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tWe extend the 
orresponden
e between Poisson maps and a
tions of symple
ti
 groupoids,whi
h generalizes the one between momentummaps and hamiltonian a
tions, to the realm ofDira
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4 Moment maps in Dira
 geometry: the global pi
ture 274.1 Integrating Lie algebroids and in�nitesimal a
tions . . . . . . . . . . . . . . . . . 274.2 Poisson maps as moment maps for symple
ti
 groupoid a
tions . . . . . . . . . . 284.3 Dira
 realizations as moment maps for presymple
ti
 groupoid a
tions . . . . . . 304.4 Redu
tion in Dira
 geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 324.5 AMM-groupoids and hamiltonian quasi-Poisson G-manifolds . . . . . . . . . . . . 341 Introdu
tionThis paper builds on three ideas pursued by Alan Weinstein in some of his many fundamental
ontributions to Poisson geometry: First, Lie algebroids play a prominent role in the study ofPoisson manifolds [8, 30℄; se
ond, Poisson maps 
an be regarded as generalized momentum mapsfor a
tions of symple
ti
 groupoids [25, 31℄; third, Poisson stru
tures on manifolds are parti
ularexamples of more general obje
ts, 
alled Dira
 stru
tures [12, 13, 28℄. The main obje
tive ofthis paper is to 
ombine these three ideas in order to extend the notion of \moment map" to therealm of Dira
 geometry. As an appli
ation, we obtain an alternative approa
h to hamiltonianquasi-Poisson manifolds [2℄ whi
h answers many of the questions posed in [28, 31℄, sheddinglight on the relationship between various notions of generalized Poisson stru
tures, hamiltoniana
tions and redu
ed spa
es.Let g be a Lie algebra, and 
onsider its dual g�, equipped with its Lie-Poisson stru
ture. The
entral ingredients in the formulation of 
lassi
al hamiltonian g-a
tions are a Poisson manifold(Q; �Q) and a Poisson map J : Q! g�, whi
h we use to de�ne an a
tion of g on Q by hamiltonianve
tor �elds: g �! X (Q); v 7! XJv := idJv(�Q); (1.1)where Jv 2 C1(Q) is given by Jv(x) = hJ(x); vi. For the global pi
ture, we assume that J is a
omplete Poisson map [8, Se
. 6.2℄, in whi
h 
ase the in�nitesimal a
tion (1.1) 
an be integratedto an a
tion of the 
onne
ted, simply 
onne
ted Lie group G with Lie algebra g, in su
h a waythat J be
omes G-equivariant with respe
t to the 
oadjoint a
tion of G on g�. The map J is
alled amomentum map for the G-a
tion on Q, and we refer to the G-a
tion as hamiltonian.A key observation, des
ribed in [25, 31℄, is that this 
onstru
tion of a hamiltonian a
tion outof a Poisson map holds in mu
h more generality: one may repla
e g� by any Poisson manifold,as long as Lie groups are repla
ed by symple
ti
 groupoids [29℄. In this sense, any Poisson map
an be seen as a \Poisson-manifold valued moment map".In this paper, we show that the 
orresponden
e between Poisson maps and hamiltonian a
tionsby symple
ti
 groupoids 
an be further extended to the 
ontext of Dira
 geometry: in this setting,Poisson maps must be repla
ed by spe
ial types of Dira
 maps, 
alled Dira
 realizations (seeDef. 3.11); for the asso
iated global a
tions, twisted presymple
ti
 groupoids [6℄ (alternatively
alled quasi-symple
ti
 groupoids [33℄) play the role of symple
ti
 groupoids. Our main resultsshow that various important notions of generalized hamiltonian a
tions, su
h as the \quasi"obje
ts of [2, 3℄, �t ni
ely into the Dira
 geometry framework.We organize our results as follows:In Se
tion 2, we dis
uss important 
onne
tions between Lie algebroids and bive
tor �elds.Our main result is that, just as ordinary Poisson stru
tures give rise to Lie algebroid stru
tureson their 
otangent bundles, a quasi-Poisson manifold [2, Def. 2.1℄ (M;�) de�nes a Lie algebroidstru
ture on T �M � g, where g is the Lie algebra of the Lie group a
ting on M . The leaves ofthis Lie algebroid 
oin
ide with the leaves of the \quasi-hamiltonian foliation" of [2, Se
. 9℄ in2



the hamiltonian 
ase, though, in our framework, we make no assumption about the existen
e ofgroup-valued moment maps.In Se
tion 3, we study hamiltonian a
tions in the 
ontext of Dira
 geometry at the in�nitesimallevel. We observe that, just as Poisson maps, Dira
 realizations are always asso
iated with Liealgebroid a
tions. (This is, in fa
t, the guiding prin
iple in our de�nition of Dira
 realizations.)After dis
ussing how 
lassi
al notions of in�nitesimal hamiltonian a
tions �t into this framework,we prove the main result of the se
tion: Dira
 realizations of Cartan-Dira
 stru
tures on Liegroups [6, 28℄ are equivalent to quasi-Poisson g-manifolds 
arrying group-valued moment maps.This equivalen
e involves an \inversion" pro
edure relating twisted Dira
 stru
tures and quasi-Poisson bive
tors, revealing that these two obje
ts are in a 
ertain sense \mirror" to one another.The main ingredients in this dis
ussion are the Lie algebroids of Se
tion 2 and the bundle mapswhi
h appear in [6℄ as in�nitesimal versions of multipli
ative 2-forms. This result explains, inparti
ular, the relationship between Cartan-Dira
 and quasi-Poisson stru
tures on Lie groups;on the other hand, it re
overs the 
orresponden
e proven in [2, Thm. 10.3℄ between \non-degenerate" hamiltonian quasi-Poisson manifolds (i.e., those for whi
h the Lie algebroids ofSe
tion 2 are transitive) and quasi-hamiltonian spa
es [3℄.In Se
tion 4, we study moment maps in Dira
 geometry from a global point of view. We showthat 
omplete Dira
 realizations \integrate" to presymple
ti
 groupoid a
tions, whi
h are naturalextensions of those studied in [33℄. As our main example, we show that the \integration" ofDira
 realizations of Cartan-Dira
 stru
tures on Lie groups results in hamiltonian quasi-PoissonG-manifolds. Finally, we show that the natural redu
tion pro
edure in the setting of Dira
geometry en
ompasses various 
lassi
al redu
tion theorems [21, 24, 25℄ as well as their \quasi"
ounterparts [2, 3, 33℄.We remark, following an observation of E. Meinrenken, that the results 
on
erning quasi-Poisson manifolds in this paper only require the Lie algebras to be quadrati
, in 
ontrast withsome of the 
onstru
tions in [2℄, in whi
h the positivity of the bilinear forms plays a key role. (Inparti
ular, our results hold for quasi-Poisson G-manifolds when G is a non
ompa
t semisimpleLie group.) Most of our 
onstru
tions 
an be 
arried out in the more general setting of [1℄, butthis will be dis
ussed in a separate paper.A work whi
h gave initial motivation and is 
losely related to the present paper is that of Xu[33℄, in whi
h a Morita theory of quasi-symple
ti
 groupoids is developed in order to 
ompare\moment map theories". Our results show that twisted Dira
 stru
tures 
omplement Xu's pi
-ture in two ways: on one hand, by providing the in�nitesimal framework for Morita equivalen
e;on the other hand, by leading to more general \modules" (i.e., hamiltonian spa
es).It is a pleasure to dedi
ate this paper to Alan Weinstein, whose work and insightful ideas havebeen an unlimited sour
e of inspiration to us.A
knowledgments: We would like to thank many people for helpful dis
ussions 
on
erningthis work, in
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hwarzba
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onferen
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ti
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hr�odinger Institute, where most of the results in this paper wereannoun
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then �℄ : T �M ! TM , � 7! �(�; �); if ! is a 2-form, then !℄ : TM ! T �M , X 7! !(X; �).The spa
e of k-multive
tor �elds on M is denoted by X k(M).On a Lie group G, with Lie algebra g, (�; �)g will denote a bi-invariant nondegenerate quadrati
form; we write �G for the asso
iated Cartan 3-form, and �G 2 �3g for the dual trive
tor.2 Lie algebroids, bive
tor �elds and Poisson geometry2.1 Lie algebroidsA Lie algebroid over a manifold M is a ve
tor bundle A ! M together with a Lie algebrabra
ket [�; �℄ on the spa
e of se
tions �(A), and a bundle map � : A! TM , 
alled the an
hor,satisfying the Leibniz identity[�; f�0℄ = f [�; �0℄ + L�(�)(f)�0; for �; �0 2 �(A); and f 2 C1(M): (2.1)Whenever there is no risk of 
onfusion, we will write L�(�) simply as L�.If M is a point, then a Lie algebroid over M is a Lie algebra in the usual sense. An importantfeature of Lie algebroids A ! M is that the image of the an
hor, �(A) � TM , de�nes ageneralized integrable distribution, determining a singular foliation of M . The leaves of thisfoliation are the orbits of the Lie algebroid. The following example plays a key role in the studyof hamiltonian a
tions and moment maps.Example 2.1 (Transformation Lie algebroids)Consider an in�nitesimal a
tion of a Lie algebra g on a manifold M , given by a Lie algebrahomomorphism �� : g ! X (M). The transformation Lie algebroid asso
iated with this a
tionis the trivial ve
tor bundle M � g, with an
hor (x; v) 7! �(x; v) := ��(v)(x) and Lie bra
ket on�(M � g) = C1(M; g) de�ned by[u; v℄(x) := [u(x); v(x)℄g+ (��(u(x)) � v)(x)� (��(v(x)) � u)(x): (2.2)We often denote a transformation Lie algebroid by gnM .Note that [�; �℄ is uniquely determined by the 
ondition that it 
oin
ides with [�; �℄g on 
onstantfun
tions and the Leibniz identity. The orbits of gnM are the g-orbits on M .The remaining of this se
tion is devoted to examples of Lie algebroids 
losely related to Poissonmanifolds.2.2 Bive
tor �elds and Poisson stru
turesIf (M;�) is a Poisson manifold, then T �M 
arries a Lie algebroid stru
ture with an
hor�℄ : T �M ! TM; �(�℄(�)) = �(�; �); (2.3)and bra
ket [�; �℄ = L�℄(�)(�)� L�℄(�)(�)� d�(�; �); (2.4)uniquely 
hara
terized by [df; dg℄ = dff; gg and the Leibniz identity (2.1). Here, as usual,ff; gg = �(df; dg) is the Poisson bra
ket on C1(M). In this 
ase, the orbits of T �M are thesymple
ti
 leaves ofM , i.e., the integral manifolds of the distribution de�ned by the hamiltonianve
tor �elds Xf = �℄(df). 4



Example 2.2 (Lie-Poisson stru
tures)Let (g; [�; �℄) be a Lie algebra, and 
onsider g� equipped with the asso
iated Lie-Poisson stru
-ture ff; gg(�) := h�; [df(�); dg(�)℄i; � 2 g�: (2.5)Under the identi�
ation T �g� �= g� � g, one 
an see that the Lie algebroid stru
ture on T �g�indu
ed by (2.5) is that of a transformation Lie algebroid gn g�, see Example 2.1, and a dire
t
omputation reveals that the a
tion in question is the 
oadjoint a
tion.If � 2 X 2(M) is an arbitrary bive
tor �eld, let us 
onsider �℄, [�; �℄, f�; �g and Xf as de�nedby the previous formulas, and let �� 2 X 3(M) be the trive
tor �eld de�ned by�� := [�; �℄; (2.6)i.e., �� satis�es12��(df; dg; dh) = fff; gg; hg+ ffg; hg; fg+ ffh; fg; gg= fff; gg; hg+ 
:p:;where we use 
:p: to denote 
y
li
 permutations.Lemma 2.3 For any bive
tor �eld � on M , one has�℄([�; �℄) = [�℄(�); �℄(�)℄ + 12 i�^�(��); (2.7)[[�; �℄; 
℄+ 
:p: = 12(Li�^�(��)(
) + 
:p:)� d(��(�; �; 
)); (2.8)for �; �; 
 2 
1(M). As a result, the following are equivalent:(i) � is a Poisson tensor;(ii) �℄ : 
1(M)! X (M) preserves the bra
kets;(iii) the bra
ket [�; �℄ on 
1(M) satis�es the Ja
obi identity;(iv) (T �M;�℄; [�; �℄) is a Lie algebroid.Proof: The key remark is that the di�eren
e between the left and right hand sides of ea
hof (2.7) and (2.8) is C1(M)-multilinear in �, � and 
. So it is enough to prove the identitieson exa
t forms, whi
h is immediate. �Example 2.4 (Twisted Poisson manifolds)Consider a 
losed 3-form � 2 
3(M). A �-twisted Poisson stru
ture onM [19, 27℄ 
onsistsof a bive
tor �eld � 2 X 2(M) satisfying12[�; �℄ = �℄(�):Here, we abuse notation and write �℄ to denote the map indu
ed by (2.3) on exterior algebras.We know from Lemma 2.3 that the bra
ket (2.4) indu
ed by � is not preserved by �℄ and doesnot satisfy the Ja
obi identity. However,�℄([�; �℄ + i�℄(�)^�℄(�)(�)) = [�℄(�); �℄(�)℄:5



Hen
e, if we de�ne a \twisted" version of the bra
ket (2.4),[�; �℄� := [�; �℄ + i�℄(�)^�℄(�)(�);then �℄ will preserve this new bra
ket, and [�; �℄� satis�es the Ja
obi identity. As a result,(T �M;�℄; [�; �℄�) is a Lie algebroid. We leave it to the reader to prove a \twisted" version ofLemma 2.3.2.3 The Lie algebroid of a quasi-Poisson manifoldLet G be a Lie group with Lie algebra g, equipped with a bi-invariant nondegenerate quadrati
form (�; �)g. Let �G be the bi-invariant Cartan 3-form on G, and let �G 2 �3g be its dualtrive
tor. On Lie algebra elements u; v; w 2 g, we have�G(u; v; w) = �G(u_; v_; w_) = 12(u; [v; w℄)g;where u_; v_; w_ are dual to u; v; w via (�; �)g; when (�; �)g is a metri
 and ea is an orthonormalbasis of g, we 
an write1 �G = 112X (ea; [eb; e
℄)gea ^ eb ^ e
:A quasi-Poisson G-manifold [2℄ 
onsists of a G-manifold M together with a G-invariantbive
tor �eld � satisfying �� = �M(�G); (2.9)where �M : g �! X (M) is the asso
iated in�nitesimal a
tion, and we keep the same notation forthe indu
ed maps of exterior algebras. When M is just a g-manifold, we 
all the 
orrespondingobje
t a quasi-Poisson g-manifold. The two notions are related by the standard pro
edure ofintegration of in�nitesimal a
tions; in parti
ular, they 
oin
ide if M is 
ompa
t and G is simply
onne
ted.In analogy with ordinary or twisted Poisson manifolds, are quasi-Poisson stru
tures also asso-
iated with Lie algebroids? As we now dis
uss, the answer is yes. Let us 
onsider a more generalset-up: let M be a g-manifold and let � 2 X 2(M) be an arbitrary bive
tor �eld. Motivated by[2, Se
. 9℄, we 
onsider on T �M � g the \an
hor" mapr : T �M � g �! TM; r(�; v) = �℄(�) + �M(v); (2.10)
ombining the bive
tor �eld and the a
tion. On se
tions of T �M � g, we 
onsider the bra
ketde�ned by [(�; 0); (�; 0)℄ = ([�; �℄;�12i��M (�^�)(�G)); (2.11)[(0; v); (0; v0)℄ = (0; [v; v0℄); (2.12)[(0; v); (�; 0)℄ = (L�M (v)(�); 0); (2.13)for all 1-forms �; � 2 
1(M) and all v; v0 2 g (thought of as 
onstant se
tions in C1(M; g)). Asin Example 2.1, the de�nition of the bra
ket on general elements in �(T �M � g) = 
1(M) �C1(M; g) is obtained from the Leibniz formula (2.1). With these de�nitions, we obtain a quasi-Poisson analogue of Lemma (2.3):1More generally, with no positivity assumptions on (�; �)g, we 
an write �G = 112 P (ea; [eb; e
℄)gfa ^ fb ^ f
,where fa is a basis of g satisfying (fa; eb)g = Æab. A similar observation holds for (2.25).6



Theorem 2.5 Let M be a g-manifold equipped with a bive
tor �eld �. The following are equiv-alent:(i) (M;�) is a quasi-Poisson g-manifold;(ii) r : 
1(M)� C1(M; g)! X (M) preserves bra
kets;(iii) the bra
ket [�; �℄ on 
1(M)� C1(M; g) satis�es the Ja
obi identity;(iv) (T �M � g; r; [�; �℄) is a Lie algebroid.Proof: Note that r preserves the bra
ket (2.12), sin
e �M is an a
tion. From the identity (2.7)in Lemma 2.3, it follows that r preserves the bra
ket of type (2.11) if and only if �� = �M(�G).On the other hand, r preserves the bra
ket of type (2.13) if and only if �℄L�M (v)(�) = L�M (v)�℄(�),whi
h is equivalent to the g-invarian
e of �. This shows that (i) and (ii) are equivalent.Let us prove that (i) implies (iii); from the proof, the 
onverse will be 
lear. Assuming (i), wemust show that [�; �℄ on 
1(M) � C1(M; g) satis�es the Ja
obi identity. On elements of type(0; v), this redu
es to the Ja
obi identity for g (or, alternatively, for gnM). On elements (0; v),(0; w) and (�; 0), the Ja
obi identity of [�; �℄ redu
es to the fa
t that �M is an a
tion. Computingthe \ja
obiator" for elements of type (0; v); (�; 0); (�; 0), we see that the �rst 
omponent is[L�M (v)(�); �℄ + [�;L�M(v)(�)℄� L�M (v)([�; �℄): (2.14)Using the Leibniz identity, we see that the C1(M)-linearity of (2.14) with respe
t to � isequivalent to �℄L�(v)(�) = L�(v)�℄(�), i.e., to the g-invarian
e of �. Hen
e, if � is invariant, (2.14)is C1(M)-linear on � and �, and then one 
an 
he
k that it is zero by looking at the parti
ular
ase when � and � are exa
t. The se
ond 
omponent of the ja
obiator of (0; v); (�; 0); (�; 0) 
anbe 
omputed similarly.To 
omplete the proof that (i) implies (iii), we must deal with the Ja
obi identity for elementsof type (�; 0), (�; 0), (
; 0). To this end, we �rst need to �nd the expression for the bra
ketbetween elements of type (0; ~v) and (�; 0), with ~v 2 C1(M; g) not ne
essarily 
onstant: pairingd~v 2 
1(M ; g) with an element � 2 C1(M; g�) gives us a 1-form on M , denoted by A~v(�),satisfying the following two properties:Af~v(�) = fA~v(�) + �(~v)df; and A~v(f�) = fA~v(�);for f 2 C1(M). We 
laim that[(0; ~v); (�; 0)℄ = (L�M (~v)(�)�A~v(��M(�));�L�℄(�)(~v)): (2.15)To see that, note that (2.15) holds when ~v is 
onstant, and the di�eren
e between the left andright hand sides is C1(M)-linear in ~v. We remark thatAi�^�0(�G)(�00) + 
:p: = 2d(�G(�; �0; �00)): (2.16)Again, it is easy to 
he
k this identity when �, �0 and �00 are 
onstant, so (2.16) follows fromC1(M)-linearity. Also, denoting �M := �M(�G), a dire
t 
omputation shows that�M(i��M(�^�)(�G)) = i�^�(�M ):7



We now turn to the 
omputation of the ja
obiator of the elements (�; 0); (�; 0) and (
; 0), thatwe denote by Ja
(�; �; 
). For the �rst 
omponent of Ja
(�; �; 
), we obtain([[�; �℄; 
℄+ 
:p:)� 12(Li�^�(�M )(
) + 
:p:) + 12(Ai��M (�)^��M (�)(�M)(��M(
)) + 
:p:): (2.17)Combining the se
ond identity of Lemma 2.3 with (2.16), we get that (2.17) equalsd((�M(�G)� ��)(�; �; 
));whi
h vanishes by the 
ondition �� = �M(�G). So we are left with proving that the se
ond
omponent of Ja
(�; �; 
) vanishes, whi
h amounts to showing thati��M([�;�℄^
)(�G) + 
:p: = L�℄(
)i��M (�^�)(�G) + 
:p:: (2.18)In order to do that, 
onsider the operators i��M([�;�℄) and L�℄(�)i��M(�) � L�℄(�)i��M (�) a
ting onC1(M;�g), for �; � 2 
1(M).Claim 2.6 On �g, seen as 
onstant fun
tions in C1(M;�g), we havei��M([�;�℄) = L�℄(�)i��M(�) � L�℄(�)i��M (�): (2.19)Proof: Both operators are derivations of degree -1 on �g, hen
e it suÆ
es to show (2.19) forelements v 2 g. As we now 
he
k, this follows from the de�nition of the bra
ket indu
ed by �and the invarian
e of �: on one hand,i��M ([�;�℄)(v) = [�; �℄(�M(v)) = i�M (v)L�℄(�)(�)� i�M (v)L�℄(�)(�)� i�M (v)d�(�; �): (2.20)Using that i[X;Y ℄ = LX iY � iY LX for ve
tor �elds X; Y , we havei�M(v)L�℄(�)(�) = L�℄(�)(�(�M(v)))� �([�℄(�); �M(v)℄)= L�℄(�)i��M(�)(v)� �(L�M(v)(�); �); (2.21)where the last equality follows from the g-invarian
e of �. Using the identity (2.21) (and itsanalogue for � and � inter
hanged) in (2.20), (2.19) follows. �Using the 
laim, we see thati��M([�;�℄^
)+
:p: = i��M (
)i��M ([�;�℄)+
:p: = (i��M(
)L�℄(�)i��M(�)�i��M (
)L�℄(�)i��M(�))+
:p: (2.22)when restri
ted to 
onstant elements in C1(M;�g) . On the other hand, it follows from (2.19)that, on �g, we 
an write i��M([�;�℄) = [L�℄(�); i��M(�)℄� [L�℄(�); i��M(�)℄ (2.23)sin
e the Lie derivatives are zero on 
onstant fun
tions. But both sides of (2.23) are C1(M)-linear, so this equality is valid for all C1(M; g). So we 
an writei��M([�;�℄^
)+ 
:p: = �i��M([�;�℄)i��M (
) + 
:p:= �([L�℄(�); i��M(�)℄� [L�℄(�); i��M(�)℄)i��M(
) + 
:p:;8



from where we dedu
e thati��M([�;�℄^
)+ 
:p: = 2(L�℄(�)i��M(�^
) + 
:p:)� (i��M(
)L�℄(�)i��M (�) � i��M (�)L�℄(�)i��M (
) + 
:p:):On 
onstant fun
tions, we 
an use (2.22) to 
on
lude that(i��M([�;�℄^
)+ 
:p:) = 2(L�℄(�)i��M(�^
) + 
:p:)� (i��M([�;�℄^
)+ 
:p:);i.e., i��M ([�;�℄^
) + 
:p: = L�℄(�)i��M (�^
). Evaluating this identity at �G proves (2.18), showingthat (i) implies (iii). Looking ba
k into the proof, one 
an 
he
k that the same formulas showthe 
onverse, so that (i) and (iii) are equivalent.Sin
e (iii) and the Leibniz identity for [�; �℄ are together equivalent to (iv), it follows that (i) {(iv) are equivalent to ea
h other. �Corollary 2.7 If (M;�) is a quasi-Poisson g-manifold, then the generalized distribution�℄(�) + �M(v) � TM; for � 2 T �M; v 2 g;is integrable.This result shows that the singular distribution dis
ussed in [2, Thm. 9.2℄ in the 
ontext ofhamiltonian quasi-Poisson manifolds is integrable even without the presen
e of a moment map(and without the positivity of (�; �)g). As in the 
ase of ordinary Poisson manifolds, we 
alla quasi-Poisson manifold nondegenerate if its asso
iated Lie algebroid is transitive (i.e., itsan
hor map is onto).Example 2.8 (Quasi-Poisson stru
tures on Lie groups)Let G be a Lie group with Lie algebra g, whi
h we assume to be equipped with an invariantnondegenerate quadrati
 form (�; �)g. We 
onsider G a
ting on itself by 
onjugation. As shownin [2, Se
. 3℄, the bive
tor �eld �G, de�ned on left invariant 1-forms by�G(dl�g�1(�); dl�g�1(�)) := 12�(Adg�1 �Adg)(�_); �_�g; (2.24)where lg denotes left multipli
ation by g 2 G, �; � 2 g�, and �_ is the element in g dual to �via (�; �)g, makes G into a quasi-Poisson G-manifold. If (�; �)g is a metri
, then we 
an write�G = 12X era ^ ela; (2.25)where ea is an orthonormal basis of g and era (resp. ela) are the 
orresponding right (resp. left)translations.In this example, the image of �℄G is tangent to the G-orbits, so the leaves of the 
orrespondingfoliation are the 
onjuga
y 
lasses. The formula for the Lie algebroid bra
ket on T �G� g bears
lose resemblan
e with the one for the bra
ket in the \double" of the Lie quasi-bialgebra of G,as in [4℄. We will dis
uss this 
onne
tion in a separate work.9



3 Moment maps in Dira
 geometry: the in�nitesimal pi
ture3.1 Dira
 manifoldsLet � be a 
losed 3-form on a manifold M . A �-twisted Dira
 stru
ture on M [28℄ is asubbundle L � E = TM � T �M satisfying the following two 
onditions:1. L is maximal isotropi
 with respe
t to the symmetri
 pairing h�; �i+ : �(E) � �(E) !C1(M), h(X;�); (Y; �)i+ := �(X) + �(Y ); (3.1)2. The spa
e of se
tions �(L) is 
losed under the bra
ket [[�; �℄℄� : �(E)� �(E)! �(E),[[(X;�); (Y; �)℄℄� := ([X; Y ℄;LX� � iY d�+ iX^Y �): (3.2)Sin
e the pairing (3.1) has zero signature, 
ondition 1. is equivalent to requiring that L has rankequal to dim(M) and that h�; �i+jL = 0. The bra
ket (3.2) is the �-twisted Courant bra
ket
onsidered in [28℄. When �=0, this bra
ket is a non-skew-symmetri
 version of Courant's originalbra
ket introdu
ed in [12℄.Twisted Dira
 stru
tures are always asso
iated with Lie algebroids. Indeed, the restri
tion ofthe Courant bra
ket [[�; �℄℄� to a Dira
 subbundle L � TM � T �M de�nes a Lie algebra bra
keton the spa
e of se
tions �(L), making L!M into a Lie algebroid with an
hor� = pr1jL : L! TM;where pr1 is the �rst proje
tion. The orbits of this algebroid are also 
alled the leaves of L.Example 3.1 (Twisted Poisson stru
tures)If � is a bive
tor �eld on M , thenL� := graph(�℄) � TM � T �Msatis�es 
ondition 1., and L� is a �-twisted Dira
 stru
ture if and only if � is a �-twisted Poissonstru
ture in the sense of Example 2.4. In this 
ase, the se
ond proje
tionpr2jL : L! T �Mestablishes an isomorphism of Lie algebroids, where T �M is equipped with the Lie algebroidstru
ture des
ribed in Example 2.4. Setting � = 0, we obtain a one-to-one 
orresponden
ebetween ordinary Poisson stru
tures on M and Dira
 stru
tures satisfying the extra 
onditionL \ TM = f0g.Example 3.2 (Twisted presymple
ti
 forms)Similarly, the graph asso
iated with a 2-form ! 2 
2(M), L! = graph(!℄), is a �-twistedDira
 stru
ture if and only if d! + � = 0;and we refer to ! as a �-twisted presymple
ti
 form. In this 
ase, setting � = 0, we havean identi�
ation of 
losed 2-forms on M with Dira
 stru
tures satisfying L \ T �M = f0g.10



In general, the leaves of a �-twisted Dira
 stru
ture L 
arry twisted presymple
ti
 formsde�ned as follows: at ea
h x 2 M , we de�ne a skew symmetri
 bilinear form �x on �(L)x =pr1(L)x by �x(X1; X2) = �(X2); (3.3)where � is any element in T �xM satisfying (X1; �) 2 Lx. The fa
t that L is maximal isotropi
with respe
t to (3.1) guarantees that (3.3) is independent of the 
hoi
e of �, and these forms �ttogether into a smooth leafwise 2-form �. Using that �(L) is 
losed with respe
t to (3.2), one
an show that, on ea
h leaf � : O ,!M , the 2-form � satis�esd� + ��� = 0:At ea
h point x 2 M , the kernel of � 
oin
ides with Lx \ TxM , whi
h shows that the leafwisepresymple
ti
 forms are nondegenerate if and only if L 
omes from a �-twisted Poisson stru
ture.We will denote the distribution L \ TM on M by ker(L).Sin
e Dira
 stru
tures are always asso
iated with Lie algebroids, it is natural to 
onsider howto obtain Dira
 stru
tures from them. The following is a useful 
onstru
tion, see [6℄: for a Liealgebroid A over M with an
hor � : A �! TM , we de�ne a �-IM form of A to be any bundlemap2 � : A �! T �Msatisfying the following properties:
�(�); �(�0)� = �
�(�0); �(�)�; (3.4)�([�; �0℄) = L�(�(�0))� L�0(�(�)) + d
�(�); �(�0)�+ i�(�)^�(�0)(�); (3.5)for �; �0 2 �(A) (here h�; �i denotes the usual pairing between a ve
tor spa
e and its dual). LetL� � TM � T �M be the image of the map (�; �) : A �! TM � T �M . Then the following isimmediate.Lemma 3.3 If � is a �-IM form of A and rank(L�) = dim(M), then L� is a �-twisted Dira
stru
ture on M .Of 
ourse, any Dira
 stru
ture 
an be realized as the image of an IM form by taking A = L,viewed as an algebroid with � = pr1jL, and � = pr2jL.The following is a key example.Example 3.4 (Cartan-Dira
 stru
tures on Lie groups)Cartan-Dira
 stru
tures on Lie groups play a role in Dira
 geometry analogous to the oneplayed by Lie-Poisson stru
tures (Example 2.2) in Poisson geometry. Just as Lie-Poisson stru
-tures on the dual of Lie algebras are 
ompletely determined by the Kostant-Kirillov-Souriau(KKS) symple
ti
 forms along 
oadjoint orbits, Cartan-Dira
 stru
tures on Lie groups \assem-ble" 
ertain 2-forms de�ned on 
onjuga
y 
lasses de�ned as follows.Let G be a Lie group with Lie algebra g, and let (�; �)g be a bi-invariant nondegeneratequadrati
 form, whi
h we use to identify TG and T �G. For v 2 g, let vG = vr � vl be the2These bundle maps are in�nitesimal versions of multipli
ative 2-forms on groupoids, see [6℄; the terminology\IM" stands for \in�nitesimal multipli
ative". 11



in�nitesimal generator of the a
tion of G on itself by 
onjugation. We de�ne, on ea
h 
onjuga
y
lass � : C ,! G, a 2-form � by�g(uG; vG) := (12(Adg�1 � Adg)u; v)g; g 2 C: (3.6)Dire
t 
omputations show that d� + ���G = 0, where �G is the bi-invariant Cartan 3-form onG, and that �g is nondegenerate at a point g if and only if (Adg + 1) is invertible. The 2-forms(3.6) appear in [17℄ in the study of symple
ti
 stru
tures of moduli spa
es, and we will refer tothem as GHJW 2-forms.Sin
e GHJW 2-forms are not symple
ti
, but twisted presymple
ti
, they should 
orrespond toa �G-twisted Dira
 stru
ture LG on G rather than a Poisson stru
ture. A simple 
omputationshows that LG = f(vr � vl; 12(vr + vl)); v 2 gg � TG� TG: (3.7)(Re
all that we are identifying TG with T �G via (�; �)g.) We 
all LG the Cartan-Dira
 stru
-ture on G asso
iated with (�; �)g [28, 6℄.Note that �(v) = vr � vl is the an
hor of the a
tion Lie algebroid (Example 2.1) g n G withrespe
t to the a
tion by 
onjugation, and the map� : G� g �! TG; �(v) = 12(vr + vl) (3.8)satis�es the 
onditions of Lemma 3.3. So � is a �G-IM form of g n G, and the Cartan-Dira
stru
ture LG arises as the image of (�; �). In this 
ase, (�; �) a
tually establishes an isomorphismbetween g n G and LG. (Note the analogy with Example 2.2, whi
h shows that Lie algebroidsof Lie-Poisson stru
tures are isomorphi
 to a
tion Lie algebroids for the 
oadjoint a
tion!)Let us �nally re
all an important operation involving Dira
 stru
tures: if L is a �-twistedDira
 stru
ture on M and B 2 
2(M), then�B(L) := f(X;�+B℄(X)) j (X;�) 2 Lg (3.9)de�nes a (� � dB)-twisted Dira
 stru
ture on M [28℄. The operation �B is 
alled a gaugetransformation asso
iated with B, and it has the e�e
t of modifying L by adding thepull-ba
k of B to the presymple
ti
 form on ea
h leaf.3.2 Dira
 mapsSin
e Dira
 stru
tures generalize both Poisson and presymple
ti
 stru
tures, we have two pos-sible de�nitions of Dira
 maps, see [7℄.Let (M;LM) and (N;LN) be twisted Dira
 manifolds. A smooth map f : N ! M is aforward Dira
 map, or f-Dira
 in short, if LN and LM are related as follows:LM = f(df(Y ); �) j Y 2 TN; � 2 T �M and (Y; df�(�)) 2 LNg: (3.10)If LM and LN are asso
iated with twisted Poisson stru
tures, then an f-Dira
 map is equivalentto a Poisson map. The terminology \forward" is due to the fa
t that, at ea
h point, (3.10)extends the usual notion of \push-forward" of a linear bive
tor. For this reason, we may writeLM = f�LN12



instead of (3.10), in analogy with the notation for \f -related" bive
tor �elds on a manifold.Similarly, f : N !M is a ba
kward Dira
 map, or simply b-Dira
, ifLN = f(Y; df��) j Y 2 TN; � 2 T �M and (df(Y ); �) 2 LMg: (3.11)If LM and LN are asso
iated with twisted presymple
ti
 stru
tures !M and !N , then a b-Dira
map is just a map satisfying f�!M = !N . As before, we will writeLN = f�LMto denote that f is a b-Dira
 map. Note that f�LM is always a well-de�ned, though notne
essarily smooth, subbundle of TN , in 
ontrast with f�LN , whi
h may not be well-de�ned atall. In fa
t, f�LM de�nes a Dira
 stru
ture on N provided it is smooth, whi
h is the 
ase, e.g.,when f is a submersion. However, as illustrated in the next example, f�LM may de�ne a Dira
stru
ture even when f is not a submersion.Example 3.5 (In
lusion of presymple
ti
 leaves)Let L be a twisted Dira
 stru
ture on M , and 
onsider a presymple
ti
 leaf O, equipped withDira
 stru
ture L� asso
iated with the twisted presymple
ti
 form �. Denoting by � : O ,! Mthe in
lusion map, it follows from the de�nition of � thatL� = f(X; iX�) j X 2 TOg = f(X; (d�)��) j (d�(X); �) 2 Lg = ��L: (3.12)So � : (O; L�) ,! (M;L) is a b-Dira
 map. On the other hand, at ea
h point of M , we have��L� = f(d�(X); �) j (X; (d�)��) 2 L�g:By the se
ond equality in (3.12), it follows that ��L� � L, but sin
e they have the same dimen-sion, we get ��L� = L; (3.13)so � is f-Dira
 as well.Note that the fa
t that the in
lusion of presymple
ti
 leaves into a Dira
 manifold is an f-Dira
map is a dire
t generalization of the fa
t that the in
lusion of symple
ti
 leaves into a Poissonmanifold is a Poisson map. As a simple 
onsequen
e, we haveCorollary 3.6 Let (N;LN) and (M;LM) be twisted Dira
 manifolds. A map J : N ! M isf-Dira
 if and only if its restri
tion to ea
h presymple
ti
 leaf of N is f-Dira
.We remark that Example 3.5 is very spe
ial in that the in
lusion map of presymple
ti
 leavesis both forward and ba
kward Dira
 (see also Remark 4.12). In general, f-Dira
 maps need notbe b-Dira
, nor the other way around.3.3 Poisson maps as in�nitesimal hamiltonian a
tionsThe usual notion of Lie algebra a
tion 
an be extended to the realm of Lie algebroids, the maindi�eren
e being that algebroids, rather than a
ting on manifolds, a
t on maps from manifoldsinto their base [18℄: An a
tion of a Lie algebroid A!M on a map J : N !M 
onsists ofa Lie algebra homomorphism �N : �(A)! X (N) satisfyingdJ Æ �N(�) = �(�); for all � 2 �(A); (3.14)13



and su
h that, for f 2 C1(M) and � 2 �(A), �N(f�) = J�f�N (�) (i.e., the indu
ed map�(J�A) ! X (N) 
omes from a ve
tor bundle morphism J�A ! TN , where J�A = A�M N isthe pull-ba
k of the ve
tor bundle A by J).Example 3.7 (A
tions of transformations Lie algebroids)Consider an in�nitesimal a
tion � of g on a manifold M . Then an a
tion �N of the transfor-mation Lie algebroid A = g nM on a map J : N !M is equivalent to an in�nitesimal a
tion�N of g on N for whi
h J is g-equivariant. Indeed, �N and �N are related by the formula�N(v)y = �N(v(J(y)))y; where v 2 C1(M; g); y 2 N; (3.15)and the g-equivarian
e of J 
orresponds to (3.14).In Poisson geometry, Poisson maps are always asso
iated with Lie algebroid a
tions: If (Q; �Q)and (P; �P ) are Poisson manifolds, then any Poisson map J : Q ! P indu
es a Lie algebroida
tion of T �P on Q by 
1(P ) �! X (Q); � 7! �Q℄(J��): (3.16)When the target P is the dual of a Lie algebra, we re
over a familiar example:Example 3.8 (In�nitesimal hamiltonian a
tions)Consider g� equipped with its Lie-Poisson stru
ture. As remarked in Example 2.2, the Liealgebroid stru
ture on T �g� indu
ed by (2.5) is that of a transformation Lie algebroid g n g�with respe
t to the 
oadjoint a
tion. If J : Q! g� is a Poisson map, then it indu
es an a
tionof T �g� via (3.16), whi
h, by Example 3.7, is equivalent to an ordinary g-a
tion on Q for whi
hJ is equivariant. A simple 
omputation shows that the g-a
tion arising in this way is just ahamiltonian a
tion in the usual sense, making Q into a hamiltonian Poisson g-manifold havingJ as a momentum map.Re
all that a Poisson map J : Q! P is 
alled a symple
ti
 realization if Q is symple
ti
.The following is an immediate 
onsequen
e:Proposition 3.9 There is a one-to-one 
orresponden
e between Poisson maps into g� andhamiltonian Poisson g-manifolds, and this 
orresponden
e restri
ts to a one-to-one 
orrespon-den
e between symple
ti
 realizations of g� and hamiltonian symple
ti
 g-manifolds.Remark 3.10 An analogue of Prop. 3.9 holds more generally in the 
ontext of Poisson-Liegroups [20, 22℄. Let (G; �) be a simply-
onne
ted Poisson-Lie group, and let G� be its dual.The Lie algebroid stru
ture on T �G� �= G� � g indu
ed from the dual Poisson stru
ture is atransformation Lie algebroid, now asso
iated with the in�nitesimal dressing a
tion of g on G�.For a Poisson map J : Q! G�, the general Lie algebroid a
tion des
ribed by (3.16) redu
es toa Poisson g-a
tion for whi
h J is an equivariant momentum map in the sense of Lu [21℄.In order to extend this dis
ussion to Dira
 geometry, let us 
onsider L�P = graph(�P ℄), theasso
iated Dira
 stru
ture on (P; �P ). Using the Lie algebroid isomorphism T �P �= L�P , we 
anrewrite the in�nitesimal a
tion (3.16) as�(L�P )! X (Q); (X;�) 7! Y; (3.17)where Y 2 X (Q) is uniquely determined by the 
ondition (Y; J��) 2 L�Q . Also note that Y isrelated to X by dJ(Y ) = X , sin
e J is a Poisson map. The question of whether this pro
edure
an be 
arried out for f-Dira
 maps leads us to the notion of Dira
 realization.14



3.4 Dira
 realizationsIf (N;LN) and (M;LM) are twisted Dira
 manifolds, then, by de�nition, a smooth J : N !Mis an f-Dira
 map if and only if, given (X;�) 2 (LM)J(y), there exists a Y 2 TyN with theproperty that (Y; dJ��) 2 (LN)y and X = (dJ)y(Y ): (3.18)It is natural to try to de�ne an a
tion of LM on N just as in the 
ase of Poisson maps, see(3.17), ex
ept that (3.18) does not determine Y uniquely in general. In fa
t, this is the 
ase ifand only if the following extra \nondegenera
y" 
ondition holds:ker(dJ)\ ker(LN ) = f0g: (3.19)A similar argument as in [6, Se
tion 7.1℄ shows that (3.19) is equivalent to J : ker(LN ) !ker(LM) being an isomorphism.De�nition 3.11 A Dira
 realization of a �-twisted Dira
 manifold (M;LM) is an f-Dira
map J : (N;LN)! (M;LM), where LN is a J��-twisted Dira
 stru
ture on N , satisfying (3.19).As a 
onsequen
e of De�nition 3.11, we haveCorollary 3.12 Let J : N ! M be a Dira
 realization. Then the map �(LM ) ! X (N),(X;�) 7! Y , where Y is determined by the 
onditions in (3.18), is a Lie algebroid a
tion.Dira
 realizations J : N !M for whi
h N is presymple
ti
 were studied in [6, Se
. 7.1℄ underthe name of presymple
ti
 realizations. As a result of Corollary 3.6, we haveCorollary 3.13 A map J : N ! M is a Dira
 realization if and only if its restri
tion to ea
hpresymple
ti
 leaf of N is a presymple
ti
 realization.Similarly to Poisson geometry, the 
onne
tion between Dira
 realizations and \hamiltoniana
tions" is established by a suitable 
hoi
e of \target" M . Following the analogy betweenLie-Poisson stru
tures and Cartan-Dira
 stru
tures, it is natural to study the \hamiltonianspa
es" asso
iated with Dira
 realizations of Cartan-Dira
 stru
tures. The parti
ular 
ase ofpresymple
ti
 realizations is dis
ussed in [6, Se
. 7.2℄:Example 3.14 (Presymple
ti
 realizations of Cartan-Dira
 stru
tures)Let G be a Lie group with Lie algebra g, equipped with a bi-invariant nondegenerate quadrati
form (�; �)g. Let LG be the asso
iated Cartan-Dira
 stru
ture on G. If (M;!M ) is a twistedpresymple
ti
 manifold, then the 
onditions for J : M ! G being a presymple
ti
 realization
an be expressed as follows:1. !M is g-invariant and satis�es d!M = �J��G;2. at ea
h x 2M , Ker(!M )x = f(�M)x(v) : v 2 Ker(AdJ(p) + 1)g;3. the map J satis�es the moment map 
ondition!℄�M = J��: (3.20)15



The invarian
e of !M in 1. is with respe
t to the g-a
tion �M indu
ed by J (re
all that LG �=gnG, see Example 3.4, so an LG-a
tion de�nes an ordinary g-a
tion), for whi
h J is equivariant;in 3., � is the IM-form of the Cartan-Dira
 stru
ture (3.8),� : g �! T �G; �(v) = 12(vr + vl)_; (3.21)where v �! v_ denotes the isomorphism TG �! T �G indu
ed by the quadrati
 form. The\relative 
losedness" of !M in 1. expresses that the asso
iated Dira
 stru
ture is J��G-twisted,while 
ondition 2. is the \non-degenera
y" 
ondition (3.19) applied to this parti
ular 
ase;�nally, 
ondition 3. follows from J being an f-Dira
 map.Conditions 1., 2. and 3. are exa
tly the de�ning axioms of a quasi-hamiltonian g-spa
e,in the sense of [3℄, for whi
h J is the group-valued moment map. Conversely, any group-valuedmoment map of a quasi-hamiltonian g-spa
e is a presymple
ti
 realization of (G;LG).We summarize Example 3.14 in the next result, analogous to Proposition 3.9, see [6, Thm. 7.6℄.Theorem 3.15 There is a one-to-one 
orresponden
e between presymple
ti
 realizations of Gendowed with the Cartan-Dira
 stru
ture, and quasi-hamiltonian g-manifolds.Combining Corollary 3.13 with Theorem 3.15, we 
on
lude that general Dira
 realizations ofCartan-Dira
 stru
tures must be \foliated" by quasi-hamiltonian g-manifolds. Sin
e hamiltonianquasi-Poisson manifolds, in the sense of [2℄, also have this property [2, Se
. 10℄, we are led toinvestigate the relationship between these obje
ts.3.5 Dira
 realizations and hamiltonian quasi-Poisson g-manifolds3.5.1 The equivalen
e theoremFor a quasi-Poisson g-manifold (M;�), a moment map is a g-equivariant map J : M �!G (with respe
t to the in�nitesimal a
tion by 
onjugation on G) satisfying the 
ondition [2,Lem. 2.3℄ �℄J� = �M�_; (3.22)where �_ : T �G �! g; �_(�g) = 12(drg�1(�_g ) + dlg�1(�_g )) (3.23)is the adjoint of � (3.21) with respe
t to the form (�; �)g, and �M : g ! TM is the g-a
tion.Here lg and rg denote the left and right translations by g, respe
tively, and, as in Example 3.14,the symbol _ on elements of T �G is used to denote the 
orresponding element in TG via theidenti�
ation indu
ed by (�; �)g (and vi
e-versa).The following is our main result in this se
tion.Theorem 3.16 There is a one-to-one 
orresponden
e between Dira
 realizations of G, endowedwith the Cartan-Dira
 stru
ture, and hamiltonian quasi-Poisson g-manifolds.Before proving Theorem 3.16, let us 
olle
t some useful formulas relating the maps �, �_,� : g ! TG, �(v) = vr � vl, and, for symmetry, the dual of � with respe
t to (�; �)g,�_ : TG �! g; �_(Vg) = drg�1(Vg)� dlg�1(Vg): (3.24)The following lemma follows from a straightforward 
omputation.16



Lemma 3.17 The following formulas hold true:4�_� + �_� = 4Idg; (3.25)4��_+ (��_)� = 4IdT �G; (3.26)��� = ���; (3.27)��_ = �(�_)���; (3.28)�_(�_)� = ��_(�_)�: (3.29)Motivated by the equivalen
e between quasi-hamiltonian manifolds and nondegenerate hamil-tonian quasi-Poisson manifolds [2, Thm. 10.3℄, whi
h will also follow from Theorem 3.16, it isnatural to 
ombine the two moment-map 
onditions (3.20) and (3.22). By applying �℄ to (3.20)and using (3.22), we obtain, in parti
ular, the relation�M�_� = �℄!℄�M :This suggests the importan
e of writing �M�_� as the 
omposition of some operator C : TM !TM with �M in general. Using (3.25) and the equivarian
e of J , written as � = dJ Æ �M , it iseasy to �nd an expression for C (whi
h already appears in [2, Lem. 10.2℄):Lemma 3.18 For any manifold M equipped with an in�nitesimal a
tion �M : g �! TM , andany g-equivariant map J :M �! G, the operatorC = 1� 14�M�_(dJ) : TM �! TM;and its dual C� : T �M �! T �M , satisfy the formulas�M�_� = C�M ; and J���_ = C�J�: (3.30)Theorem 3.16 follows from the next two propositions, ea
h one of them des
ribing expli
itlyone dire
tion of the asserted one-to-one 
orresponden
e.Proposition 3.19 Let M be a quasi-Poisson g-manifold, and let A = T �M�g be its asso
iatedLie algebroid, with an
hor r. Then any moment map J : M �! G indu
es a �-IM form of Aby s : A �! T �M; s(�; v) = C�(�) + J��(v); (3.31)so that the image L of the map (r; s) : A �! TM � T �M is a J��G-twisted Dira
 stru
ture onM , and J : (M;L) �! (G;LG) is a Dira
 realization of the Cartan-Dira
 stru
ture on G.This proposition also suggests the 
onverse 
onstru
tion.Proposition 3.20 Let J : (M;L) �! (G;LG) be a Dira
 realization of the Cartan-Dira
 stru
-ture on G. Then(i) for any v 2 g there is an unique ve
tor V 2 TM satisfyingdJ(V ) = v; and (V; J��(v)) 2 L: (3.32)17



(ii) for any � 2 T �M , there is an unique ve
tor X 2 TM satisfyingdJ(X) = �(�M�_)��; (3.33)(X;C�(�)) 2 L: (3.34)Moreover, v 7! �M(v) := V de�nes a g-a
tion on M , and � 7! �℄(�) := X de�nes a quasi-Poisson tensor � on M so that (M;�) is a hamiltonian quasi-Poisson g-manifold with momentmap J.Note that the g-a
tion de�ned by (3.32) is just the one indu
ed by the in�nitesimal LG = gnG-a
tion with \moment" J :M ! G.It is simple to 
he
k that the 
onstru
tions in Propositions 3.19 and 3.20 are inverses to oneanother. For example, if L is obtained from � as in Prop. 3.19, thenL = f(�℄(�) + �M(v); C�(�) + J��(v)) j� 2 T �M; v 2 gg;and it is 
lear that, given � 2 T �M , X = �℄(�) satis�es 
onditions (3.33) (whi
h is just the dualof the moment map 
ondition (3.22)) and (3.34), so Prop. 3.20 
onstru
ts � ba
k.Sin
e the proofs of Propositions 3.19 and 3.20 involve long 
omputations, we will postponethem to the next subse
tion; we will dis
uss some examples and impli
ations of the results �rst.Example 3.21 (Nondegenerate quasi-Poisson and quasi-hamiltonian g-manifolds)It is 
lear from the 
orresponden
e 
onstru
ted in Prop. 3.19 that the singular foliation as-so
iated with �, tangent to Im(�℄) + Im(�M) � TM , 
oin
ides with the singular foliation ofthe Dira
 stru
ture L, tangent to pr1(L) � TM . In other words, the Lie algebroids asso
iatedwith � and L have the same leaves, so one is transitive if and only if the other one is. Notethat, for Dira
 stru
tures, pr1(L) = TM means exa
tly that L is de�ned by a 2-form. As aresult, it follows that the 
orresponden
e established by Theorem 3.16 restri
ts to a one-to-one
orresponden
e between nondegenerate hamiltonian quasi-Poisson manifolds and presymple
ti
realizations of Cartan-Dira
 stru
tures on Lie groups.Combining Example 3.21 with Theorem 3.15, we obtainCorollary 3.22 There is a one-to-one 
orresponden
e between(i) non-degenerate quasi-Poisson hamiltonian g-manifolds.(ii) quasi-hamiltonian g-manifolds.(iii) presymple
ti
 realizations of G endowed with the Cartan-Dira
 stru
ture.Of 
ourse, in general, the leaves of a hamiltonian quasi-Poisson g-manifolds are quasi-hamiltoniang-manifolds, whi
h 
an now be seen as a parti
ular 
ase of Dira
 stru
tures having presymple
ti
foliations (see also Corollary 3.13). The equivalen
e of (i) and (ii) 
an be found in [2℄.The next example answers a question posed in [28, Ex. 5.2℄.Example 3.23 (Cartan-Dira
 and quasi-Poisson stru
tures on Lie groups)If G is a Lie group with Lie algebra g equipped with a bi-invariant nondegenerate quadrati
form (�; �)g, then one 
an regard it as a �G-twisted Dira
 manifold with respe
t to the Cartan-Dira
 stru
ture LG, or as a hamiltonian quasi-Poisson g-manifold. In the latter 
ase, we 
onsider18



G a
ting on itself by 
onjugation, the quasi-Poisson tensor is �G, de�ned in Example 2.8, andthe moment map J : G! G is the identity map, see [2, Se
. 3℄.We 
laim that these two stru
tures are \dual" to ea
h other in the sense of Theorem 3.16.Indeed, starting with �G and using Prop. 3.19, we see that the 
orresponding Dira
 stru
ture isL = f(�℄G(�) + �(v); C�(�) + �(v)); j (�; v) 2 T �M � gg:Sin
e LG is the image of (�; �), it is 
lear that LG � L, whi
h implies that LG = L sin
e theyhave the same dimension.To 
omplete the \duality" pi
ture between Dira
 realizations of Cartan-Dira
 stru
tures andhamiltonian quasi-Poisson g-manifolds, we note that the 
orresponden
e established in Theorem3.16 preserves maps.If (Mi; �i) is a hamiltonian quasi-Poisson g-manifold with moment map Ji :Mi ! G, i = 1; 2,then a map f :M1 !M2 is a hamiltonian quasi-Poisson map if f��1 = �2, f is g-equivariant,and J2 Æ f = J1. Suppose that Li is the Dira
 stru
ture on Mi 
orresponding to �i, i = 1; 2, viaTheorem 3.16.Proposition 3.24 A map f : (M1; �1) ! (M2; �2) is a hamiltonian quasi-Poisson map if andonly if f : (M1; L1)! (M2; L2) is f-Dira
 and 
ommutes with the realization maps, J2 Æ f = J1.Proof: Suppose f : M1 !M2 is a hamiltonian quasi-Poisson map. In order to 
he
k that fis f-Dira
, we have to 
ompare, at ea
h point of M2, L2 withf�L1 = f(df(X); �) j (X; df�(�)) 2 L1g: (3.35)To simplify the notation, we will denote the in�nitesimal a
tions of g on Mi by �i, and Ci =1� (1=4)�i�_dJ , i = 1; 2. Sin
e L2 
orresponds to �2, we haveL2 = f(�℄2(�) + �2(v); C�2(�) + J�2�(v)) j � 2 T �M2; v 2 gg:Using that df�℄1df� = �℄2 (whi
h is another way of writing f��1 = �2) and df�1 = �2 (whi
h is fg-equivarian
e), we dedu
e that�℄2(�) + �2(v) = df(�℄1(df�(�)) + �1(v)): (3.36)On the other hand, using the g-equivarian
e of f and J2 Æ f = J1, it follows that dfC1 = C2df ,and we obtain df�(C�2(�) + J�2�(v)) = C�1(df�(�)) + J�1�(v): (3.37)Sin
e (�℄1(df�(�)) + �1(v); C�1(df�(�)) + J�1�(v)) 2 L1;for L1 
orresponds to �1, it follows that, at ea
h point, L2 � f�L1. But sin
e they have equaldimension, we 
on
lude that L2 = f�L1, so f is forward Dira
.For the 
onverse, suppose that f�L1 = L2 and J2Æf = J1. It is easy to 
he
k that, in this 
ase,f is automati
ally g-equivariant with respe
t to (3.32). From that, it follows that dfC1 = C2df .In order to prove that f is a hamiltonian quasi-Poisson map, we must still 
he
k that f��1 = �2,or, equivalently, that df�℄1df� = �℄2. By Prop. 3.20, it suÆ
es to prove that, for � 2 T �M2,Y = df�℄1df�(�) 2 TM2 satis�es(Y; C�2(�)) 2 L2 and dJ2(Y ) = �(�2�_)��: (3.38)19



Sin
e f is an f-Dira
 map, the �rst 
ondition in (3.38) holds sin
e(�℄1df�(�); df�(C�2(�))) = (�℄1df�(�); C�1(df�(�))) 2 L1;for L1 
orresponds to �1. The se
ond 
ondition holds sin
edJ2(df�℄1df�(�)) = dJ1(�℄1df�(�)) = �(�1�_)�df�(�) = �(�2�_)�(�): �We now pro
eed to the proofs of Propositions 3.19 and 3.20.3.5.2 The proofsProof of Proposition 3.19:To simplify our formulas, we set T = �M�_dJ;and we denote by h�; �i the pairing between ve
tor spa
es and their duals.First, we have to show that hs(�); s(�0)i is antisymmetri
 in �; �0 2 A = T �M � g. We 
he
kthis on elements of type (�; 0), (�; 0), and we leave the other 
ases to the reader. Sin
e � isantisymmetri
, we only have to show that 
T ��; �℄(�)� is antisymmetri
 in � and �. Using thatdJ�℄ = �(�_)�(�M)�, whi
h is the adjoint of the moment map 
ondition (3.22), we see that�(�; T ��) = DT ��; �℄(�)E = �
��M(�); �_(�_)���M(�)�; (3.39)whi
h is antisymmetri
 by (3.29).We now turn to proving that s sati�es (3.5). For se
tions of A of type � = (0; u), �0 = (0; v),with u; v 2 g, (3.5) follows from the next lemma.Lemma 3.25 Given a g-manifold M , and an equivariant map J : M �! G, then, for anyu; v 2 g,J��([u; v℄) = L�M (u)(J��(v))� L�M (v)(J��(u)) + dhJ��(v); �M(u)i+ i�M (u)^�M(v)(J��G):Proof: Using the equivarian
e of J , dJ�M = �, we immediately see that this equation is thepull-ba
k by J of (3.5) for � (for instan
e, the last term in the equation equals to J�iu^v(�G)). �Next we 
onsider the 
ase � = (0; u) and �0 = (�; 0), whi
h is handled by the next result.Lemma 3.26 Given a g-manifold M , an equivariant map J : M �! G, and a bive
tor � onM satisfying the moment map 
ondition (3.22), then, for all v 2 g and � 2 T �M ,C�L�M (v)(�) = L�M (v)(C�(�))� L�℄(�)(J��(v)) + dDJ��(v); �℄(�)E+ i�M(v)^�℄(�)(J��G):Although Lemma 3.26 is more diÆ
ult than Lemma 3.25, it is still simpler than the next 
ase,treated in Lemma 3.27 below. Sin
e a formula that holds under the same assumptions and isproven by the same method is proven in detail in Claim 3.37 below, we will omit its proof.Let us now 
onsider � = (�; 0) and �0 = (�; 0). Comparing with Lemmas 3.25 and 3.26, thegreater te
hni
al diÆ
ulty of this 
ase 
omes from the fa
t that now the formulas involve both�G and �G, the bra
ket [�; �℄ indu
ed by � on 1-forms, and require more than just the momentmap 
ondition. 20



Lemma 3.27 Given a g-manifold M , an equivariant map J : M �! G, and an invariantbive
tor � on M satisfying the moment map 
ondition (3.22), then, for all �; � 2 T �M ,C�([�; �℄)�12J��(i(�M)�(�^�)�G) = L�℄(�)(�)�L�℄�)((�)�dDC�(�); �℄(�)E+i�℄(�)^�℄(�)(J��G)):Proof: Sin
e C = 1 � 14T , using the de�nition of s and of the bra
ket in �(A), we see thatwe 
an rewrite the equation in the lemma asT �([�; �℄)� L�℄(�)(T �(�)) + L�℄(�)(T �(�)) + d�(�; T �(�)) = �2J��i��M (�)��M(�)�G�4i�℄(�)^�℄(�)J�(�G): (3.40)Let us evaluate all the terms of (3.40) on an arbitrary ve
tor �eld X 2 X (M). To simplify theformulas, we set a = ��M(�); b = ��M(�); V = J(X) (3.41)and we 
onsider the Hom(g�; g)-valued fun
tion on G given byD = �_(�_)�:Claim 3.28 The following formula holds:hd�(�; T �(�)); Xi = ha;LV (Db)i � hb;LV (Da)i � ha;LV (D)bi: (3.42)Proof: The left hand side of (3.42) is LX�(�; T ��). Hen
e, using (3.39), it equals�
LJ(X)��M(�); �_(�_)���M(�)� � 
��M(�);LdJ(X)(�_(�_)�)���M(�): (3.43)With the notation of (3.41), and using D� = �D (i.e. (3.29)) to rewrite the �rst term, we seethat (3.43) equals hDLV (b); ai � hb;LV (Da)i:To obtain (3.42), we write DLV (b) = LV (Db)� LV (D)(b). �From the de�nition of [�; �℄ (2.4), we haveT �([�; �℄) = T �L�℄(�)(�)� T �L�℄(�)(�)� T �d�(�; �): (3.44)Claim 3.29 The following formula holds:hT �d�(�; �); Xi = �(LT (X)(�); �) + �(�;LT (X)(�)): (3.45)Proof: This follows from the invarian
e of � and the fa
t that the image of T sits inside thatof �M . �Using (3.44) and (3.45), we 
an split the left hand side of (3.40) as a di�eren
e of two termswhi
h are symmetri
 to ea
h other. The next 
laim deals with su
h a term.Claim 3.30 The following formula holds:DT �L�℄(�)(�)� L�℄(�)(T �(�)); XE = �(LT (X)(�); �) + hb;LV (Da)i+
b; d�_((�_)�(a); V )� (3.46)21



Proof: The left hand side of (3.46) equals�D�; [�℄(�); T (X)℄+ T ([�℄(�); X ℄)E: (3.47)To rewrite [�℄(�); T (X)℄, we note that[�℄(�); �M(~v)℄ = ��℄L�M (~v)(�) + �ML�℄(�)(~v); (3.48)for all ~v 2 C1(M; g): Indeed, due to C1(M)-linearity with respe
t to ~v, it suÆ
es to 
he
k(3.48) for ~v 
onstant; in this 
ase, the equation is just the invarian
e of �. We now use (3.48)for ~v = �_J(X) to get[�℄(�); T (X)℄ = ��℄LT (X)(�) + �ML�℄(�)(�_dJ(X)):We dedu
e that (3.47) equals toD�; �℄LT (X)(�)E� D��M(�);L�℄(�)(�_dJ(X))E+ D��M(�); �_J [�℄(�); X ℄E =�(LT (X)(�); �)� D��M(�);L�℄(�)(�_J)(X)E: (3.49)On the other hand, for all ve
tor �elds Y on M and g-valued 1-forms � on G, we haveLY (J��) = LdJ(X)(�(dJ(Y ))) + (d�)(dJ(Y ); dJ(X)):Using this identity for Y = �℄� and � = �_ in (3.49), together with the dual of the momentmap 
ondition, dJ�℄ = �((�)_)�(�M)�, we obtain (3.46) and prove the 
laim. �Combining the formulas of 
laims 3.28, 3.29 and 3.30, we 
on
lude that the left hand side of(3.40) evaluated at a ve
tor �eld X is
b; d�_((�_)�a; V )� � 
a; d�_((�_)�b; V )� � ha;LV (D)bi: (3.50)On the other hand, the right hand side of (3.40) applied to X equals to� 2(�G(��M(�); ��M(�); ��dJ(X)) + 2�G(dJ�℄(�); dJ�℄(�); dJ(X))) =� 2(�G(a; b; ��V ) + 2�G((�_)�a; (�_)�b; V )); (3.51)where we have used again that dJ�℄ = �((�)_)�(�M)�.To 
on
lude the proof of the lemma, it suÆ
es to show that �G and �G are related as follows.Claim 3.31 For all a; b 2 g� and all ve
tor �elds V on G, one has12�G(a; b; ��V ) + �G((�_)�a; (�_)�b; V ) = 14(
a; d�_((�_)�b; V )� � 
b; d�_((�_)�a; V )�+ha;LV (D)bi): (3.52)Proof: It suÆ
es to prove (3.52) on elements of typea = u_; b = v_; V = wr;where u; v; w 2 g, and we re
all that u_ 2 g� denotes the dual of u with respe
t to the quadrati
form, and wr is the ve
tor �eld on G obtained from w by right translations. We will also denote22



by Ad(u) 2 C1(G; g) the fun
tion g 7! Adg(u), and we de�ne Ad�1(u) similarly. We will needthe expli
it formulas for �� and (�_)�:��(wr) = 12(w +Ad�1(w))_; (�_)�(u_) = 12(ur + ul):Using these formulas, 
ombined with the invarian
e of �G and �G, the formula ul = Ad(ur),and the expli
it formulas for �G and �G on elements of g, one 
an 
he
k that the left hand sideof (3.52) is 18(�[u; v℄; w+ Ad�1(w)�g + ([u+Ad(u); v+Ad(v)℄; w)g): (3.53)Sin
e �_ is the di�eren
e between the right and left Maurer-Cartan forms on G, we have(d�_)(ur; vr) = [u; v℄ + Ad�1[u; v℄:By the invarian
e of (�; �)g with respe
t to Ad, we get that
a; d�_((�_)�b; V )� = 12(�u; [v; w℄+ Ad�1([v; w℄)�g + �u; [Ad(v); w℄ + [v;Ad�1(w)℄�g)= 12([u+ Ad(u); v +Ad(v)℄; w)g: (3.54)Sin
e D = 12(Ad�Ad�1), and Lwr (D)(v) = [w;Ad(v)℄ + Ad�1([w; v℄), it follows thatha;LV (D)bi) = �12(([u;Ad(v)℄; w)g + ([Ad(u); v℄; w)g):Hen
e the right hand side of (3.52) equals to18(2([u+ Ad(u); v +Ad(v)℄; w)g � ([u;Ad(v)℄; w)g � ([Ad(u); v℄; w)g);whi
h is easily seen to 
oin
ide with (3.53). This 
on
ludes the proof of the 
laim. �Using Claim 3.31, we 
on
lude that (3.50) and (3.51) 
oin
ide, and this proves Lemma 3.27�From Lemmas 3.25, 3.26 and 3.27, it follows that s is a �G-IM form for A. To 
on
lude thatL = Im(r; s) is a Dira
 stru
ture, we must still prove that L has rank n = dim(M). This followsfrom the next lemma (whi
h also serves as inspiration for the proof of Prop. 3.20).Lemma 3.32 The sequen
e 0 �! T �G j�! A (r;s)�! L �! 0is exa
t, where j(a) = (�J�a; �_(a)), a 2 T �G:Proof: The fa
t that (r; s) Æ j = 0 is equivalent to (3.22) and the se
ond formula in (3.30).We de�ne the maps U : A �! T �G; U(�; v) = �14(�_)���M(�) + �(v); (3.55)23



i : L �! A; i(X;�) = (�; 14�_dJ(X)): (3.56)We 
laim that U Æ j = Id; (r; s) Æ i = Id; and j ÆU + i Æ (r; s) = Id; (3.57)and these identities imply that the sequen
e is exa
t. For the �rst identity in (3.57), writeU(j(a)) = 14�_��MJ�a+ ��_a;and then, using that dJ�M = � and (3.26), we see that U Æ j = Id. The se
ond identity isimmediate from the �rst and the last ones. To prove the last identity, we evaluate j(U(�; v)):The �rst 
omponent gives�J�(�14(�_)���M(�) + �(v)) = �J��(v) + �� (1� 14(�M�_J)�)�= �(J��(v) + C�(�)) + � (3.58)The se
ond 
omponent is �_(�14(�_)���M�+ �(v)): (3.59)But �_(�_)���M = ��_(�_)���M = �_dJ�℄, where we have used (3.29), and the moment map
ondition (3.22). Expressing �_� using (3.25), we see that (3.59) isv � 14�_dJ(�M(v) + �℄(�)):Hen
e j(U(�; v)) = (�; v)� (s(�; v); 14�_dJr(�; v));i.e. j Æ U + i Æ (r; s) = Id. �This 
on
ludes the proof of Proposition 3.19.Proof of Proposition 3.20:Let J : (M;L)! (G;LG) be a Dira
 realization. Identifying LG with gnG, we know that thereis an indu
ed a
tion of g on M , denoted by �M . Spelling out the de�nition, for v 2 g, �M(v) isthe unique ve
tor �eld satisfying the equations in (3.32).From the se
ond 
ondition in (3.32) and the fa
t that L is isotropi
, we immediately dedu
eLemma 3.33 For all (X;�) 2 L, ��M(�) + ��dJ(X) = 0: (3.60)Inspired by Lemma 3.32, we prove:Lemma 3.34 There is an exa
t sequen
e0 �! L i�! T �M � g U�! T �G �! 0;where U and i are given by (3.55) and (3.56), respe
tively.24



Proof: First of all, U is surje
tive sin
e, as in Lemma 3.32 (and keeping the same notation),U Æ j = Id. Next, U Æ i = 0 is an immediate 
onsequen
e of (3.28) and (3.60). Finally, usingthe nondegenera
y 
ondition (3.19) for a Dira
 realization, it follows that i is inje
tive. By adimension argument, it follows that the sequen
e is exa
t. �We now 
on
entrate on 
onstru
ting the quasi-Poisson bive
tor �eld �. Following (ii) ofProp. 3.20, we haveClaim 3.35 �℄ is well de�ned.Proof: We �rst show that (3.33) and (3.34) have a solution X , for any given �: the point isthat the element (�C�(�); 14�_(�_)���M(�)))is in the kernel of U ; this is a simple 
omputation using (3.26) and (3.29). Hen
e it must be inthe image of i. More expli
itly, we �nd that there exists an X su
h that(X;C�(�)) 2 L; �_(dJ(X) + (�_)���M(�)) = 0: (3.61)On the other hand, applying Lemma 3.33 to (X;C�(�)), and then using the �rst equation in(3.30) to repla
e C�M , we �nd that��(dJ(X) + (�_)���M(�)) = 0: (3.62)Sin
e Ker(��) \ Ker(�_) = 0, equations (3.61) and (3.62) imply (3.33). The uniqueness of Xfollows from the nondegenera
y 
ondition (3.19). �Claim 3.36 �℄ de�nes a bive
tor �eld � whi
h satis�es the moment map 
ondition (3.22).Proof: We have to show that �(�℄(�)) + �(�℄(�)) = 0for all 1-forms � and �. Let X = �℄(�) and Y = �℄(�). Using (3.34) for (�;X) and (�; Y ), thefa
t that L is isotropi
, and the de�nition of C, we �nd that4(�(Y ) + �(X)) = �(�M�_dJ(Y )) + �(�M�_dJ(X)): (3.63)Let us show that the right hand side of (3.63) is zero: using (3.33), (3.63) be
omes:�(�M�_(�M�_)�(�)) + �(�M�_(�M�_)�(�));and this is zero due to (3.29). On the other hand, (3.33) shows that dJ�℄ = �(�M�_)�; dualizingit (and using (�℄)� = ��℄, whi
h holds by the �rst part of the lemma), we obtain the momentmap 
ondition. �Claim 3.37 The bive
tor �eld � is g-invariant.25



Proof: We have to show that L�M (v)(�℄(�)) = �℄(L�M (v)(�)) for v 2 g, and 1-forms �. Forthat, it suÆ
es to show that L�M (v)(�℄(�)) satis�es (3.33) and (3.34).dJ(L�M (v)(�℄(�))) = �(�M�_)�L�M (v)(�); (3.64)(L�M(v)(�℄(�)); C�L�M (v)(�)) 2 L (3.65)These 
onditions are related to Lemma 3.26. Let us �rst prove (3.65). Using (3.34), (3.32), andthe fa
t that L is isotropi
, we 
on
lude that([�M(v); �℄(�)℄;L�M(v)(C��)� L�℄(�)(J��(v)) + dDJ��(v); �℄(�)E+ i�M(v)^�℄(�)(J��G)) 2 L:Using Lemma 3.26, we see that this expression is pre
isely (L�M (v)(�℄(�)); C�L�M (v)(�)).Formula (3.64) is 
losely related to the one in Lemma (3.26): the proofs are similar and holdunder the same hypothesis (whi
h might be a bit surprising sin
e (3.64) says that, although theinvarian
e 
ondition on � is not assumed, it must be satis�ed modulo the kernel of J). Sin
ewe have omitted the proof of Lemma 3.26, we will give the details for (3.64). We evaluate bothsides of (3.64) on an arbitrary 1-form � 2 
1(G). The left hand side givesDJ��; [�M(v); �℄(�)℄)E = d(J��)(�M(v); �℄(�)℄) + L�M (v)DJ��; �℄(�)℄E� L�℄(�)hJ��; �M(v)i= �(d�)(�(v); (�_)���M(�))� L�M (v)
�; (�_)���M(�)�+L(�_)���M (�)h�; �(v)i (3.66)Evaluating � on the right hand side, we get�
L�M (v)(�); �M�_�� = �L�M (v)
�; �M�_��+ 
�; [�M(v); �M�_�℄�:Now, using [�M(v); �M(~v)℄ = �M([v; ~v℄) + �ML�M (v)(~v) for ~v = �_� 2 C1(M; g), we get�L�M (v)
��M(�); �_�� + 
��M(�); [v; �_�℄� + 
��M(�);L�M(v)(�_�)�: (3.67)We have to show that this 
oin
ides with r.h.s. of (3.66). Comparing the two formulas, we seethat the resulting equation makes sense for ��M� repla
ed by any element in C1(M; g�). On theother hand, sin
e the equation is C1(M)-linear with respe
t to this element, we may assumethat the element is a 
onstant a 2 g� (and the remaining appearan
es of �M be
ome �). Theidentity to be proven, relating the r.h.s of (3.66) and (3.67), be
omes�(d�)(�(v); (�_)�a)� L�(v)
�; (�_)�a�+ L(�_)�ah�; �(v)i = 
a; [v; �_�℄�;or, equivalently, ��([�(v); (�_)�a℄) = 
a; [v; �_�℄�: (3.68)We may assume that � is the dual (with respe
t to the quadrati
 form) of the ve
tor �eld wrfor some w 2 g, and that a is the dual of an element u 2 g. Equation (3.68) be
omes (aftermultiplying by 2): �(wr; [vr � vl; ur + ul℄) = (u; [v; w+Ad�1(w)℄);and this 
an be proven to hold from the invarian
e of the quadrati
 form and the identities[vl; ul℄ = �[v; u℄l (see (4.1) for the 
onvention), [vr; ul℄ = [vl; ur℄. �26



Claim 3.38 The bive
tor �eld � is a quasi-Poisson tensor.Proof: We must show that �℄([�; �℄) = [�℄(�); �℄(�)℄+ 12 i�^�(�M(�G)). Using the de�nitionof �℄ ((ii) of Prop. 3.20) evaluated at [�; �℄, we have to show thatJ([�℄(�); �℄(�)℄ + 12 i�^�(�M(�G)) = �(�M�_)�[�; �℄; (3.69)([�℄(�); �℄(�)℄ + 12i�^�(�M(�G)); C�([�; �℄)) 2 L: (3.70)Similarly to the dis
ussion in the previous 
laim, these 
onditions are related to Lemma 3.27.The �rst equation holds under the same assumptions, and it is proven by the same method, soit will be left to the reader (similar to the dis
ussion in the previous proof, the equation tellsus that, although the quasi-Poisson 
ondition is not assumed, it must be satis�ed modulo thekernel of J).We now prove (3.70). First, we use that (�℄(�); C�(�)) 2 L, (�℄(�); C�(�)) 2 L, the fa
t thatL is isotropi
, and then apply the formula in Lemma 3.27, to 
on
lude that([�℄(�); �℄(�)℄; C�([�; �℄)� 12J��i��M(�^�)(�G)) 2 L: (3.71)On the other hand, applying the a
tion in (3.32) to v = i��M(�^�)(�G) and observing that�M(v) = i�^�(�M(�G)), we �nd that(i�^�(�M(�G)); J��i��M(�^�)(�G)) 2 L: (3.72)Sin
e L, at ea
h point, is a ve
tor spa
e, (3.71) and (3.72) imply (3.70). �4 Moment maps in Dira
 geometry: the global pi
ture4.1 Integrating Lie algebroids and in�nitesimal a
tionsLie groupoids are the global 
ounterparts of Lie algebroids. In order to �x our notation, were
all that a Lie groupoid over a manifold M 
onsists of a manifold G together with surje
tivesubmersions t; s : G ! M , 
alled target and sour
e, a partially de�ned multipli
ation m :G(2) ! G, where G(2) := f(g; h) 2 G � G j s(g) = t(h)g, a unit se
tion " : M ! G and aninversion G ! G, all related by the appropriate axioms, see e.g. [8℄. To simplify our notation,we will often identify an element x 2M with its image "(x) 2 G.For a Lie groupoid G, the asso
iated Lie algebroid A(G) 
onsists of the ve
tor bundleker(ds)jM !M; (4.1)with an
hor � = dt : ker(ds)jM ! TM and bra
ket indu
ed from the Lie bra
ket on X (G) viathe identi�
ation of se
tions �(ker(ds)jM) with right-invariant ve
tor �elds on G tangent to thes-�bers.An integration of a Lie algebroid A is a Lie groupoid G together with an isomorphismA �= A(G). Unlike Lie algebras, not every Lie algebroid admits an integration, see [14℄ for ades
ription of the obstru
tions. On the other hand, if a Lie algebroid is integrable, then thereexists a 
anoni
al sour
e-simply-
onne
ted integration G(A), see [14℄.If M is a point, then a Lie groupoid over M is a Lie group, and the asso
iated Lie algebroidis its Lie algebra. 27



Example 4.1 (Transformation Lie groupoids)Let G be a Lie group a
ting from the left on a manifold M . The asso
iated transformationLie groupoid, denoted by GnM , is a Lie groupoid over M with underlying manifold G�M ,sour
e map s(g; x) = x, target map t(g; x) = g � x, and multipli
ation(g; x) � (g0; x0) = (gg0; x0):In this 
ase, A(GnM) = gnM , the transformation Lie algebroid asso
iated with the in�nitesimala
tion of g on M 
orresponding to the given G-a
tion. (However, even if a g-a
tion does not
ome from a global a
tion of a Lie group, one 
an always �nd a Lie groupoid integrating thetransformation Lie algebroid gnM , see [16, 26℄.)Similarly to in�nitesimal a
tions, Lie groupoids a
t on maps into their identity se
tions: ifG is a Lie groupoid over M , then a (left) a
tion of G on a map J : N ! M is a mapmN : G �M N ! N , (g; y) 7! g � y, satisfying1. J(g � y) = t(g),2. (gg0)y = g(g0y),3. J(y) � y = y.Here G �M N := f(g; y) 2 G � N j s(g) = J(y)g. For reasons that will be 
lear in the next twosubse
tions, the map J : N ! M is often referred to as the moment map of the a
tion mN[25℄.Example 4.2 (A
tions of transformation Lie groupoids)Analogously to Example 3.7, an a
tion mN of a transformation Lie groupoid G = GnM ona map J : N ! M is equivalent to an ordinary a
tion mN of the Lie group G on N for whi
hJ is G-equivariant. Indeed, mN and mN are related bymN ((g; J(y)); y) = mN(g; y); where g 2 G and y 2 N: (4.2)The link between in�nitesimal and global a
tions is based on the following notion: An in�nites-imal a
tion �N of a Lie algebroid A is 
alled 
omplete if �N(�) 2 X (N) is a 
omplete ve
tor�eld whenever � 2 �(A) has 
ompa
t support. As in the 
ase of Lie algebras, a 
omplete a
tionof a Lie algebroid A 
an be integrated to an a
tion of its 
anoni
al sour
e-simply-
onne
tedintegration G(A), see e.g. [26℄.4.2 Poisson maps as moment maps for symple
ti
 groupoid a
tionsA 2-form ! on a Lie groupoid G is 
alled multipli
ative if the graph of the groupoid multipli-
ation m : G(2) ! G is an isotropi
 submanifold of (G; !)� (G; !)� (G;�!). Equivalently, themultipli
ativity 
ondition for ! 
an be written asm�! = pr�1! + pr�2!; (4.3)where pri : G(2) ! G, i = 1; 2, are the 
anoni
al proje
tions. A symple
ti
 groupoid [29℄ is aLie groupoid together with a multipli
ative symple
ti
 form.Symple
ti
 groupoids are the global 
ounterparts of Poisson manifolds in the following sense:If � is a Poisson stru
ture on a manifold P indu
ing an integrable Lie algebroid stru
ture on28



A = T �P (as in Se
tion 2.2), then the asso
iated sour
e-simply-
onne
ted groupoid G(P ) :=G(A) 
arries a natural multipli
ative symple
ti
 stru
ture [9, 15, 23℄; on the other hand, onany symple
ti
 groupoid (G; !) over a manifold P , 
ondition (4.3) automati
ally implies thatP has an indu
ed Poisson stru
ture uniquely determined by the 
ondition that the target mapt : G ! P (resp. sour
e map s : G ! P ) is a Poisson map (resp. anti-Poisson map) [11℄.An integration of a Poisson manifold (P; �) is a symple
ti
 groupoid (G; !) over P for whi
hthe indu
ed Poisson stru
ture 
oin
ides with �. Note that the symple
ti
 form ! de�nes a ve
torbundle map ker(ds)jP �! T �P; � 7! i�!jTP (4.4)indu
ing an isomorphism of Lie algebroids A(G) �= T �P [11℄. This immediately implies thatdim(G) = 2 dim(P ).Example 4.3 (Integrating Lie-Poisson stru
tures)Let us 
onsider g�, equipped with its Lie-Poisson stru
ture. If G is a Lie group with Lie algebrag, then the transformation groupoid G = Gng�, with respe
t to the 
oadjoint a
tion, integratesT �g� = g n g�. The identi�
ation G� g� �= T �G by right translations indu
es a multipli
ativesymple
ti
 form ! on G, in su
h a way that (G; !) is a symple
ti
 groupoid integrating g�.Remark 4.4 The 
onstru
tion of the symple
ti
 groupoid in the previous example 
an beextended to the 
ontext of Poisson-Lie groups, see Remark 3.10: If (G; �) is a simply-
onne
tedPoisson-Lie group and G� is its dual, then, assuming that the dressing a
tion is 
omplete, thetransformation groupoid G n G� 
arries a symple
ti
 stru
ture making it into a symple
ti
groupoid integrating G�. (This symple
ti
 stru
ture is basi
ally the one asso
iated with thesemi-dire
t produ
t Poisson stru
ture on G�G� indu
ed from the a
tion of G on itself by rightmultipli
ation.) For a more general 
onstru
tion when the a
tions are not 
omplete, see [22℄.Let us assume that P is an integrable Poisson manifold. We have seen that any Poisson mapJ : Q ! P indu
es a Lie algebroid a
tion of T �P on Q. Analogous to the 
ase of Lie algebras,when this a
tion is 
omplete, it 
an be \integrated" to an a
tion of G(P ), the 
anoni
al sour
e-simply-
onne
ted symple
ti
 groupoid of P . We remark that the 
ompleteness of the T �P a
tionin the Lie algebroid sense 
oin
ides with the notion of J : Q ! P being 
omplete as a Poissonmap, i.e., if f 2 C1(P ) has 
ompa
t support (or if Xf is 
omplete), then XJ�(f) is 
omplete.The global a
tion mN : G(P ) �P Q ! Q arising in this way is 
ompatible with the Poissonstru
ture on Q in the sense that graph(mN) is a lagrangian submanifold of (G(P ); �)�(Q;�Q)�(Q;��Q)3, where � is the Poisson stru
ture asso
iated with the symple
ti
 form ! on G(P ).Sin
e in
lusions of symple
ti
 leaves of Poisson manifolds are Poisson maps, an equivalent way toexpress this 
ompatibility is that the restri
ted a
tion mN : G(P )�P S ! S to ea
h symple
ti
leaf (S; !S) ,! (Q; �Q) satis�es m�N!S = pr�G! + pr�S!S ; (4.5)where prG : G(P )�P S ! G(P ) and prS : G(P )�P S ! S are the natural proje
tions, see [25, 32℄.On the other hand, if (Q; �Q) is a Poisson manifold andmN is an a
tion of a symple
ti
 groupoidG on J : Q! P 
ompatible with �Q in the sense just des
ribed, then J is automati
ally a Poissonmap (this is just a leafwise version of [25, Thm. 3.8℄).The next example is the global version of Example 3.8.3A submanifold C of a Poisson manifold (P;�) is lagrangian if, at ea
h x 2 P , the interse
tion of TxC withe�(T �xP ), the tangent spa
e to the symple
ti
 leaf at x, is a lagrangian subspa
e of e�(T �xP ).29



Example 4.5 (Global hamiltonian a
tions)Consider g� with its Lie-Poisson stru
ture, and let G be the simply-
onne
ted Lie group withLie algebra g. As in Example 3.8, the starting point is a Poisson map J : Q ! g�. Notethat J is 
omplete as a Poisson map if and only if the asso
iated in�nitesimal g-a
tion is by
omplete ve
tor �elds. In this 
ase, the global a
tion of the symple
ti
 groupoid T �G �= Gn g�is equivalent, in the sense of Example 3.7, to the hamiltonian G-a
tion obtained by integratingthe in�nitesimal hamiltonian g-a
tion on Q.So, in the previous example, the \moment" J : Q! g� for the symple
ti
 groupoid a
tion ofT �G� is just a momentum map for a hamiltonian G-a
tion in the ordinary sense.Remark 4.6 Analogously to the previous example and following Remarks 3.10 and 4.4, a Pois-son map J : Q ! G�, where G� is the dual group to a 
omplete simply-
onne
ted Poisson Liegroup, 
an be \integrated" to an a
tion of the symple
ti
 groupoid GnG�, whi
h is equivalentto a G-a
tion on Q for whi
h J is equivariant (with respe
t to the dressing a
tion on G�). The\moment" J in this 
ase 
oin
ides with Lu's momentum map [21℄ for a Poisson a
tion of aPoisson-Lie group on a Poisson manifold.4.3 Dira
 realizations as moment maps for presymple
ti
 groupoid a
tionsIn order to des
ribe the global a
tions \integrating" Dira
 realizations, we should �rst identifythe global obje
ts integrating Dira
 manifolds, generalizing symple
ti
 groupoids. This was donein [6℄: if � is a 
losed 3-form on M , then a �-twisted presymple
ti
 groupoid over M is aLie groupoid G over M equipped with a multipli
ative 2-form ! su
h that1. d! = s��� t��,2. dim(G) = 2 dim(M),3. ker(!x) \ ker(dxs) \ ker(dxt) = f0g, for all x 2M .(Twisted presymple
ti
 groupoids are 
alled quasi-symple
ti
 groupoids in [33℄.) The mul-tipli
ativity of ! and 
ondition 1. in this de�nition guarantee that the map�! : A! T �M; � 7! i�!jTM (4.6)is a �-IM form for A, while 2. and 3. are the extra-
onditions needed in Lemma 3.3 to insurethat the image L of (�; �!) is a �-twisted Dira
 stru
ture. When (G; !) is a symple
ti
 groupoid,su
h L is pre
isely the Dira
 stru
ture asso
iated with the indu
ed Poisson stru
ture on M . Asproven in [6℄, L is uniquely determined by the 
ondition that t is an f-Dira
 map (resp., s isan anti-f-Dira
 map). Conversely, the 
anoni
al groupoid G(L) integrating the Lie algebroidasso
iated with a �-twisted Dira
 stru
ture (assuming it is integrable) is naturally a �-twistedpresymple
ti
 groupoid [6, Se
. 5℄. This 
orresponden
e generalizes the one between Poissonmanifolds and symple
ti
 groupoids [9, 15, 23℄ (see also [10℄ for the integration of twisted Poissonstru
tures).We now have all the ingredients to generalize the \integration" pro
edure of Poisson mapsto symple
ti
 groupoid a
tions, explained in Se
tion 4.2, to the 
ontext of Dira
 geometry. LetLM be a �-twisted Dira
 stru
ture on M asso
iated with an integrable Lie algebroid. We 
alla Dira
 realization J : N ! M 
omplete if the indu
ed Lie algebroid a
tion of LM on N is
omplete, in whi
h 
ase it integrates to an a
tion mN : G(LM)�M N ! N , where (G(LM); !)30



is the 
anoni
al twisted presymple
ti
 groupoid asso
iated with LM . In this situation, we willsimply say that the a
tion mN integrates the realization J .Theorem 4.7 Let (M;LM) be a �-twisted Dira
 manifold and assume that LM is integrable.A 
omplete Dira
 realization J : N ! M integrates to an a
tion mN : G(LM) �M N ! Nsatisfying m�NLN = �pr�G!(pr�NLN); (4.7)where prG and prN are the proje
tions from G(LN)�M N onto G(LN) and N , respe
tively, and�pr�G! denotes a gauge transformation.Conversely, if mN is an a
tion of G(LM) on J : N !M satisfying (4.7), then J is f-Dira
;if J also satis�es (3.19), then it is a Dira
 realization whose integration is mN .In order to prove the theorem, we need the following result.Lemma 4.8 Let (M;LM) be a �-twisted Dira
 manifold and assume that LM is integrable. LetmN : G(LM)�M N ! N be an a
tion of G(LM) on J : N !M , and assume that N is equippedwith a J��-twisted presymple
ti
 form !N . Then J is an f-Dira
 map if and only ifm�N!N = pr�N!N + pr�G!: (4.8)Proof: To simplify the notation, let G = G(LM), and let us denote by A the 
orresponding Liealgebroid (whi
h is just LM). The sour
e and target maps in G are denoted by s and t. Also,let !1 = m�N!N � pr�N!N and !2 = pr�G!. With these de�nitions, our goal is to show that J isf-Dira
 if and only if !1 = !2.The key observation is that if we regard G�MN as a transformation Lie groupoid overN , withsour
e prN and target mN , a dire
t 
omputation shows that both !1 and !2 are multipli
ative.Hen
e, by [6, Thm. 2.5℄, !1 = !2 if and only if the 
orresponding bundle maps�!i : A�M N ! T �N; �y 7! �!i = (i�y!i)jTNi = 1; 2, see (4.6), 
oin
ide. For �y 2 A �M N (� 2 Ax and x = J(y)) and Y 2 TN (as usual,we identity TN with T"(N), where " : N ! G �M N is the identity se
tion), we have�!1(�y ; Y ) = !N (dmN(�y); Y ) and �!2(�y; Y ) = !(�; dJ(Y )): (4.9)For the �rst identity in (4.9), we used that i�ypr�N!N = 0 for �y 2 A �M N , sin
e prN is thesour
e map in G �M N , and A �M N is its Lie algebroid, whi
h is tangent to the sour
e �bresalong the identity se
tion.Sin
e LM = f(dt(�); i�!jTM) j � 2 Ag, J : N !M being f-Dira
 means thatf(dt(�); i�!jTM) j � 2 Ag = f(dJ(Y ); �) j iY !N = J��g: (4.10)But, for �y 2 A�M N , we have dJ(dmN(�y)) = dt(�). It then follows from (4.10) that!(�; dJ(Y )) = !N (dmN(�y); Y )for all Y 2 TN , whi
h implies that �!1 = �!2 , i.e., !1 = !2.The 
onverse follows from the same arguments, reversing the steps. �We 
an now prove Theorem 4.7: 31



Proof: We keep writing G for G(LM). Suppose that mN integrates a Dira
 realization J :N !M . The bundles m�NLN and pr�NLN , seen as subbundles of T (G�MN)�T �(G�MN), havethe same proje
tion onto the �rst fa
tor: at a point (g; y), they both 
oin
ide with TgG � TyO,where O is the leaf of LN through y. Note that, sin
e prN is a submersion, pr�NLN is a smoothsubbundle, so it is an honest Dira
 stru
ture.By Corollary 3.13, sin
e J is a Dira
 realization of M , its restri
tion to any leaf of LN , (O; �),is a presymple
ti
 realization, and mN is tangent to the leaves. By Lemma 4.8,m�N� = pr�N� + pr�G!;whi
h implies the 
ompatibility (4.7).Conversely, (4.7) implies that J is tangent to the leaves of LN . Restri
ting mN to these leaves,(4.7) amounts to (4.8). So, by Lemma 4.8, J is an f-Dira
 map when restri
ted to ea
h leaf,whi
h implies that J is f-Dira
 by Corollary 3.6. The last statement follows from Corollary 3.13and a dire
t 
he
k. �Remark 4.9 The presymple
ti
 groupoid a
tions resulting from presymple
ti
 realizations areexa
tly the \modules" 
onsidered in the Morita theory developed in [33℄ to 
ompare variousnotions of moment maps. More general Dira
 realizations give rise to more general \hamiltonianspa
es" whi
h still �t with the 
onstru
tions in [33℄.We will dis
uss examples of the \integration" in Theorem 4.7 related to \quasi" hamiltoniana
tions in Se
tion 4.5.4.4 Redu
tion in Dira
 geometryJust as in Poisson geometry, one 
an also 
arry out redu
tion in the 
ontext of Dira
 manifolds.The general 
onstru
tion des
ribed in this se
tion re
overs redu
tion pro
edures in various set-tings, in
luding [2, 3, 25, 33℄.The set-up is as follows. Let J : N !M be a Dira
 realization of a �-twisted Dira
 manifold(M;LM). Let x 2M be a regular value of J , and 
onsider the submanifold � : C = J�1(x) ,! N .Following [25, 33℄, let lx = ker(�)x be the isotropy Lie algebra of LM at x. Sin
e the an
hor �is the proje
tion pr1jLM , it follows thatlx = (LM \ T �M)x: (4.11)The indu
ed Lie algebroid a
tion of LM on J : N ! M de�nes a ve
tor bundle morphismLM �M N ! TN , and a simple 
omputation shows that this morphism gives rise to an a
tionof the Lie algebra lx on C. Our obje
t of interest is the orbit spa
e C=lx.Lemma 4.10 If the stabilizer algebras of the lx-a
tion on C have 
onstant dimension (on ea
h
omponent), then ��LN is a (untwisted) Dira
 stru
ture on C.Proof: As mentioned in Se
tion 3.2, the 
on
lusion in the lemma holds as long as we showthat ��LN is a smooth subbundle of TC � T �C.As a ve
tor bundle, ��LN is naturally identi�ed withLN \ (TC � T �N)(LN \ TCÆ) ; (4.12)32



see [12℄, and ��LM will be smooth if we show that both bundles in (4.12) are smooth. For that,it suÆ
es to show that ea
h one has 
onstant dimension. But sin
e their quotient ��LN has
onstant dimension, it suÆ
es to show that either LN \ (TC � T �N) or LN \ TCÆ has 
onstantdimension. We will prove that for LN \ TCÆ.On one hand,LN \ TCÆ = f(0; �) 2 LN j ��� = 0g = f(0; dJ��) 2 LN j � 2 T �Mg:It follows from J being an f-Dira
 map that if (0; dJ��) 2 LN , then (0; �) 2 LM . So, if �N isthe in�nitesimal a
tion of LM on J , we 
an writeLN \ TCÆ = f(0; dJ��) 2 LN j � 2 T �Mg �= ker(�N) \ LM \ T �Mker(dJ�) :But ker(�N)\LM\T �M is the stabilizer of the lx-a
tion on C, whi
h is assumed to have 
onstantdimension. Sin
e x is a regular value, dJ has maximal rank on C, so ker(dJ�) also has 
onstantdimension. As a result, the dimension of (4.12) is 
onstant, and ��LN is a smooth bundle.Finally, note that ��LN is a (��J��)-Dira
 stru
ture on C, but ��J�� = 0. So ��LN is anordinary Dira
 stru
ture. �We now show that the quotient C=lx 
arries a natural Poisson stru
ture.Theorem 4.11 Suppose that the orbit spa
e C=lx is a smooth manifold so that proje
tion C �!C=lx is a submersion. Then there is a unique Poisson stru
ture �red on C=lx for whi
h theproje
tion (C; ��LN )! (C=lx; �red) is an f-Dira
 map.Remark 4.12 The proje
tion (C; ��LN)! (C=lx; �red) is also a b-Dira
 map, and this property
hara
terizes �red uniquely as well.Proof: It follows from our assumptions that the lx-orbits on C have 
onstant dimension, sothe same holds for the stabilizer algebras. By Lemma 4.10, (C; ��LN ) is a Dira
 manifold.The admissible fun
tions on (C; ��LN ), i.e., the set of fun
tions on C whose di�erential vanishon ker(��LN ) = ��LN \ TC form a Poisson algebra, see [12, Se
. 2.5℄, under the bra
ketff; gg := LXf g;where Xf is a lo
al ve
tor �eld su
h that (Xf ; df) 2 ��LN . We will show that this Poissonalgebra indu
es a Poisson stru
ture on C=lx by showing that the kernel of ��LN 
oin
ides withthe lx-orbits, i.e., ker(��LN) = �N(lx): (4.13)On one hand, ��LN \ TQ = fY 2 TQ j 9� 2 T �N with (Y; �) 2 LN ; ��� = 0g= fY 2 TQ j 9� 2 T �M with (Y; dJ��) 2 LNg:But sin
e J is f-Dira
 and dJ(Y ) = 0, we 
an write��LN \ TQ = fY 2 TQ j 9� 2 LM \ T �M with (Y; dJ��) 2 LNg:33



On the other hand,�N(lx) = fY 2 TN j 9� 2 LM \ T �M with (Y; dJ��) 2 LN ; dJ(Y ) = 0g= fY 2 TQ j 9� 2 LM \ T �M with (Y; dJ��) 2 LNg:So (4.13) follows.The fa
t that the proje
tion (C; ��LN ) ! (C=lx; �red) is an f-Dira
 map and the 
laim inRemark 4.12 follow from a dire
t 
omputation, see e.g. [7℄. �Of 
ourse, if the Dira
 realization J : N !M is 
omplete, one 
an state Theorem 4.11 in termsof the a
tion of the isotropy group of G(LM) at x 2 M on C = J�1(x). Versions of Theorem4.11 
an also be derived when this a
tion is lo
ally free and the quotient is an orbifold, as wellas for more general \intertwiner spa
es" [33℄.Remark 4.13 (Other redu
tions)The following are important parti
ular 
ases of the redu
tion in Theorem 4.11:- If M is Poisson and J : N !M is a symple
ti
 realization, we re
over [25, Thm.3.12℄; inparti
ular, when M = g�, this redu
es to Marsden-Weinstein 
lassi
al theorem [24℄, andwhen M = G�, the dual of a Poisson-Lie group, we get Lu's redu
tion [21℄. If J : N !Mis a Poisson map, we get the \Poisson-version" of these results.- IfM is �-twisted Dira
 and J : N !M is a presymple
ti
 realization, then we obtain Xu'sredu
tion [33, Thm. 3.17℄; in parti
ular, when M is a Lie group equipped with Cartan-Dira
 stru
ture, one re
overs the quasi-hamiltonian redu
tion of [3℄.- If J : N ! G is a general Dira
 realization of a Lie group with Cartan-Dira
 stru
ture, thenwe re
over the redu
tion of quasi-Poisson manifolds of [2℄ via the identi�
ation establishedin Theorem 3.16, see Remark 4.16 below.4.5 AMM-groupoids and hamiltonian quasi-Poisson G-manifoldsWe now dis
uss global a
tions, in the sense of Theorem 4.7, asso
iated with 
omplete Dira
realizations of Cartan-Dira
 stru
tures.Let G be a Lie groups equipped with a Cartan-Dira
 stru
ture LG with respe
t to a bi-invariant nondegenerate quadrati
 form (�; �)g. The �rst step is to identify G(LG), the 
anoni
alpresymple
ti
 groupoid integrating LG.As shown in [6, Se
. 7℄, G(LG) is 
losely related to the AMM-groupoids of [5℄: if G = Gn Gis the transformation groupoid with respe
t to the 
onjugation a
tion, then the 2-form [3℄!(g;x) = 12(�Adxp�g�; p�g��g + �p�g�; p�x(�+ �)�g);where pg; px : G � G ! G are the �rst and se
ond proje
tions, and � and � are the left andright Maurer-Cartan forms, makes G into a �G-twisted presymple
ti
 groupoid. If G is simply-
onne
ted, then (G; !) is isomorphi
 to G(LG), the 
anoni
al sour
e-simply-
onne
ted integrationof LG. In general, G(LG) is obtained from the AMM groupoid by pulling ba
k ! to eGnG, whereeG is the universal 
over of G [6, Thm. 7.6℄. As a result, just as Lie-Poisson stru
tures \integrate"to 
otangent bundles of Lie groups, see Example 4.3, Cartan-Dira
 stru
tures \integrate" to the\double" (G� G; !) in the sense of [3℄. 34



For simpli
ity, let G be simply 
onne
ted. A 
omplete Dira
 realization J : M ! G indu
esa presymple
ti
 groupoid a
tion of (G; !), as in Theorem 4.7, whi
h is equivalent to a G-a
tionon M for whi
h J is G-equivariant, see Example 4.2; this G-a
tion is just an integration ofthe in�nitesimal g-a
tion whi
h makes M into a quasi-Poisson g-manifold, as 
onstru
ted inProposition 3.20. So M be
omes a hamiltonian quasi-Poisson G-manifold for whi
h J :M ! Gis the group valued moment map [2℄. This 
onstru
tion yields the following global version ofTheorem 3.16.Theorem 4.14 There is a one-to-one 
orresponden
e between 
omplete Dira
 realizations of(G;LG) and hamiltonian quasi-Poisson G-manifolds.Corollary 4.15 There is a one-to-one 
orresponden
e between 
ompa
t Dira
 realizations of(G;LG) and 
ompa
t hamiltonian quasi-Poisson G-manifolds.Of 
ourse, a global version of Prop. 3.24 also holds.Remark 4.16 (Redu
tion)Given a Dira
 realization of (G;LG), J : M ! G, the Dira
 redu
tion of Theorem 4.11produ
es Poisson spa
es J�1(g)=Gg, where Gg is the 
entralizer of g 2 G. Using Remark4.13 and [2, Prop. 10.6℄, one 
an 
he
k that these are the same Poisson spa
es obtained byquasi-Poisson redu
tion [2, Thm.6.1℄ if we regard M as a hamiltonian quasi-Poisson G-manifoldinstead.Referen
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