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De
ay of Correlations for theRauzy{Vee
h{Zori
h Indu
tion Map on the Spa
eof Ex
hanges of Four IntervalsAlexander I. Bufetov�June 11, 20041 Introdu
tionThe aim of this paper is to prove a stret
hed-exponential bound for the de-
ay of 
orrelations for the Rauzy-Vee
h-Zori
h indu
tion map on the spa
e ofex
hanges of four intervals (Theorem 4).This is done by approximating the map by a Markov 
hain satisfying theDoeblin 
ondition, the method of Sinai [13℄ and Bunimovi
h{Sinai [14℄. Themain \loss of memory" estimate is Lemma 4.1.1 Interval ex
hange transformations.Let m be a positive integer. Let � be a permutation on m symbols. The per-mutation � will always be assumed irredu
ible, whi
h means that �f1; : : : ; kg =f1; : : : ; kg only if k = m.Let � be a ve
tor in Rm+ , � = (�1; : : : ; �m), �i > 0 for all i. Denotej�j = mXi=1 �i:Consider the half-open interval [0; j�j). Consider the points �i = Pj<i �j ,��i =Pj<i ���1j .Denote Ii = [�i; �i+1), I�i = [��i ; ��i+1). The length of Ii is �i, whereas thelength of I�i is ���1i.Set T(�;�)(x) = x+ ��i � �i for x 2 Ii:The map T(�;�) is 
alled an interval ex
hange transformation 
orrespondingto (�; �).�Department of Mathemati
s, Prin
eton University1



The map T(�;�) is an order-preserving isometry from Ii onto I��(i).We say that � is irrational if there are no rational relations between j�j,�1,�2, . . .�m�1.Theorem 1 (Oseledets([5℄), Keane([9℄)) Let � be irredu
ible and � irra-tional. Then for any x 2 [0;Pmi=1 �i), the set fTn(�;�)x; n � 0g is dense in[0;Pmi=1 �i):1.2 Rauzy operations a and b.Let (�; �) be an interval ex
hange. Assume that � is irredu
ible and � is irra-tional.Following Rauzy [6℄, 
onsider the indu
ed map of (�; �) on the interval[0; j�j � min(�m ; ���1(m))). The indu
ed map is again an interval ex
hangeof m intervals. For i; j = 1; : : : ;m, denote by Eij an m � m matrix of whi
hthe i; j-th element is equal to 1, all others to 0. Let E be the m � m-identitymatrix.1.2.1 Case a: ���1m > �m.De�ne A(�; a) = ��1(m)Xi=1 Eii + Em;��1m+1 + mXi=��1m+1Ei;i+1a�(j) = 8><>:�j; if j � ��1m;�m; if j = ��1m+ 1;�(j � 1); other j.If ���1m > �m, then the indu
ed interval ex
hange of T(�;�) on the interval[0;Pi6=m �i) is T(�0 ;�0), where �0 = A(a; �)�1� and �0 = a�.1.2.2 Case b: �m > ���1m.De�ne A(�; b) = E +Em;��1mb�(j) = 8><>:�j; if �j � �m;�j + 1; if �m < �j < m;�m + 1; if �j = m.If �m > ���1m, then the indu
ed interval ex
hange on the interval [0;Pi6=��1m �i)has the form (�0; �0), where �0 = A(b; �)�1� and �0 = b�.Note that operations a and b are invertible, namely, we have:2



a�1�(j) = 8><>:�(j); if j � ��1(m);�(j + 1); if ��1(m) + 1 < j < m;�(��1(�(m) + 1); if j = m.b�1�(j) = 8><>:�(j); if �(j) � �(m)m; if j = ��1(�(m) + 1);�(j) � 1; if �(j) > �(m) + 1.For (�; �) 2 �(R), denoteTa�1 (�; �) = (A(a�1�; a)�; a�1�); Tb�1(�; �) = (A(b�1�; b)�; b�1�): (1)The interval ex
hange Ta�1 (�; �) is the preimage of (�; �) under the opera-tion a, and the intervals ex
hange Tb�1 (�; �) is the preimage of (�; �) under theoperation b.Normalize (dividing by j�j = �1 + � � �+ �m) and set:ta�1(�; �) = ( A(a�1�; a)�jA(a�1�; a)�j ; a�1�); tb�1(�; �) = ( A(b�1�; b)�jA(b�1�; b)�j ; b�1�): (2)1.3 Rauzy 
lass and Rauzy graph.If � is an irredu
ible permutation, then its Rauzy 
lass is the set of all permu-tations that 
an be obtained from � by applying repeatedly the operations aand b; the Rauzy 
lass of the permutation � is denoted R(�). Rauzy 
lass hasa natural stru
ture of an oriented labelled graph: namely, the permutations ofthe Rauzy 
lass are the verti
es of the graph, and if � = a�0 then we draw anedge from � to �0 and label it by a, and if � = b�0 then we draw an edge from� to �0 and label it by b. This labelled graph will be 
alled the Rauzy graph ofthe permutation �.For a permutation �, 
onsider the set fan�; n � 0g. This set forms a 
y
lein the Rauzy graph whi
h will be 
alled the a-
y
le of �. Similarly, the setfbn�; n � 0g will be 
alled the b-
y
le of �.1.4 The Rauzy-Vee
h-Zori
h indu
tion.Denote �m�1 = f� 2 Rm+ : j�j = 1g;�+� = f� 2 �m�1; ���1m > �mg;��� = f� 2 �m�1; �m > ���1mg;�(R) = �m�1 �R(�):De�ne a map T : �(R)! �(R)3



by T (�; �) = (( A(�;a)�1�jA(�;a)�1�j ; a�); if � 2 �+� ;( A(�;b)�1�jA(�;b)�1�j ; b�); if � 2 ��� .Ea
h (�; �) 2 �(R) has exa
tly two preimages under the map T , namely,ta�1 (�; �) and tb�1(�; �) (2).The set �(R) is a �nite union of simpli
es. Let m be the Lebesgue measureon �(R) normalized in su
h a way that m(�(R)) = 1.Theorem 2 (Vee
h[1℄) The map T has an in�nite 
onservative ergodi
 in-variant measure, absolutely 
ontinuous with respe
t to Lebesgue measure on�(R).From this result Vee
h [1℄ derives that almost all (with respe
t tom) intervalex
hange transformations are uniquely ergodi
.Denote �+ = [�02R(�)�+�0 ;�� = [�02R(�)���0 :Following Zori
h [4℄, we de�ne the fun
tion n(�; �) in the following way.n(�; �) = (inffk > 0 : T k(�; �) 2 ��g; if � 2 �+� ;inffk > 0 : T k(�; �) 2 �+g; if � 2 ��� .De�ne G(�; �) = T n(�;�)(�; �):The map G will be referred to as the Rauzy-Vee
h-Zori
h indu
tion map[6, 1, 4℄.For (�; �) 2 �(R), denoteta�n (�; �) = tna�1(�; �); tb�n (�; �) = tnb�1(�; �); Ta�n (�; �) = Tna�1 (�; �); Tb�n(�; �) = Tnb�1 (�; �):Under the map G, ea
h interval ex
hange (�; �) has 
ountably many preim-ages: G�1(�; �) = (fta�n (�; �); n 2 Ng; if (�; �) 2 �+;ftb�n (�; �); n 2 Ng; if (�; �) 2 ��.Theorem 3 (Zori
h[4℄) The map G has an ergodi
 invariant probability mea-sure, absolutely 
ontinuous with respe
t to Lebesgue on �(R).Denote this invariant measure by �; the probability with respe
t to � willbe denoted by P.Let �(�; �) be the density of � with respe
t to the Lebesgue measure m.Zori
h [4℄ showed that for any � 2 R there exist two rational homogeneous ofdegree �m fun
tions �+� , ��� su
h that 4



�(�; �) = (�+� (�); if � 2 �+� ;��� (�); if � 2 ��� .The map G is not mixing: indeed, from the de�nition of G, we haveG(�+) = ��; G(��) = �+:Let B be the Borel �-algebra on �(R), and let Fn = G�nB. We haveFn+2 � Fn. Re
all [23℄ that exa
tness of the map G2 means, by de�nition, thatthe �-algebra \1n=1F2n is trivial [23℄ (in other words, that Kolmogorov's 0 � 1law holds for the map G2.)Proposition 1 The map G2 : �+ ! �+ is exa
t with respe
t to �j�+ .This Proposition is proven in Se
tion 4; it implies mixing of the map G2.1.5 The Birkho� metri
 on �(R)Introdu
e a metri
 on �m�1 by settingd(�; �0) = log maxi �i�0imini �i�0i : (3)Now introdu
e a metri
 on �(R) by settingd((�; �); (�0; �0)) = (2; if � 6= �0;d(�; �0); if � = �0.For � > 0, let H(�) be the spa
e of fun
tions � : �(R) ! R su
h that ifd((�; �); (�0; �0) � 1, then j�(�; �) � �(�0; �0)j � Cd((�; �); (�0; �0))� for some
onstant C.De�ne CH(�)(�) = maxd((�;�);(�0;�0))�1 j�(�; �)� �(�0; �0)jd((�; �); (�0; �0))� ;1.6 Four intervals and the main result.Consider the 
ase of interval ex
hanges of four intervals with the permutation(4321).The Rauzy graph of this permutation looks as follows:(3142)a   

b // (4132)boo a
��

(4321)aoo b // (2431)b
��

a // (2413)aoo b~~(4213) a ::uuuuuuuuub WW
(3241)bddIIIIIIIII aGG5



The main result of this paper isTheorem 4 Let G : �(4321)! �(4321) be the Rauzy-Vee
h-Zori
h indu
tionmap 
orresponding to the permutation (4321) and let � be the 
orrespondinginvariant measure.Then, for any � > 0, there exist positive 
onstants C; Æ su
h that for any� 2 H(�) \ L4(�+(4321); �) and  2 L2(�+(4321); �) we havej Z � �  Æ G2nd� � Z �d� Z  d�j � C exp(�Æn1=6)(CH(�)(�) + j�jL4)(j jL2):Denote by N (0; �) the Gaussian distribution with mean 0 and varian
e �.By [7, 8, 17℄, we haveCorollary 1 Let � 2 H(�) \ L4(�(4321)+; �), R �d� = 0. Assume that theredoes not exist  2 L2(�(4321)+; �) su
h that � =  Æ G2� . Then there exists� > 0 su
h that 1pN N�1Xn=0 � Æ G2n d�! N (0; �) as N !1:An advantage of the method of Markov approximations of Sinai [13℄, Bunimovi
h-Sinai [14℄ is that, along with the result for G2, one automati
ally obtains thesame rate for the de
ay of 
orrelations for its natural extension (in the sense ofRokhlin [24℄). In our 
ase, the natural extension of the map G 
an be identi�edwith the indu
tion map on Vee
h's spa
e of zippered re
tangles [1℄. For thisinvertible indu
tion map one therefore immediately obtains the same rate forthe de
ay of 
orrelations and, 
onsequently, the Central Limit Theorem.Theorem 4 has an appli
ation to the Tei
hmueller 
ow on the moduli spa
eof abelian di�erentials. To every Rauzy 
lass there 
orresponds a 
onne
ted
omponent of a stratum in the moduli spa
e of abelian di�erentials on 
ompa
tsurfa
es [26℄. Just as the geodesi
 
ow on a 
ertain �nite 
over of the modularsurfa
e is a spe
ial 
ow over the natural extension of the Gauss map on the unitinterval [18, 19℄, the Tei
hmueller 
ow on a 
ertain �nite 
over of the modulispa
e 
orresponding to a Rauzy 
lass is a spe
ial 
ow over the natural extensionof G [1℄. The roof fun
tion is Hoelder, unbounded, with logarithmi
 growth atin�nity. This allows to apply the theorem of Melbourne and Torok [15℄ andderive the Central Limit Theorem for the Tei
hmueller 
ow. These appli
ationswill be dis
ussed in greater detail in a sequel to this paper.The stratum 
orresponding to the Rauzy 
lass of (4321) 
onsists of di�eren-tials on a surfa
e of genus two having one singularity point of order two. LetM(2) be this stratum, let gt be the Tei
hmueller 
ow on M(2), let Xt be theve
tor �eld generating the 
ow gt, and, �nally, let �2 be the smooth invari-ant probability measure [21℄. Denote by H(�)(M(2)) the spa
e of fun
tionssatisfying the �-Hoelder 
ondition with respe
t to the Tei
hmueller metri
.6



Corollary 2 Let � 2 H(�)(M(2)) have 
ompa
t support and assume R �d�2 =0. Assume that there does not exist  2 L2(M(2); �2) su
h that � = Xt . Thenthere exists � > 0 su
h that1pT Z T0 � Æ gt d�! N (0; �) as T !1:1.7 Outline of the Proof of Theorem 4.First, one takes a subset of the spa
e �(R) su
h that the indu
ed map ofG is uniformly expanding (namely, the set of all interval ex
hanges su
h thatthe renormalization matrix for them is a �xed matrix all whose elements arepositive, see Proposition 4; note that the return map on su
h a subset is anessential element in Vee
h's proof of unique ergodi
ity [1℄). Then one estimatesthe statisti
s of return times in this subset, in the spirit of Lai-Sang Young [11℄.After that, the method of Markov approximations, due to Sinai [13℄, Bunimovi
hand Sinai [14℄, is used to 
omplete the proof.The paper is organized as follows. In Se
tion 3, we state auxiliary proposi-tions about unimodular matri
es. In Se
tion 4, following Vee
h [1℄ and Zori
h[4℄, we 
onstru
t symboli
 dynami
s for the Rauzy-Vee
h-Zori
h indu
tion mapG and 
ompute its transition probabilities. In Se
tion 5, we establish the ex-a
tness of G2. Note that so far all results hold for ex
hanges of any number ofintervals. In Se
tion 6, we 
onsider the Rauzy 
lass of the permutation (4321)and state Lemma 4, the main step in the proof of Theorem 4. Lemma 4 isproven in Se
tions 7 { 10. In the remainder of the paper we apply the Markovapproximation method of Sinai [13℄, Bunimovi
h and Sinai [14℄, in order to de-rive the de
ay of 
orrelations from Lemma 4. Note that the arguments here areagain general, i.e., valid for ex
hanges of any number of intervals. If a state-ment similar to Lemma 4 were obtained in the general 
ase, then the de
ayof 
orrelations would also follow automati
ally. The argument of Se
tions 7 {10, however, uses rather heavily the parti
ular properties of the Rauzy 
lassR(4321).2 Matri
esLet A be an m �m-matrix with positive entries.Denote jAj = mXi;j=1Aij
ol(A) = maxi;j;k AijAkj ;row(A) = maxi;j;k AijAik7



Proposition 2 Let Q be a matrix with positive entries, A a matrix with non-negative entries without zero 
olumns or rows.Then all entries of the matri
es AQ and QA are positive, and, moreover, wehave row(AQ) � row(Q); 
ol(QA) � 
ol(Q)Corollary 3 Let Q be a matrix with positive entries, A a matrix with nonneg-ative entries without zero 
olumns or rows.row(QAQ) � row(Q); 
ol(QAQ) � 
ol(Q)Let A be an m � m matrix with nonnegative entries and determinant 1.Consider the map JA : �m�1 ! �m�1 given byJA(�) = A�jA�j :Then detDJA(�) = 1jA�jm : (4)Suppose all entries of A are positive; then, for any �; �0 2 �m�1, we haverow(A)�m � detDJA(�)detDJA(�0) � row(A)m; (5)when
e we have the followingProposition 3 Let C � �m�1 and let A be a matrix with positive entries anddeterminant 1. Thenrow(A)�m � m(JA(C))m(C) � row(A)m:We also note the following well-known Lemma (see, for example, [17℄):Lemma 1 Suppose all entries of the matrix A are positive. Then the map JAis uniformly 
ontra
ting with respe
t to the Birkho� metri
.3 Markov Partition for G.First, using the results of Vee
h [1℄ and Zori
h [4℄, we 
onstru
t a symboli
dynami
s for the map G2, and then we give a formula for transition probabilitiesin the sense of Sinai [25℄. 8



3.1 The alphabetLet � 2 R, and let n be a positive integer.Set�(n; a; �) = f� : there exists (�0; �0) su
h that �0 2 �+�0 and (�; �) = ta�n (�0; �0)g�(n; a; �) = f(�; �); � 2 �(a; n; �)gIn other words, �(n; a; �) is the set of interval ex
hange transformationssu
h that the appli
ation of the Zori
h indu
tion results in the appli
ation ofthe a-operation n times.The sets �(n; a; �) and �(n0; a; �0) are disjoint unless n = n0, � = �0, and��� = [1n=1�(n; a; �)up to a set of measure zero (namely, a union of 
ountably many hyperplanes onwhi
h Zori
h indu
tion is not de�ned).If �0 = an�, then we have G�(n; a; �) = �+�0 :Similarly, for � 2 R, and n a positive integer, set�(n; b; �) = f� : there exists (�0; �0) su
h that �0 2 ���0 and (�; �) = tb�n(�0; �0)g:�(n; b; �) = f(�; �); � 2 �(n; b; �)g:In other words, �(n; b; �) is the set of interval ex
hange transformationssu
h that the appli
ation of the Zori
h indu
tion results in the appli
ation ofthe b-operation n times.The sets �(n; b; �) and �(n0; b; �0) are disjoint unless n = n0, � = �0, and�+� = [1n=1�(n; b; �)up to a set of measure zero (namely, a union of 
ountably many hyperplaneson whi
h the Zori
h indu
tion is not de�ned).If �0 = bn�, then, 
learly, G(�(n; b; �)) = �+�0 :Note that the sets �(n; a; �) and �(n0; b; �0) are always disjoint, sin
e wehave �(n; a; �) � ��� , �(n0; b; �0) � �+�0 .The sets �(n; a; �), �(n; b; �), for all n > 0 and all � 2 R, form a Markovpartition for G. 9



3.2 WordsConsider the alphabet A = f(
; n; �); 
 = a or bgFor w1 2 A, w1 = (
1; n1; �1), we write 
1 = 
(w1); �1 = �(w1); n1 = n(w1).For w1; w2 2 A, w1 = (
1; n1; �1), w2 = (
2; n2; �2), de�ne the fun
tionB(w1; w2) in the following way: B(w1; w2) = 1 if 
n11 �1 = �2 and 
1 6= 
2 andB(w1; w2) = 0 otherwise.LetWA;B = fw = w1 : : :wn; wi 2 A; B(wi; wi+1) = 1 for all i = 1; : : : ; ng:For w1 2 A, w1 = (
1; n1; �1), setA(w) = A(
1; 
�n11 �1) : : :A(
1; 
�11 �1)A(
1; �1);and for w 2WA;B, w = w1 : : :wn, setA(w) = A(w1) : : :A(wn):Also, for w1 2 A, � 2 R, set w�11 � = 
�n11 �, and for w 2 WA;B, w =w1 : : :wn, set w�1� = w�11 : : :w�1n �:For w 2 WA;B, de�ne a map tw : �(R)! �(R) bytw(�; �) = ( A(w)�jA(w)�j ; w�1�)Consider also the mapTw(�; �) = (A(w)�;w�1�)For w1 2 A, w1 = (
1; n1; �1), we write �(w1) = �(
1; n1�1).For w 2 WA;B, w = w1 : : :wn, denote�(w) = tw(�(R)):Then, by de�nition,�(w) = f(�; �) : (�; �) 2 �(w1);G(�; �) 2 �(w2); : : : ;Gn�1(�; �) 2 �(wn)g:Say that w1 2 A is 
ompatible with (�; �) 2 �(R) if1. either � 2 �+� , 
1 = a, and an1�1 = �2. or � 2 ��� , 
1 = b, and bn1�1 = �.10



Say that a word w 2WA;B , w = w1 : : :wn is 
ompatible with (�; �) if wn is
ompatible with (�; �).We 
an writeG�n(�; �) = ftw(�; �) : jwj = n and w is 
ompatible with (�; �)g:Suppose that a word w 2 WA;B is 
ompatible with both (�; �) and (�0; �).Then d(tw(�; �); tw(�0; �)) � d((�; �); (�0; �0)):If, moreover, all entries of the the matrixA(w) are positive, then, by Lemma1, there exists �(w), 0 < �(w) < 1, su
h thatd(tw(�; �); tw(�0; �)) � �(w)d((�; �); (�0; �0)):We therefore haveProposition 4 Let w 2 WA;B be su
h that all entries of the matrix A(w) arepositive. Then the return map of G on �(w) is uniformly expanding with respe
tto the Birkho� metri
.3.3 Sequen
esNow let
A;B = f! = !1 : : :!n : : : ; !n 2 A; B(!n; !n+1) = 1 for all n 2 Ngand
ZA;B = f! = : : :!�n : : :!1 : : : !n : : : ; !n 2 A; B(!n; !n+1) = 1 for all n 2ZgDenote by � the shift on both these spa
es.There is a natural map � : �! 
A;B given by the formula�(�; �) = !1 : : :!n : : :if Gn(�; �) 2 �(!n)The measure � proje
ts under � to a �-invariant measure on 
A;B; proba-bility with respe
t to that measure will be denoted by P.For w 2 WA;B, w = w1 : : :wn, letC(w) = f! 2 
A;B : !1 = w1; : : : ; !n = wng:We have then �(w) = ��1(C(w)):W. Vee
h [1℄ has proved the following11



Proposition 5 The map � is �-almost surely bije
tive.We thus obtain a symboli
 dynami
s for the map G.3.4 The natural extension.Consider the natural extension for the map G.The phase spa
e is the spa
e of sequen
es of interval ex
hanges; it will be
onvenient to number them by negative integers. We set:�(R) =fx = : : : (�(�n); �(�n)); : : : ; (�(0); �(0))j G(�(�n); �(�n)) = (�(1�n); �(1�n)); n = 1; : : :gThe map G and the invariant measure � are extended to � in the naturalway. We shall still denote the probability with respe
t to the extended measureby P.We extend the map � to a map� : �! 
ZA;B;�(�) = : : :!�n : : :!0 : : : !n : : : ;if (�(�n); �(�n) 2 �(!�n), and Gn(�(0); �(0)) 2 �(!n):The spa
e �(R) 
an be naturally identi�ed with Vee
h's spa
e of zipperedre
tangles [1℄.3.5 Transition probabilities.Take a sequen
e 
1 : : : 
n � � � 2 
A;B. Following Sinai [25℄, 
onsider the transitionprobabilityP(!1 = 
1j!2 = 
2; : : : ; !n = 
n; : : :) = limn!1 P(
1
2 : : : 
n)P(
2 : : : 
n) :In this subse
tion, we give a formula for this probability in terms of (�; �) =��1(
2 : : : 
n : : : ).Assume w1 2 A is 
ompatible with (�; �).DenoteP(w1j(�; �)) = P(((�(�1); �(�1)) = tw1(�(0); �(0))j(�(0); �(0)) = (�; �)):If w1 2 A is 
ompatible with (�; �), from the de�nition of G and from (4)we have P(w1j(�; �)) = �(tw(�; �))�(�; �)jA(w1)�jm (6)Let w = w1 : : :wn be 
ompatible with (�; �).12



DenoteP(wj(�; �)) = P((�(�k); �(�k)) = twn�k (�(1�k); �(1�k)); k = 1; : : : ; nj(�(0); �(0)) = (�; �)):From (6), by indu
tion, we haveP(wj(�; �)) = �(tw(�; �))�(�; �)jA(w)�jm (7)By homogeneity of the density, we 
an writeP(wj(�; �)) = �(Tw(�; �))�(�; �) (8)Corollary 4 There exists C > 0 su
h that the following is true. Suppose w 2WA;B is 
ompatible with (�; �). ThenP(wj(�; �))� C�(�; �)jA(w)jmProof: the invariant density is bounded from below: there exists C > 0su
h that �(�; �) > C for all (�; �) 2 �(R). In parti
ular, �(tw(�; �)) > C.Substituting into (7), we obtain the result.For � : 0 < � < 1, let�� = f(�; �) 2 �(R);min j�ij � �g:For any � > 0 there exists a 
onstant C(�) su
h that for any (�; �) 2 �� wehave �(�; �) < C(�).Corollary 5 For any � > 0 there exists C(�) > 0 su
h that if (�; �) 2 ��, thenP(wj(�; �))� C(�)jA(w)jm :3.6 An estimate on the number of Rauzy operations.Let (�; �) 2 �(R). De�ne the permutations �(n) and the letters w1(n) 2 A inthe following way. If � 2 �+� , then set �(n) = a�n�, w1(n) = (a; n; �(n)); if� 2 ��� , then set �(n) = b�n�, w1(n) = (b; n; �(n)).De�ne �(n);�(n) by relations(�(n); �(n)) = tw1(n)(�; �); (�(n); �(n)) = Tw1(n)(�; �)Clearly, G�1(�; �) = f(�(n); �(n)); n = 1; : : :g:13



Proposition 6 Letl = ( the length of the a� 
y
le of �; if � 2 �+� ;the length of the b� 
y
le of �; if � 2 ��� .Then 1Xn=kl+1P(w1(n)j(�; �)) = �(�(kl); �)�(�; �) :Proof:Using homogeneity of the invariant density, writeP(w1(n)j(�; �)) = �(�(n); �(n))jA(w1)�jm�(�; �) = �(�(n); �(n))�(�; �) :The G-invarian
e of the measure � gives�(�; �) = 1Xn=1�(�(n); �(n)) (9)Note that �(kl) = � andTw1(n)(�(kl); �) = (�(n+kl); �(n)):Substituting into (9), we obtain�(�(kl); �) = 1Xn=kl+1 �(�(n); �(n)) = �(�; �)( 1Xn=kl+1P(w1(n)j(�; �)));when
e1Xn=kl+1P(w1(n)j(�; �)) = 1Xn=kl+1 �(�(n); �(n))�(�; �) = �(�(kl); �(kl))�(�; �) :4 Proof of the Exa
tnessFirst, one notes that the dis
rete parameter � does not give rise to any period,and then the proof follows the standard pattern [27, 17℄: sin
e almost everypoint of any measurable subset is a density point, bounded distortion estimatesof Proposition 3 imply that if the measure of a tail event is positive, then itmust be arbitrarily 
lose to 1.In more detail, observe that there exists an integer M su
h that for any n >M and for any �; �0 2 R there exist k1; : : : ; k2n su
h that ak1bk2 : : : ak2n�1bk2n� =�0. This follows from 
onmne
tedness of the Rauzy graph and the fa
t that forany � 2 R there exist n1; n2 su
h that an1� = bn2� = �.Let �0 be the partition of �+ into �+� , � 2 R, and let �n be the partitioninto the 
ylinders �(w), where w 2 WA;B, jwj = 2n.14



Lemma 2 There exists k > 0 su
h that the following is true. Suppose C � �+,and there exists � 2 R su
h that �+� � C. Then G2kC = �+(R).This impliesLemma 3 There exists k > 0 su
h that the following holds. For any " > 0there is Æ > 0 su
h that for any C � �+(R) satisfying m(C 4 �+� ) < Æ, wehave m(G2kC 4�+) < ".Now suppose C � �+ is a G2-tail event, i.e., for any n > 0 there exists Bnsu
h that C = G�2nBn and 0 < �(C) < 1. Then �(Bn) = �(C) and, by Lemma3, we 
an assume that there exists " > 0 su
h that for any � 2 R, we havem((�+ nC) \�+� ) � " (10)Let q = q1 : : : ql be a word su
h that the matrix A(q) is positive.For almost any (�; �) 2 C we havelimn!1m(�n(�; �) \C)m(�n(�; �)) = 1 (11)Now let n be su
h that G2n(�; �) 2 �(q). Denote (�0; �0) = G2n(�; �).Let A be the 
orresponding renormalization matrix, that is, � = JA�0. ThenA = A1A(q) for some (unimodular nonnegative integer) matrix A1. We have�n(�; �) = JA(�+�0). By Proposition 3, from (10), we dedu
e that there exists"0, not depending on n su
h thatm(�n(�; �) \ (�+ nC))m(�n(�; �)) � "0:Sin
e, by ergodi
ity, for almost any (�; �) we 
an �nd in�nitely many n su
hthat G2n(�; �) 2 �(q), we arrive at a 
ontradi
tion with (11), whi
h gives theexa
tness of G2.5 Four IntervalsStarting in this Se
tion and until Se
tion 10 we only 
onsider the Rauzy 
lassR(4321).5.1 The Main LemmaFor � : 0 < � < 1, de�ne, in the same way as above,�� = f(�; �) 2 �(4321);min j�ij � �g:Lemma 4 There exist positive 
onstants 
;K; p su
h that the following is truefor any � > 0. Suppose (�; �) 2 ��. ThenPf9n� Kj log �j; (�(�n); �(�n)) 2 �
 j(�(1); �(1)) = (�; �))g � p:15



From Corollary 5, we obtainCorollary 6 Let q 2 WA;B, q = q1 : : : ql be su
h that all entries of the matrixA(q) are positive. Then there exist positive 
onstants K(q); p(q) su
h that thefollowing is true for any � > 0. Suppose (�; �) 2 ��. ThenPf9n� K(q)j log �j; (�(�n); �(�n)) 2 �(q)j(�(1); �(1)) = (�; �))g � p(q):Informally, the proof of Lemma 4 pro
eeds by getting rid of small intervals.If there is only one small interval, then there is nothing to prove, be
ause theinvariant density in this 
ase is bounded ( Corollary 7). If there are two smallintervals, then one 
an in �nitely many steps redu
e to the 
ase of (�; �) su
hthat � = a� and �3; �4 are small or (�; �) su
h that b� = � and ���13, ���14are small (Proposition 8, proven in Se
tion 8). In either of these 
ases, a dire
t
omputation shows that, with positive probability, there will remain at mostone small interval after one inverse Zori
h step (Proposition 7 proven in Se
tion7). If there are three small intervals, then the proof pro
eeds as follows. If thelarge interval gets added to a small one, then we already have two large ones.Assume, therefore, that the small intervals are added between themselves. It isproven that their total length grows exponentially with the number of Zori
hsteps: therefore, if � is the length of the shortest subinterval, then in log � stepsthere must appear a se
ond large interval. This argument is made pre
ise inSe
tion 9.We now pro
eed to pre
ise formulations. Set�1;
 = f(�; �) 2 � : 9i1 2 f1; 2; 3; 4g su
h that �i1 > 
g;�2;
 = f(�; �) 2 � : 9i1; i2 2 f1; 2; 3; 4g su
h that �i1 > 
; �i2 > 
g;�3;
 = f(�; �) 2 � : 9i1; i2; i3 2 f1; 2; 3; 4g su
h that �i1 > 
; �i2 > 
; �i3 > 
g:Lemma 5 There exist positive 
onstants N; q; � su
h that the following is truefor any 
 > 0. Suppose (�; �) 2 �2;
. ThenPf(�(�N ); �(�N )) 2 ��
 j(�(1); �(1)) = (�; �))g � q:Lemma 6 There exist positive 
onstants 
;K; p su
h that the following is truefor any � > 0. Suppose � 2 ��. ThenPf9n� Kj log �j; (�(�n); �(�n)) 2 �2;
j(�(1); �(1)) = (�; �))g � p:Lemmas 5, 6 yield Lemma 4. 16



5.2 Invariant densitiesThe invariant densities for the Rauzy-Vee
h-Zori
h map G on the spa
e � =�3 �R(4321) are given by the following formulas, found by Zori
h [4℄:For (4321)�+(4321)(�) = 1(�1 + �2)(�2 + �3)(�3 + �4)(�2 + �3 + �4) (12)��(4321)(�) = 1(�1 + �2)(�2 + �3)(�3 + �4)(�1 + �2 + �3) (13)For (3142)�+(3142)(�) = 1�4(�1 + �2 + �4)(�1 + �3 + �4)(�1 + �2 + �3 + �4) (14)��(3142)(�) = 1(�1 + �3)(�1 + �2 + �4)(�1 + �2 + �3 + �4) ( 1�1 + �2 + �3+ 1�1 + �3 + �4 )(15)For (2413)�+(2413)(�) = 1(�3 + �4)(�1 + �2 + �3)(�1 + �2 + �3 + �4) ( 1�1 + �3 + �4+ 1�2 + �3 + �4 )(16)��(2413)(�) = 1�2(�1 + �2 + �3)(�2 + �3 + �4)(�1 + �2 + �3 + �4) (17)For (4213)�+(4213)(�) = 1(�2 + �3)(�2 + �4)(�1 + �2 + �3 + �4) ( 1�1 + �2 + �4+ 1�2 + �3 + �4 )(18)��(4213)(�) = 1�1(�2 + �3)(�1 + �2 + �4)(�1 + �2 + �3 + �4) (19)For (3241)�+(3241)(�) = 1�4(�1 + �2)(�2 + �3 + �4)(�1 + �2 + �3 + �4) (20)��(3241)(�) = 1(�1 + �2)(�2 + �3)(�1 + �2 + �3 + �4) ( 1�2 + �3 + �4+ 1�1 + �2 + �3 )(21)17



For (4132)�+(4132)(�) = 1(�2 + �4)(�3 + �4)(�1 + �2 + �3) ( 1(�2 + �3 + �4)+ 1(�1 + �2 + �3 + �4) )(22)��(4132)(�) = 1(�3 + �4)(�1 + �3)(�1 + �2 + �3)(�1 + �2 + �3 + �4) (23)For (2431)�+(2431)(�) = 1(�2 + �3)(�3 + �4)(�1 + �3 + �4)(�1 + �2 + �3 + �4) (24)��(2431)(�) = 1(�2 + �3)(�1 + �3 + �4)(�1 + �2) ( 1(�1 + �2 + �3)+ 1(�1 + �2 + �3 + �4) )(25)Note the following important relation:�+� (�1; �2; �3; �4) = ����1 (��(1); ��(2); ��(3); ��(4)) (26)Remark: This relation holds in general, for any number of intervals: for any�, we have �+� (�1; : : :�m) = ����1 (��(1); : : :��(m))This follows from Zori
h's 
onstru
tion of the invariant densities [4℄.The form of the invariant densities implies1. �(�; �) � 1100 :2. If (�; �) 2 �3;
 , then �(�; �) � 1
4 .Corollary 7 Let (�; �) 2 �3;
. Let w be a word 
ompatible with (�; �). ThenP(wj(�; �)) � 
4100jA(w)j4 :6 Two Small Intervals and the Proof of Lemma5.Lemma 7 There exists � > 0, p > 0 su
h that for any 
 > 0 the following istrue.Let (�; �) 2 �2;
. ThenP((�(�10); �(�10)) 2 �3;�
j(�(0); �(0)) = (�; �)) � p18



This Lemma will be dedu
ed from two propositions that follow:Proposition 7 Suppose � 2 R(4321) is su
h that either a� = � or b� = �.There exists � > 0, p > 0 su
h that for any 
 > 0 the following is true. Assume(�; �) 2 �2;
 . ThenP((�(�1); �(�1) 2 �3;�
j(�(0); �(0)) = (�; �)) � pIt suÆ
es to prove this proposition for a-invariant permutations, as the other
ase follows from the relation (26) and the observation that a� = � if and onlyif b��1 = ��1.Let i1; i2 2 f1; 2; 3; 4g, � 2 R(4321). The pair i1; i2 is 
alled (�;+)--
riti
alif 1. The set f�i1 = 0; �i2 = 0g belongs to the 
losure of �+� .2. If �i1 = �i2 = 0 then �+� (�) =1.Similarly, the pair i1; i2 is 
alled (�;�)--
riti
al if1. The set f�i1 = 0; �i2 = 0g belongs to the 
losure of ��� .2. If �i1 = �i2 = 0 then ��� (�) =1.Proposition 8 Let (i1; i2) be a (�;+)-
riti
al pair or a (�;�)-
riti
al pair, andlet j1; j2 be the two remaining indi
es, that is, fi1; i2; j1; j2g = f1; 2; 3; 4g. Let
 > 0. Suppose �j1 > 
, �j2 > 
. Then there exists a word w, jwj < 10satisfying P(wj(�; �)))> 
100and su
h that for (�0; �0) = tw(�; �) either1. �01 > 
10 ; �02 > 
10 and a�0 = �0; or2. �0��11 > 
10 ; �0��12 > 
10 and b�0 = �0.It suÆ
es to prove this proposition for (�;+)-
riti
al pairs, as the other
ase follows from the relation (26) and the observation that there is a bije
tionbetween (�;+) and (��1;�)-
riti
al pairs.We prove Propositions 7, 8 by 
onsideration of 
ases.7 Permutations Invariant Under a and the Proofof Proposition 7.7.1 The 
ase of (3241).Consider the permutation (3241). Note that a(3241) = (3241).19



Let � 2 �+(3241), in other words, �3 > �4. Consider the interval ex
hange(�; (3241)).Similarly to Subse
tion 3.6, denote w1(n) = (a; n; (3241)), and de�ne ve
tors�(n) by the formula (�(n); (3241)) = tw1(n)(�; (3241)):We have then�(n)1 = �11 + n�4 ; �(n)2 = �21 + n�4 ; �(n)3 = �3 + n�41 + n�4 ; �(n)4 = �41 + n�4 ;and G�1(�; (3241)) = f(�(n); (3241)); n 2 NgHere the parameter n is equal to the number of a-operations needed to passfrom (�(n); (3241)) to (�; (3241).By (8), we haveP(w1(n)j(�; (3241)) = ��(3241)(�1; �2; �3 + n�4; �4)�+(3241)(�1; �2; �3; �4)From the invarian
e of the measure we have�+(3241)(�1; �2; �3; �4) = 1Xs=0 ��(3241)(�1; �2; �3 + s�4; �4)This implies�+(3241)(�1; �2; �3 + n�4; �4) = 1Xs=n+1��(3241)(�1; �2; �3 + s�4; �4)and, 
onsequently, for any positive integer n we haveXs�nP(w1(s)j(�; (3241)) = �+(3241)(�1; �2; �3 + n�4; �4)�+(3241)(�1; �2; �3; �4)(This is a parti
ular 
ase of Proposition 6).From the formula for �+(3241), we obtainXs�nP(w1(s)j(�; (3241)) = �2 + �3 + �4(�2 + �3 + (n + 1)�4)(1 + n�4)Pi
k � > 0, � > 0, and set n� = �(�2+�3+�4�4 ), n� = �(�2+�3+�4�4 ). Then11 + � � Xn�n�P(w1(n)j(�; (3241)) � 1(1 + �)220



when
e Xn��n�n�P(w1(n)j(�; (3241)) � 1(1 + �)2 � 11 + � :Lemma 8 Let 0 < 
 < 1 and assume �1 > 
; �2 > 
. Then for any �; � > 0,we haveP(�(n)1 � 
1 + � ; �(n)2 � 
1 + � ; �(n)3 � �
1 + � ) � 1(1 + �)2 � 11 + � :Proof. Indeed, sin
e�(n)1 = �11 + n�4 ; �(n)2 = �21 + n�4 ; �(n)3 = �3 + n�41 + n�4 ; �(n)4 = �41 + n�4 ;if �(�2 + �3 + �4�4 ) � n � �(�2 + �3 + �4�4 ) � 1(1 + �)2 � 11 + � ;then �(n)1 � 
1 + � ; �(n)2 � 
1 + � ; �(n)3 � �
1 + � :7.2 The 
ase of (3142).Consider the permutation (3142). Note that a(3142) = (3142).Let � 2 �+(3142), in other words, �3 > �4. Consider the interval ex
hange(�; (3142)).Similarly to the previous subse
tion, denote w1(n) = (a; n; (3142)), andde�ne ve
tors �(n) by the formula(�(n); (3142)) = tw1(n)(�; (3142)):We have then�(n)1 = �11 + n�4 ; �(n)2 = �21 + n�4 ; �(n)3 = �3 + n�41 + n�4 ; �(n)4 = �41 + n�4 ;and G�1(�; (3241)) = f(�(n); (3241)); n 2 NgHere the parameter n is equal to the number of a-operations needed to passfrom (�(n); (3142)) to (�; (3142).By (8), we haveP(w1(n)j(�; (3142)) = ��(3142)(�1; �2; �3 + n�4; �4)�+(3142)(�1; �2; �3; �4)21



From the invarian
e of the measure we have�+(3142)(�1; �2; �3; �4) = 1Xs=0 ��(3142)(�1; �2; �3 + s�4; �4)This implies�+(3142)(�1; �2; �3 + n�4; �4) = 1Xs=n+1��(3142)(�1; �2; �3 + s�4; �4)and, 
onsequently, for any positive integer n we haveXs�nP(w1(s)j(�; (3142)) = �+(3142)(�1; �2; �3 + n�4; �4)�+(3142)(�1; �2; �3; �4)(This is a parti
ular 
ase of Proposition 6).From the formula for �+(3142), we obtainXs�nP(w1(s)j(�; (3142)) = �1 + �3 + �4(�1 + �3 + (n + 1)�4)(1 + n�4)Pi
k � > 0, � > 0, and set n� = �(�1+�3+�4�4 ), n� = �(�1+�3+�4�4 ). Then11 + � � Xn�n�P(w1(n)j(�; (3142)) � 1(1 + �)2when
e Xn��n�n�P(w1(n)j(�; (3142)) � 1(1 + �)2 � 11 + � :Lemma 9 Let 0 < 
 < 1 and assume �1 > 
; �2 > 
. Then for any �; � > 0,we haveP(�(n)1 � 
1 + � ; �(n)2 � 
1 + � ; �(n)3 � �
1 + � ) � 1(1 + �)2 � 11 + � :Proof. Indeed, sin
e�(n)1 = �11 + n�4 ; �(n)2 = �21 + n�4 ; �(n)3 = �3 + n�41 + n�4 ; �(n)4 = �41 + n�4 ;if �(�1 + �3 + �4�4 ) � n � �(�1 + �3 + �4�4 ) � 1(1 + �)2 � 11 + � ;then �(n)1 � 
1 + � ; �(n)2 � 
1 + � ; �(n)3 � �
1 + � :22



8 Criti
al Pairs and the Proof of Proposition 8.First we list the +-
riti
al pairs for all permutations in R(4321):For (4321) | (1; 2); (2; 3). Note that (3; 4) is not a +-
riti
al pair for (4321),sin
e �4 > �1 on �+(4321).For (4132) | none. Note that neither (3; 4) nor (2; 4) is a 
riti
al pair sin
e�4 > �1 on �+(4132).For (2431)| (2; 3) only (and, again, (3; 4) is not, for same reasons as above).For (3142) | (3; 4).For (2413) | none.For (4213) | (2; 3) only.For (3241) | (3; 4) and (1; 2).Note that for the pairs ((3241); (3; 4)), (3142; (3; 4)) there is nothing to prove.For ea
h remaining 
riti
al pair, we expli
itly 
onstru
t a path to an a orb-invariant permutation and 
ompute its probability.8.1 (4321) and (1; 2). w = (a; 1; (4213))(�;�) = Tw(�; �) = ((�1 + �2; �3; �4; �2); (4213))P(wj�;�) = ��((4213)(�)�+(4321)(�) = (�2 + �3)(�2 + �3 + �4)(�1 + 2�2 + �3)(1 + �2)8.2 (4321) and (2; 3).w = ((b; 1; (3142))(a; 2; (4132))(�;�) = Tw(�; �) = ((�1 + �2 + �3; �4; �2; �2 + �3); (3142).andP(wj�;�) = �+((3142)(�)�+(4321)(�) = (�1 + �2)(�3 + �4)(�2 + �3 + �4)(1 + �2 + �3)(�1 + 3�2 + 2�3)(1 + 2�2 + �3)8.3 (4213) and (2; 3).w = (b; 1; (3241))(a; 2; (4321))(�;�) = Tw(�; �) = ((�1 + �2 + �3; �4; �2; �2 + �3); (3241)),P(wj�;�) = �+(3241)(�)�+(4213)(�) = (�2 + �4)(�1 + �2 + �4)(�2 + �3 + �4)(2�2 + �3 + �4)(1 + 2�2 + �3)(1 + �2 + �4)23



8.4 (2431) and (2; 3). (w = (a; 1; (2413))(�;�) = Tw(�; �) = (�1; �2 + �3; �4; �3); (2413),P(wj�;�) = ��((2413)(�)�+(2431)(�) = (�3 + �4)(�1 + �3 + �4)(�2 + 2�3 + �4)(1 + �3)8.5 (3241) and (1; 2).w = (a; 1; (4213))(b; 2; (4321))(a; 1; (3241))(�;�) = Tw(�; �) = (�1 + �2; �3 + �4; �1 + �2 + �4; �2); (4213))P(wj�;�) = ��((2413)(�)�+(2431)(�) = (�4)(�2 + �3 + �4)(1 + �4)(1 + �2)(1 + �1 + 2�2 + �4) :9 Estimates on the Length Growth and the Proofof Lemma 6.9.1 Bounded Growth.Let x 2 �, that is, x = (: : : ; (�(�n); �(�n); : : : ; (�; �)), where, as usual,G(�(�n); �(�n)) = (�(1� n); �(1� n)). De�ne the words w(n) by the relation(�(�n); �(�n)) = tw(n)(�; �). Set (�(�n); �(�n)) = Tw(n)(�; �).Lemma 10 P(�(�1)> K) < 2K � 1 :For de�niteness, assume � 2 �+� . (the proof is 
ompletely identi
al in theother 
ase). Denote w1(n) = (a; n; a�n�). Then G-preimages of (�; �) are(�(n); �(n)) = ta�n (�; �) = tw1(n)(�; �), n = 1; 2; : : :.Let l be the length of the a-
y
le of �, that is, the smallest su
h numberthat al� = �.There are two possibilities: either �+� (�) = 1l1(�)l2(�)l3(�)l4(�) , where li(�) =Pmj=1 aij�j and aij = 0 or 1, or �+� (�) = 1l1(�):::l4(�) + 1m1(�)m2(�)m3(�)m4(�) ,where li are as above and mi =Pmj=1 bij�j , bij = 0 or 1.From Proposition 6 we have1Xn=kl+1P(w1(n)j(�; �)) = �+� (�)�+� (�(kl)) :Renumbering, if ne
essary, the linear forms li, we may assume that a1;��1(4) =1 (and, in the se
ond 
ase, that b1;��1(4) = 1 also).24



Sin
e under the appli
ation of the a-operation the only length that 
hangesis that of I��1m, we havej�(n)j � 1 = �(n)��1(4) � ���1(4);when
e �(n)��1(4) = ���1 (4) + j�(n)j � 1:From here we have1Xn=kl+1P(w1(n)j(�; �)) � 1 + ���1(4)���1 (4) + j�(n)j � 1 :Now let k be the smallest integer su
h that j�(n)j > K. Let s = [k=l℄. Then�(sl) > K � 1, andP(j�(n)j > K) � 1Xn=sl+1P(w1(n)j(�; �)) � 1 + ���1 (4)���1(4) + j�(n)j � 1 � 2K � 1 :The lemma is proved.Remark. This lemma is true in 
omplete generality, i.e., for interval ex-
hanges of any number of intervals. The proof is identi
al.9.2 Exponential growth.Lemma 11 There exists N su
h that the following is true.For any point x 2 �(4321), there exist i1; i2 2 f1; 2; 3; 4g su
h that�(�N )i1 + �(�N )i2 � 2(�(0)i1 + �(0)i2)One dire
tly observes the following properties of the Rauzy graph of (4321).Proposition 9 Any simple 
y
le in the Rauzy graph of (4321) is either an a-
y
le or a b-
y
le of a permutation.To a word w 2 WA naturally 
orresponds a path in the Rauzy graph. Denotethis path by p(w). To a path p in the Rauzy graph, there naturally 
orrespondsa renormalization matrix A(p).Proposition 10 Let p be the a-
y
le or the b-
y
le of some permutation inR(4321). Then all diagonal entries of the matrix A(p) are positive.Edges marked with a will be 
alled a-edges, edges marked with b will be
alled b-edges.Lemma 12 Suppose p is a path in R(4321) that starts and ends at the samepermutation. Then all diagonal entries of the matrix A(p) are positive.25



Proof: For a-
y
les and b-
y
les this 
an be 
he
ked dire
tly, and sin
e theyrepresent all simple loops in our Rauzy graph, the general statement follows.A 2� 2 matrix �a b
 d�will be 
alled a hyperboli
 blo
k if a; b; 
; d > 0, a+ b > 2.An m �m matrix will be said to have a diagonal hyperboli
 blo
k if one ofits diagonal 2� 2 minors is hyperboli
.Lemma 13 Let � 2 R(4321), let A1 be the matrix 
orresponding to the a-
y
leof �, A2 the matrix 
orresponding to the b-
y
le of �. Then the minor of A1A2in positions (4; ��1(4)) is hyperboli
.This is 
he
ked dire
tly by 
onsiderations of 
ases.Lemma 14 Suppose p is a path in R(4321) starting at � and ending at �, andsu
h that the edge � a�! a� appears in the path. Then all permutations of thea-
y
le of � appear among the verti
es of the path p.Suppose p is a path in R(4321) starting at � and ending at �, and su
h thatthe edge � b�! b� appears in the path. Then all permutations of the b-
y
le of �appear among the verti
es of the path p.This is dire
tly seen from the form of Rauzy graph of R(4321).Lemma 15 Suppose p is a path starting at � and ending at �, and su
h thatboth edges � a�! a� and � b�! b� appear in the path. Then the matrix A(p) hasa hyperboli
 blo
k.Now, in order to prove Lemma 11, it suÆ
es to establish the followingLemma 16 Suppose w 2 WA, jwj � 1000. Then A(w) has a hyperboli
 diago-nal blo
k.Proof. Consider the path �1 : : :�2 : : : : : :�n, n � 1000. 
orresponding to w.In this path, there are at least 1000 swit
hes from a-edges to b-edges.We 
an �nd a permutation � and four numbers k1 < k2 < k3 < k4 su
h that�k1 = �k2 = �k3 = �k4 = �, that the edges of the path starting at �ki are allmarked with a and, �nally, that there are both a-edges and b-edges between �kiand �ki+1 .The �rst assumption implies, in parti
ular, that all verti
es and all edges ofthe a-
y
le of � appear between �ki and �ki+1 .Now pi
k the �rst b-edge between �k2 and �k3. Let this be the edge �n1 b�!�n1+1. Then �n1 belongs to the a-
y
le of �. But then, there is an appearan
eof the edge �n1 a�! a�n1 between �k1 = � and �k2 = �| indeed, this is sobe
ause all verti
es and all edges of the a-
y
le of � must appear between �k1and �k2 . 26



Similarly, the edge �n1 a�! a�n1 must appear between �k3 = � and �k4 = �.We have therefore found a subpath of our original path of the form�0 a�! : : : : : :�0 b�! : : :�0:By the previous lemma, the matrix 
orresponding to su
h path has a hyper-boli
 blo
k.9.3 Proof of Lemma 6The 
onstant 
 will be 
hosen to be smaller than 11000.If (�; �) has two intervals larger than 11000, then there is nothing to prove.Suppose therefore that we have three intervals smaller than 11000. These willbe 
alled \small intervals". The remaining interval is larger than 9991000. It willbe referred to as the \large interval".In the remainder of the proof, it will be 
onvenient to adopt the Ker
kho�[20℄ 
onvention of numbering the subintervals of our interval ex
hange.Namely, as we apply the inverse Rauzy indu
tion, if the operation b�1 isperformed, then the numeration remains the same, from left to right, whereasif the operation a�1 is performed then the order of the subintervals in thepreimage is 
y
li
ally shifted after the ��14-th interval. This way of numberingis 
onvenient to relate the subintervals at step n and at step n+1 of the (inverse)Rauzy indu
tion.For de�niteness, let I1 be the large interval, I2; I3; I4 be the small intervals.We shall say that a subinterval is in 
riti
al position at step n if it is the onewhose length 
hanges at step n.Proposition 11 If Ij is in 
riti
al position at step n then it was added to someinterval at step n � 1.This follows dire
tly from the de�nition of the Rauzy indu
tion.Now 
onsider two 
ases:1. I1 is in 
riti
al position at step 0.2. A small interval is at 
riti
al position at step 0.Start with the �rst 
ase.By Lemma 10, there exists numbers L; q that �(1) < L with probability atleast q. Now let n be the �rst moment of time at whi
h �(n) � 2L. By Lemma10, we 
an assume �(n) < 2L2 (this o

urs with probability at least q) . By theLemma 11, n < C(logL+ j log �j).Consider two 
ases:1. There exists l, 1 < l � n, su
h that I1 is in 
riti
al position at time l2. I1 is never in 
riti
al position at times 1; : : : ; n.27



In the �rst 
ase, if I1 is in 
riti
al position at time l, then it was added tosome interval at time l� 1, say, to I2. But then, sin
e jI1(1)j < j�(l)j < 2L andjI1j > 12 , we have jI1(l)j�(l) > 14L; jI2(l)j�(l) > 14L;and the Lemma is proved in this 
ase.In the se
ond 
ase, jI1(n)j = jI1(1)j < L. Then jI2(n)j+ jI3(n)j+ jI4(n)j �L, and therefore, max jI2(n)j; jI3(n)j; jI4(n)j � L=3. Assume the maximum isa
hieved at I2.Then, sin
e jI1(n)j = jI1(1)j > 1=2, we have againjI1(n)j�(n) > 14L2 ; jI2(n)j�(n) > 14L2 ;and the Lemma is proved in this 
ase also.Now 
onsider the se
ond 
ase, namely, when I1 is not in 
riti
al position atstep 0, so jI1(1)j = jI1(0)j.Let n be the �rst moment at whi
h �(n)j > 2. Just as in the previous 
ase,by Lemma 10, we 
an assume that j�(n)j < 2L.By Lemma 11, n < Cj log �j.Consider two 
ases:1. There exists l, 1 < l � n, su
h that I1 is in 
riti
al position at time l2. I1 is never in 
riti
al position at times 1; : : : ; n.In the �rst 
ase, if I1 is for the �rst time in 
riti
al position at time l,then it was added to some interval at time l � 1, say, to I2. But then, sin
ejI1(l � 1)j = jI1(0)j and jI1j > 12 , we havejI1(l)j�(l) > 14 ; jI2(l)j�(l) > 14 ;and the Lemma is proved in this 
ase.In the se
ond 
ase, jI1(n)j = jI1(1)j and therefore 1 > jI1(n)j > 12 . ThenjI2(n)j+ jI3(n)j+ jI4(n)j � 1, and therefore, max jI2(n)j; jI3(n)j; jI4(n)j � 1=3.Assume the maximum is a
hieved at I2. We have thenjI1(n)j�(n) > 112L; jI2(n)j�(n) > 112L;and the Lemma is proved in this 
ase also.9.4 Estimate of the measure.Lemma 17 There exists a 
onstant C su
h that�(� n��) < C�28



The proof repeats that of Proposition 13.2 in Vee
h [1℄.Lemma 4 and Corollary 6 therefore imply the followingCorollary 8 Let q 2 WA;B, q = q1 : : : ql be su
h that all entries of the matrixA(q) are positive.There exist C > 0; � > 0 su
h that the following is true for any n.P((�; �) : G2k(�; �) =2 �(q) for all k; 1 � k � n) � C exp(��pn):Proof: Let n = r2 and denoteX(n;q) = f(�; �) : G2k(�; �) =2 �(q) for all k; 1 � k � n)g:TakeB(n) = f(�; �) : G2k(�; �) =2 �exp(�r) for some k; 1 � k � n)gThen, by the previous Lemma, �(B(n)) � Cr2 exp(�r), whereas, by Corol-lary 6, �(X(n;q) nB(n)) � p(q)r ;and Corollary 8 is proven.Remark. This result allows to use the methods of L.-S. Young [11℄ and ofV.Maume-Des
hmaps [12℄ to obtain better de
ay rates for bounded Lips
hitzand Hoelder fun
tions.10 InequalitiesLet W+A;B = fw 2WA;B : jwj is even ; �(w) � �+g:Lemma 18 For any C1; C2 > 0 there exists C3 > 0 su
h that the following istrue.Suppose row(A) < C1 and � 2 �C2 .Then 1C3 � jA�jm�mj=1Pmi=1Aij � C3Proof:Denote Aj =Pmi=1Aij, so that jAj =Pmj=1Aj .Then AjAk � row(A);when
e AjjAj � 1m row(A) :29



Finally, if � 2 �C2 , then jA�j � C2jAj;whi
h 
ompletes the proof.Corollary 9 For any C4 > 0, C5 > 0 there exists C6 > 0 su
h that the followingis true. Suppose (�; �) 2 �C4 . Suppose w 2 WA;B is 
ompatible with (�; �) andsu
h that row(A(w)) < C5. Then1C6 � m(C(w))P(wj(�; �)) � C6Corollary 10 For any C7 > 0, C8 > 0 C9 > 0, there exists C10 > 0 su
h thatthe following is true.Suppose (�; �) 2 �C7.Suppose w 2 WA;B is 
ompatible with (�; �) and furthermore satis�esrow(A(w)) < C8; �(w) � �C9Then 1C10 � P(C(w))P(wj(�; �)) � C10Corollary 11 Let M be su
h that for any n > M any two verti
es in the Rauzygraph 
an be joined in n steps.Then for any C17 > 0, C18 > 0 C19 > 0, there exists C20 > 0 su
h that thefollowing is true.Suppose (�; �) 2 �+ \�C17 .Suppose w 2W+A;B satis�esrow(A(w)) < C18; �(w) � �+ \�C19Then for any n �M , we have1C20 � P(C(w))P(2n)(wj(�; �)) � C20From the de�nition (3) of the Birkho� metri
 it easily follows that for any�; �0 2 �m�1 we have e�d(�;�0)�0i � �i � ed(�;�0)�0i: (27)Proposition 12 Assume �; �0 2 �+� . Thenexp(�md(�; �0)) � �(�; �)�(�0; �) � exp(md(�; �0))30



Proof. Indeed, there exist linear formsl(j)i (�) = mXk=1 a(j)ik �k;where a(j)ik are nonnegative integers (in fa
t, either 0 or 1, but we do notneed this here),su
h that �(�; �) = sXj=1 1l(j)1 (�)l(j)2 (�) : : : l(j)m (�) :Clearly, if for all i = 1; : : : ;m and some � > 0, we have ��1�i � �0i � ��i,then ��m � �(�; �)�(�0; �) � �m;and the Proposition is proved.For similar reasons we haveProposition 13 Assume �; �0 2 �+� and let A be an arbitrary matrix withnonnegative integer entries. Thenexp(�md(�; �0)) � �(A�; �)�(A�0; �) � exp(md(�; �0))From these propositions and the formula 7 we obtainCorollary 12 Let 
 2 A be 
ompatible with �. Then for any �; �0 2 �+� wehave exp(�2md(�; �0)) � P(
j(�; �))P(
j(�0; �)) � exp(2md(�; �0))This Corollary implies the followingLemma 19 Let w 2 W+A;B be su
h that the 
ylinder C(w) has �nite Birkho�diameter.Then for any 
 
ompatible with w and any (�0; �) 2 C(w) we haveexp(�2m diamC(w)) � P(
j(�0; �))P(!0 = 
j!j[1;jwj℄ = w) � exp(2m diamC(w))Proof: We have �(C(
w)) = ZC(w)P(
j(�; �))d�(�; �)31



Let d = diamC(w). For any (�;�); (�0; �) 2 C(w), we have, by Corollary 12,exp(�2md) � P(
j(�; �))P(
j(�0; �)) � exp(2md):Fix an arbitrary (�0; �) 2 �w.Then, from the above,�(C(w))P (
j(�0; �)) exp(�2md) � ZC(w) P (
j(�; �))d�(�; �) �� �(C(w))P (
j(�0; �)) exp(2md);and, sin
e, by de�nition, we haveP(!0 = 
j!j[1;jwj℄ = w) = P(
w)P(w) ;the Lemma is proved.11 Good CylindersLet M be a number su
h that for any N � M any two verti
es of the Rauzygraph 
an be 
onne
ted in N steps.Lemma 20 For any 
 > 0, N � M there exists a 
onstant C0 depending onlyon 
 and N su
h that for any word w 2 W+A;B and any (�; �) 2 �
P(2N)(wj(�; �)) � C0jA(w)�jmProof:Let w = w1 : : :w2n, and let w2n = (a;m1; �1).Let �01�02 : : :�02N a path of length 2N between � and �1 (here �01 = �, �02n =�1, �2k+1 = a�2k, �2k+2 = b�2k+1.Denote wn+2i+1 = (a; 1; �2i+1), wn+2i = (b; 1; �2i). In other words, the word= w2n+1 : : :w2n+2N 2 WA;B is the word 
orrespoding to the path �01�02 : : : �02Nin the Rauzy graph. Then w0 = w1 : : :w2n+2N is a word 
ompatible with (�; �).Besides, jA(w2n+1
n+2 : : :w2n+2N)j < (2N )(2N):We have P (2n)(wj(�; �)) � P (w0j(�; �)) = �(Tw0 (�); w0�)jA(w0)�jm�(�; �) ;There exists a universal 
onstant C1 su
h that �(�0; �0) > C1 for any (�0; �0) 2�+ (the density of the invariant measure is bounded from below).Then, jA(w0)�jm � jA(w0)jm � (2N )2mN jA(w)jm:Finally, there exists a C2 depending on 
 only su
h that if �i > 
 for all ithen �(�; �) > C2.Combining all of the above, we obtain the result of the Lemma.32



11.1 De�nition of good 
ylindersLet q = q1 : : : ql be a word su
h that all entries of the matrix A(q) are positive.Fix � > 0 and let et k0 be su
h thatP(C(q)\ G�2nC(q)) � � for n > k0: (28)Take k � k0. Let r = 2(K + 1)k + 2M , where K is the 
onstant from theLemma 4.Let �, 0 < � < 1 be arbitrary.A word w = w1 : : :wk is 
alled good if1. C(w) � �exp(�k).2. the word q appears at least k�l times in w (we only 
ount disjoint appear-an
es).A word w1 : : :wr is 
alled good if w1 : : :wk is good, a word w1 : : :wNr is 
alledgood if all words w1 : : :wr , wr+1 : : :w2r, . . .w(N�1)r+1 : : :wNr are good, and aword w1 : : :wNr+L, L < r, is good if w1 : : :wNr is good and either L < k orwNr+1 : : :wNr+k is good.We denote by G(N ) the set of all good words of length N .Let �(G(N )) = [w2G(N)C(w);and �(B(N )) = �+ n�(G(N ))By Corollary 8, there exist 
onstants C31; C32 su
h that for all r we haveP(�(B(N )) � C31N exp(�C32r(1��)=2): (29)From Corollary 12 we dedu
e that there exists a 
onstant C33 su
h that forany (�; �); (�0; �) 2 �q, and any word w 
ompatible with q, we have1C 33 � P(wj(�; �))P(wj(�0; �)) � C33:Finally, by Lemma 20, there exists a 
onstant C34 su
h that for any w 2WA;B and for any N > M we have1C 34 � P(2N)(wj(�; �))P(2N)(wj(�0; �)) � C34:Take an arbitrary point (�; �) 2 �q. De�ne a new measure ' on �+.Namely, for a set A � �+ put'(A) = P(�(�2M ); �(�2M )) 2 Aj�(0); �(0) = (�; �)) (30)33



Lemma 21 There exists a 
onstant � > 0 su
h that the following is true forany r. Let C1; C2 2G(r).Then P(!j[1;r℄ = C1; !j[r+1;2r℄ 2 G(r) j!j[2r+1;3r℄ = C2) � �'(C1)Indeed, we have the following propositions:Proposition 14 There exist a 
onstant p1 su
h that the following is true forall r and all n � r.Let C2 2G(r), (�; �) 2 C2. ThenP((�(�2n); �(�2n)) 2 �qj(�(0); �(0)) = (�; �)) � p1:Proposition 15 There exists a 
onstant p2 su
h that the following is true forall k. P(!j[1;r℄ 2G(r); !j[2M+1;l+2M+1℄ = q j!j[r+1;r+l+1℄ = q) � p2Proposition 16 There exists a 
onstant p3 su
h that the following is true forall r. Let 
1 : : : 
n � � � 2 C(q).P(!j[1;r℄ = C1j!r+2M+1 = 
1; !r+2M+2 = 
2; : : : ) � p3'(C1)These Propositions imply the Lemma.12 Markov Approximation and the Doeblin Con-ditionWe de�ne a new measure pr;� on the set G(r2) of good 
ylinders of length r2.Let C = 
1 : : : 
r2 be a (r; �)-good 
ylinder. Set Ci = 
ir+1 : : : 
(i+1)r.De�nepr;�(C) = P(!j[1;r℄ = C1j!j[r+1;2r℄ = C2)P(!j[r+1;2r℄ = C2j!j[2r+1;3r℄ = C3) : : :P(!j[r2�r+1;r2℄ = Cr):If D is not a good 
ylinder, then pr;�(D) = 0.Normalize to get a probability measure:Pr;�(C) = pr;�(C)PD2G(r2) pr;�(D) :Pr;� is a Markov measure of memory r (in general, non-homogeneous), as isshown by the following well-known Lemma [14℄.Lemma 22 For any k, 0 < k < r, we havePr;�(!j[kr+1;(k+1)r℄ = Ckj!j[(k+1)r+1;r2℄) = Ck+1 : : :Cr) =Pr;�(!j[kr+1;(k+1)r℄ = Ckj!j[(k+1)r+1;(k+2)r℄) = Ck+1):34



13 The Doeblin ConditionIn this se
tion, we establish the Doeblin Condition for the measure Pr;�.Proposition 17 There exist 
onstants C41; C42 su
h that the following is truefor any r.Let 
1 : : : 
n � � � 2 
A;B and assume 
n+1 : : : 
n+r 2 G(r). Thenexp(�C41 exp(�C42k�)) �� P (!1 = 
1; : : : ; !n = 
nj!n+1 = 
n+1; : : : ; !n+r = 
n+r)P(!1 = 
1; : : : ; !n = 
nj!n+1 = 
n+1; : : : ; !n+i = 
n+i; : : : ) �� exp(C41 exp(�C42k�))Corollary 13 There exist 
onstants C43; C44 su
h that the following is true forany r. Let A 2 Fn, let 
n+1 : : : 
n+i � � � 2 
A, and assume 
n+1 : : : 
n+r 2G(r).Thenexp(�C43 exp(�C44k�)) � P(Aj!n+1 = 
n+1; : : : ; !n+r = 
n+r)P(Aj!n+1 = 
n+1; : : : ; !n+i = 
n+i; : : : � exp(C43 exp(�C44k�))Lemma 23 There exist 
onstants C45; C46; C47; C48 su
h that the following istrue for any r. Let 
1 : : : 
r2 2G(r2). Then for any l, 1 � l � r, we haveexp(�C45l exp(�C46k�)) �� P(!1 = 
1; : : : ; !lr = 
lr j!lr+1 = 
lr+1; : : : ; !r2 = 
r2 )pr;�(!1 = 
1; : : : ; !lr = 
lr j!lr+1 = 
lr+1; : : : ; !r2 = 
r2 ) �� exp(C45l exp(�C46k�))andexp(�C47l exp(�C48k�)) � P(!1 = 
1; : : : ; !lr = 
lr)pr;�(!1 = 
1; : : : ; !lr = 
lr) � exp(C47l exp(�C48k�))Corollary 14 There exist 
onstants C49; C50 su
h that the following is true forany r. Let 
1 : : : 
r2 2 G(r2). Then for any l, 1 � l � r, and any A 2 Flr , wehaveexp(�C49l exp(�C50k�)) � P(A\G(lr)j!lr+1 = 
lr+1; : : : ; !r2 = 
r2)pr;�(Aj!lr+1 = 
lr+1; : : : ; !r2 = 
r2 ) � exp(C49l exp(�C50k�))andexp(�C49l exp(�C50k�)) � P(A\G(lr))pr;�(A) � exp(C49l exp(�C50k�))35



Using (29), we obtainCorollary 15 There exist 
onstants C51; C52 su
h that the following is true forany r. pr;�(G(r2)) � exp(�C51r exp(�C52k(1��)=2))Corollary 16 There exist 
onstants C53; C54; C55; C56 su
h that the followingis true for any r. Let 
1 : : : 
r2 2 G(r2). Then for any l, 1 � l � r, and anyA 2 Flr , we haveexp(�C53l exp(�C54k�)�C55r exp(�C56k(1��)=2)) �� P(A\G(lr)j!lr+1 = 
lr+1; : : : ; !r2 = 
r2 )Pr;�(Aj!lr+1 = 
lr+1; : : : ; !r2 = 
r2 ) �� exp(C53l exp(�C54k�) +C55r exp(�C56k(1��)=2)and exp(�C53l exp(�C54k�)�C55r exp(�C56k(1��)=2)) �� P(A\G(lr))Pr;�(A) �� exp(C53l exp(�C54k�) +C55r exp(�C56k(1��)=2):Corollary 17 There exist 
onstants C57; C58; C59; C60 su
h that the followingis true for any r. Let 
1 : : : 
r2 2G(r2). Then for any l, 1 � l � r, we haveP((!1 : : : !lr) 2 G(lr)j!lr+1 = 
lr+1; : : : ; !r2 = 
r2 ) � exp(�C57l exp(�C58k�)�C59r exp(�C60k(1��)=2))Proof: Indeed,Pr;�((!1 : : :!lr) 2 G(lr)j!lr+1 = 
lr+1; : : : ; !r2 = 
r2 ) = 1:Now let 
1 : : : 
r2 2G(r2). Denote Ci = 
ir+1 : : : 
(i+1)r.Lemma 21 implies the followingCorollary 18 There exist 
onstants C61; C62 su
h that the following is true Forany l, 1 � l � r, we haveP(!j[1;lr℄ 2G(lr); !j[lr+1;(l+1)r℄ = Cl; !j[(l+1)r+1;(l+2)r℄ 2G(r)j!(l+2)r+1;(l+3)r℄) = C3) � C61�'(Cl)andPr;�(!j[1;lr℄ 2G(lr); !j[lr+1;(l+1)r℄ = Cl; !j[(l+1)r+1;(l+2)r℄ 2 G(r)j!(l+2)r+1;(l+3)r℄) = C3) � C62�'(Cl)36



This is the Doeblin Condition for the measure Pr;� (see [13℄, [14℄, [22℄). TheDoeblin Condition implies that there exist 
onstants C63; C64 su
h that for anyC1; C2 2 G(r), we haveexp(�C63 exp(�C64r)) � Pr;�(!j[1;r℄ = C1j!j[r2 ;r2+r℄ = C2)Pr;�(C1) � exp(C63 exp(�C64r));when
eProposition 18 There exist 
onstants C71; C72; C73; C74 su
h that the follow-ing is true for any r.exp(�C71 exp(�C72r � C73r� �C74r(1��)=2)) �� P(!j[1;r℄ = C1j!j[r+1;r2 ℄ 2G(r2 � r); !j[r2;r2+r℄ = C2)P(C1) �� exp(C71 exp(�C72r �C73r� � C74r(1��)=2))):Moreover, in view of Proposition 14, the same estimate, upto a 
onstant,takes pla
e for any n � r2.Proposition 19 There exist 
onstants C75; C76; C77; C78 su
h that the follow-ing is true for all r and all n � r2.exp(�C75 exp(�C76r � C77r� �C78r(1��)=2)) �� P(!j[1;r℄ = C1j!j[r+1;n℄ 2 G(n� r); !j[n;n+r℄ = C2)P(C1) �� exp(C75 exp(�C76r �C77r� � C78r(1��)=2))):14 Approximation of Hoelder Fun
tionsProposition 20 Let � 2 H(�), � � 1. Then�(x)�(y) � 1 +Cd(x; y)�Proof: Follows from �(x)�(y) � 1 + j�(x)� �(y)jRe
all that Fn is the �-algebra of sets of the form G�2n(A), A � �.To prove the Theorem 4, we need to estimate the L2-norm of E(�jFn) for� 2 H(�). 37



Proposition 21 Let � 2 R, 0 < � < 1. There exist 
onstants C81; C82 su
hthat the following is true for any r and any n � r2.Let � 2 H(�) \ L4(�(4321)+; �) satisfy � � 1.Then � = �1 + �2 where1. �1 � 1 where �1 6= 0.2. jE(�1jFn)E(�1) � 1j � exp(�C81(r(1��)=2 + r�):3. jj�jjL2 � exp(�C82r(1��)=2):Proof: For any good word w = w1 : : :wr, 
hoose a point xw1:::wr 2 C(w).Now 
onsider a fun
tion~� = Xw2G(n)�(xw1:::wr )�C(w):(here �C(w) stands for the 
hara
teristi
 fun
tion of C(w)).Note that if !j[1;r℄ 2G(r), then there exist 
onstants C91; C92 su
h thatj ~�(!)�(!) � 1j < C91 exp(�C92r)Let ! 2 
A;B be su
h that !j[n�r;n℄ 2G(r).Then, from Lemma 18, and be
ause of the Hoelder property of �, we 
learlyhave jE(~�jFn)E(~�) � 1j < C93j�jH(�) exp(�C94(r� + r(1��)=2))Finally, to estimate the input of bad 
ylinders, observe thatE(j���(B(n))j2) � j�jL4P(�(B(n));and be
ause of the estimate (29), the Proposition is proved.Proposition 21 with � = 1=3 yields Theorem 4.A
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