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1 Introduction

The aim of this paper is to prove a stretched-exponential bound for the de-
cay of correlations for the Rauzy-Veech-Zorich induction map on the space of
exchanges of four intervals (Theorem 4).

This 1s done by approximating the map by a Markov chain satisfying the
Doeblin condition, the method of Sinai [13] and Bunimovich—Sinai [14]. The
main “loss of memory” estimate is Lemma 4.

1.1 Interval exchange transformations.

Let m be a positive integer. Let @ be a permutation on m symbols. The per-
mutation 7 will always be assumed irreducible, which means that #{1,... k} =
{1,...,k} only if k = m.

Let A be a vector in R}, A = (Aq,...,An), A > 0 for all i. Denote

A=A
i=1

Consider the half-open interval [0,|A]). Consider the points g; = Zj<i Aj,
Bl = 2jcidnye

Denote I; = [3;, Biy1), I = [B7, B 1). The length of I; is A;, whereas the
length of I is Ap-1;.

Set

Tonmy(®) =2+ 7 — B for x € L.

The map T{y r) is called an interval exchange transformation corresponding

to (A, 7).
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The map T ) is an order-preserving isometry from /; onto I7,,.
We say that A is irrational if there are no rational relations between |A|,

A2, o At

Theorem 1 (Oseledets([5]), Keane([9])) Let m be irreducible and X\ irra-
tional. Then for any x € [0, .2, X;), the set {T(’;\ &N > 0} is dense in

1.2 Rauzy operations « and b.

Let (A, ) be an interval exchange. Assume that « is irreducible and A is irra-
tional.

Following Rauzy [6], consider the induced map of (A, 1) on the interval
[0, [A] = min(Am, Ar=1(m))). The induced map is again an interval exchange
of m intervals. For ¢,7 = 1,...,m, denote by F;; an m X m matrix of which
the i, j-th element is equal to 1, all others to 0. Let E be the m x m-identity
matrix.

1.2.1 Case a: A;-1,, > Am-

Define
W_l(m) m
A(m,a) = Z Eii 4+ B r=tmt1 + Z Eiit1
i=1 i=n—lm+1
7, i) < n i
ar(j) = ¢ ™m, ifj=r"'m+1;

n(j—1), other j.
If Az-1,, > A, then the induced interval exchange of T(, 1) on the interval
[0, i tmm Ai) 18 T(ar oy, Where N = A(a, 7)~*A and 7’ = ar.
1.2.2 Case b: Ay > A-1py-
Define

A(ﬂ', b) =F + Emyﬂ.—lm

T, if mj < mmy
br(j)=<mj+1, ifrm<wj<m;
mm+1, ifxnj=m.
If Ay > Ag—1,,, then the induced interval exchange on the interval [0,
has the form (X, 7’), where X = A(b, 7)~*A and 7’ = br.

Note that operations a and b are invertible, namely, we have:

i£7"m

Ai)



7(4), if j <77 l(m);
a”tn(f) = (i +1), ifr=tm)+1<j<m
m(r=Y(w(m) + 1), if j =m.

m(j), if m(j) < m(m)
G =Am i = x(m) + 1)
m(j) =1, ifx(j) > w(m)+1.

For (A, m) € A(R), denote

To-r (A7) = (A(a™tm, )\, a™w), -1 (A, 1) = (A~ m, o)A b7ty (1)

The interval exchange T,-1(A, 7) is the preimage of (A, 7) under the opera-
tion a, and the intervals exchange T,-1 (A, 7) is the preimage of (A, 7) under the
operation b.

Normalize (dividing by |A| = A1 + -+ -+ Apn) and set:

A(b=Y, b)A

ta-1 (A, ) = ( AT, oA ). (2)

ca”tm) - (A ) = (

1.3 Rauzy class and Rauzy graph.

If 7 1s an irreducible permutation, then its Rauzy class is the set of all permu-
tations that can be obtained from 7 by applying repeatedly the operations a
and b; the Rauzy class of the permutation 7 is denoted R (7). Rauzy class has
a natural structure of an oriented labelled graph: namely, the permutations of
the Rauzy class are the vertices of the graph, and if # = an’ then we draw an
edge from 7 to 7’ and label it by a, and if 7 = bx’ then we draw an edge from
7 to ' and label it by b. This labelled graph will be called the Rauzy graph of
the permutation .

For a permutation m, consider the set {a"m,n > 0}. This set forms a cycle
in the Rauzy graph which will be called the a-cycle of w. Similarly, the set
{6"7,n > 0} will be called the b-cyele of =.

1.4 The Rauzy-Veech-Zorich induction.

Denote

Apo1={X¢e }RT S|Al =1},
A;IT_ = {A € Am—la/\ﬂ'—lm > Am}aA; = {/\ € Am—l’Am > Aﬂ'_lm}’
A(R) = Ap_y x R().

Define a map

T A(R) = A(R)



by

Alma)TA i A e At
e

(W,bﬂ), if Ae A,

Each (A, 7) € A(R) has exactly two preimages under the map 7, namely,
ta—1 (A, m) and tp-1 (A, 7) (2).

The set A(R) is a finite union of simplices. Let m be the Lebesgue measure
on A(R) normalized in such a way that m(A(R)) = 1.

Theorem 2 (Veech[1]) The map T has an infinile conservative ergodic in-
variant measure, absolutely continuous with respect to Lebesque measure on

A(R).

From this result Veech [1] derives that almost all (with respect to m) interval
exchange transformations are uniquely ergodic.

Denote
AT = Uﬂlen(ﬂ)A;, AT = Un'eR(n)A;h

Following Zorich [4], we define the function n(A, 7) in the following way.

() inf{k >0:T*(\ m) €A™}, ifAeAf;
n T) =
’ inf{k >0:T*(\ r)eAt}, ifxeAr.

Define
G\, ) =T (A 7).
The map G will be referred to as the Rauzy-Veech-Zorich induction map
[6, 1, 4].
For (A, m) € A(R), denote

ta—n (A, 7T) = tZ_l (A, ﬂ'), tb—n (A, 7T) = tg—l (A, ﬂ'), Ta—n (A, 7T) = T:_l (A, ﬂ'), Tb—n(A, 7T) = Tbn_l (A, 7T)

Under the map G, each interval exchange (A, ) has countably many preim-
ages:

G\ 7) = {te-n(\,7m),n €}, if (\,7) € AT;
T ity (N, m),n €N}, if (A, 1) € AL

Theorem 3 (Zorich[4]) The map G has an ergodic invariant probability mea-
sure, absolutely continuous with respect to Lebesgue on A(R).

Denote this invariant measure by v; the probability with respect to v will
be denoted by P.

Let p(A,m) be the density of v with respect to the Lebesgue measure m.
Zorich [4] showed that for any 7 € R there exist two rational homogeneous of
degree —m functions pf, p- such that



+(\), if A€ At
A7) = p_( ) . i
pr(A), ifAEAT.

The map G is not mixing: indeed, from the definition of G, we have
G(A*) = A, G(AT) = AT,

Let B be the Borel o-algebra on A(R), and let F, = G "B. We have
Fryo C Fn. Recall [23] that exactness of the map G? means, by definition, that
the o-algebra NS, Fa, is trivial [23] (in other words, that Kolmogorov’s 0 — 1

law holds for the map G2.)
Proposition 1 The map G? : AT — A¥ is evact with respect to v|a+.

This Proposition is proven in Section 4; it implies mixing of the map G2.

1.5 The Birkhoff metric on A(R)

Introduce a metric on A,,_; by setting

>f|>/

max;

d(\, X) = log

>f|>4

min;

Now introduce a metric on A(R) by setting

D) G, 2L

For oo > 0, let H(«) be the space of functions ¢ : A(R) — R such that if
d((A,m), (N, 7') < 1, then |¢(A, ) — ¢(N,7')| < Cd((A, 7)), (N, 7"))* for some
constant C'.

Define
lo(A, m) — (N, ')

CH(a)(¢) :d((Ayﬂ)Iyl(l;\i’),(w’))Sl d((A,m), (N, 7))o ’

1.6 Four intervals and the main result.

Consider the case of interval exchanges of four intervals with the permutation
(4321).
The Rauzy graph of this permutation looks as follows:

b a

o (3142) __ (4132) <—— (4321) —= (2431) ___~ (2413) )s
bl/\l
(4213) (3241)

U @

b



The main result of this paper is

Theorem 4 Let G : A(4321) — A(4321) be the Rauzy-Veech-Zorich induction
map corresponding to the permutation (4321) and let v be the corresponding
muvariant measure.

Then, for any o > 0, there exist positive constants C,6 such that for any
¢ € H(a)N La(AT(4321),v) and ¢ € La(AT(4321),v) we have

|/¢ X wogzndy—/qbdy/d)dﬂ gCexp(—5n1/6)(C’H(Q)(¢)—|—|¢>|L4)(|1/)|L2).

Denote by N (0, ¢) the Gaussian distribution with mean 0 and variance o.

By [7, 8, 17], we have

Corollary 1 Let ¢ € H(a) N Ly(A(4321)F,v), [¢dv = 0. Assume that there
does not exist ¢ € La(A(4321)F v) such that ¢ = ¢ o G? — 1. Then there exists
o > 0 such that

N-1

\/Lﬁszog?”iu\/(o,a) as N — oo.
n=0

An advantage of the method of Markov approximations of Sinai [13], Bunimovich-
Sinai [14] is that, along with the result for G2, one automatically obtains the
same rate for the decay of correlations for its natural extension (in the sense of
Rokhlin [24]). In our case, the natural extension of the map G can be identified
with the induction map on Veech’s space of zippered rectangles [1]. For this
invertible induction map one therefore immediately obtains the same rate for
the decay of correlations and, consequently, the Central Limit Theorem.

Theorem 4 has an application to the Teichmueller flow on the moduli space
of abelian differentials. To every Rauzy class there corresponds a connected
component of a stratum in the moduli space of abelian differentials on compact
surfaces [26]. Just as the geodesic flow on a certain finite cover of the modular
surface 1s a special flow over the natural extension of the Gauss map on the unit
interval [18, 19], the Teichmueller flow on a certain finite cover of the moduli
space corresponding to a Rauzy class is a special flow over the natural extension
of G [1]. The roof function is Hoelder, unbounded, with logarithmic growth at
infinity. This allows to apply the theorem of Melbourne and Torok [15] and
derive the Central Limit Theorem for the Teichmueller flow. These applications
will be discussed in greater detail in a sequel to this paper.

The stratum corresponding to the Rauzy class of (4321) consists of differen-
tials on a surface of genus two having one singularity point of order two. Let
M(2) be this stratum, let g; be the Teichmueller flow on M(2), let X; be the
vector field generating the flow g¢;, and, finally, let ps be the smooth invari-
ant probability measure [21]. Denote by H(«)(M(2)) the space of functions
satisfying the a-Hoelder condition with respect to the Teichmueller metric.



Corollary 2 Let ¢ € H(a)(M(2)) have compact support and assume [ ¢pdps =
0. Assume that there does not exist 1 € La(M(2), pi2) such that ¢ = Xy, Then
there exists ¢ > 0 such that

T
\/LT/ gbogti)./\/(o,a) as T — oo.
0

1.7 Outline of the Proof of Theorem 4.

First, one takes a subset of the space A(R) such that the induced map of
G is uniformly expanding (namely, the set of all interval exchanges such that
the renormalization matrix for them is a fixed matrix all whose elements are
positive, see Proposition 4; note that the return map on such a subset is an
essential element in Veech’s proof of unique ergodicity [1]). Then one estimates
the statistics of return times in this subset, in the spirit of Lai-Sang Young [11].
After that, the method of Markov approximations, due to Sinai [13], Bunimovich
and Sinai [14], is used to complete the proof.

The paper is organized as follows. In Section 3, we state auxiliary proposi-
tions about unimodular matrices. In Section 4, following Veech [1] and Zorich
[4], we construct symbolic dynamics for the Rauzy-Veech-Zorich induction map
G and compute its transition probabilities. In Section 5, we establish the ex-
actness of G2. Note that so far all results hold for exchanges of any number of
intervals. In Section 6, we consider the Rauzy class of the permutation (4321)
and state Lemma 4, the main step in the proof of Theorem 4. Lemma 4 is
proven in Sections 7 — 10. In the remainder of the paper we apply the Markov
approximation method of Sinai [13], Bunimovich and Sinai [14], in order to de-
rive the decay of correlations from Lemma 4. Note that the arguments here are
again general, 1.e., valid for exchanges of any number of intervals. If a state-
ment similar to Lemma 4 were obtained in the general case, then the decay
of correlations would also follow automatically. The argument of Sections 7 —
10, however, uses rather heavily the particular properties of the Rauzy class

R(4321).

2 Matrices

Let A be an m x m-matrix with positive entries.
Denote

Al= > Ay

i,7=1

-1



Proposition 2 Let (Q be a matriz with positive entries, A a matriz with non-
negative entries without zero columns or rows.

Then all entries of the matrices AQ and QA are positive, and, moreover, we
have

row(AQ) < row(Q), col(QA) < col(Q)

Corollary 3 Let Q be a matriz with positive entries, A a matrix with nonneg-
ative entries without zero columns or rows.

row(QAQ) < row(Q), col(QAQ) < col(Q)

Let A be an m x m matrix with nonnegative entries and determinant 1.
Consider the map Ju : A1 — A1 given by

Al
Then
1

Suppose all entries of A are positive; then, for any A, A € A,,,_1, we have

row(A)_m < detDJA(/\)

S JetDIa (V) < row(A)™, (5)

whence we have the following

Proposition 3 Let C C A,,—1 and let A be a matriz with positive entries and
determinant 1. Then

row(A)”™ < % < row(A)™.
We also note the following well-known Lemma (see, for example, [17]):

Lemma 1 Suppose all entries of the matriz A are positive. Then the map J4
1s uniformly contracting with respect to the Birkhoff metric.

3 Markov Partition for §.

First, using the results of Veech [1] and Zorich [4], we construct a symbolic
dynamics for the map G?, and then we give a formula for transition probabilities
in the sense of Sinai [25].



3.1 The alphabet

Let 7 € R, and let n be a positive integer.
Set

A(n,a,m) = {\: there exists (X', ') such that N € Af, and (A, 7) = t,-. (N, 7)}

Alnya,m) ={(A\, 1), A € Ala,n, )}

In other words, A(n,a, ) is the set of interval exchange transformations
such that the application of the Zorich induction results in the application of
the a-operation n times.

The sets A(n,a,7) and A(n’,a, ') are disjoint unless n = n’, 7 = 7/, and

AT =UpL A(n,a,m)

up to a set of measure zero (namely, a union of countably many hyperplanes on
which Zorich induction is not defined).
If 7’ = a”n, then we have

GA(n,a,m) = A,

Tl

Similarly, for # € R, and n a positive integer, set
A(n,b, ) = {X: there exists (', 7') such that X € A~ and (A, 7) = t,-= (X, 7') }.

Aln, b, m) ={(A\, 1), A € A(n, b, m)}.

In other words, A(n,b, 7) is the set of interval exchange transformations
such that the application of the Zorich induction results in the application of
the b-operation n times.

The sets A(n, b, 7) and A(n’,b, 7'} are digjoint unless n = n’, 7 = 7/, and

AF = U A(n, b, )

up to a set of measure zero (namely, a union of countably many hyperplanes
on which the Zorich induction is not defined).
If 7 = b"x, then, clearly,

G(A(n,b,m)) = A;'T',.

Note that the sets A(n,a, ) and A(n',b, ') are always disjoint, since we
have A(n,a, ) C A7, A(n',b,7) C AT,

The sets A(n,a, ), A(n,b, ), for all n > 0 and all # € R, form a Markov
partition for G.



3.2 Words
Consider the alphabet

A={(¢,n,m),c=a or b}

For wy € A, wy = (¢1,n1,m1), we write ¢1 = e(wy), 71 = m(wy), n1 = n(wy).

For wy,wy € A, wy = (c¢1,n1,71), wa = (c2,n2,m2), define the function
B(wy, ws) in the following way: B(wi,ws) = 1 if ¢f*m = w3 and ¢1 # ¢2 and
B(wy, ws) = 0 otherwise.

Let

Wap={w=w...wyp,w; €A B(wj,wiy1)=1foralli=1,...,n}.
For wy € A, wy = (¢1,n1,m1), set
Alw) = A(er,e7 ™ m) .. Aley, cl_lﬂl)A(cl, ),
and for w € W4 p, w = w; ... wy, set
A(w) = A(wr) ... A(wy).
Also, for wy € A, 7 € R, set wi'm = ¢]™'7, and for w € Wap, w =

Wi ... Wy, set

-1__ -1 -1
woT=w ... W,

For w € Wy g, define a map t, : A(R) = A(R) by

.

b (A7) = (-7
Consider also the map

Tw(A, 7) = (A(w)A, w™tr)

For wy € A, wy = (¢1,n1,m1), we write A(wy) = A(eq, nym).
For w € Wa B, w = w ... wy, denote

Then, by definition,

Aw) = {(\,7): (A7) € Alwy), G\, 7) € A(ws),...,G" LA 7)€ Awy)}.
Say that wy € A is compatible with (A, 7) € A(R) if

1. either A € AT

Toep=a,and a™m =7

2. or A€ A

~,c1=>b and b"'m = 7.

10



Say that a word w € W4 g, w = w1 ... w, is compatible with (A, 7) if w, is
compatible with (A, 7).
We can write

GT"(A, 1) = {tw(A, ) ¢ |w] = n and w is compatible with (A, 7)}.
Suppose that a word w € Wy g is compatible with both (A, 7) and (X, 7).
Then
At (0 1), TV, 7)) < (O, 1), (N, 7).

If, moreover, all entries of the the matrix A(w) are positive, then, by Lemma
1, there exists a(w), 0 < a(w) < 1, such that

d(tw(A ), tw (N, m)) < a(w)d((A ), (N, 7).
We therefore have

Proposition 4 Let w € W4 g be such that all entries of the matriz A(w) are
positive. Then the return map of G on A(w) is uniformly expanding with respect
to the Birkhoff metric.

3.3 Sequences
Now let

Qap={w=wi...wn..., wyp € A B(wp,wpt1) =1 for all n € N}

and

Q;Z;LB ={w=.. wop. Wi Wy, wy €A Blwp,wpyr) =1 forallneZ}
Denote by ¢ the shift on both these spaces.
There is a natural map ® : A — Q4 p given by the formula
SN\, 7m)=wy ... Wy ...
if
g" (A7) € Alwn)

The measure v projects under ® to a c-invariant measure on €24 p; proba-
bility with respect to that measure will be denoted by IP.
Forw e Wy p, w=wi...wy,let

C(w) :{W EQA,B LWl = W, ..., Wh :wn}.

We have then
Aw) = <I>_1(C(w)).

W. Veech [1] has proved the following

11



Proposition 5 The map ® is v-almost surely bijective.

We thus obtain a symbolic dynamics for the map G.

3.4 The natural extension.

Consider the natural extension for the map G.
The phase space is the space of sequences of interval exchanges; it will be
convenient to number them by negative integers. We set:

A(R) =

{x=...(A(=n),n(=n)),...,(M0),x(0))|G(A(=n),n(—n)) = (AM1-n),m(1-n)),n=1,...

The map G and the invariant measure v are extended to A in the natural
way. We shall still denote the probability with respect to the extended measure
by P.

We extend the map ® to a map

6:Z%Q;Z473,

SN = ... wop.. W Wy,

if (A(=n),7(—n) € A(w_n), and G"(A(0), 7(0)) € A(wn).
The space A(R) can be naturally identified with Veech’s space of zippered
rectangles [1].

3.5 Transition probabilities.

Take a sequence ¢; ...c¢, - - - € Qg4 p. Following Sinai [25], consider the transition
probability

. Pleiea. .. c
P(wlzcl|w2:cz,...,wn:cn,...)ZHIL%W.

In this subsection, we give a formula for this probability in terms of (A, 7) =
R (R

Assume wy € A is compatible with (A, 7).

Denote

P(wi|(A, 7)) = P((A(=1), 7(=1)) = Lw, (A(0), 7(0))|(A(0), 7 (0)) = (A, 7).

If wy € A is compatible with (A, 7), from the definition of G and from (4)
we have

pltu (0, 7))
O\ ) AGw) A7 (©)

Let w = wy ... w, be compatible with (A, 7).

P(wi|(A, 7)) = 5

12
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Denote

P(w]|(A, 7)) = P(A(=k), 7(=k)) = tw, , (A(1=k), m(1=k)), k = 1,..., 2[(A(0), 7(0)) = (

From (6), by induction, we have

pltw (A, 7))
Plw|(\ 7)) = ———— 7
I m) = o A )
By homogeneity of the density, we can write
p(Tw(A, )
P(w|(\ 7)) = ———1—= 8
(ul(3,m) = £ (¥
Corollary 4 There exists C' > 0 such that the following is true. Suppose w €
Wa g is compatible with (A, ). Then
C
Plw|(A, 7)) > —————
I 2 o A

Proof: the invariant density is bounded from below: there exists ¢' > 0
such that p(A,m) > C for all (A, 7) € A(R). In particular, p(t, (A, 7)) > C.
Substituting into (7), we obtain the result.

Fore:0<e<1,let

A, ={(A,m) € A(R), min|A;| > €}.

For any € > 0 there exists a constant C'(¢) such that for any (A, 7) € A, we
have p(A, m) < C(e).

Corollary 5 For any € > 0 there exists C(e) > 0 such that if (A, 7) € A, then
Pwl(A, 7)) > e

3.6 An estimate on the number of Rauzy operations.

Let (A, 7) € A(R). Define the permutations 7(®) and the letters w;(n) € A in
the following way. If A € A, then set 7(?) = a="x, wi(n) = (a,n, 7(); if
A € Az, then set 70 = b="7 wi(n) = (b, n, (V).

Define A", A(") by relations

Clearly,

13



Proposition 6 Let

[ the length of the a — cycle of @, if A € AF;
| the length of the b — cycle of m, if A€ AT

Then - )
p(AV)
Z P(wi(n)|(A, 7)) = w
n=kl+1 PLAS
Proof:

Using homogeneity of the invariant density, write

P(uwi(n)|(A, 7)) = |[A(w)Amp(A, 7)) — p(A, )

The G-invariance of the measure v gives

PO 7) = 3 (A, 7 ) 9)

n=1

Note that 7 = 7 and
Twl(n)(A(kl)a ™) = (A(n+kl)’ F(n)).

Substituting into (9), we obtain

p(A(k’l),Tr) = Z p(A(”)’ﬂ-(”)) :p(/\,ﬂ')( Z p(wl(n”(A’ﬂ')))’
n=kl+1 n=kl+1
whence
Oo wiln ) — 20 p(AW) () B p(AKD | (kD)
n:zkl:+1]p( 11 ) _nzzkl:+1 (A, m) p(Am)

4 Proof of the Exactness

First, one notes that the discrete parameter = does not give rise to any period,
and then the proof follows the standard pattern [27, 17]: since almost every
point of any measurable subset is a density point, bounded distortion estimates
of Proposition 3 imply that if the measure of a tail event is positive, then it
must be arbitrarily close to 1.

In more detail, observe that there exists an integer M such that for any n >
M and for any 7, 7’ € R there exist ky, . .., ko, such that a¥16%2 .. aF2rn-1pFn g =
7’. This follows from conmnectedness of the Rauzy graph and the fact that for
any m € R there exist ny, ns such that «™'7n = 0"?m = 7.

Let ag be the partition of A™ into Af, 7 € R, and let a,, be the partition

into the cylinders A(w), where w € Wu g, |w| = 2n.

14



Lemma 2 There exists k > 0 such that the following is true. Suppose C' C AT,
and there exists # € R such that AY C C. Then G = AT(R).

This implies

Lemma 3 There exists k > 0 such that the following holds. For any € > 0
there is § > 0 such that for any C C AT (R) satisfying m(C A AY) < 6, we
have m(g%C’ AAT) <e.

Now suppose C' C At is a G?-tail event, i.e., for any n > 0 there exists B,
such that C' = G~?"B,, and 0 < v(C) < 1. Then v(B,) = v(C) and, by Lemma
3, we can assume that there exists € > 0 such that for any # € R, we have

m((AT\C)NAT) >« (10)
Let q = ¢q1...q be a word such that the matrix A(q) is positive.
For almost any (A, ) € C' we have

lim m(a, (A, 7)NC)
n—oo  m(an(A, 7))
Now let n be such that G*"(\,7) € A(q). Denote (N, 7') = G*"(\, 7).
Let A be the corresponding renormalization matrix, that is, A = J4A’. Then
A = A1 A(q) for some (unimodular nonnegative integer) matrix A;. We have
an (A, ) = Ja(AT). By Proposition 3, from (10), we deduce that there exists
¢’, not depending on n such that

—1 (11)

m(an (A, m) N(ATNC))
m(a, (A, 7)) =7
Since, by ergodicity, for almost any (A, 7) we can find infinitely many n such

that G*"(\, 7) € A(q), we arrive at a contradiction with (11), which gives the
exactness of G2.

5 Four Intervals

Starting in this Section and until Section 10 we only consider the Rauzy class

R(4321).

5.1 The Main Lemma

For € : 0 < € < 1, define, in the same way as above,

A ={(A\, 7)€ A(4321), min |A;| > €}.
Lemma 4 There exist positive constants v, K, p such that the following is true
for any € > 0. Suppose (A, 7) € A.. Then

P{3n < K|log ], (A(=n), 7(=n)) € Ay (A1) 7(1)) = (A, 7))} > p.

15



From Corollary 5, we obtain

Corollary 6 Let q € W4 p, = q1...q be such that all entries of the matriz
A(q) are positive. Then there exist positive constants K(q),p(q) such that the
following is true for any € > 0. Suppose (A, 1) € A.. Then

P{3n < K(q)[loge|, (A(=n), 7(=n)) € A(@)[(A(1), #(1)) = (A, 7))} > p(a)-

Informally, the proof of Lemma 4 proceeds by getting rid of small intervals.
If there i1s only one small interval, then there is nothing to prove, because the
invariant density in this case is bounded ( Corollary 7). If there are two small
intervals, then one can in finitely many steps reduce to the case of (A, ) such
that 7 = am and Az, A4 are small or (A, ) such that b = m and A, -13, Ar-14
are small (Proposition 8, proven in Section 8). In either of these cases, a direct
computation shows that, with positive probability, there will remain at most
one small interval after one inverse Zorich step (Proposition 7 proven in Section
7).

If there are three small intervals, then the proof proceeds as follows. If the
large interval gets added to a small one, then we already have two large ones.
Assume, therefore, that the small intervals are added between themselves. It 1s
proven that their total length grows exponentially with the number of Zorich
steps: therefore, if € is the length of the shortest subinterval, then in log e steps
there must appear a second large interval. This argument 1s made precise in
Section 9.

We now proceed to precise formulations. Set

Ay, ={(Am) e A Fip €{1,2,3,4} such that A;; > ~},
Ay ={(A,m) €A iy, ip € {1,2,3,4} such that A, > v, A, > 7},
Az ={(A,m) € A iy, iy, iz € {1,2,3,4} such that A;, >, A, > 7, A, > v}

Lemma 5 There exist positive constants N, q, « such that the following is true
for any v > 0. Suppose (A, 7) € Ay . Then

PLA(=N), 7(=N)) € Aoy [(A(1), 7(1)) = (A, 7))} = ¢

Lemma 6 There exist positive constants v, K, p such that the following is true
for any e > 0. Suppose A € A,. Then

P{3n < Klloge|, (A(=n), m(=n)) € Az [(A(1), 7(1)) = (A, 7))} > p-

Lemmas b, 6 yield Lemma 4.
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5.2 Invariant densities

The invariant densities for the Rauzy-Veech-Zorich map G on the space A =
Az x R(4321) are given by the following formulas, found by Zorich [4]:
For (4321)

1
oo 12
p(4321)( ) A1+ A2) (A2 + A3)(As + Aa) (A2 + Az + A\g) (12)
1
- 13
p(4321)( ) A1+ A2)(Az + A3)(As + Aa) (A1 + A2+ A3) (13)
For (3142)
1
b o 14
P3142)(N) As(A1+ Az + Aa) (A1 + Az + A1) (AL + Az + Az + Aa) (4
)= 1 ( ! + : )
Pz1an)\ M) = AL+ 23) A1+ A2+ ) A+ Ao+ A5+ ) A+ X2+ A3 A+ A5+ )\
(15)
For (2413)
o) = ! ( : + : )
Pra1m)\ M) = As+A) A1+ A2+ 23) A+ Ao+ A5+ ) A+ A3+ A+ A5+ )\
(16)
1
_ \) — 17
Pza13)(A) Aa(A1 + Az + A3) (A2 + Az + A1) (AL + Az + A3 + Aa) ()
For (4213)
pEia(A) = 1 ( ! + ! )
(4213) A+ A3) A+ A) A1+ A2+ A3+ A1) A+ A2+ A+ A5+ A
(18)
1
~ e 19
Pazizy (M) A(Az + A3) (A1 + Az + Aa) (A + Az + Az + Aa) (19)
For (3241)
1
s o 20
Paaany (M) Aa(A1 4 A2) (A2 4 Az + Aa) (A + A + Az 4 M) 2
1 1 1
_ \) =
P(3241)( ) (A1 + A2) (Ao + As) (A1 + Az + Az + Ag) (/\2 + Az + /\4""/\1 + Aa + /\3)
(21)
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For (4132)

sy () = : (e : )
Plata)™) = 0D s + M) (£ Ao + As) (o + As + A1) | O+ Ao + (Ag ; As)
22
1
y A) = 23
p(4132)( ) Az 4+ X)) (A1 + A3) (A + Ao+ A3) (A 4+ A 4+ As + Aa) (23)
For (2431)
1
+ A) = 24
p(2431)( ) A2+ A3)As+ A) (At + A3+ ) (A + Aa+ Az + \y) (24)
_ (/\) . 1 ( 1 n 1 )
Pas) ) = 00 T N) M+ As + Aa) (1 + Aa) (O + Ao + Aa) (O + A + Aa + Aa)
(25)
Note the following important relation:
P (A, Az, Az, A1) = proy (Ar(1), Ar(2)s An(3)s An(4)) (26)

Remark: This relation holds in general, for any number of intervals: for any
7, we have

pjr_ (/\1, .. ./\m) =p (/\77(1), .. ./\W(m))

This follows from Zorich’s construction of the invariant densities [4].
The form of the invariant densities implies

L p(A,7) > 755.

2. If (A, ) € Ag , then p(A, 7) < WL‘,
Corollary 7 Let (A7) € Az . Let w be a word compatible with (A, 7). Then
4

Pl ) > o

6 Two Small Intervals and the Proof of Lemma
9.

Lemma 7 There exists a > 0, p > 0 such that for any v > 0 the following is

true.

Let (A, w) € Ay . Then

P((A(=10), 7(=10)) € Az,a4|(A(0), 7(0)) = (A, 7)) = p

18



This Lemma will be deduced from two propositions that follow:

Proposition 7 Suppose m € R(4321) is such that either ar = w or bm = .
There exists a > 0, p > 0 such that for any v > 0 the following is true. Assume
(A, m) € Ay . Then

P((A(=1), 7(=1) € A3,a[(A(0), 7(0)) = (A, 7)) = p

It suffices to prove this proposition for a-invariant permutations, as the other
case follows from the relation (26) and the observation that ar = 7 if and only
if br=! =771,

Let i1,i2 € {1,2,3,4}, m# € R(4321). The pair 41, i3 is called (7, +)--critical
if

1. The set {\;; = 0,\;, = 0} belongs to the closure of A¥.
2. If \;;, = A;, = 0 then pF()\) = oco.

Similarly, the pair i1, 42 is called (7, —)--eritical if
1. The set {A;; =0, A;, = 0} belongs to the closure of A_.
2. If A;; = Ay, = 0 then p (A) = oc.

Proposition 8 Let (iy,42) be a (7, +)-critical pair or a (7, —)-critical pair, and
let ji, jo be the two remaining indices, that is, {i1,is,j1,j2} = {1,2,3,4}. Let
v > 0. Suppose Xj, > v, Aj, > v. Then there exists a word w, |w| < 10
satisfying

P(w|(h ™) > oo

and such that for (N, 7') =ty (A, ) either

LN, > M > 5 and an’ = 7'; or

2. XN > 15, i, > 15 and b’ = 7',

It suffices to prove this proposition for (,+)-critical pairs, as the other
case follows from the relation (26) and the observation that there is a bijection
between (7, +) and (7~1, —)-critical pairs.

We prove Propositions 7, 8 by consideration of cases.

7 Permutations Invariant Under ¢ and the Proof
of Proposition 7.

7.1 The case of (3241).
Consider the permutation (3241). Note that a(3241) = (3241).
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Let A € AT,
(A, (3241)).

Similarly to Subsection 3.6, denote wy(n) = (a,n, (3241)), and define vectors
A" by the formula

(3241 in other words, A3 > As4. Consider the interval exchange

(A (3241)) = Ly, () (A, (3241)).
We have then

my A1 N Az /\(n)_/\3+n/\4 N _ Aa
1 _1—|—77,A4’ E _1—|—77,A4’ 37 1—|—77,A4’ 4 _1—|—77,A4’

and

G\, (3241)) = {(A\(™),(3241)), n € N}
Here the parameter n is equal to the number of a-operations needed to pass
from (A, (3241)) to (A, (3241).
By (8), we have
p(_3241)(/\1, A2, Az + ndg, Ag)
p(3241)(A1a /\2, A3a A4)

From the invariance of the measure we have

P(wi(n)|(A, (3241)) =

p(3241)(A1a /\2, A3a A4 Z P(_?,241)(/\1, AZ, AS + 5A4a A4)

s=0
This implies
p(3241)(/\1, A2, Az +ndg, Ag) = Z P(3241) (A1, Az, Az 4 5Aq, Ag)
s=n+1
and, consequently, for any positive integer n we have

p(3241)(/\1a Az, Az + nhy, Ag)
AlaAZ,A3,A4)

> P(wi(s)l(A, (3241)) =

s>n p(3241)(

(This is a particular case of Proposition 6).

From the formula for p(3241) we obtain

Ar+ Az + A\

;&D wi(s)| (N, (3241)) = (A2 + X5 + (n + DAy (1 + nhy)

Pick a > 0, 8 > 0, and set ny, = a(>‘2+§73’+>‘4), ng = ﬁ(%) Then

1
(14 «o)?

A, (3241)) >

n>na
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whence

1
(1+a)2 1473

ST Plu(n)|( (3241)) >

NgZN2Ng

Lemma 8 Let 0 < v < 1 and assume Ay > v, Ay > . Then for any o, 8 > 0,
we have

1 1
pAM > T\ T ) 9T - :
(N — 14877 =148 —1+ﬁ)—(1+a)2 1+
Proof. Indeed, since
(n)y A1 (n) A2 (n) _As+nd () A
1 _1—|—77,A4’ 2 _1—|—77,A4’ 37 1—|—77,A4’ 4 _1—|—77,A4’
if Az + A3+ A Az + A3+ A 1 1
2 3 4 2 3 4
—_— ) >n> > —
I 20z 0B 2 s -
then (M s T Ay T ) Y
A > L A > L AV >
S IS A T A A

7.2 The case of (3142).
Consider the permutation (3142). Note that a(3142) = (3142).

Let A € AEMz)’ in other words, A3 > As4. Consider the interval exchange
(A, (3142)).
Similarly to the previous subsection, denote wi(n) = (a,n,(3142)), and

define vectors A(®) by the formula
(A (3142)) = Ly, () (A, (3142)).

We have then

my A1 (n) Az )y _Az+ndi (n) M
1 _1—|—77,A4’ 2 _1—|—77,A4’ 37 1—|—77,A4’ 4 _1—|—77,A4’

and

G\, (3241)) = {(A\(™),(3241)), n € N}

Here the parameter n is equal to the number of a-operations needed to pass
from (A (3142)) to (A, (3142).
By (8), we have

Pi31a2)(A1; Azy Az + nda, Ag)

P(wi(n)|(A, (3142)) =
PEBMQ)(/\M /\2, A3a A4)
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From the invariance of the measure we have
p(3142)(/\1, Az, Az, Ag) = i P(_g,142)(/\1, Az, Az + sAq, Aq)
s=0
This implies
P(3142)(/\1, Ao, Az +ndg, Ag) = Z Pi3142) (A1, A2, Az + sAa, \a)
s=n+1

and, consequently, for any positive integer n we have

Pt o (A, Agy Ag + nAa, A
3 Plui(s)l(), (3142) = la1ay (1 A As  nha )
s>n p(3142)(/\1,/\2,/\3,/\4)

(This is a particular case of Proposition 6).

From the formula for p(3142) we obtain

M+ A+

> P(wi(s)](A, (3142)) =

s>n
Pick a > 0, 8 > 0, and set n, = a(>\1+§73+>\4) =B( 1+>‘3+>‘4) Then

1
(1+a)?

A, (3142)) >

n>na
whence

1 1
(1+a)2 148

ST Plus(n)|( (3142)) >

NgZN2Ng

Lemma 9 Let 0 < v < 1 and assume Ay > v, Ay > . Then for any o, 8 > 0,
we have

vy 1 1
)Zu+aﬂ_1+ﬂ

PO > AL > NGNS
( t N 2107

Proof. Indeed, since

N _ A1 () _ _ Ao () _ Astnd oy M
1 1—|—77,A4’ 2 1—|—77,A4’ 3 1—|—77,A4’ 4 1—|—77,A4’
it A1+ A3+ A A+ A3+ A 1 1
1 3 4 1 3 4
—_—) > n> > —
S v YRR Ty i e
then




8 Critical Pairs and the Proof of Proposition 8.

First we list the +-critical pairs for all permutations in R (4321):

For (4321) — (1,2),(2,3). Note that (3,4) is not a +-critical pair for (4321),
since Ay > A on AEI;L321)'

For (4132) — none. Note that neither (3,4) nor (2,4) is a critical pair since
A4 > A1 on AEI;HSZ)'

(2431) — (2, 3) only (and, again, (3, 4) is not, for same reasons as above).
For (3142) — (3,4).
For (2413) — none.

(4213) — (2,3) only.

For (3241) — (3,4) and (1,2).

Note that for the pairs ((3241), (3,4)), (3142, (3,4)) there is nothing to prove.

For each remaining critical pair, we explicitly construct a path to an a or
b-invariant permutation and compute its probability.

8.1 (4321) and (1,2).
w = (a,1,(4213))
(A,H) = Tw(A, 7T) = ((/\1 + Az, A3, A4, Az), (4213))

3)(A) (A2 4+ A3) (A2 + Az + A4)

P((a21
P(w|A, 7) =
) = )~ Cat 2ha + Aa) (L5 Ae)

8.2 (4321) and (2,3).
w = ((b, 1, (3142))(a, 2, (4132))
(A,H) = Tw(A, 7T) = ((/\1 + Az + Ag, A4, Az, Az + Ag), (3142)

and
]P(w|/\ 71'): pEIE3142)(A) _ (Al —|—A2)(/\3—|—/\4)(/\2—|—A3+/\4)
’ pasm)(/\) (T4 X4+ A3) (A1 4+ 3A2 +2X3) (1 4+ 25 + A3)

8.3 (4213) and (2,3).
w = (b, 1, (3241))(a, 2, (4321))
(A,H) = Tw(A, 7T) = ((/\1 —|— Az —|— Ag, A4, Az, Az —|— Ag), (3241)),

pEI' 241)(A) M A) A A A (Ae + Az + Ag)

(A) (2A2 + A5+ A) (1 4+ 202+ A3) (1 + A2+ A\g)
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8.4 (2431) and (2,3).
(= (a1, (2413)
(A, H) = Tw (A, 7T) = (Al, Az + Ag, A4, Ag), (2413),
p((2413)(A) (A3 FA)ALF A3+ )

]P)(w|Aa7T) = =
pEI—2431)(/\) (A2 4+ 23 4+ A1) (1 + A3)

8.5 (3241) and (1,2).
w = (a,1,(4213))(b, 2, (4321))(a, 1, (3241))
(A,H) = Tw(A, 7T) = (Al + Az, Ag + A4, Al + Az + A4, Az), (4213))
P(2a13)(A) (A)(A2 + Az + Aa)

P(w|A, ) = = .
pEI—z431)(/\) (L4 A (L4 A2) (1 + A 4 2X2 + M\g)

9 Estimates on the Length Growth and the Proof
of Lemma 6.

9.1 Bounded Growth.

Let x € A, that is, x = (..., (A(=n),7(=n),..., (A, 7)), where, as usual,
G(A(—n),m(—n)) = (A(1 = n), (1 — n)). Define the words w(n) by the relation
(A(=n), 7(=n)) = twm)(A, 7). Set (A(=n),7(=n)) = Tyn)(A, 7).

Lemma 10

P(A(—1) > K) <

K-1

For definiteness, assume A € A}, (the proof is completely identical in the
other case). Denote wi(n) = (a,n,a""7r). Then G-preimages of (A, 7) are
A 2y =1, (N, ) = tu,(n)(A,m),n=1,2,....

Let [ be the length of the a-cycle of m, that is, the smallest such number
that a'm = 7.

There are two possibilities: either pf(\) = m, where [;(A) =
>ojer Ay and a; = 0 or 1, or pt(N) = 5oy + mpoms oI oo
where [; are as above and m; = Z;n:l bi;Aj, by; =0 or 1.

From Proposition 6 we have

[

°° 210
n:%:“ Plur{m)lh,m) = p (A(kD))

Renumbering; if necessary, the linear forms{;, we may assume that a; 7-1(4) =
1 (and, in the second case, that by r-1(4) = 1 also).
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Since under the application of the a-operation the only length that changes
is that of I,-1,,, we have

A - 1= Agrn—)l(z;) — Ar-i(a),

whence -
AT gy = Armigy + AP = 1
From here we have
e 14+ /\71.—1(4)
P wn(n)|(A, 7)) < @ __
n:zk;ﬂ Anct iy + A -1

Now let & be the smallest integer such that |A()| > K. Let s = [k/I]. Then
AGD > K — 1, and

n . 0 1+Aﬂ-—1 4 2
PIA > K) < 30 Blua(n)m) € sy <
n=sl+1 T14) *

The lemma is proved.
Remark. This lemma 1s true in complete generality, i.e., for interval ex-
changes of any number of intervals. The proof is identical.

9.2 Exponential growth.

Lemma 11 There exists N such that the following is true.
For any point x € A(4321), there exist i1,i5 € {1,2,3,4} such that

A(_N)il + A(_N)iz > 2(/\(0)21 + /\(0)22)
One directly observes the following properties of the Rauzy graph of (4321).

Proposition 9 Any simple cycle in the Rauzy graph of (4321) is either an a-
cycle or a b-cycle of a permutation.

To a word w € W4 naturally corresponds a path in the Rauzy graph. Denote
this path by p(w). To a path p in the Rauzy graph, there naturally corresponds
a renormalization matrix A(p).

Proposition 10 Let p be the a-cycle or the b-cycle of some permutation in
R(4321). Then all diagonal entries of the matriz A(p) are positive.

Edges marked with a will be called a-edges, edges marked with b will be
called b-edges.

Lemma 12 Suppose p is a path in R(4321) that starts and ends at the same
permutation. Then all diagonal entries of the matriz A(p) are positive.
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Proof: For a-cycles and b-cycles this can be checked directly, and since they
represent all simple loops in our Rauzy graph, the general statement follows.

A 2 x 2 matrix
a b
c d

will be called a hyperbolic block if a,b,¢,d >0, a+b > 2.
An m x m matrix will be said to have a diagonal hyperbolic block if one of
its diagonal 2 x 2 minors is hyperbolic.

Lemma 13 Let m € R(4321), let Ay be the matriz corresponding to the a-cycle
of m, Ay the matriz corresponding to the b-cycle of m. Then the minor of Ay As
in positions (4, 7=1(4)) is hyperbolic.

This is checked directly by considerations of cases.

Lemma 14 Suppose p is a path in R(4321) starting at 7 and ending at 7, and
such that the edge © < am appears in the path. Then all permutations of the
a-cycle of m appear among the vertices of the path p.

Suppose p is a path in R(4321) starting at © and ending at ©, and such that

the edge ™ b appears in the path. Then all permutations of the b-cycle of ©
appear among the vertices of the path p.

This is directly seen from the form of Rauzy graph of R(4321).

Lemma 15 Suppose p is a path starting at m and ending at 7w, and such that

both edges m ~» aw and T LAy appear in the path. Then the matriz A(p) has
a hyperbolic block.

Now, in order to prove Lemma 11, it suffices to establish the following

Lemma 16 Suppose w € Wy, |w] > 1000. Then A(w) has a hyperbolic diago-
nal block.

Proof. Consider the path w1 ...7m5...... Tn, 1 > 1000. corresponding to w.
In this path, there are at least 1000 switches from a-edges to b-edges.

We can find a permutation 7 and four numbers k1 < ks < k3 < k4 such that
Tk, = Tk, = Tk, = T, = 7, that the edges of the path starting at 7, are all
marked with a and, finally, that there are both a-edges and b-edges between my,
and mp, ;.

The first assumption implies, in particular, that all vertices and all edges of

the a-cycle of 7 appear between mx, and my,,, .

Now pick the first b-edge between 7, and my,. Let this be the edge 7y, EN
Tn,+1. LThen m,, belongs to the a-cycle of m. But then, there is an appearance
of the edge m,, % am,, between 71, = m and 7y, = 7 indeed, this is so
because all vertices and all edges of the a-cycle of # must appear between my,
and 7, .
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Similarly, the edge m,, N amy,, must appear between m;, = 7™ and m,, = 7.
We have therefore found a subpath of our original path of the form

a b
S PSS

By the previous lemma, the matrix corresponding to such path has a hyper-

bolic block.

9.3 Proof of Lemma 6

The constant v will be chosen to be smaller than 1()1%.

If (A, m) has two intervals larger than 1()1%, then there is nothing to prove.

Suppose therefore that we have three intervals smaller than 1()1%. These will
be called “small intervals”. The remaining interval is larger than %. It will
be referred to as the “large interval”.

In the remainder of the proof, it will be convenient to adopt the Kerckhoff
[20] convention of numbering the subintervals of our interval exchange.

Namely, as we apply the inverse Rauzy induction, if the operation 67! is
performed, then the numeration remains the same, from left to right, whereas
if the operation a~! is performed then the order of the subintervals in the
preimage is cyclically shifted after the #~'4-th interval. This way of numbering
is convenient to relate the subintervals at step n and at step n+1 of the (inverse)
Rauzy induction.

For definiteness, let I; be the large interval, 15, I3, I4 be the small intervals.

We shall say that a subinterval is in critical position at step n if it is the one
whose length changes at step n.

Proposition 11 If I; is in critical position at step n then it was added to some
winterval at step n — 1.

This follows directly from the definition of the Rauzy induction.
Now consider two cases:

1. Iy is in critical position at step 0.

2. A small interval is at critical position at step 0.

Start with the first case.

By Lemma 10, there exists numbers L, ¢ that A(1) < L with probability at
least ¢. Now let n be the first moment of time at which A(n) > 2L. By Lemma
10, we can assume A(n) < 2L? (this occurs with probability at least ¢) . By the
Lemma 11, n < C'(log L + |loge[).

Consider two cases:

1. There exists [, 1 <[ < mn, such that I; is in critical position at time [

2. Iy is never in critical position at times 1,...,n.
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In the first case, if I; is in critical position at time [/, then it was added to
some interval at time [ — 1, say, to I. But then, since |I1(1)| < |A({)] < 2L and
|I1] > %, we have

Ol L B0l 1
A(l) 457 A(l) 4L

and the Lemma is proved in this case.

In the second case, |I1(n)| = |I1(1)| < L. Then |I3(n)| + |I3(n)| + [1a(n)| >
L, and therefore, max|la(n)|, |[Is(n)], |Ta(n)| > L/3. Assume the maximum is
achieved at I5.

Then, since |[I;(n)| = |I1(1)] > 1/2, we have again

L) 1 [b@)] 1

An) ~ AL2 A(n) ~ ALE

and the Lemma is proved in this case also.

Now consider the second case, namely, when Iy is not in critical position at
step 0, so |11 (1)| = |11(0)].

Let n be the first moment at which A(n)| > 2. Just as in the previous case,
by Lemma 10, we can assume that |A(n)| < 2L.

By Lemma 11, n < C|loge]|.

Consider two cases:

1. There exists [, 1 <[ < mn, such that I; is in critical position at time [
2. Iy is never in critical position at times 1,...,n.

In the first case, if I is for the first time in critical position at time [,
then it was added to some interval at time [ — 1, say, to Is. But then, since
|I1(l = 1)| = [1(0)| and |I1| > %, we have

nO 1 (B0
A T 1A T

and the Lemma is proved in this case.

In the second case, |I1(n)| = |1(1)| and therefore 1 > |I;(n)| > %. Then
[Tz (n)| + |I3(n)| + |1a(n)]| > 1, and therefore, max |I2(n)], |Is(n)], |Ta(n)| > 1/3.
Assume the maximum is achieved at Is. We have then

L) 1 [L@)] 1

Aln) 7 120" A(n) ~ 12L°

and the Lemma is proved in this case also.

9.4 Estimate of the measure.

Lemma 17 There exists a constant C' such that

v(A\ A < Ce
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The proof repeats that of Proposition 13.2 in Veech [1].
Lemma 4 and Corollary 6 therefore imply the following

Corollary 8 Let q € Wa B, = q1...q be such that all entries of the matriz
A(q) are positive.
There exist C' > 0,a > 0 such that the following is true for any n.

P((\, 7): G\, 7) ¢ A(q) for all k, 1<k < n) < Cexp(—a/n).
Proof: Let n = r? and denote
X(n,q) ={(\7) : G\ 7) & Aq) for all k,1<k<n)}.
Take
B(n) = {(A, 1) : G (A, 1) & Acxp(—r) for some k,1 <k <n)}

Then, by the previous Lemma, v(B(n)) < Cr? exp(—r), whereas, by Corol-
lary 6,

v(X(n,q)\ B(n)) <pla)",
and Corollary 8 is proven.

Remark. This result allows to use the methods of L.-S. Young [11] and of
V.Maume-Deschmaps [12] to obtain better decay rates for bounded Lipschitz

and Hoelder functions.
10 Imnequalities

Let

W;B ={weWap: |wliseven, A(w) C AT}

Lemma 18 For any C1,Cy > 0 there exists Cs > 0 such that the following is
true.

Suppose row(A) < Cy and A € Ac,.

Then ] LA™

— <= < (3

Cs = 7L, > iz Aij
Proof:
Denote A; = 57", A;j, so that |A] = Z;'nﬂ Aj.
Then N

A—Z < row(A),
whence



Finally, if A € A¢,, then
[AX] > Ca] Al

which completes the proof.

Corollary 9 For any Cy > 0, Cs5 > 0 there exists Cs > 0 such that the following
is true. Suppose (A, ) € Ag,. Suppose w € Wy g is compatible with (X, 7) and
such that row(A(w)) < Cs. Then

1 m(C(w))
Cs S Plwlpn ) S ¢

Corollary 10 For any C7 > 0, Cg > 0 Cy > 0, there exists Cyg > 0 such that
the following is true.

Suppose (A7) € Ag,.

Suppose w € Wy g is compatible with (A, 7) and furthermore satisfies

row(A(w)) < Cs, A(w) C Ag,
Then
L P(C(w)

— < ———
Cio = P(w|(h,m)) =

Corollary 11 Let M be such that for any n > M any two vertices in the Rauzy
graph can be joined in n steps.

Then for any C17 > 0, Cig > 0 Cig > 0, there exists Cyo > 0 such that the
following is true.

Suppose (A, ) € AT NAc,..

Suppose w € W;B satisfies

row(A(w)) < Cis, A(w) C AT NA¢,
Then for any n > M, we have

1. P(C(w))

— <
Cao = PCO(w|(A, 7)) = %

From the definition (3) of the Birkhoff metric it easily follows that for any
A A € A,,_1 we have

e—d(A,A’)/\; <)< ed(A,A')/\;. (27)

Proposition 12 Assume A\, X € AT, Then

p(A, )
p(N, )

exp(—md(\, N)) < < exp(md(X, X))
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Proof. Indeed, there exist linear forms

) =3 il
k=1
where al(é) are nonnegative integers (in fact, either 0 or 1, but we do not
need this here),
such that

5

1
p(A, ) = ; lgj)(/\)]gj)(/\) . .l%)(/\) .

Clearly, if for all i = 1,...,m and some a > 0, we have a=t); < X < a);,
then

and the Proposition is proved.
For similar reasons we have

Proposition 13 Assume A\, N € AT and let A be an arbitrary matriz with
nonnegative integer entries. Then

exp(—md(A, X)) < p(AA )

S (AN, 7) < exp(md(X, X))

From these propositions and the formula 7 we obtain

Corollary 12 Let ¢ € A be compatible with . Then for any A\, N € AT we
have

L(C|(/\,’ 77:)))) < exp(2md(A, X))

bl

exp(—2md(A, X)) <

This Corollary implies the following

Lemma 19 Let w € W;B be such that the cylinder C(w) has finite Birkhoff
diameter.
Then for any ¢ compatible with w and any (Ao, ) € C'(w) we have

P(c|(Ao, 7))

exp(—2m diamC'(w)) <

< exp(2m diamC(w))

Proof: We have

I/(C'(cw)):/c( )P(c|(/\,7r))d1/(/\,7r)
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Let d = diamC'(w). For any (A m), (X, 7) € C'(w), we have, by Corollary 12,

exp(—2md) < v ) < exp(2md).

Fix an arbitrary (Ao, 7) € Ay.
Then, from the above,

v(C(w))P(c|(Ag, 7)) exp(—2md) /c » m))dv(A, ) <

< v(C(w))P(e|(Ao, ) exp(2md),

and, since, by definition, we have

P(wo = ¢|w|p juy = w) =

the Lemma 1s proved.

11 Good Cylinders

Let M be a number such that for any N > M any two vertices of the Rauzy
graph can be connected in N steps.

Lemma 20 For any v > 0, N > M there exists a constant Cy depending only
on v and N such that for any word w € Wj g and any (A, ) € A,

Co

(2N) =0
POl ) 2

Proof:

Let w = wy ... wap,, and let wap = (a, my, m1).

Let mjnh ... mhy a path of length 2N between 7 and w1 (here 7] =&, @}, =
T, Mok41 = GM2), Mopt2 = bMapy1.

Denote wnyai41 = (a, 1, T2;41), Wnt2s = (b, 1, 72;). In other words, the word
= Want1 - .- Wantsan € W4 g is the word correspoding to the path 7i7 ... 7y
in the Rauzy graph. Then w' = w; ... wap4a2n is a word compatible with (A, 7).
Besides,

|A(want16ngs . . wanpon)| < (2N)EN),

We have

p(Tur (V), ')
AN o, )

There exists a universal constant C; such that p(X, 7') > Cy for any (N, 7') €
AT (the density of the invariant measure is bounded from below).

Then, [A(w)AI™ < [A()[™ < (2N)27 | A(w) .

Finally, there exists a C5 depending on ¢ only such that if A; > ¢ for all ¢
then p(A, ) > Cs.

Combining all of the above, we obtain the result of the Lemma.

PO wl(A,m) > P(w'|(\, 7)) =
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11.1 Definition of good cylinders

Let q = ¢q1...q be a word such that all entries of the matrix A(q) are positive.
Fix ¢ > 0 and let et ky be such that

P(C(a)NG™*"C(q)) > € for n > kq. (28)

Take k > kg. Let r = 2(K + 1)k + 2M, where K is the constant from the
Lemma 4.

Let 8, 0 < 8 < 1 be arbitrary.

A word w = wy ...wy 1s called good if

1. C(w) C Aexp(—k)~

2. the W;)I'd q appears at least kl—e times in w (we only count disjoint appear-
ances).

A word wy ... w, is called good if w ... wy 1s good, a word wy ... wpn, 18 called
good if all words wq ... wp, Wry1 ... War, . S W(N—1)p41 - - - WNy aTe good, and a
word wy ... wNryL, L < 7, 1s good if wy ... wpn, 1s good and either L < k or
WNp41 - - - WNrpk 18 good.

We denote by G(N) the set of all good words of length N.

Let

A(G(N)) = Uyean)C(w),

and

A(B(N)) = AT\ A(G(N))
By Corollary 8, there exist constants Cs1, Cs2 such that for all » we have

P(A(B(N)) < Cs1 N exp(—Caart=0/2), (29)

From Corollary 12 we deduce that there exists a constant Czz such that for
any (A, m), (X, 7) € Aq, and any word w compatible with g, we have

1 < P(w|(A, m))

— <L L (O
Css = P(w](N, 7)) = %

Finally, by Lemma 20, there exists a constant Cs4 such that for any w €
W, p and for any N > M we have

1 ]P(ZN)(M(/\, )

= < /5 < .
Cas = POV (w|(N, 7)) = Cas

Take an arbitrary point (A, 7) € Aq. Define a new measure ¢ on AT,
Namely, for a set A C AT put

2(A4) = P(A(=2M), m(~2M)) € AIA(0), 7(0) = (A, 7)) (30)
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Lemma 21 There exists a constant a > 0 such that the following is true for
any r. Let C1,Cs € G(r).
Then

P(@lim = Cr,@lps1,20) € G(r) [wlizrgr s = C2) > ap(Cr)
Indeed, we have the following propositions:

Proposition 14 There exist a constant py such that the following is true for
all r and all n > r.

Let Cy € G(r), (A,7) € Ca. Then
P((A(=2n), m(=2n)) € Aq[(M0), 7(0)) = (A, 7)) > p1.

Proposition 15 There exists a constant po such that the following is true for

all k.

P(wlp,n € G(r),wipmiiitom+1] = A (@41 ,r4141) = @) > P2
Proposition 16 There exists a constant ps such that the following is true for
all v. Letcy...cn--- € C(q).

P(wlir = Cilwryonrg1 = c1, wrpanr42 = c2,...) > p3p(Ch)

These Propositions imply the Lemma.

12 Markov Approximation and the Doeblin Con-
dition
We define a new measure p, ¢ on the set G(r?) of good cylinders of length r.
Let C=ci...cp2 be a (r,0)-good cylinder. Set C; = cirq1 ... Clip1)r-
Define
pr,G(C) == ]P)(Wh:l,r] == Cl|w|[r+1,2r] == CZ)]P)(W|[7'+1,27'] == CZ|W|[27'+1,37‘] == CS) .. ~]P)(W|[7‘2—7'+1,7‘2] == CT)

If D is not a good cylinder, then p, (D) = 0.
Normalize to get a probability measure:

— pr,G(C)
> pec(r2) Preo(D)

P, 4 is a Markov measure of memory » (in general, non-homogeneous), as is
shown by the following well-known Lemma [14].

P, 4(C)

Lemma 22 For any k, 0 < k < r, we have
Poo(Wlkr+1, e+ = Crlwlir+1yr1,,2) = Chg1 ... Cr) =

P (Wlkr+1,k+1)r] = Crlwlir+1yr+1,k+2)r]) = Crt1)-
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13 The Doeblin Condition

In this section, we establish the Doeblin Condition for the measure P, g.

Proposition 17 There exist constants Cyy, Cyz such that the following is true
for any r.
Letei...cp--- € Qap and assume cpyq ... Coyr € G(7). Then

exp(—Cp exp(—C'42k€)) <

< P(Wl =C1,...,Wp = Cn|wn+1 =Cn+l, .-, Wnitr = Cn+r)

<
Plwi=¢€1,...,Wn = CplWntl = Cngl, - Wni = Cniye--) —

< exp(Cp exp(—C'42k€))

Corollary 13 There exist constants Cas, Caa such that the following is true for
anyr. Let A€ Fy, letcpyr .. .ongi- - € Qa, and assume cpqq .. .Cngr € G(7).
Then

P(Alwpi1 = Cpaty - s Wnar = Cpar
exp(—Cys exp(—C'44k€)) < (Al 41 + + +r) < exp(Clys exp(—C'44k€))

- ]P)(A|Wn+1 =Cn4ly-- s Wnti = Cntiy - -

Lemma 23 There exist constants Cys, Cyg, Cy7, Cas such that the following is
true for any r. Let e1...c,2 € G(r?). Then for anyl, 1 <1< r, we have

exp(—Clysl exp(—C'46k€)) <

]P)(Wl =C1y.. Wy = Clr|wl7‘+1 = Clyp4ly .. Wp2 = CTQ)

<
- pr,G(Wl =Cly .., Wiy = Clr|wl7‘+1 = Clp4ly .., Wp2 = CTQ) -

< exp(Cysl exp(—C'46k€))

and

]P)(Wl =Cly..., Wi = Clr)

exp(—Carl exp(—C'4gk€)) < < exp(Cyrl exp(—C'4gk€))

T prolwr=c, W =y

Corollary 14 There exist constants Cag, Csg such that the following is true for

any r. Let e1...c,2 € G(r?). Then for anyl, 1 <1<, and any A € F,, we

have

PANG(Ir)|wirs1 = Clrg1, .- W2 = ¢p2)
pr,G(A|er+1 = Clp4ly .., Wp2 = CTQ)

exp(—Ciol exp(—C'50k€)) < < exp(Clol exp(—C'50k€))

and

P(ANG(Ir))

_ 9
Do (A) < exp(Clyol exp(—Csok®))

exp(—C'491exp(—C'50k€)) <
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Using (29), we obtain

Corollary 15 There exist constants Cs1, Cso such that the following is true for
any r.
Py o(G(r?)) > exp(—Csyrexp(—Csak!=977))

Corollary 16 There exist constants Csz, Csq, Css, Csg such that the following
is true for any r. Let ¢1...c,2 € G(r?). Then for any 1, 1 <1 < r, and any
A € Fi,., we have

exp(—Clssl exp(—C'54k€) — Css7 exp(—C'56k(1_€)/2)) <

PANG(Ir)|wirs1 = Clrg1y - Wp2 = Cp2)
PT,G(A|W17‘+1 = Clyp4ly .. Wp2 = C,.z)

< exp(Cssl exp(—Cs4k?) + Cssr exp(—Cik1=9/2)

and

exp(—Clssl exp(—C'54k€) — Css7 exp(—C'56k(1_€)/2)) <
P(ANG(Ir))
PTVQ(A) -

< exp(Cssl exp(—Cisak?) + Cssr exp(—Cieh 1 7972).

Corollary 17 There exist constants Csz, Css, Cs9, Cgo such that the following
is true for any r. Let ¢y ...c,2 € G(r?). Then for any 1, 1 <1< r, we have

P((wy...wir) € GUr)|wir41 = Clrg1s .- wp2 = ¢p2) > exp(—Clrl exp(—C'5gk€)—C'59r exp(—C’60k(1_€)/2))
Proof: Indeed,
Pro((wi...wir) € GUP)|wirg1 = Clrg1, ..., wp2 = ¢p2) = 1.

Now let ¢y ...¢,2 € G(r?). Denote C; = ¢ipy1 - C(ig1)r-
Lemma 21 implies the following

Corollary 18 There exist constants Ce1, Cgo such that the following is true For
any l, 1 <1 <r, we have

P(wli1ir) € GUr), wlir 41,0410 = Co@lia41)r+1,042)1 € GP)wg2)r+1,043)r) = C3) > Co1x9(Cr)

and

P, s(wliir € GUr), wlprt1,041)r) = CL wl[a+1)r+1,042)r) € GP)|wig2)yr41,043)r) = C3) > Coaxp(Cr)
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This is the Doeblin Condition for the measure P, 4 (see [13], [14], [22]). The
Doeblin Condition implies that there exist constants Cgsz, Cs4 such that for any
C1,Cs € G(r), we have

Pr’e(w“lv’”] = Cl|w|[7“2,r2+r] = Ca)
PT,G(Cl)

exp(—Cszexp(—Ceyr)) < < exp(Cleg exp(—Clar)),

whence

Proposition 18 There exist constants Cry, C7s, Cr3, C74 such that the follow-
g s true for any r.

exp(—C7y exp(—Cirar — Crsr? — C’74r(1_9)/2)) <

< p(w“lﬂ"] = Cl|w|[r+1,r2] € G(rz - 7“),(.0|[r277«2+r] = Cz)
B P(Cy)

< exp(Cry exp(—Crar — Crgr® — Crar=972))).

<

Moreover, in view of Proposition 14, the same estimate, upto a constant,
takes place for any n > r2.

Proposition 19 There exist constants Crs, Crg, Cr7, Crg such that the follow-
ing is true for all r and all n > r2.

exp(—Clrs exp(—Cirsr — Crrrr? — C’7gr(1_€)/2)) <

< p(whl,r] = Cl|w|[r+1,n] € G(n - r)aw|[n,n+r] = CZ) <

< exp(Cls exp(—Crer — Crpr? — Crgr17072))),

14 Approximation of Hoelder Functions
Proposition 20 Let ¢ € H(«a), ¢ > 1. Then

9(x)
o(y)

<14 Cd(x,y)”

Proof: Follows from

¢()
o) <1+ [p(z) — 6(y)l

Recall that F,, is the o-algebra of sets of the form G=2"(A), A C A.
To prove the Theorem 4, we need to estimate the Lo-norm of E(¢|F,) for
¢ € H(a).
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Proposition 21 Let 8 €¢ R, 0 < 8 < 1. There exist constants Cgy,Cgs such
that the following is true for any r and any n > r2.

Let ¢ € H(a) N La(A(4321)T,v) satisfy ¢ > 1.

Then ¢ = ¢1 + ¢ where

1. ¢1 > 1 where ¢1 # 0.
2. |ﬂ5(1¢!_17)nl -1 < eXp(—CSl(r(l—e)/z i re).
3 lolle, < eXp(—C’Szr(l—G)/z).

Proof: For any good word w = wy ... w,, choose a point &y,  w, € C(w).
Now consider a function

Qj; == Z ¢(xw1...wr)XC(w)~

weG(n)

(here x¢(w) stands for the characteristic function of C'(w)).
Note that if w|p; ,) € G(r), then there exist constants Co1, Co2 such that
H(w
% — 1| < Cop exp(—ngr)
Let w € Q4 p be such that w|p,—y 5] € G(r).
Then, from Lemma 18, and because of the Hoelder property of ¢, we clearly
have

|% — 1| < Coslo|r(a) exp(—Coa(r? + F1-0)/2))

Finally, to estimate the input of bad cylinders, observe that

E(loxammyl®) < 16],P(A(B(n)),

and because of the estimate (29), the Proposition is proved.

Proposition 21 with 8 = 1/3 yields Theorem 4.
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