduce ArG as Ay G, the same for all W € T'. Similarly,
we have the well-defined AxG and AgG for any partition K|Q of I'. As a result,
formula (26) can be translated into the language of classes,

AFG/ = p(nF)AFG + Z{pr([(
Accordingly, the evolutionary equation (7) reduces to
ArGiyr = p(nr)ArGit Y {por(K|1Q)(AkGi)(AgGh) K Q # 0}.(31)

Note that for any minimal class T we have AroGy = AroGy for all ¢. This is
a base for the inductive assumption in the proof of convergence of trajectories.

Qes(l), K

Q # 0} (30)

Qe &), K

The induction is conducted with respect to ordering of the classes like [4,Section
6.3],moreover, in this way we obtain the Convergence Theorem.

Theorem 1. The limit states ArG, are

q
ArGo = Z ﬁK1|...|Kq(F)HAK,G0, (32)
i=1

Kil...|Kq

where ﬁK1|m|Kq(F) are some coefficients, the sum is taken over all partitions
Ky |...|Kq of class T' such that K; are minimal classes, K; < T.

The coefficients fk,|. 1k, (I') can be presented explicitly. It follows from (26)
and Lemmas 4, 5 that

ArGoo = (1= p(nr)) ™Y~ pr(ulv)(AuGe) (A Geo). (33)

ulv



If ny # 1 (or ny, # 1), then the same equations can be written for A, Go, ( or
A, G oo respectively). For each partition K, |...| K, mentioned in Theorem 1 we
consider the set w = {1,2,...,q} and realize the following dichotomic process: w
splits into two subsets w; and wq, after that each of wy, wy splits into two subsets,
etc. Each implementation of this process determines a tree TIF(1|~~~|Kq with the root
I' and with the minimal classes (singletons) as the end vertices. Let

z€ (Tiy k)"

where prime means that the end vertices are removed. Denote by z,y the classes
appearing by splitting of z and let

K, =K, K,=|]JFi, K. =K =K, UK,.
IET 1€y 1€2

The above mentioned explicit formula is

Bry). 1, (T) = Z H v(%) (34)

T11:'1|...|Kq ZE(T11:'1|...|KQ)'
where
P, (K| Ky)
z) = ———— 35
1) 1—p(nk,) (35)

cf. [4,(6.5.15)].

For the polyploids the following Linearization Theorem is quite similar to The-
orem 6.4.1 from [4].

Theorem 2. For each class T there exists a univariate polynomial (X)) such
that all tragectories {ArGy}i2, satisfy the equation

[@r(T)ArGe] =0 (t=0,1,2,...), (36)

where T is the shift operator, T(ArGt) = ArGigq.
This polynomial is uniquely determined by the inductive construction

Br(A) = (. V [@x () OBGN] V ) V(A = p(nr)) (37)

where K|@ runs over the set of partitions of I', ®x (A)$Pg(A) is the quasitensor
product of ®x and ®g, the symbol ”V” means the least common multiple. (In the
case when p(nr) coincides with a root of some ®x (A)OP®g(A), the factor A — p(nr)
must be replaced by (A — p(nr))” with some v.)

The leading coefficient in ®r(A) is equal to 1 if as long as this condition is
fulfilled for the minimal classes. This ®r(A) is called the evolutionary polynomial,
its roots are called the evolutionary roots and they constitute the evolutionary
spectrum W (T'). The construction (37) leads to

Theorem 3. 1€ W(T) C[0,1].
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Proof. W(I'%) = {1} for every minimal I'® and
D) ={p(e)}J U WEW(@Q) (38)
K|Q#0
by induction based on (37). |

Theorem 4. The evolutionary spectrum W(T) consists of all products

where n; satisfy the condition

ni >2, Y n; < |Im(T)] (40)
i=1

and A\g = 1.

Proof. The root A, = p(nr) is already presented in (39). According to (38), all
other roots of ®r(A) are some products of roots of W(K) and W(Q) where K|Q
runs over nontrivial partitions of T'. Therefore, if (39) is true for K and () separately
then it is true for T'. (Recall that the roots of QW are the products of two factors,
one of which runs over roots of ® and the second runs over the roots of ¥.)
Conversely, Ay ,|. |n,. € W(I') under condition (40). Indeed, if m = 1 then either
ny = nrp or n; < nr and we can take K|Q with ng = ny (1 € W(K) because of
Theorem 3). Let m > 2. By induction, K|@Q can be chosen so that ng = n; and
Anal. o fnm € W(Q) because of na + ...+ 1, < [Im(Q)] = [Im(T')| — [Im (). |

Also, by induction one can prove the following
Theorem 5. An evolutionary polynomial ®r(A) does not have multiple roots if
and only if the inequality

n)#Hp(nz)a Zpigna n; <n (41)

15 true for alln, 1 <n < nr.

Further we assume (41) to hold true (a condition of no “resonances”). Then,
given Gy, the corresponding solution to the linear difference equation (36) is a linear
combination of exponents (/\n1|...|nm)t with some vector coefficients depending on

Gy. Thus,

m

ArGr = Cp(ArGo) + > Cuypjn, (ArGo)(J [ p(ni))f (42)

n1l..nm i=1

where the summation on the right-hand side is taken over all sets {n;}* satisfying
(40). In particular,

G =A1G = Cy(Go)+ D Cayljnn Go><H p(ni))", (43)

nil...nm
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ng>2, Y ni <N (44)

As long as the coefficients Cy,,|. |, (Go) in (43) are presented explicitly, this formula
turns into that we want.
Without loss of generality, we can assume that

Aol 7 Meal.o (45)

if the unordered sets {ni,...,n,} and {kq, ..., k;} are different.
Since all roots Ap,|.. |n,, are less than 1, we get from (42)

ArGe, = Cp(ArGy) (46)

For all trajectories of form (42) to be in accordance with (21), it is necessary
and sufficient that all Cl,,|. |n,. (ArGo) satisfy the initial condition

ArGo = Cy(ArGo) + Z Chyl..nn (ArGo) (47)

nil...|nm

and the recurrent equation

Co(ArGia) + 3 le...lnm(ArGo)(f[l )1+ =
p(nr)[Ca(ArGo) + ZCM...W(AFGO)(ﬁ p(ni) 1+
KISk G + Zle...lnm(AKGo)(f[lp(nz’))t]x
[Co(AqGa) + ZCnu...mm(AQGo)(f[lp(nm, )

where {n;} satisfy (40) and K|Q are partitions of T'. In its turn, (48) is true for all
t if the coefficients at the corresponding roots are the same on both sides of it. By
assumption (45) this condition is also necessary. Now the induction yields
Chyl.oqn . (ArGo) =
m

T rns) = e 1™ 32 pe(K1Q) S Cory s (AkGo)Croy e (BoGa)  (49)

i=1 K|Q

where the exterior sum is taken over all K

W(K) and /\HQIWIH% € W(Q) such that

@ such that there exist A, x| |,x €
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the interior sum, corresponds to all possible partitions of {n;} into {nX} and {nZQ}
If there exists A,,|. |n,, € W(K), then Ay is chosen from W (Q) and, accordingly,
one of summands in (49) equals C,,|. n,. (A Go)Cp(AgGo). Of course, A\, |. jn,. €
W(Q) are handled similarly. Note that the formula (49) makes no sense for m =1
and ny = nr.

Let us rewrite (47) as

Cor(ArGo) = Ar(Go - > cm| 1nn (ArGo) (50)
nil..|nm

where prime means that the terms Cy(ArGy) = ArGeo and Cp, (ArGy) are omit-
ted. Thus, Cy . (ArGy) have to satisfy (50).
Let us determine for Cy,,. |,,. (ArGo) in the shape

Jodnn(ArGo) = > Oy, (ArGo) (51)
AN

Ch

where I'; are the equivalence classes such that
Iy <T, Dr, ﬂDpj =0 (Z ;ﬁ _]), nr, = n;. (52)

The sets I'1]...|TI'y and ni...|n,, are unordered but Cr,) r, (ArGo) is uniquely

determined. Inserting (51) in to (49) we get

(4
2 Cryr, (ArGo) = [1;[ p(ni) = p(nr)] ™ 35 pr(K

Tyl... T K|Q

e (AKGo) X Crypy). ke (B Go), (53)

)

C,
Byl |Eilkiga] [k m<K|Q

i <K (i=1,..,0), ki <Q (i=141,...,m),

Dy, O Dye; = 0, {nge }y U {ne, }4y = {nr }7
(If I = 0 or if = m then one of the sets is empty.) Each system {k;}} U {k;},
corresponds to a set {T';}7* = {k;}7* of subclasses of T'. Vice versa, each set {T';}

from I' corresponds to a K|@Q > T|...|Ty, with sets {T'5}7 and {FZQ}T Hence, for
the equality (49) to be true, the following equality is sufficient:

Cry|..r,. (ArGo) = [iijlp(”l“z) — p(nr)] ™

Z pr(K|Q)Crx rx (Ak Go)Cra) ra (AgGo) (54)
K|Q¥T1].. T

for all I'y|...|T'y, satisfying (52). In the case when all T'; < K we take Cy(AgGo)
and, similarly, for all T; < @. Since Cp.(ArGy) = Cr(ArGy) (ng < nr for any
subclass K < T'), it follows from (50) and (51) that

Cr(ArGo) = Ar(Go — - > Cp | .. (ArGh) (55)
Lilo Do
where T|...|Ty, satisfy (52) with any {n;} admissible in (40) except n = np. The
following theorem is a consequence of (54) and (55),
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Theorem 6. If coefficients Cr,|. |r,,(ArGo) satisfy (54) and (55) then they

can be represented as

q
Cry|..r,.(ArGo) = Z B qu (ArGo) H A, (Go — Gu) (56)
Q1l.--1Qq i=1

where Q1]...|Qq runs over all partitions such that

a)Dqg, N Do, =0 (i # j) and ng, > 2;

b) for each Q; there is a T;, Q; < T;y;
¢) for each T there is a Q;, T'; > Qs; (57)

The values BQll| ||FQ"(AFG0) depend only on the initial state ArGy and on metotic

distribution.
It follows from (57c) that ¢ > m. The products H Ag,(Go — Goo) express

“how far” the initial state is from the final state and are called the measures of
disequilibrium for @1|...|Qq. The number ¢ is called the degree of the measure of
disequilibrium.

Theorem 6 gives a necessary condition on the coefficients Cr,|._|r,, (ArGo) and
gives a hint to construct them. The next problem is to find BQll| ||197:(AFG0) such
that Cr,).r,.(ArGo) defined by (56) do satisfy (54) and (55).

The equality (54) is true if

B9 (ArGo) = [H p(nr,) = p(nr)] ™

S pr(K

KIQTq]..T

for all T, I'y|...|Ty, with np, # np. The systems Qf |...|QK (Q?||Q?) satisfy (57)
for TX|..|TE (for TY|...|T9 respectively). In addition, By(AxGo) = Cp(AxGo) =
AgGes.

Let us consider the following process: a class I' 1s divided into two subclasses
K,Q (K <T, @ <T)in a way such that for any ¢ either K = T; or @ »= T;. If
K #T; for all 7 and there exists a I'; such that K > [';, then K in its turn, falls
into two parts consistently with ['f.(For @, instead of K, the above procedure is

QYI.-1Q7 Q21..1Q9
Q)Br{<|...|rg§ (AKGO)BF?HFg (AGo) (58)

similar.) The process must be continued up to a natural halt. Each its realization

€S C\Fl AT

yields some tree T , whose set of terminating vertices consists of I';’s

and of the equivalence classes which constitute a partition of T\ |J T};.
i=1
A union [T of classes T'; where Dr, N Dr, = (¢ for all T;, I;, ¢ #j,1s a class
= |JT such that the system of sets {u_l(t)}telm(u) (u € T') equals to the union

of systems {ui_l(t)}telm(u,) (u; € T;) with ¢ from 1 to m. Let K|Q be a partition
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SIE 0K

of ') K|Q > T'y]...|T'). Let us associate with a pair of trees 77 € Sy and
Q| re
T € %gl 1% another tree -1 € %Ell”'lrm.Namely, the root of T - T branches
into K and ) and the nodes that follow K, () correspond to the nodes of trees T3
and T5.
For each nonterminating node z € 7" let us define a function ©(z):
o) =[ [[ rlnr:) = p(n)]™ p: (2|y)d ()3 (y) (59)

i, I';<z

where , y are the classes in which class z is divided into, I'} are those I'; for which
z > Ty, and §(z) = AyGe when 2 # T (i = 1,2,...,m) but §(2) = 1 when z > T;.
The equality (58) is true if and only if

31?11||||19,:(AFG0) = [ Zl l ll @(Z)] 1_[131911 [.-1Qq (AF,G0)~ (60)
TE%II:I T z€T! 1=

To prove the statement above it is sufficient to note that (60) can be derived

from (58) by consecutive applying of the latter. If all B?llllfllrQq(ArGo) can be

represented in the form (60) then

TIrr) =™ S0 e(RIQ B S (AkGo) B 1% (g Go) =
i=1 K|Q=T1|..|Tm '
[H p(nr,) —p(no)] 7' Y0 a(E[Q)AQGL( Y. ] ©)x

TES;,“""F"‘ z€T!

[[BS 19 anc)+ Y wEIQAG( Y T o¢)x

i=1 KlQ, QEGF, Tesgﬂ...lf‘m z€T!
i Iy Ty r; r;
HBIQ,I |~~~|Qq (AF,G0)+ Z PF(K Q)ng |~~~|Qq (AFjGO)X
i=1 K|Q, K=I';, j=1,...m
C > II o))
z2€T!
Tegg?p.w% €
I8 19 (ar A0 B9 19 (A
r, r.Go) + > pr(K|Q)Br (Ar,Go)
i2j K|Q, Q=T;, j=1,...m
Q1195
« > [T eenIlBr (Ar,Go)+
rE | rE 2T’ 1£]

TeS, !
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S pr(K

K|Q»T4|...|Tp

AU IT @)=

7 e%rl |...ITK z€T]

DY IT o) I B2 19" (Ar,Go) =

7, E(\ r$ Qg 2€T) i=1

Y He(z))ﬁB?,f"“"Qg’(Ar,G> BE I (ArGo).

TegtilIrm z€T! i=1
In order to provide (55) we need
BL(ArGo) =1, (61)
then

Bl dimarGoy = Y. T e (62)

TE\S‘Fll ATm z€T!

Now the formula (60) can be rewritten as

! 4 Ql Qq
By I| IlFQm(AFGO): || jrm (ArGo) HB 19 (A, Gy). (63)
i=1

To our goal it is sufficient to have both (61) and

Bgll...qu(AFGo) — Z B || :2Z(AFGO)’ (64)
U@QizK=I'

where K = U K;. For {K;}, (57b,c) is true with respect to @Q1]...|(q, the sum on

the right is taken over all possible K1|...|K, except K; = T'. Thus, for (54) and
(55) to be true it is sufficient to find such B~ that satisfy (60), (61) and (64) (or

(61)-(64)).

Formula (64) drastically reduced if ¢ = 1. In this case

BR(ArGo)=— > BE(ArGe)=— > BE(AxG)[ Y. ] o)

Q=K<T Q=K<T TeSE z€T’

— Y BR(AkGo)BE(ArGo). (65)
Q=K<T
The values BE (ArGy) can be found explicitly using (62).

Let us consider a chain I' = Ko > Ky > Ko > ... = K, = Q. A tree T €
%? corresponds to every chain of such a form, n = |T’| is the height of the tree.
The equality (65) is equivalent to

7]
BE(ArGo) = > (-7l HBK (Ak,_,Go), (66)

TeRY
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where the sum is taken over all trees T' of the form described above. The proof of
equivalence of (65) and (66) is similar to the proof of (58) and (60).

Let ¢ # 1 in (64). Let us consider partitions Ki|...|K, of a class K, |JQ; <
K < T which satisfy (57b, c) (with respect to Q1]...|@). If the partition consists of
a single class K1 = K then it is required that K < I'. A similar partition has to be
done for some subclasses K; (KZ U Qf’) of every class K; which is not equal to
any ();, and so on, up to appearing of ();. Each realization of such a process yields
a tree T" out of the set %gll'”qu of all the trees of this type. According to (63), the
formula (64) can be rewritten as

P . -
e 1Qq ! K| |Kp Qe
B9 (ALGy) = —ZUQ1<K<FBK1||...||KP(AFGO)HBKz 195 (A g, Go), (67)
- = i=1

By considerations stated prove, (67) can be rewritten as

1] Qg _ ! Jy|. |
B? 1@ (AFGQ) = Z (_1)|T| H BJ1||...||J;(AJG0)’ (68)
TE%1¢31|...|QQ Jer!

where Jp|...|J; is the partition of the subclass of a node J that corresponds to T}
|T’| is the number of nonterminating nodes of the tree T. The equality (66) is a
special case (68).

Combining (32), (13), (42), (46), (51), (b6), (61), (62), (63) and (68) we
obtain the explicit evolution formula for Ap( and, when I' = [, for
G in its own.

Since the coefficients Ci,,|.. |, (Go) depend on the initial state o continuously,
the spectrum for G lies on the [0, 1]. The explicit evolution formula implies that
all trajectories are stable in Lyapunov’s sence, i.e. they continuously depend on the
initial state.

In conclusion let us illustrate our general theory by the following simple example,
when 91 = {1, 2}. Then there exist exactly eight partial mappings 9 — 9:

Ul U9 Us Uag Us Ug (754 Uus
1 1 2 2 112(1]2|1]2
1 2 1 2 1122|112 ]2|1

Tab.1

=S S=

Accordingly, we have the following table of characteristics:

O | wp | us | us | ug | us | ug | ur | us
%1010 J0 [0 [0 0o [0 o [0
Tab 2 9T 1T 1T 11 [0 [0 2 |2
71010 J0 [0 [0 1 |1 ]0 |0

Thus, we have 4 characteristic vectors

Xo = [O’O’O]a X1 = [Oa 1a0]a X2 = [ana 1]a X3 = [OaQaO]a
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so that
v(uo) = Xxo
v(ui) = v(us) = v(us) = v(ua) = x1
v(us) = v(ue) = X2
v(ur) = v(us) = x3

The complementary pairs U|V are

uius, uilus, uslus, uslus, usld, us|d uz|0, us|d
respectively. By the symmetry condition (9) we have

pluilus) = p(ur|ua) = p(us|us) = p(uslus) = o,
plus|0) = pusld) = a2, (69)
pluz|l) = p(us|d) = as.

This meiotic distribution satisfies all required assumption, and, obviously
8ay 4+ 4oy + 4ag = 1. (70)
As a consecuence,
0<a; <1/8, 0<as <1/4, 0 < a3z < 1/4. (71)
If an initial state is symmetric then by (69) we obtain the evolutionary equation
Gpi1 = dasAy, Gy + dasAy G + 8a1(Ay, Gr)(Ay,Gh). (72)

In order to apply Ay, (k = 1,3,5,7) to (72) we need the following multiplication
table containig the product u;u; at the intersection of u;-th row and ug-th column:

Up | Uz | Uus | uy

Up | U | Uz | Us | Uy
Tabl. 3| uz [0 |0 |0 | us

Us | U | U3 | Us | Us

U7z | Uy | Uz | Uz | U7

By the rule (1) we have

Ay, Grg1 = dagAy,u, Gn + 4oy, Gy + 81 (Ay iy, Gr ) (Auau, Gn),
and then, according to Table 3,
Ay, Gpy1 = dasAy, Gutdas Ay, G480 (Ay, Gn) (ApGh) = (Bar+iast4as)Ay,, Gy,
since the factor Ay, must be canceled. Finally,
Ay, Gpy1 = Ay, Gy (73)
because of (70).
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Similarly,
Ay, Gng1 = Ay, Gny AuyGngr = Ay, Gy,
and
Ay, Grg1 = dasAy, Gy + daaAy, Gy 4 801 (Ay, G ) (Ay,Gr)

Since uy is the identity mapping we have

Gpi1 = dasGy + 4asAy Gy + 8a1(Ay, Gn)(Ay,Gy).
However,
Ay, Gn = Ay, Go, Ay,Gn = Ay, Go, AuyGn = Ay, Go,
so that
Gpy1 = 4as3G, + H,
H =4asAy Go + 8a1(Ay, Go) Ay, Go).

(74)

(75)

Assume ag < 1/4. Then the general solution of the difference equation (77) is

H
Gn == C 4 n ’
L T
where C'=const. In fact,
H
C =G, - .
* T 1 4as
Thus,
H
n = — daz)” .
Cn = (Go = 755 Mas)" + 7
Passing to the limit as n — oo we obtain
G — H . 40[2AUSG0 + 80[1(AUIG0)(AU3G0)
00_1—4Oz3_ 1—40[3 ’
therefore,

G = Goo + (403)" (Go — Goo).

(79)

(80)

(82)

(83)

We see that the evolutionary spectrum consist of Ay = 1 and A2 = 4ag. The

exact rate of convergence is O((4a3)™). Note that the value a3 can be arbitrarily

small.

In the extremal case g = 1/4 we have oy = as = 0 as follows from (70) for

a1 >0, az > 0. Then 7 =0 by (78) and Gpy1 = Gy by (77). Hence, G\, =const,

so (G, = (G, 1n this case.
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